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Constructible Sheaves Associated
to Whittaker Functions
Tomohide Terasoma
Introduction

Let X, be a proper smooth geometrically connected curve over the
field F, with g elements. Let K be the function field of X, over F,, 4 the
adele ring of X, and £ a prime number prime to the characteristic of F,.
Let ,(X,) be the fundamental group of X;. (For the fundamental group,
see [8, p. 39].) We always assume that a continuous representation

o m(Xy)—>GL(n, Q) (Q,: an algebraic closure of Q,)
of z,(X,) factors through
p: m(X)—>GL (n, E),

where E is a finite extension of Q,.
Such a p gives rise to an L-function

Lp, $)=[Toe xo det (1 —Nm (v)~*p(Fr,))* € Q[lg~°1],

where | X;| is the set of closed points of X;, and Fr, is the geometric Frobenius
substitution at v.

Langlands ([6, p. 211]) asked whether it is an automorphic L-function.
(For the definition of automorphic L-function, see [2, p. 49]). Drinfeld (cf.
[3]) has solved this problem for n=2. First he expressed the Whittaker
function associated to p by the trace of the Frobenius substitution on some
constructible sheaf. Next, he proved geometrically that the Shalika trans-
form (cf. [9]) of the Whittaker function turns out to be an automorphic
form,

For a representation p as above, we can associate a function f on
GL (n, A) called the Whittaker function for p. By the functional equation
satisfied by the Whittaker function, it can be regarded as a function on
U \GL (n, A)/GL (n, O), where U, is the subgroup of upper triangular
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734 T. Terasoma

matrices in GL (n, K). On the other hand, we can define some moduli
scheme (J X » Flag?'%), over F,, whose F,-rational points can be identified
with some elements of U,\GL (1, A)/GL (n, O). The purpose of this paper
is to construct a constructible sheaf Wh%(p) on (J X » Flags:°), with the fol-
lowing property: The value of the Whittaker function f at g corresponding
to the element w of (J X » FlagZ:?),, can be expressed in terms of the trace of
the Frobenius substitution at w on the geometric fiber Whe(p); of Whe(p)
at w. ‘

The author would like to thank S. Kato and T. Tokuyama for their
advice on representation theory. He would also like to thank Professors
T. Shioda and Y. Ihara for their kind advice.

§ 1. Motivation and group theoretic background

1.1. L-functions of class 1 principal series

We here recall necessary results of Godement-Jacquet [5] and

Zevelinsky-Bernstein [1].

Let K, be a nonarchimedean local field with a finite residue field F,
with g elements. Let O, be the ring of integers of K,, ¢, a uniformizing
parameter, and || || its nonarchimedean absolute value.

Assume that we are given unramified characters

;. K¥/OF——C* fori=1, -- -, n,

satisfying the following condition:

(*) m(t,)Fqr(t,) for all i=j.
We then define a representation z(x,, - - -, x,) induced by =,, -- -, 7,
as follows. Let zn(x;, - - - m,) be the vector space of C-valued functions on

GL (n, K,) satisfying the following conditions (1) and (2):

a, *

(1) f( g)=H4+;alla(al, s @) [Tiam(a) f(g)
0 a,

for all g e GL (n, K,). Here, 4, is the set of positive roots of GL (, K,)

with respect to the Borel subgroup of upper triangular matrices in
GL(n, K,),

(2) {heGL(n K,)|f(gh)=f(g) for all ge GL(n, K,)} is an open
subgroup of GL (n, K,,).
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GL(n, K,) acts on this space by right translation, and this space gives
an irreducible representation which belongs to the class 1 principal series
(cf. [1, p. 454]).

The L-function of this representation is defined by Godement-Jacquet
([5, p. 163]) as follows.

Definition (the spherical function of a class 1 principal series). Let
(z, V) be an irreducible representation of GL (1, K,) in the class 1 principal
series and («/, V) its dual. We can choose v, € V, vy € ¥V’ such that

7(8)vy=1,, n(g)vy=v; for all ge GL(n, O,) and {v,, vgy=1.
We define the spherical function f,: GL(n, K,)—C of = by
1(g)=<n(g)vy, V).

