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Level-Rank Duality of
Witten’s 3-Manifold Invariants

Toshitake Kohno and Toshie Takata

g1. " Introduction

The main object of this paper is to establish a duality satisfied
by Witten’s 3-manifold invariants for sl(n,C) at level k and those for
sl(k, C) at level n. This type of duality, which is called the level-rank du-
ality, has been encountered in several contexts in solvable lattice models
and conformal field theory — the Boltzmann weights of solvable lattice
models [JMO], quantum groups at roots of unity [SA], link invariants
related to Chern-Simons gauge theory [NRS], fusion algebras [KN], and
the space of conformal blocks in Wess-Zumino-Witten conformal field
theory [NT]. This subject has been also treated by many other authors
from different viewpoints. More recently, Witten [W2] described the re-
lationship between the fusion algebra and the quantum cohomology of
the Grassmann manifold and explained the level-rank duality from this
point of view. However, a precise formulation for the level-rank duality
of Witten’s 3-manifold invariants has not appeared in the literature, as
far as the authors know.

Let M be a closed oriented 3-manifold and we denote by Zp(M,
SU(n)) Witten’s 3-manifold invariant for sl(n,C) at level k discovered
in the seminal article [W1]. Subsequently these invariants were stud-
ied in detail in [RT] and [KM]. Our notation corresponds to 7.(M) in
[KM] with r = k + 2 in the case n = 2. To describe the duality between
Z(M,SU(n)) and Z,(M, SU(k)) we first factorize the invariants by the
Dynkin diagram automorphism. This is the sli(n, C) counterpart of the
symmetry principle discovered in [KM] for sl(2,C). In this paper we
assume that the integers n and k are relatively prime. Let us suppose
that M is obtained by the Dehn surgery on a framed link L in S3. We
recall that the invariant Zy (M, SU(n)) is written as a weighted sum of
link invariants obtained by associating with each component of the link
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a dominant integral weight for sl(n,C) at level k (see 4.1.1). By means
of the Z,, action on the above set of weights, we show that the invari-
ant Zx(M, SU(n)) can be written in the form &, (M)Zi(M, PSU(n)),
where &, (M) is an invariant of M defined by the linking matrix.

The level-rank duality holds for the above PSU(n) invariant. In
Theorem 4.2.7, we prove the duality relation

Ziw(M, PSU(n)) = Zn(M, PSU(K)).

The argument of our proof also permits us to describe the level-rank
duality of representations of the mapping class groups on the space of
conformal blocks. We show that the two representations of the mapping
class groups, one for sl(n, C) at level k and one for si(k,C) at level n
are contragredient to each other.

The paper is organized in the following way. In Section 2, we start
from recalling basic properties of the fusion algebra of type A. We
introduce the fusion algebra as a truncated representation ring of the
Lie algebra sl(n,C). Then, we define the cyclic group action on the
set of dominant integral weights at level k, which is induced from the
Dynkin diagram automorphism of the corresponding affine Lie algebra.
By considering the orbit of this action we describe the level-rank duality
for the fusion algebra. Although it is not directly used in the article, for
the reader’s convenience, we explain briefly the appearance of the fusion
algebra in conformal field theory at the end of Section 2. In Section
3, we explain the level-rank duality of link invariants. Given a framed
link in S® we associate a dominant integral weight at level k for each
component. We define an invariant of the above colored framed link,
which is a generalization of the Jones polynomial at roots of unity. We
describe the level-rank duality for the invariants of colored framed links.
Section 4 is devoted to the proof of the level-rank duality of PSU(n)
invariants of 3-manifolds. In the case n and k are relatively prime we
can factorize the SU(n) invariant at level k by the action of the Dynkin
diagram automorphism to get the PSU(n) invariant. We prove the
duality for the PSU(n) invariant at level k£ and the PSU (k) invariant
at level n.
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supported by Grant-in-Aid for Scientific Research on Priority Areas 231
“Infinite Analysis”.
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§2. Duality of fusion algebras

2.1. Definition of the fusion algebra of type A

In this section we summarize basic facts about the fusion algebra
of type A. First, let us fix some notation. Let h denote the Cartan
subalgebra of sl(n,C) fixed as the set of diagonal matrices in sl(n, C).
The linear form ¢; : h — C, 1 < ¢ < n, is defined by associating to
X € hits (¢,7) component X;;. The set of roots of sl(n,C) is given by

A={eg;—¢;; 1<i#j<n}
We fix the set of fundamental roots as
o =€ —€&i41, 1<i#j<n-—1.

