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On Quasi-Buchsbaum Modules
An Application of Theory of FLC-modules
Naoyoshi Suzuki
Introduction

One of the main purposes of this article is to give a perspective of
the theories of the rings and modules called “rings/modules of FLC” in
this article or generalized Cohen-Macaulay rings or modules in [S=T =C].
They have been developed for the recent one and a half decade years
under the influence of the advance of the theory of Buchsbaum rings/
modules.

Most ‘of the objects are closely related to Cohen-Macaulay rings/
modules. Our discussion is based mainly on the study of Koszul complex
developed in [S,], {S,], [S.], [Ss], [S¢] and [G=S] and our main technique
had been crystallized from them. In the study of modules of FLC, we
have another powerful notion—u.s.d-sequences. Since the topic related
to it has been already presented in [G=Y] in complete form and also in
[Se] in relation with canonical duality, we never mention it so much any
more in this article. ‘

Among the modules of FLC, Buchsbaum modules are of most
importance. The theory has achieved a remarkable progress in recent
years. Not merely as a derived notion from Cohen-Macaulay, but as the
independent objects, they revealed to be endowed with an exquisite struc-
ture. In Section 2, we allot some space to demonstrate some results
related to the Koszul homology of s.o.p. of Buchsbaum modules that are
suppressed in the Cohen-Macaulay cases because of the vanishing homol-
ogy modules.

Another much important aim of us is to develop a theory of a class
of modules called quasi-Buchsbaum modules based on and making very
best use of the observations on the modules of FLC in the preceding part
of this article. Some part of the main theorem had already been an-
nounced in [S,] and a proto-type of the proof had been given in [S,] which
is available only directly from the author. We give a new and rather
improved version and proof of it.
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Also some of the recent results related to the research of quasi-
Buchsbaum modules and modules of FL.C will be presented.

Acknowledgement. The author wishes to express his thanks to S.
Goto for helpful advice during the preparation of this work.

§ 1. Koszul complexes

In this section we provide some technical lemmas on Koszul com-
plexes which will be used in this article. It should be noted that the way
of treating Koszul complexes as below is quite powerful when used in the
induction steps.

Throughout this section, the ring A4 is a general commutative ring
with 1=£0, if it is not specified otherwize.

(1.1) Definition. Let 4 be a commutative ring, M any A-module
and a,, - - -, a, a sequence of elements in 4. We define the Koszul complex
K (a; M) generated by the sequence a=/{a,, - - -, a,} over the module M
as the tensor product of complexes K (a, ---, d,_;; M)®, K(a,, A),
inductively. More explicitly, for s=1,

Kia,, My:=M for i=0 and 1;
K.(a,, M):=0 for =0, 1,

and as to the differential maps d;
d,: K,——>K, be the multiplication of a,

and for i==1, let d, be the zero map.
Fors>1,let L =K (a,, - - -, a,_,;; M) and e, be the differential map
of L :then K. =K (a,, - -+, a,; M)=L ® K (a,; A) is defined as follows:

K,=L, ®L,
and the p-th differential map d,, is
dp(”’ v):-:'('—ep—l(u)’ asu+ep(v))‘

Given a complex L =(L_, e) over A (i.e., a complex in the category
of A-modules and A-linear mappings), let —L_denote the complex (L_,
—e)) and L_[n] the complex shifted by n: namely,

v (L[n]),;=L,,, and the p-th boundary operator :=e,,,.

With these notations,
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(1.2) Lemma. Let L be a complex in the category of A-modules
and A-linear mappings, x an element of the ring A and K, =L ® ,K (x; A).
Then there exists an exact sequence of complexes:

j

0—>L—>K -5 I [—1]—>0.
Where the map i is the natural injection:
iy Li—>K,=L, ®L,; v—>(0, v),
and the map j is defined as
K,=L, ®L,—>—L[—1],=L,_;; (u, v)—>xu.
Consequently, there induced an exact sequence of homology modules:
o Hy o (— LI~ ) =H,(L)-">H,(L)
—>H(K)—>H,(—L [-1])—>---.

(1.3) Corollary. Let a be a sequence of elements in A, a an element
of A and M be an A-module. Then we have the following exact sequence

Hy(a; M)
aHp(a; M)

H(a, a; M)——>[0: dly,_,;—>0.

The next lemma aims to control the homology H =Z /B as a sub-
module of X /B, .

(1.4) Lemma. Let(L,e) beacomplex over A, J an ideal, x and y
elements in J and p be an integer. Assume the following:

1) [By-iL) iz, x"ICIB,- L) iz, JICZ (L), for all integer m>0;

@) [BJ(L) 1, x"1=Z L) for all integer n>0.

Let K:=L ®K (y; A). Then we have [B(K) 1z, X'1CZ(K) for all
integer [ >0.

If we assume furthermore that JH (K )=0, then the equality holds in
the above conclusion and both ends coincide with [B,(K) 1z, J].

Proof. The latter half is trivially true. Let (m,n)e K,=L,_ DL,
and assume that

(#) xl(m3 n) = (xlma xln) = ( — ep(u)a yu-+ €pa 1(U)),
for some (u, v) € L,DL,,.,. Then
me [-Bp—l(L.) . xl]a

p~1
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and by (1)

—e, (m)=0 and ym=e,(w)
for some w e L,. Hence again by (%),

e, (x'w+yu)=x‘e,(w)+ ye,(u)= xtym—xtym=0

namely
xw+yu e Z,(L).
By (),
yu=—e, (v)+x'n
hence
xlw'l“ yu:xl(w—i-n) _ep+l(v)9
S0
x'w+n) e Z,(L).
By (2)
x'(w+n) e [B,(L): x]
Lp
hence
wtnel[By(L): x**"=Z/(L).
Lp
Now
ym+-e (n)=e,(w)+e,(n) =e, (w+n)=0.
Thus
( - ep—l(m)’ ym + ep(n)) = (Oa 0)9
namely (m, n) e Z,(K)) as required. Q.E.D.