Note that f, is uniquely determined by (z, V), because v, and v}
satisfying the above conditions are unique up to constant multiple for an
irreducible representation in class 1 principal series.

Definition (L-function). Let @ be the characteristic function of
M(n, 0,) N GL(n, K,), dx* the Haar measure of GL(n, K,) normalized by
dx*(GL(n, O0,))=1. We define the L-function of an irreducible represen-
tation in the class 1 principal series (z, V) by using the spherical function
f, of = in the following way:

Lz, s)= J o OOIFCdet (o).

We can also describe the L-function in terms of the Hecke algebra

H,={bi-GL (n, O,)-invariant C-valued functions with compact
support on GL(n, K,)}.

H, becomes an algebra under the convolution product. An element ¢ of
the Hecke algebra H, acts on V by

T(go)v—_—LL( L POIECdx* forve V.

Let v, € V be an eigenvector with respect to the Hecke algebra H,. If @, is
the characteristic function of {x € M (n, O,)| ||det (x)||=¢~™}, and if T(D,,)v,
=AD,)v,, then

L(z, s)=2lie0q " " AD,,)
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holds. Let §, be the characteristic function of

r——
‘7 0
GL(®,0)| t, |GL@®, 0),

0 1

where ¢, is a uniformizing parameter of K, and let 1(5,) be the eigenvalue
of T(3,):

T(8,)vy==2(0:)V,.
If w, - - -, p, are the roots of the equation
(1.1) 2ai=(— D" 2(6)x =0,
in x, then we have (cf. [5, p. 77]).
L(z, )= []7(1—psq~ " D7) 7,

which is known to be a rational function of g ¢ (cf. [5]).

1.2. Shintani’s formula and a formulation of Langlands’ problem

Let K, be a nonarchimedean local field and ¢,, O, its uniformizing
parameter and the ring of integers, respectively. Let +» be a nontrivial C-
valued additive character of K,, and Uy, the subgroup of GL (n, K,) of
unipotent upper triangular matrices. We define a character  of Uy, by

1w
{p‘ u =1!f(u1+""*—un—1)'
» Y-l
0 1
We define the space o of Whittaker functions by
o={f|fis a locally constant function on GL(n, K,) such that
Sug)=vw)f(g) for all g e GL (n, K,), u & Ug,}.

This space is a representation of GL (n, K,) under the right translation of
GL (n, K,). Any irreducible representation r, of GL (1, K,) in the class 1
principal series can be realized as a unique subrepresentation (r,, ®,) of ®
(cf. [4, p. 315]). w, is called the Whittaker model of x,.
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Theorem 1.1 (Shintani [11}). Suppose that + is trivial on O, and non-
trivial on t;'0,. In other words, the conductor of » is O,. Let w, be an
irreducible representation in the class 1 principal series, (x,, ®,) the space
defined as above, and p; the complex numbers defined in (1.1). Let f be an
element of w, fixed under the action of =, (GL (n, O,)) such that f(e)=1.

Then the value f(diag(t]:, ---,ti*)) of f at the diagonal matrix
diag (I, - - -, tI") is equal to

(1'2) qexY(ﬂ) lf Y:(f;’ "'7f7z)9 f;g"'gfm f;ZGZ)

where e= " (i—n) f;, while f(diag (¢]*, - - -, t]*))=0 otherwise. Here Xy
is the irreducible character of GL (n, C) associated to the Young diagram Y,
and p is the conjugacy class represented by the diagonal matrix diag(p,, - - -,

Ln)-
Notice that f is uniquely determined because =z, belongs to class 1
principal series.

Remark 1 (cf. [11, p. 180]). Using the Cartan decomposition
GL (n, K,)=Uyx, - Tx,-GL (1, O,)

* 0
TK,,={( I . ) e GL (I’L, Kv)}:
O *®

the values of a Whittaker function fon GL (n, K,) are determined by the
above formula (1.2). Conversely for given non-zero complex numbers
s+ -5 My the Whittaker function determined by (1.2) generates an irre-
ducible representation in the class 1 principal series contained in @ provided
that

with

(* wFqy,  for  i#j.