The Cartan-Killing form induces an inner product on h* defined by

(eire5) = bij-
The fundamental system of weights is

P
A; :(51+"‘+5i)_gjz=:15j, 1<e<n,

which is characterized by

(Aiya5) = 6;5.

We denote by p the half sum of the positive roots % 5 2_i<j(€i—¢;4), which

n—1
is equal to >0 A;.
By deﬁmtlon the set of dominant integral weights of sli(n, C) is given
by

n—1
n) = {Z aih; ; a; € Z,a; > 0}.
i=1

For A = Y7 a;A; € Py (n) we put |A| = 3277} 4a;, which is the number
of nodes in the corresponding Young diagram. Here |A] is considered

modulo n. We set
P=ZA® --®ZA,_,

which is called the weight lattice. The Weyl group W acts on P by
means of the reflections sq,;, 1 <4 < n — 1, defined by

Sa; (V) = v — {v, ).
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A dominant integral weight X is characterized by the property
()\,ai)ez, ()\,ai>20, 1<:<n—-1

and the set P, (n) is in one-to-one correspondence with the set of finite
dimensional irreducible representations of sl(n, C).

We denote by V), the irreducible representation of sl(n, C) with high-
est weight A € P(n). As a representation space of sl(n, C) the tensor
product V) ® V,, admits a decomposition

VeV, =S M, eV,

where the multiplicity nf , = dim MY, is called the Littlewood-Richard-
son coefficient. Let us recall that the representation ring R, is a free
Z module with basis A € P, (n) equipped with the product structure
defined by

A-;L:Zni“ v in R,.
v
It is well known that R,, is isomorphic to the polynomial ring
Z[Ay, ... Nl

Let us now introduce the fusion algebra of type A,_1 in a combi-
natorial manner. The set of dominant integral weights at level k is by
definition

n—1 n—1
P+(TL, k) = {Z aiAi; a; €Z,a; >0, Zai < k}
=1 =1

Let us consider the natural inclusion j : P, (n,k) — Py(n,k + 1) and
we put OP(n,k) = Pr(n,k+ 1)\ PL(n, k). Let I, ; be the ideal of R,
generated by the elements of 9P(n,k). We define the fusion algebra
R, as the truncated representation ring R,/I, k. It is known by [GW]
that the fusion algebra R, is a free Z module whose basis is in one-
to-one correspondence with the set P, (n, k). Let us denote the basis by
the same letter A € P, (n,k). We define the fusion rule NY,, to be the
structure constant defined by

Ap=> Niv in Ry
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Example. In the case of sl(2, C), the representation ring is the
polynomial ring Z[A;]. The representation with highest weight mA; can
be written as the polynomial

Pr(B) = [nf(—l)" (m . 1) AT

2
=0

The fusion algebra Ry is by definition Z[A;]/(Pr+1(A1)). Let us de-
note by v; the element corresponding to the representation with highest

weight 2jA;. Then the structure constant N?°. is 1 if the condition

Jij2
i1 —Jol <js<ji+do, it+je+is€Z, ji+ja+js<k
is satisfied and is 0 otherwise.