We end this preparatory discussion with introducing a complex
obtained as a direct limit of Koszul complexes. That is quite useful when
we treat the local cohomology modules.

Let a={a,, - - -, a,} be a sequence of elements in a Noetherian ring A.
Then there defined a direct system of complexes:

(K (a"; A))*—>(K (a"*"; A)*,

where (£)* denotes the A-dual functor Hom, (¥, 4). Taking account of
self duality of Koszul complexes, considering the limit complex of the
above system, the following is quite acceptable and indeed well known:
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(1.5) Proposition ((Gr]). Let A be a local ring of dimension s and
a={a,, - - -, a,} be a system of parameters of A. Then for any A-module
M and for any integer p, we have the following isomorphism:

Hﬁ(M):mHs—p(ain, M ':a;n; M)

§2. Modules of FLC—the generalized Cohen-Macaulay modules

Among the various properties of Cohen-Macaulay rings, let us con-
sider the following: a local ring A is Cohen-Macaulay if and only if H%(A)

=0 for all {-£dim 4.
When we are trying to work at rings/modules that are not Cohen-
Macaulay, the following is then a question quite naturally expected:

What can we say about the local cohomology modules still remaining?

or
What do these local cohomology modules tell us about the ring?

Henceforth 4 is a local ring with maximal ideal .
As a first attempt, let us impose the restriction on the local coho-

mology modules as below:

(2.1) Definition ((G=Y, S=C=T, S;]). A finitely generated A-
module M is called a generalized Cohen-Macaulay module (or module of
Finite Local Cohomology, abbrev. FLC) if

L(HW(M))< oo,
Sfor all i =s=dim M.
If this is the case, we define a numerical invariant of M by

10n=3, (*7 oo,

where h'(M) denote the length of Hi(M). We call the above invariant the
Buchsbaum invariant of M and it plays a quite important role in the theory
of module of FLC.

(2.2) Definition. Let M be a finitely generated A-module and g=
{a, -+, a;} be a system of parameters for M. We define a numerical

function I(*; M) by;
Ia; My:=1,(M|qM)—eq; M)

with ¢=(a)4, where e,(#) denotes the multiplicity symbol.
Note that, since e,(q; M) coincides with the Euler characteristic of
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the Koszul Complex K,(q; M) [A=B], the function I(a; M) has the follo-
ing expression;

Ia; M)=_ 2, (=1)""h(a; M),

where h,(}) denotes the length of the i-th Koszul homology.

Remark. Let s=dim M >2 and a={a,, - - -, a,} be a s.o.p. for M.
Assume that a=aq, satisfies the condition:

1410 : a) <oo.

Then with a’'={a,, ---, a,}, we generally have e(a’; M/aM)=ce\a; M)
and we have

I(a'; MjaM)=1(a; M).

We must note here the fact that the difference of the multiplicity
from the colength of the ideal generated by a system of parameters was
first payed attension by D. Buchsbaum in [B]. The study of Buchsbaum
rings/modules has its origin there and we name the invariant given in (2.1)
after the fact.

Let us start with the following rather general lemma;

(2.3) Lemma. Let M be a finitely generated A-module of s=dim M
=1 and x be any parameter for M. Assume that 1,([0:, x])<oco. Then
there exists a long exact sequence as below;

HO(M)—"5> HY(M)—> H(M]xM)—> - - -
o> Hi(M)—> Hiy(M) "5 Hi(M]XM) - - -.
Proof. Consider the following diagram of exact sequences

0

4

0—>xM—>M—>M/xM—>0
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The required sequence will be indueced by applying the local cohomology
functor to the diagram since by the assumption on x we know that the

mapping
H)\(M)——>H%\(xM)
is a surjection and
H2(M)——>H2%(xM)
is an isomorphism for each p>1.
As one can easily guess from the above lemma, if M is a module of
FLC and the assumption in the lemma is satisfied for a parameter x for
M, then M/xM is also a module with FLC. Then for what parameter

the requirement is satisfied? Our next lemma provides the perfect answer
and is quoted from [S,], to which the proof should be referred:

(2.4) Lemma (cf. [S;], [Sel, [Se] and [A=B]). Let M be an A-module
of FLC of dimension s. Then M, is a Cohen-Macaulay A, module of
dimension s-dim (A4/y) for all prime p=£m and for a parameter element a
Sor M,

[0: alc HY(M).
M
Consequently, for any s.o.p. a=ay, - - -, a, for M, we have the follow-

ing;
(1) For any r with 0<r <s and for each p<s—r,

LTINS ES f (4 T}
i=0
(2) For r as above and for any p>0,
. o
iy - as ST (0 QD).

(3) I(aa M)=IA([(al> ] as—l)M: as]/(ala ) as—l)M)'

By the above lemma, we see the following important fact on the
relation between the Buchsbaum invariant and the function I(a; M),

(2.5) Proposition. Let M be a module of FLC. Then
I(M)=sup {I(a; M); a is a system of parameters for M}.

Proof. It suffices to show that for some s.o.p. for M, the equality
I(a; M)=I(M) holds. Now we go by induction on s=dim M. Let s=1
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and a be any parameter for M. Then we have the following ascending
chain:

[0:ajCi0: &%lC---CHYUM)
M M
which terminates with [0:, @] for some integer N. Then the required

equality holds for the parameter a” for M.
Let s=>2 and a be a parameter for M such that

aH2(M)=0

for p=0, ---,5—1. Then the exact sequence in (2.3) factors into the
following exact sequences:

0——>H2(M)——>H2(M[|aM)—> H2* (M )—>0,

for p=0, -- -, s—2. Then by the definition, we have

§-=2

1jadn =, (7% wtjarn) =5 (sz)W(MHhM(M)]

- (Sj 1)hi(M)=1(M).