Remark 2. Let f be a Whittaker function with respect to -, and a an
element of K¥. The function 7,(f) on GL (n, K,) given by

(ra(N)g)=S(diag(1, a, - - -, a"7)g)

is a Whittaker function with respect to 4roa~'. This transformation 7,
gives an equivalence of representations between the Whittaker models with
respect to + and those with respect to roa™".

Now we formulate the problem of Langlands. Let K be a global
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field of characteristic p>>0 and A its adele ring. Let X be an unramified
C-valued character of 4*/K* with absolute value 1. We define the space
L:(GL (n, K)\GL(n, A), %) of cusp forms with a central character X as the
space of locally constant functions f on GL(n, 4) satisfying the following
four conditions:

i) f(rx)=f(x) for all x e GL(n, A), 7 € GL(n, K).

i) fzxX)=%z)f(x) for all z e 4%, x e GL(n, A4).

j (D) i< oo,
A*GL(n,K)\GL(n,4)

where d is the measure induced by a Haar measure of GL(n, 4) and | |
is the complex absolute value.

iv) For the unipotent radical U of any proper parabolic subgroup P
of GL(n, K), we have

f f(ux)du=0 for almost all x € GL (n, A),
Ur\Ua4

where du is the measure induced by a Haar measure of U,.

Let £ be a prime number different from p. From now on, we fix
an identification of C and @,  Consider a continuous representation
p: m(X,) —GL(n, @,), and assume that the following conditions hold:

(1.3) |det (p(Fr,))|c=1 for all v e|X,| under the fixed identification
of C and Q,.

(1.4) For ve|Xy|let pyg= 972 .. p,q ™ b7 be the inverse of the
eigenvalues of p(Fr,). Then the condition (*') holds for {g};-1,...,n -

Let us formulate Langlands’ problem. Let +, be an additive character
of K, with the conductor O,. The eigenvalues g, - - -, g, of p(Fr,) define
a Whittaker function f/ by Remark 1 to Theorem 1.1. Any additive
character +, of K, can be written as , o a™*, where the conductor of +; is
0, and q an element of K,. Thus by Remark 2 to Theorem 1.1, 7,.(f")
generates an irreducible subrepresentation (r,, w,) of GL(#, K,) in the
space @ of Whittaker functions with respect to .

Langlands’ Problem. Let =[]\, be a quasi-character of AJK.
Consider the Whittaker model (x,, ®,) with respect to «, as above. Then is
r=Q,r, equivalent to some constituent of L}(GL(n, K)\GL(n, 4), det p)
as a representation of GL(n, A)?

1.3. The Global Whittaker function and the Shalika transform
Let K be a global field of characteristic p>>0, X, the corresponding
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curve over F,, and p a continuous representation of z,(X;) of degree n
over Q,. Assume that p satisfies the conditions (1.3), (1.4) of the previous
paragraph. We also assume that the genus of X| is positive. Let K, be
the completion of K at v, and O, the ring of integers of K,. Put 0= 1.0,
We fix a nontrivial additive character =[], of 4/(K+0). Then the
conductor of v, is O, for almost all v. For all v the additive character
4, of K, can be written as +, o u;", where the conductor of +, is O, and
u, an element of K,. The eigenvalues g, - - -, y, of p(Fr,) determine a
Whittaker function £, in view of Remark 1 to Theorem 1.1. Let £ :=
7.,(f,) and define the global Whittaker function f on GL(n, 4) associated
to p by
f(®)= van(gv) for g=(g,) e GL(n, 4).

We can define the global Whittaker model associated to p in the
following way: Define a character - of U, by

1 u

. =ty e ).

. un—l
0 1
Let U, be the subgroup of GL(n, A) of unipotent upper triangular matrices
and w, the space consisting of locally constant functions f on GL(n, A4)
such that f(ug) =) f(g) for all u € U, and g € GL (n, 4). GL (n, A) acts
on the space w; by the right translation. We can easily show that the
global Whittaker function f belongs to wx. The subrepresentation of
oy generated by this f'is called the Whittaker model associated to p. It is
irreducible, because p satisfies the condition (1.4) in the previous paragraph.
We omit the proof for the following, since it is standard.