We have an involution on P, (n, k) defined by A* = —w(A) where w
denotes the longest element in the Weyl group. We put Ny, = N ;";
We have the following basic properties of the structure constant NV R

(1)  0<N§, <nf,
(2) Ny, is symmetric with respect to A, p and v.
() Nou = bw

2.2. Dynkin diagram automorphism

Let Ki,O <1 < n—1, denote the fundamental weights of the affine

—

Lie algebra sl{n,C). We define the set of dominant integral weights at
level k by

n—1 n—1
]3+(n, k) = {Z ai&; a;, €Z,a; >0, Zai = k}.
i=0 ' i=0

We have a natural injection j : Py (n,k) — Py(n) defined by j(\) =
Sl for A = Y7 a;A; and its image is equal to Py (n,k). It
is known that P, (n,k) is in one to one correspondence with the set
of integrable highest weight representations of the affine Lie algebra

sl(n, C) (see [K]).
The cyclic group Z,, acts on the set P, (n, k) by the Dynkin diagram
automorphism

o~

o(R:) = Rig1,
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where the suffix is taken modulo n. By means of the identification using
j, the Dynkin diagram automorphism induces a Z, action on Py (n, k).
More explicitly, this action is defined by

n—1 n—1 n—1
O'(Z a,-Al-) = (kj — ai)Al + Z aj_lAj.
i=1 im1 =2

Lemma 2.2.1. We have a bijection

P+(n7 k)/zn - P+(kan)/zk

Proof. To see this correspondence it is convenient to consider for
X € P(n, k) the sum X + Z?;ol A, which is expressed as aghg 4 - - +
an~1f\n,1 with ngol a; = k + n. Let us consider a circle of the cir-
cumference n + k and divide the circle with n + k points in such a way
that the length of each divided arc is equal to 1. We take n of the above
n~+k points so that the lengths of the arcs are ayg, . .., a,_1. Considering
up to rotation, the set of ways of dividing circles in the above manner
are in one to one correspondence with Py (n,k)/Z,. Now let us take
the complementary k points on the circle, which defines an element of
P, (k,n)/Zy. It is clear that this gives a bijection between Py (n,k)/Z,
and Py (k,n)/Z.

Let us suppose that n and k are relatively prime. Since we have
|a(A)| = |A| mod n, each orbit of the Z,, action on Py(n,k) contains a

unique dominant integral weight A of level & with |A| = 0 mod n. The
orbit space Py(n, k)/Z, is identified with the set

Qn i ={) € Pi(n,k) ; |A\| =0 mod n}.

For A = Z;:ll a;A; € Py(n,k) we associate the Young diagram of type
(a1 4+ +ap-1,82+ - +ap-1,-... ’an—,l)' We express A as

)\:a/ilAil"i“""{_aisAisa ai17""ais #0

Let us consider the transposed Young diagram and the associated weight
t\ € P, (k,n) given by

A= (i = is-1)Aay, + (Bs—1 = fs—2)Aay, 1au,_, + -+ i10ay 4ot -

We can easily check the following lemma.
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Lemma 2.2.2. In the case n and k are relatively prime, we have
a bijection
T Qn,k — Qk,n
given by
T(A) = Uk"l)‘l/”(t)\).

2.3. Verlinde formula

In this paragraph, we recall the Verlinde formula which relates the
fusion rule and the modular transformation S matrix. For A\, u €
P, (n,k), we set

n(n—1)/2
SAM (\/\/ﬁ_—(—k_)—lfn—"—l Zdetwexp( k\-i— (>‘+p)7,u/+p>>7

Ty, = bapexp2my/—1 ( A\ — ;—:)

where c,, i is the so-called central charge

k dim sl(n, C)
k+n

Cn,k =

For A € P,(n,k) we denote by H, the integrable highest weight

module of the affine Lie algebra sm) at level k. The character x is
by definition
Cn.k
Xa(r) = Try g™~ =
where Ly is the 0-th Sugawara operator and q = e2™V=17 with Im q>0.
Let us recall the following fundamental result due to Kac and Peterson.