On the other hand, by the induction assumption, we find a s.0.p. a'=
{@y, - + -, a,} for M/aM such that

I(MaM)=1,(M’[aM")—ea’; M]aM)=1,(M[(a, d)M)—e\a, a’; M).
The s.o.p. {a, a’} for M is the one which we wanted.
Conversely,
(2.6) Proposition ([S=C=T], [Sy] (3.3)). A finitely generated A-
module M is of FLC if
sup {I(a, M); a is a system of parameters for M} < co.

Proof. See say (3.3) of [S,].
The next is rather easy to see but useful.

(2.7) Proposition. Let M be a module of s=dim M =2. Then the
Sfollowing conditions are equivalent.

(1) Misof FLC.

(2) There exists an integer N and a parameter x for M in m¥*+*
such that '

L0 : x) <0
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and
m¥HE(M[xM)=0
for p=0, ... 5—2. '

Proof. (1)=>(2): Let k be an integer such that m*H2(M) =0 for
any p=0, ---,s—1. Let N==2k. Then by the preceding lemma, we sec
that m” kills each H2(M/zM) with p=0, - .., s—2 for any parameter z
for M hence for any parameter x in m?¥**.

2)=(): Since HY(M) is a submodule of M, we need only to
prove that H2(M) is of finite length for p=1, ..., s—1. By the assump-
tion on x, we can apply Lemma (2.5) to obtain the exact sequences

HE(M]xM)—> HE(M)—2> HE(M),

forp=1,.-.,5—1. Let H denoté'H{,"(M) for such p. Then from the
exact sequence above, we see the inclusion

[0: m¥]D[0: x].
H H

By the choice of x, we furthermore have

[0: m¥*]C]0 : x].

H H
Hence we have that
[0 : m¥*C[0 : m*].
H H -

Let z be any element in H and assume that m%z=0 for some L>N.
Then mZ~¥+zC[0:, m”*] hence

mL—IZ=mNmL—(N+l)Z=O’
which implies that any element of H is killed by the N-th powers of m.

The above proof says essentially the following:

(2.8) Corollary. Under the same assumption as above, assume (2) of
(2.7), then we have

mYH2(M)=0
for p=0, ..., 5—1.

In the remaining part of this section, we will observe a Koszul
homology of s.o.p.’s for Buchsbaum modules. As will be stated below
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in (2.10), they satisfy a condition for sequences of a ring relative to the
module:namely weakly regular sequences:

(2.9) Definition ([St=V,]). Let a={a,, ---,a,} be a sequence of
elements in the local ring (4, m, k) and M an A-module. Then g is called
a weak M-sequence or a weakly regular sequence on M if the following
holds

m[(ﬂl, R} ai-l)M}:{ai]C(al’ tt T ai—1)9

forall i=1, -..,s.
In [St=V], the authors discussed the weak M-sequences and gave a
characterization of Buchsbaum Modules in terms of weak M-sequence:

(2.10) Theorem (Satz 10. [St=V.]). Let M be a finitely generated
A-module. Then the following conditions are equivalent:

(1) M is a Buchsbaum module: i.e., there exists a numerical invariant
I of M such that for any paramater ideal q=(a) for M, the following holds,

L(M|qM)—efq; M)=I,

where () denotes the length of the A-module and e(}, ) the multiplicity.
(2) Any system of parameters for M forms a weak M-sequence.

Remark. By the definition and (2.6), Buchsbaum modules are of
FLC and the invariant 7=1I(M). Also by the definition, if M is a Buch-
sbaum module and x is a parameter for M, then M/xM is also a Buch-
sbaum module and I(M/xM)=I(M).

To demonstrate how the theory of FLC-modules works, we will give
a proof of (2.10) making very best use of the preceding preparations in
FLC-modules.

Proof. (1)=>(2): Note that by its definition and by (2.6), Buch-
sbaum module M is a module of FLC.

To being with we will deal with dimension one case. Given any
parameter x for M, we have

I(x; M)=1,([0 : xD=1I(M)=h(M).
Hence

[0 : x]=H3(M)

holds for any parameter for M. Since we may choose a system of gen-
erators for m consisting of parameters for M, we have
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mH (M)=0,

and then we see that x is weakly M-regular.

Now let s=dim M >=2. Let x be any parameter for M. Then
M/xM is also Buchsbaum module (of dimension s—1). By the remark
just after (2.2), I(M/xM)=I1(M). On the other hand we have the follow-
ing exact sequence

0—> H\(x M )—> H*(M)—> H(M/x M )—> H:(M).

Hence if H.(xM )0 then we have

R(MxM)<(M)+hr(M).
Since
h*(M[xM)<h*(M)+h**'(M)
for p=1, ..., s—2, we have

I(M/xM)z;Z_'z (S”l.‘ 2)hi(M/xM)<:Z;Z (sj 1)hi(M):I(M).

This is a contradiction. So we conclude that

Hl(xM)=0
and
[0 ;{x]:H?u(M).

So we see that any parameter x for M kills H3(M). Hence mHY(M)=0
and x is in fact weak M-sequence. By the induction assumption, any
s.0.p. for M/xM forms a weakly regular sequence on M/xM, we are over
the proof of this direction.

Before starting converse implication, we deduce the following lemma
from the above proof.

Lemma. Let M be a Buchsbaum module of s=dim M. Then for any
parameter x for M,
xHE(M)=0,
Jori=0, «-.,s—1.
Consequently, mH2(M)=0 for any i =0, - .., s—1.

Proof. In the above proof, we see that I(M/xM)=I(M) and for
each i =0, ..., 5§—2,
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R{(M[xM) <k (M)+ k' (M),

hence the equality for each i=0, ..., s—2. Then in the exact sequence
in (2.3), we see that the map

Hi(M)-">H (M)
must be a zero-map for all i=0, ..., s—1.

We are now ready to give
Proof of (2)=>(1). Induction on s=dim M. Let s=1. Then for
any parameter x for M, we have

[OJf,m]C[O;,x]C[O;,m]’

hence we have

I(e; M)=1,(0 : x)=1o([0 : mD.

Let s=2 and x be any parameter for M. By the induction as-
sumption, M/xM is a Buchsbaum module, hence by the lemma above,
mHZ(M/xM)=0 for all p=0, ..., s—2. Since we may choose x e m?,
by (2.7), M is of FLC, or furthermore by (2.8) mHZ(M)=0 for p=0, - - -,
s—1. Then just by the same way as the proof of the lemma above, we
see that I(M/xM)=1I1(M), since h*(M[xM)=h'(M)-+h*** (M) for each i=0,
-++,5—2. Now let x={x,, - - -, x,} be any s.o.p. for M. Then '

I(x; M)=I(x"; M|x M)=I(M|xM)=I(M)
with x'={x,, - - -, x,}. Q.E.D.

‘When we consider Buchsbaum modules as a generalization of Cohen-
Macaulay modules/rings, the above corresponds to the following charac-
terization of C.-M.-modules: a finitely generated module M is a C.M.-
module if and only if any s.o.p. for M is a regular sequence on M. Note
also that a C.-M.-module M is a Buchsbaum module with the invariant
I(M)=0.

Since one of our main purpose in this article is to set up a criterion
of a quasi-Buchsbaum module in terms of weakly regular sequence, to
clarify the motivation let us present some results related to the Koszul
complex generated by a s.o.p. of Buchsbaum modules. The subsequent
discussion on the s.0.p. of Buchsbaum modules corresponds to the charac-
terization of regular sequences by Koszul homology.

The main of this part is
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(2.11) Theorem (cf. [S,], [S=S=V]). Let M be a finitely generated
module over a local ring (A, m, k) and s=dim M. Then the following con-
ditions are equivalent:

(1) M is a Buchsbaum module;

(2) for any sub-s.o.p. {x,, - - -, x,} for M,

mH,(x,, - - -, x,; M)=0,
for p=1, (resp. for all p>>0);
() foranys.o.p {x, - -, x,} for M,
mH(x,, - - -, x,; M)=0,
for p=1, (resp. for all p>0).

The proof will be achieved in several statements. To begin with

(2.12) Lemma. Let M be a Buchsbaum module of positive dimension
and x be a parameter for M. Then

Hy(M)=10 : x]=[0 : m].

Proof. By (2.10), a parameter x is weakly regular on M. Hence
the second equality is valid. Now let z be any element in HY(M). Then
m"z=0 for some integer » and we have x"z=0, i.e., HL,(M)CJ[0:; x"]=
[0:, m]. Converse inclusion is trivial.

The next leads the implication (1)=>(2) for p=1.

(2.13) Proposition. Let M be a Buchsbaum module of dimension s
and x,, - - -, x, be a sub-s.o.p. for M (r <s). Then we have

(1) mHl(xU ""xr;M)=0;

@) Zy(xy, -+ X M)=[By(xy, - -, X215 M) ig, X )

Proof. Induction on r, the length of the sub-s.o.p. Let r=1: The
assertion (2) is vacuous. (1) requires nothing but the weak regularity of

x, on M, which is true.
Let r=2. Then (2) requires the following

[0 : x,]=[0 : x,],
M M
which is also valid by (2.12).

Now let r =2. Since {x;, - - -, x,_,, xI*} forms a sub-s.o.p. for M of
length <r, we have

Zl(xl, sy Xp_os M):[Bl(xl, crey Xpos j‘[)]é x:n,]
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Since K,=Z,, the following is clear:
[Bo(x1, + « +5 Xr_p3 M)K m]CZ,.
Since x, is a parameter for a Buchsbaum module M/(x,, - - -, x,_,)M, by
(2.12), we have
[By(xy, -+, X, _p) 1 XPIC[B, : m].
Ko Ko
Furthermore by induction hypothesis, mH,(x,, - - -, x,_,;; M)=0. We can
now apply (1.4) with L =K (x,, - -+, X,_o; M), x=x,, y=x,_, and p=1,
to obtain (2).
Let (m:v n) € Kl(xl, Tty xr; M)=L0@Lls Wlth L.=K.(x17 DY xr—l; M)
Let e, denote the differential map of L,. Let aem and assume that
m,n)eZ(x, ---,x,; M). We must show that a(m, n)e B,(x,, ---,

X,; M).
The cycle condition is

€] x,m+e,(n)=0,
this means at first that
me [BO(L.) . xr]‘:[(xl, MY xr—l)M . m]
KO0 M
and
#2 am=e,(u)

for some u<< —L,. By the induction hypothesis mH,(x;, - - -, x,_;; M)=0
and » determines a cycle in L,/x, L, =K,(x,, - - -, x,_;; M[x,M), we have

(#3) an=2x,v+e}(w)
for some (v, w) e L,®L,. Operate ¢, to the equality, and we have
ae,(n)=x,e,(v).
On the other hand, by (%),
e(x,u+an)=a(x,+e,(1))=0.
So x,u=ane Z(L). By (#3),
xu+x,v e Z(L)=[B(L) i x,).