Theorem 2.3.1 [KP]. The set of characters xx, A € Py(n,k),
are tnvariant under the modular transformation and they satisfy

xa(=1/7) = Z S Xu(7),
HEPL(n,k)
Cn,

a(r+1) = exp27r\/—_1( A~ ﬂ) xXA(7)-

The matrices S = (Sx,) and T = (T»,) are unitary and symmetric
and satisfy the relation

(ST)3 =52 = (6)\H*)7
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where \* = —w(\) with the longest element w € W and is the highest
weight for the dual representation Vy'.
Let us observe that Sy is a real number and is written as

H 2gin AT P Y A+, >

v (k+n aeA+ k+n

For our purpose the following expression for the modular transformation
S matrix is also useful. We put

n n
>\+P=Z$i€i, M+P=Zyi€i-
i=1 i=1

Sox =

Then we have

(\/_)n(n 1)/2

Sy, =
M k)

Z det o Cma(l)yl .. Cﬂca(n)yn

oc€S,

with ( = exp Qﬂk_{_;ﬂ, which is a minor of the Vandermonde determinant.
The Verlinde formula relates the fusion rule and the modular trans-
formation S matrix as

v S)\as a—S—IZ
(2.3.2) N, = Y +
a€Py (n,k) O

(see [K] for details).

2.4. Behaviour of S, N and A under ¢ and 7

We put
(A A +2p)
2(k+mn) "’
which is the value of the operator Ly on the highest weight representation
V.

Ay =

Lemma 2.4.1 [KT]. With respect to the action o, the conformal
weight A and the modular transformation matriz S satisfy

0 Aoy - dn= 2 (B2 ),

(27r\/—_llul> s

(2) Sa()\)u = €exp
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Now we describe the action of 7 on the modular transformation
matrix S),, the structure constant of the fusion algebra Ny, and the
conformal weight Ay. To specify the rank and the level, we denote them
by Sxu[n, k], NX,[n, k] and Ax[n, k] for the highest weights A, u,v €
P + (’I’L, k)

Lemma 2.4.2. For 7:Q, ; — Qi ,, we have the following prop-
erties.

(1) S)\;A [TL, k] = \/E ST()\)T(;L) [ka n]

@) N{uln k= NS k]

(8) Ax[n, k] + Arxn[k,n] =0 mod Z
Proof. (1) By Lemma 4 in [KN], we have

Suul K] = /S exp 20 o)

for A\, u € Py(n,k). On the other hand, it follows from the property of
Sy in Lemma 2.4.1 that

Se(ayr(u [k, ] = exp 2mv/—1 (k - LZ_‘)

Al

A — Sexe, [k, n]

—exp27r\/—( I’\”“l)sw [k, n].

Thus we obtain the assertion (1).
(2) Using the assertion (1), we obtain

Sxe[n, k]Sueln, k]Sye(n, k]

Sos [n, k]

ST(A)T(&)[ka n] ST(u)T(E)[kyn]ST(V)T(E)[kv n]
S 0)r(e) [k, 7]

=k

for A\, u,v,e € Qp k. By the Verlinde formula we have

Wyini= Y Seltbifeln 5l

a€Pi(n,k)

_ Z Z S)\U“” (e) [na k]Sutr-’”(E) [n’ k]Smf’ () [’I’L, k]
SOo»m (&) [n, k]

g€y k 0<z<n—-1
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Since |Al, |p], |[¥] = 0 mod n, we have
Sxoz(e) = Sres  Spor(e) = Sues  Svoz(e) = Sve-

This implies

Z " Sixe[n, k]Sueln, k]S,,E[n k]

N;\/M [’I’L, k] = SOE [n k]

e€Qn &

Combining with a similar formula for N:((:))T(u)[k, n] we obtain the as-

sertion.