Hence
(u+v) e [B(L) k x;1=Z(L), ie.,e(w)+e(v)=0.
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with (4#2), am=e,(u)= —e,;(v). Thus we have
a(m, n)=(—e,(v), x,v+e,(w)) € Bi(x,, + - -, x5 M):
this is what we have to show. Q.E.D.
The following covers the implication (3)=>(1) with p=1.

(2.14) Proposition. Let M be a finitely generated A-module and
Xy, -+ -, X, be elements in m. Assume that for any system of elements x=
{x22, -, x2} with b, € {1, 2} for i =2, - - -, r, we have

mH,(x,, x; M)=0.
Then {x,, - - -, x,} forms a weak M-sequence.

Proof. Induction on r. Let r=1. Then x is in fact a weakly regular
on M.
Let r =2. By (1.3), we have

mHl(xb xgza ) 'x'lr]‘r—-il; M)Cxiflx(xn xgz, St x$r—_11; M)
szHl(xl, X32, e, Xty M.
By Nakayama’s lemma,
mHl(-xu xgg’ M) xsi—ll; M)=0'

Then by the induction assumption, we can conclude that {x,, ---, x,_;}
forms a weak M-sequence. On the other hand, by (1.3) again, we see that

[0: xr]Ho(n,---,xr—l;M)

is a homomorphic image of H,(x,, ---,x,; M). Hence x, is weakly
regular on M/(x,, - - -, x,_)M. Q.E.D.

We have already finished the proof of (2.11) for p=1 in (2) and (3).
To complete the proof we give the following:

(2.15) Proposition. Let M be an A-module of finite type. Assume
that the following two conditions hold for any sub-s.o.p. x={x,, - - -, x,} for
M:

(1) mH(x; M)=0;
and

@ Z(x'; M)=[B(x'; M) : xrl=[B(x'; M );{ m],

for any integer m>0 with x' ={x,, - - -, x,_,}.
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Then for any sub-s.o.p. x for M and for all integer p>>0, the following
hold:

(1) mH,(x; M)=0;
and

() Z,(x's M)=[By(x's M) : x7]=[B,(x's M )} ml,
for any integer m>0. ’ ’

Proof. By (1), we see that M is a Buchsbaum module. Let p=2.
Then for r=1, () is clear. For r=2,

Hy(x,, x;; M):[OM (xy, xZ)]C[Ozz:( x],

hence for this case (1’) is also over. (2') is trivial, because K (x,; M)=
Z (x5 M)=0.

Let r =3. By the induction assumption, on length of the sub-s.o.p.,
all the requirements in applying (1.4) are fulfilled. (2) is directly con-
cluded by (1.4) with x=x,, y=x,_,and L =K (x,, - -+, x,_,; M).

Asto (1),let L =K (x,, - - -, x,_;; M) and e_ be the differential map.
Let (m,n) e Z,(x;, -+, X,; M)CL,_ ®L, and a be any element of .

We claim that a(m, n) € B,(x,, - -+, x,; M). We have by the cycle con-
dition,
€3] e, (m)=0 and x,+e,(n)=0.

Namely m € Z,_,(L)), hence by the induction assumption,
am=e (1)
for some u € L,. Also by the induction assumption, we have
mH(x,, « -, X,_y; M{x,M)=0.

By (#) we see that u determines a cycle in K (x, -+ -, X, _;; M/x,M ), so
#2) an=2,+e,,,(#)
for some (v, w) € L,®L,,,. Hence

e,(x, v+ x,u) = e (an)+ x,e (u) = a(e (n)+ x,m) =0.
So x,(u+v) € Z,((L)=[B,L) 1, x,], and

utvelB(L): xXX]=Z,L).

Namely ”

e ()= —e,(v).
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We have
am=—e,(v) and an=x,V)+e,,,(W),
ie., a(m,n) € B,(x,, - - -, x,; M), as required. Q.E.D.

Now the proof of (2.11) is completed.

§ 3. A basic theorem of quasi-Buchsbaum rings and modules

In this section we present a theorem which characterizes a quasi-
Buchsbaum Modules in terms of system of parameters.

Throughout this section, A denotes a local ring with the maximal
ideal 1.

Let us start with the following:

(3.0) Definition. Let M be a finitely generated module over a local
ring A with its maximal ideal w and the residue field k. Then M is called
a quasi-Buchsbaum module if

mH L (M)=(0)

Jor all p+s:=dim (M). A local ring is called a quasi-Buchsbaum ring if it
is so as a module over itself.

(3.1) Notations. Let M be an A-module and a={a,, ---,a,} be a
system of parameters of 4. Let L  denote the complex defined as the
direct limit of the Koszul complexes K (ar*, - - -, a™; A), more precisely,

L.:=(lim (K. (@™; 4))*)[s].

Let K:=L @M, and Z =Z (K), B=B(K) and H =H(K) be the
cycle, boundary and the homology of the complex K, respectively.
(3.2) Remarks.

(1) Quasi-Buchsbaum modules are modules of FLC.

(2) As already remarked in (1.5) the local cohomology can be cal-
culated as the (co-)homology module of the complex K, ((2.3) of [G,]):
namely

Hg(M):Hs—p(L. ®A M)’
for all p.

Our first job is to prepare an easy but important fact on the action of
a regular element on a complex:
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(3.3) Lemma. Let(X,,d) beacomplex in the category of A-modules
and A-linear mappings and x be an element of A which is a non-zero-divisor
on X,.

Assume that the p-th homology module H, is killed by x. Then Z, xK,
CB,.

Proof. Let z=xw be any element in Z, N xK,. Then
xd,(w)=d,(z)=0.

Since x is a non-zero-divisor on K,,_,, we have d,(w)=0, hence w is a p-th
cycle. Since x kills the homology, we have

z=xweB,_,

Remark. As can be easily guessed from the above, once we reduced
to the depth positive cases, it became rather easy to work on the homology
of the complex of the above type. Indeed in many cases in the calculation
of homology modules related to the s.o.p.’s of Buchsbaum or FLC mod-
ules, or also d-sequences the gap between the boundary and the intersec-
tion Z N xK, is one obstacle hard to clear.

In the case where depth of the module M is zero, the next lemma is
of good help when we treat the parameter elements in relation with the
Artinian part H{(M) of M.

(3.4) Lemma. Let M be a module with FLC and x be a parameter
for M.
If mHY(M)=0, then we have

[0 : x"]=H(M).

for all integer n>1,
Consequently,

xM N HY(M)=(0).
Proof. Since we assume M to be of FLC, by (2.4), we have
[0;1 x]C HY(M).
The first assertion then follows from the following sequence of inclusions:
[0:m]C[0: x]C[0 : x"]CHY(M)C[O : m].
b b b u

The second one is then straightforward.
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(3.5) Lemma. Let M be a quasi-Buchsbaum module of s =dim M =2
and x be any parameter for M. Then we have the following exact sequence:

0 Hi(M) Hi(M|xM)—> H*Y(M)—>0,

fori=0, ... s—2.
Proof. This follows from (2.3).

We are now ready to prove our main result in this section:

(3.6) Theorem. Let M be a finitely generated module over a local
ring (4, m, k) of dim M=s=>2. Then the following conditions are equi-
valent;

(1) M is a quasi-Buchsbaum module;

(2) For any parameter x € m* for M, M|/xM is a quasi-Buchsbaum

module and 1,([0 : ; x]) << oo.
(3) For some parameter x e m* for M, M|xM is a quasi-Buchsbaum

module and I,([0 : 5, x]) < co.

Remark. Restriction on s=dim M above is indispensable: Indeed
for any A-module of Krull-dimension one, the second assertion of above
theorem is always true.

Proof. (1)=(2): By the preceding Lemma, we have
mHL(M/xM)=0,

fori=0, ---,5s—2. Let M :=M/xM and I:=[0:, H\(M")].

Suppose that 7 +m, then there exists z € m — I which is a parameter for
both M and M/xM, since we assumed s=dim M =>2.

We however claim at first that zH%(M’)=0: contradiction to the
choice of z. From the exact sequence

0—> MIH (M)~ MJH (M )—> M+ (x M/ H’,(M ))—>0,
induced an isomorphism
H\(M|(xM+ HY(M)))=H,(M/H}(M))=H(M).

Let m’=m mod xM be any in H%(M’). Then since m® kills HL(M'),
mmCxM+ HL(M) and by the above isomorphsim we see that mmCxM
+HYXM). So zm=xn-+tforsomene M and te H)Y(M). Then zxm=
x*n hence n e [zM 1 x7].

Since {z, x*} is a part of s.0.p. for M,
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[0: X% a3 © H o (M[z M)
and by (3.5), we have
Hy(M[zM)C[0: M]3/ ary-

The right hand side of the above inclusion is contained in [0: X] ¢/, -
Thus we see that

[0: xz](M/zM)C[O: x](M/zM)a
hence xn=zu for some u € M. So we finally have that
t=zm—xn=zm—zu € zM,

hence t e zM N HY(M), namely zm=xn € xM and we conclude that zm’
=0: this is the required contradiction. We thus have proved that

mHW M/xM)=0.
Let 1<i <s—2 and assume that
I:=[0 : Hi(M/xM)]#m.
A

Again we can choose z € m—1/ so that z is a parameter for both M and
M’ :=M[xM.
By Lemma (3.4), we can induce the following exact sequence

0—>H\(M)—>M’'——> M|(HY\(M)+xM)—>0.
Thus for our case, we have the isomorphism
H(M|xM)=H(M|(H(M)+xM)),

hence we can assume that H(M)=0. Then we have the following exact
sequence

X

0—>M—>M M|xM—>0.

Let L, denote the flat complex
(lim (K, (a™; A))*)[s]

introduced in (3.1), for some system of parameters ¢ of A. Then there
exists an exact sequence of complexes

0—>MQ,L-">M®,L—>M Q,L—>0.
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Denote by (K, d) and (K’, d) the complexes M®,L, and M'®,L,
with the boundary operators d, and d’, respectively.

Let [m']:=m’ mod B,_,(K’) be any homology class in H,_,(K’) with
m'=mmod xK,_; e Z,_,(K’). The cycle condition of m’ implies that for
somewe K, _;_y,

d,_;,(m)=xw.
Then w must also be a cycle: Indeed
xd,_;_(w)=d,_,_,(xw)=0

and since x is a non-zero-divisor on K, , ,, d,_,_,(w)=0. Since the
homology H,_,_,(K) is killed by m, we have

#): zw=d,_,(u)
for some u € K,_,. Hence we have
(#8): dy_(zm)=zd,_,(m)=zxw=d,_,(xu).

Consequently, zm—xu e Z,_(K). Again the homology is killed by m,
we see that

x(zm—xu) € B,_,(K),
or
xzu € ZKs—i +Bs—-i(K.)'

Let w':=umod zK,_;,. Then by (§) «' is a cycle in K’. On the other
hand, by the choice of z and by (3.3), we have

mH{(M")=0
and hence x*u' =x*(u mod zK,_,) € B,_ (M/zM)QL) or
w' mod B,_,(M/zM)QL) € [0: x*) . car/z a0y
Since x e %, by Lemma (3.3), we see that

[0: X" sz, carse ey CLO: XD izt a2 309
hence
xu' =x(u mod zK,_,) e B,_(M/zM)QL).