(3) ForA=31" _1 a;A; € Py(n, k), we associate the Young dia-
gram of type (z1,...,z,) with z; = E?:i aj,1 <i<n-1,and z, = 0.
We put |A| = Y7 ; z;. In a similar way, we denote by (y1,...,yx) the
Young diagram for *A. We have

(M A+2p) = (A+p, A+ p) — (p, p)
_ i A n+1 2 n(n? —1)
"Z<xl Lt ) 12

i=1
= 22-2) izi— — + (n+ 1)\
i=1 =1

This implies

(MA+20) + XA+ 2p) Z:r —Zszz—l—Zyj—?Z]yj

i=1
_ 2
nk
According to Lemma 2 in [KN], the n+k numbers z;+n—1i (1 <7 < n),

and n —14j—y; (1 <j <k) are both obtained as a permutation of
{0,1,...,n+k — 1}. Since

me ——221901 +Zyj - 22]% —2[Al,

i=1

—(n+k)+ (n+ k)X + 2|A|.

we obtain the equation

_ A Al
Ay + Ay = 5 1 k)
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Applying Lemma 2.4.1, one has

|)\| I)\|
A — Aty = — | — — mod Z.
) 2 2 \ nk 1

Thus we obtain the assertion Ay + A,y =0 mod Z.

2.5. Fusion algebras in conformal field theory

The fusion algebra was originally defined in the context of conformal
field theory (see [V], [TUY] and [B]). Let us describe briefly the fusion .
algebra associated with the SU(n) Wess-Zumino-Witten model at level &
on the Riemann sphere. We fix a coordinate function ¢ on the Riemann
sphere CP'. Let Pi,..., P, be distinct points of CP* with t(P;) =
£,6 # 0,1 < 7 < m and to each point we associate Ai,..., A, €
Py (n, k).

Let T denote the endomorphism on V), ® --- @ V3 defined by

T(U1®...®vm):Zgiv:l@...@XGUi@...@fUm
=1

where Xy is associated with the longest root 8. More explicitly Xy €
sl(n, C) is written as Ey, where E;; is the matrix unit such that ij
component is 1 and the other components are 0. We define

+
VCP1

(Pl,...,Pm;Al,...,)\m)
to be the space of sl(n,C) invariant m-linear form
PV ® -0V, —C

satisfying ¢ o T**1 = 0. It turns out that the above vector space is
isomorphic to the dual of the space of conformal blocks (see [TUY] and
[B]). We put

N1, Am) =dim Ve oo (Pry oo, P Aty A,
which is related to the structure constant of the fusion algebra by

NK[I, = N(A7 /’[’7 V*)'

§3. Level-rank duality of link invariants

3.1. Link invariants via face Boltzmann weights

Let us recall some basic properties of the link invariants for oriented
framed links associated with si(n, C). For a more detailed description



254 T. Kohno and T. Takata

we refer the readers to [TW] and [KT]. Let L be an oriented framed link
in S with m components. To each component L;, 1 < i < m, we assign
a highest weight \; € P, (n, k), and we denote by J(L, A1, ..., A,,) the
associated invariant. We put

vmo (D), e (VLY

k+n k+n)

In the case A\; = Ay, 1 < i < m, the invariant J, = J(L,Aq,...,A;) is
characterized by the skein relation

tJL, —t o = (¢/* - ¢7V/?)Jp,

and the condition
qn/Z _ q—n/2

Jo = gz — g1z’

With respect to the following local modifications of the framed link we
have

Sox

J =20
207 Sy

I

Jeg x=exp2mV—1AxJ ¢z,

S
o= 2B T 5
C&? # 7 Sox ‘{’/\
The invariant J(L, A, ..., Ap,) is related to the fusion algebra R, j
in the following way. We have a multi-linear map

J

J(L,"): R®T — C

by associating to Ay ® -+ ® Ay, the invariant J(L, A1,..., Am). This
map is compatible with the product structure of the fusion algebra (see

Ko2]).
In view of the above multi-linear map, we first deal with the case
when A;;, 1 < i < m, is one of the fundamental weights Aq,...,A,_1.

For the purpose of describing the symmetry, it is useful to introduce an
expression of the link invariants using the Boltzmann weights for face
models.

Let us denote by @, the set of fundamental weights {A1,...,Ap_1}.
We consider a projection diagram of the oriented framed link L with
the blackboard framing. We fix A;,..., A\, € ®,, and to each compo-
nent L; we associate \;. A state is a map s from the set of regions of
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the projection diagram to Py (n, k) such that the following admissibility
conditions (1) and (2) are satisfied.

(1) If D; and D; are adjacent regions as shown in Figure 1, then
for p = s(D;) and v = s(D;) we have N}, , # 0 where ); is the highest
weight associated to the edge incident to both D; and D;.

(2) For the non-compact region Dy one has s(Dg) = 0.

Fig. 1.

We observe that in the above situation the structure constant Ny u
is equal to 1. This follows from the Littlewood-Richardson rule and
the inequality (1) in 2.1. We have 4 kinds of vertices corresponding to
overcrossing, undercrossing, creation and annihilation. For each vertex
v and a state s we have a way to associate the face Boltzmann weight
W, (s) such that the link invariant J(V, A1,...,An) is expressed as

JLA - dm) =Y [ Wels)

s:state v:vertex

An explicit form of such Boltzmann weights might be found in [JMO]
up to some normalization.
3.2. Z, symmetry for link invariants

Let us review the behaviour of the invariant J(L, A1, ..., A, ) under
the action of the Dynkin diagram automorphism. A detailed account
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of the subject is given in [KT]. For A = (Aq,...,An) we define a map
¢)\ : (Zn)@m - ZZn by

m
(Z‘))\(xl, . ,.’Em) =nk Z liixi —k Z lijl‘iw]’ -2 Z |)\(j)|lzj.’L'Z
=1 %] 2,7

Proposition 3.2.1 [KT]. Using the above notation, we have

J(L, 0% (A1), 1,07 (Am))
T(L M, Am)

= exp <7r\{l__1¢>\(m1,...,xm)) .

If Ay, ..., A € Qp 1, then the above formula is simplified as
(3.2.2)
J(L, 0% (A1), ..., 0% (Am)) my/—1

= exp

T(L M, Am) n

3.3. Level-rank duality of link invariants

As in the previous section we denote by ®,, the set of fundamental
weights for sl(n, C). We define ®,, 1, to be the set of weights A € P, (n, k)
such that there exists g € Z,, with g(\) € ®,. Namely, ®, ; consists
of the elements which are Z, equivalent to fundamental weights with
respect to the Dynkin diagram automorphism.

For an oriented framed link L with m components, we consider a
similar construction as in 3.1 with Aq,..., Ay € Q, ;. Let us denote
by Sp i the set of admissible states satisfying (1) and (2) in 3.1. Since

p+q
N = Nosyan
at most 1. The local Boltzmann weight behaves as follows with respect
to the map 7 : Q,  — Qg n.

We have a one-to-one correspondence T' : S, — Si, defined by
(T'(s))(D) = 7(s(D)). The following lemma is essentially due to [JMO]
(see also [SA]), where the corresponding statement is shown for the fun-
damental representation up to some phase factor. Computing the phase
factor by means of Lemma 2.4.1 and Lemma 2.4.2, we obtain the fol-
lowing lemma.

the multiplicity appearing in this construction is also

Lemma 3.3.1. For any type of vertex v in the graph associated
with the link diagram we have we have

Wy (s) = WX(T(s))
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for any admissible state s € S, .

Proposition 3.3.2. Let L be an oriented framed link with m com-
ponents. For Ai,..., Ay € Q1 we have

T, 7,y T(Am)) = T Ay o).

Proof. By the behaviour of the face Boltzmann weights with re-
spect to 7 it can be shown that the assertion holds if A1,..., Ay € By .
For A, pn € Qy, 1, we observe by means of the Littlewood-Richardson rule
and the inequality (1) in 2.1 that Ny, # 0 only if v € Q,, . Moreover,
it is clear that 1, is generated by ®,, ; in the fusion algebra. Let us
suppose that \; € €, 1 is written as a polynomial

)\j'—:Pj(,U,l,,ug,...), Ml,ug,...e@n’k.