So there exists v € K,_; such that xu—zv e B,_,(K), which leads together
with (4£),



236 N. Suzuki

ds - i(ZU) = ds - ‘i(xu) = ds - 'l(zm)
and

zv—m)e Z,_(K)NzK,_,.
By (3.3), we have

zZ(v—m) e B,_(K).
We therefore have
zm—xu=(zm—zv)+(zv—xu) € B,_(K)

and we finally see that

z(m mod xK,_;) € B,_,(K"),

namely z kills Hi(M/xM), against the choice of z.
The implication (2)=>(3) is trivially true in our case. As to the
impilcation: (3)=(1): We can apply (2.8) with N=1. Q.E.D.

The following was announced in [S=S=V], which contains no proofs
at all.

(3.7) Corollary ([S=S=V]). Let M be a finitely generated A-module
of dimension s. Then the following conditions are equivalent:

(1) M is a quasi-Buchsbaum module;

(2) any system of parameters for M contained in m* forms a weak M-
sequence; '

(3) there exists a weak M-sequence of length s in m*.

Proof. We need only to treat the case where s >0. (1)=>(2): Let x
be a parameter for M in m*. Then by (3.4), [0:; x]=H(M) and x is
weakly regular on M. We are done for the case for s=1, and also for the
first element x=x, of the s.o.p. x={x,, - - -, x,} in the case where s=2.
By (3.6), M/xM is a quasi-Buchsbaum module of dimension s—1 hence

by the induction assumption the s.o.p. x,, - - -, x, for M/xM form a weakly
regular sequence on M/xM. That is what we have to show.
(2)=>(3) is trivial.

(3)=(1): Assume that x is weakly regular on M. Then we have the
following inclusion

[Oli'fmz]C[OI:Jx]C[OL:[m],

which implies that mH(M)=0: indeed if z € M is killed by m* for some
K>1, then m*~?z is killed by m?* hence by nt; namely m*~'z=0. Thus
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any element of H%(M) is killed by m.

In order to go further, we need to remark the fact that weak M-
sequence is a sub-s.0.p. for M. Indeed, if x is a weakly regular and belongs
to some prime ideal p in the support of M with dim (4/p)=dim M, then
since p==m, [0:, x],=0. But then M,=0 for dim M, is 0.

Now we see that M/x,M is of dim s—1, hence by the induction as-
sumption we can conclude that M/x,M is a quasi-Buchsbaum module.
Then again by (3.6) we can conclude that M is also a quasi-Buchsbaum
module. Q.E.D.

By (2.10), any s.o.p. for a Buchsbaum module is a weakly regular on
the module. Hence

(3.8) Corollary. A Buchsbaum module is a quasi-Buchsbaum module.

There naturally arises a question: How far quasi-Buchsbaum modules
are from Buchsbaum modules? It is rather difficult to find an acceptable
answer to it. Though it is still an intermediate one, let us introduce a
result by S. Goto.

(3.9) Proposition ([G,]). Let M be a quasi-Buchsbaum module of
dimension s >0 and a={a,, - - -, a,} be a system of generators for the maxi-
mal ideal m. Assume that any s-elements subset of a is a s.o.p. for M and
Ma,M is a Buchsbaum module for each i=1, ---, v, then M is also a
Buchsbaum module.

On the other hand, as to the examples of quasi-Buchsbaum modules
which are not Buchsbaum modules, see for example [G,]. One sees sys-
tematic construction of such examples there.

§ 4. Canonical duality and index of reducibility for parameter ideals

This last section is devoted to introduce some results related to

modules of FLC.
We firstly discuss the canonical duality theory. Let us recall the

definition of the canonical module.

(4.1) Definition (cf. [H=K]). Let 4 be a Noetherian local ring with
the maximal ideal m and the residue field £ and E a finitely generated A-
module. A finitely generated 4-module K is called the canonical module
of and E denoted by K if the completion of K is isomorphic to

Hom, (H:(E), E (k)),

where s=dim (E) and E (k) denotes the injective envelope of k over A.
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The canonical module of a local ring played an important role as a
module invariant in the development of theory of Cohen-Macaulay rings/
modules and particularly of Gorenstein rings, (e.g. [H=K], [G=S=W],
[G=W]). In fact, one can often get several important informations about
the target ring through the canonical module. Also in a very wide sense
of words, the canonical module is a dual object that complements the half
of the properties of the ring. One can realize the fact through the theorem
stated below, (4.3).

On the other hand, when we develop some new notion or objects, the
canonical module often serves as a testing object or material for construct-
ing examples.

In fact, from the start of research of Buchsbaum rings, we wanted the
elementary and acceptable proof of the following: Is the canonical module
of a Buchsbaum ring also a Buchsbaum module?

In the lower dimensional cases, we could rather easily prove affirma-
tively. In the general form Schenzel applied the Dualizing complex char-
acterization of Buchsbaum rings ([Sch]).

In terms of u.s.d.-sequences, our ultimate answer is stated as follows:

(4.2) Theorem. Let A be a commutative ring with 1+ 0 and E an
A-module. Assume the a sequence a=ay, - - -, a, of elements in A forms a
u.s.d-sequence on E.  Then for any injective A-module I, the sequence forms

a u.s.d-sequence on
Hom (H(E), I),

where H:(E) stands for the limit of the direct system of Koszul (co)-homology
modules

Hi(ay’ R} a?; E)
and mappings
¢n,n+l: Hi(an,E) ;Hi(an+1;E)’

where a™ denotes the system of elements a?*, - - -, a™, for an integer m>0.

Before going further into the theory of u.s.d-sequences, we present
here the FLC-version of canonical duality. In [S,] the author gave a proof
of it applying the theory of the generalized local cohomology studied in
[S.] and the proof was based on the spectral sequence argument. But once
we view the FLC-modules as derived ones from Cohen-Macaulay rings/
modules, we can give quite an elementary proof by reducing to the Cohen-
Macaulay case. Such a proof is given in [S].