We have

(%) = Pi(r(p), 7(p2), - - )
and it follows from the expression of the link invariant by the face
Boltzmann weights and Lemma 3.3.1 together with the compatibility
of RSZL — C with the product structure of the fusion algebra explained
in 3.1 that the assertion holds for any Ai,..., Am € £y k. This completes
the proof.

§4. PSU(n) invariants of 3-manifolds

4.1. Review of the definition of SU(n) invariants

Let M be a closed oriented 3-manifold. We suppose that M is
obtained by the Dehn surgery on a framed link I with m components
in S3. As in [KT] we put Cy = exp (—%cn,o with the central

k dim sl(n,C)
charge ¢, = g

link L. We consider the sum

. Let m be the number of components of the

Zy (M7 SU(TL))
(4.1.1)
=cith > Soas - Soam J (L Ads- -5 Am)
Ay Am E P (nk)
where sign(L) denotes the signature of the linking matrix of L. It was

shown in [KT] that Z,(M, SU(n)) is a topological invariant of M (see
also [TW]).
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4.2. PSU(n) invariants and level-rank duality

As is shown in 2.2, the set of weights P, (n, k) admits a Z,, action
derived from the Dynkin diagram automorphism. Let us suppose that
n and k are relatively prime. In this case the Z, action is fixed point
free and moreover, the invariant Zy(M,SU(n)) admits the following
factorization. :

We consider the Gauss sum

n—1

Gn = Z e((n — 1)k5?)

—0

<

where e(z) denotes exp(mv/—1z/n). For A € Q, 1 we have
n—1
Z exp 2V —1A45(n) = G,k exp 2mvV—1A,.
=0

As in the previous paragraph, we suppose that M is a closed oriented
3-manifold obtained as the Dehn surgery on a framed link L in S3. Let
(l;j)1<i,j<m be the linking matrix of L. It is known by [MOO] (see also
[Kol]) that

(4.2.1) ot _
En k(M) = (C:’{Z) (%) > elln— 1)k;lijwimj)

zlv"-)mmezm

is a topological invariant of M. We put

(4.2.2)

Cn,k:Gn,k sign(l) m
)

> Soar---Soan (LA, Am).
AL, AmEQn &

Zi(M, PSU(n)) = (

Proposition 4.2.3. Let us suppose that n and k are relatively
prime. Then we have

Z(M, SU(n)) = & 1(M)Zx(M, PSU(n)).
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Proof. By using 3.2.2, we have

> Soay - Soan J(Ly A1y -+ -y Am)
A1y Am € Py (n,k)

= X > SonrSoa, (L™ ()07 ()

)\1,.4.,)\"165‘2”1)‘, Z1yeey T €ELn

= e((n - l)k‘ Z lij.’lji.’ltj)
zl,...,mmezn

XY SoaSoanJ(Ly Ary - Am),

>\1a-~-7>\m€Qn,k
which shows the assertion.

We are going to show that Z;(M, PSU(n)) is actually a topological
invariant of M. This is not obvious from the above factorization, since
the invariant &, (M) defined by the linking matrix might be equal to
zero.

Lemma 4.2.4. For A, u,v € Qi we have

CrkGrk Y SauSu exp2mV=1(Ax+ Ay +A,) = Sh,.
ueﬂn,k

Proof. Let us start with the equality

(425)  Cuk Y. SwuSwexp2rV/—1(Ax+48,+4A)) =Sy
HEP (n,k)

which follows from the explicit form of the matrix S given in 2.3. We
see that the equality (4.2.5) reveals the fact that the modular group
acts on the space of characters xx, A € Py(n,k) as stated in Theorem
2.3.1. Since \,v € Qp x we have Sxo(,) = Sau by Lemma 2.4.1 (2). We
decompose the left hand side of the equality 4.2.5 with respect to the Z,,
action on u. Combining with Lemma 2.4.1 (1), we obtain the desired .
equality.

The above lemma shows that the matrices

S = (VRSau)auetnn

and

~ . Cn,k -1/3
F=d ( 2\/—1(A ———)G
iag { exp 21 AT oy n.k >)\€Qn‘k
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satisfy .
(ST)* = ()
and define a linear representation of SL(2,Z).
We are in a position to show the following proposition.

Proposition 4.2.6. Z;(M,PSU(n)) is a topological invariant of
a closed oriented 3-manifold M.

Proof. As is explained in [RT], we show the invariance under the
Kirby moves in the sense of Fenn and Rourke [FR]. It is enough to check
the equality '

CrkGng Y, Sou (LA, A, ) = J(L, M, -5 A)
BEQn, k

for the link diagram L’ obtained by adding one component with framing
1 as shown in Figure 2. Here p stands for the representation associated
to the new component. Let [ denote the number of strands passing
through the new component in Figure 2.

/
| -(Tlho 2 Do
l \

[SE—
m

Fig. 2.

We show the assertion by induction with respect to I. As a special
case of Lemma 4.2.4, we have

CrkGnk Y SouSxuexp2my/=1(Ax+ A,) = Sox.
l‘/eQn,k

This settles the case Il = 1 and in particular, putting A = 0, we obtain the
case [ = 0. Let us recall that €,  is closed under the product structure
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of the fusion algebra. Now we apply the fusion rule as shown in Figure
2, which implies that the linear map associated with the two tangles in
Figure 2 are identical. This procedure permits us to reduce to the case
of [ — 1 strands and we are done by induction.

Now we are in a position to show the following level-rank duality of
PSU(n) invariants.

Theorem 4.2.7.  Let us suppose that n and k are relatively prime.
Then we have

Z(M, PSU(n)) = Zn(M, PSU(k)).

Proof. First, we see

nk—1
4

TV ——1) Cin

Chk = exp(—

and

k-1
G = exp(n 1 W\/—l)\/%ka.

By Lemma 2.4.2 we have
\/ESO)\ [TL, k] = \/ES().,-()\) [k, n]

Here we recall that they are real numbers. Using Proposition 3.3.2, we
obtain the equality

(V)™ Z Sory - Son, J(Ly A1, ooy Am)
Al,...,AmEQnyk

:(\/E)m Z SOT()\l)”'SOT(/\m)J(L’T(Al)’""T(Am)).
T oA ) €t

This completes the proof.

Let us describe briefly the duality relation of the representations of
the mapping class groups associated with SU(n) Wess-Zumino-Witten
model at level k£ and SU(k) model at level n. Let 3 denote a closed
oriented surface of genus g and M, its mapping class group. Using the
notation of 2.5, we put

Hxn, k] = @Al,...,)\gEP+(n,k)VCTP1 (A1, AT,y Agy Ag)

which is isomorphic to the space of conformal blocks of SU(n) Wess-
Zumino-Witten model at level k in the sense of [TUY]. As in [RT] and
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[Ko2], we have a projectively linear unitary representation of the map-
ping class group
My — GL(Hzn, k).

Let us recall that this representation is expressed in terms of the Boltz-
mann weight of the face model by considering a (2g, 2g) tangle associated
with an element of the mapping class group.

Let us now suppose that n and k are relatively prime. We put

HE [n, k]/zn = GBA],..A,AgeQn,kVCTPI ()\1’ ;’ DY >‘g, )‘;)

Our previous construction permits us to construct a projectively linear
unitary representation

pg[n, k] : Mg — GL(Hz[n, k|/Zy).

In particular, in the case g = 1 this representation is identical to the
representation considered in the remark after Lemma 4.2.4. By the
Verlinde formula, we see that

. ! v
dim Hsx[n, k]/Z,, = Z (m) .

AEQn &

Combining with our previous discussion, we have the following pro-
position.

Proposition 4.2.8. We have a non degenerate bilinear pairing of
the vector spaces Hx[n, k]/Zn x Hs[k,n]/Z, — C and the representation
of the mapping class group py[n, k] is the contragredient representation

of pglk, n].
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