Our theory establishes a duality for local cohomology modules:
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(4.3) Theorem (cf. [S,], [S;] and [S]). Let (4, m, k) be a local ring
and M a finitely generated A-module of dimension s. Suppose that M is with
F.L.C. Let us define the functor

Dr(§): =Hom (H4(}), E,(k)).
Then in case s =2, we have the following exact sequence
0——> D°D(M)—> M—>D*D*(M)—>D°D(M)—>0
where M denotes the completion of M, and the isomorphisms

D'D¥(M) = D°D*(M)=0.
D'D*(M) = D°D*-++'(M)

fori=2,...,5—1.
If s=1 then D°D'(M)=0.

Now the following is clear to see.

(4.4) Corollary. Let M be a module of FLC (resp. a quasi-Buchsbaum
module) of dimension s. Assume that there exists the canonical module K,
of M. Then K, is also a module of FLC (resp. a quasi-Buchsbaum module).

The Buchsbaum version is rather difficult than the above FLC or
quasi-Buchsbaum cases. The auther however gave an elementary proof
by close observation of Koszul homology of s.0.p. in the three dimensional
case, which was expected to extend to higher dimensional cases. But to
succeed in it, we needed the recognition of s.0.p.’s for Buchsbaum module
as (u.s.) d-sequences. The first version of canonical duality for Buchsbaum
modules appeared in [S,] was based on serveral facts that contributed for-
mulations of fundamental theorems in the theory of u.s.d-sequences devel-
oped in [G=Y]. While the success in it motivated the construction of
the theory itself.

We have now come to

(4.5) Definition (cf. [Hu] and [G=Y]). Let A be a commutative

ring and E be an 4A-module. A sequence of elements g=a,, - - -, a, in 4
is called a d-sequence on E if for each i=1, - -, s and for any j with i <
j <s the following holds,

[a, ---,a, )E: a,a)]=[(a, - - -, a;_)E: a,].

A sequence q is called a strong d-sequence on E, if for any integers n,,
- -, n,>0, the sequence

. m,
ap, <+, a5°
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forms a d-sequence on E.

If besides each of the properties is stable under any permutation of
the sequence, the term unconditioned is attached.

By the following, one can see the role of u.s.d-sequences in the theory
of modules of FLC.

(4.6) Proposition (cf. [Sch,]). Let M be a finitely generated A-module
of FLC. Then an s.o.p. a=a, - - -, a, for M is a u.s.d-sequence on M if and
only if the following holds:

I(a; M)=I1(M),

with I(M) the Buchsbaum invariant of M and I(a; M) the function intro-
duced in (2.2).

We next present a characterization of FLC-module in the terms of
u.s.d-sequences.

(4.7) Theorem (cf. [S=C=T], [G=Y] and [S;]). Let M be a finitely
generated A-module of dimension s. Then the following conditions are equi-
valent.

(1) There exists an s.0.p. for M that forms a u.s.d-sequence on M.

(2 sup{I(g; M); q is a parameter ideal for M} < co.

(3) M is a module of FLC.

From the preceding two results, One can deduce the following charac-
terization of Buchsbaum modules, which provides an entrance to the
theory of Buchsbaum modules from the theory of u.s.d-sequences.

(4.8) Theorem ([Hul). A finitely generated module M over a local
ring A is a Buchsbaum ring if and only if any s.o.p. for M is a u.s.d-sequence
on M.

By this characterization of Buchsbaum modules in terms of u.s.
d-sequences, our canonical duality theory (4.2) for u.s.d-sequences leads
directly the canonical duality for Buchsbaum modules.

To close this section let us see another interesting fact of s.o.p. of
rings of FLC. To provide a quite different point of view in the theory of
modules of FLC, we will quote some results from the joint work [G=S]
with S. Goto.

(4.9) Definition ((G=S]). Given a finitely generated module M over
a local ring 4 and a s.0.p. a of M, define the index of reducibility of g with
respect to M as:

ry(a): =dim,(Hom(4/m, M/(a)M)),
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the dimension as a k-vector space of the socle of M/(a)M.

It is well known that if M is C.-M., then the index of reducibility is a
constant number, i.e, an invariant of M. However the converse is not
true. Such was studied in [E=N]. We could give a partial results of
characterization of such rings/modules.

Particularly, in the case of FLC-rings, we found an interesting facts.
To state our results we need the following

(4.10) Definition. Define the type of a module M over a local ring
A as;

r(M):=sup {ry(a): a is a s.o.p. for M}.
Then we have

(4.11) Theorem ((G=S]). If M is of FLC, then the type r(M) of M
is bounded from above by

3 (§ uuron + .6

where v,($) denotes the number of minimal generators.
If M is quasi-Buchsbaum ring then the type r(M) coincides with the
above number.

One can easily deduce the above from rather detailed expression of
the above as follows:

(4.11a) Theorem ((2.1), (2.3) and (2.5) [G=S]). Let M be a module
of FLC of dimension s.- Then we have

3 () dimy Hom (k, HL M) ODS L, (4 )LL) +v(Ka),

where M denotes the m-adic completion of M.

Note that the proof was achieved by analysis of interaction of Local
cohomology and Koszul homology and some of the key technics used in the
preceding part of this article had been developed during the preparation of
the paper [G=S].

Related to the above, we close with the following which is also quoted
from [G=S].

(4.12) Theorem ((3.8) and (3.9) [G=S)). If A is a local ring of
dim A <3, then r(A)< co.
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On the other hand, there exists a local ring A of given dimension d =4
such that r(A)=co.

With this result one may expect the invariant, the type of a ring to
provide another clue to the exploration of the outside of the world of
C.-M. rings.
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