Proposition 1.2 (Shalika transform). Let f be the global Whittaker
function associated to p. The summation

go(g)zZUn—lyK\GL(n‘I:K)9Tf([7(; (1)]) for geGL(n, 4)

is essentially finite and defines a function on GL (n, A), where U, _, y is the
subgroup of GL (n— 1, K) of unipotent upper triangular matrices. Moreover,
the following equality holds for some constant ¢+0:

f@=cf g,

where du* is the measure induced by a Haar measure of U,.
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Theorem 1.3 (Shalika [9]). Let fe L: (GL (n, K)\GL(n, A), X) and put

O I VO

Then we have

f(g):ZUn_1,K\GL(n—1,K)97 Wf(l:g ?]g)

Question. Is ¢ defined in Proposition 1.2 invariant under the left
translation for GL (n, K)?

The following sections are devoted to the geometric interpretation
for the global Whittaker function.

§ 2. The construction of the Whittaker sheaves

2.1. Representability

Let X be a proper smooth absolutely irreducible curve over a field %.
For an integer n>2, let & be a locally free sheaf of rank n over X. We
write d:=(d,, - - -, d,_,) for integers d,, - - -, d,_,. Consider the following
functor

Flag?: (Sch/k)° —>(Sets)

which sends T to the set of sequences pr¥¥=%,>%,>--- 5%, of
subsheaves of prf.% over X X T such that

(i) %, is alocally free sheaf of rank n—i over X' X, T,

(ii) %,/%, isflat over T, and

(iii) deg(Zilyx)=d, forallteT.

Theorem 2.1. The functor Flag? is represented by a proper scheme
over k.

For the proof of the above theorem, we show the following:

Proposition 2.2. Let n, m and d be integers such that n=m>=1. Let
P be a locally free sheaf of rank n. Then the functor

Flag? ..: (Sch/k)° —> (Sets)

which sends T to the set of locally free subsheaves %, of the locally free
sheaf pr¥ ¥ over X X, T such that
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(i) rank &, =m,

(i) pr¥&/ &, is flat over T, and

(i) deg(Z\lxxyu)=dforallteT.
is represented by a proper scheme over k.

Lemma 2.3. Assume that X has a k-rational point x, which determines
an invertible sheaf O(x,) of degree 1. Then there exists a natural number
k, depending only on X and ¥, d, m such that any locally free subsheaf %,
of & of degree d and rank m have the properties that Z(kx,) and L ,(kx,)
are generated by global sections and that I'(Z(kx,))=0 for any k=k,.

Proof. Step 1. Let g be the genus of X, and %, a locally free sub-
sheaf of % of rank m and degree d. Then any invertible quotient sheaf
of %, has degree greater than or equal to d—A%¥)—(m—1)(g—1).
Indeed, let &’ be a invertible quotient sheaf of %, and let ¥”:=
ker (#,—%’). Then by the Riemann-Roch theorem we have

deg & =h(&F")—h(&L")+(m—1)(g—1).
Thus,

deg " <h(ZL)+(m—1)(g—1).
Hence

deg &' =d—deg "' =d—h(L)—(m—1)(g—1).

Step 2. In the notation of Step 1, there exists a natural number k,
such that H'(%,(kx,)) and H'(Z,(kx,— x)) vanish, while .%,(kx,) is gener-
ated by global sections for all x € X and k=k, Indeed, by the Serre
duality, we have

H'(X, Z\(kx,—x))" =~ HX, Z\(kx,— x)"®2%)
~Hom (%), 2%(—kx,+x)),
H'(X, Z\(kx,))” =~Hom (Z,, 25x(—kx)).
Fix a natural number k, such that

25— 2— kot 1<d—K(L)—(m—1) (g— 1) —m.

Then by Step 1 we have Hom (Z;, 2%(— kyx,+x))=Hom (Z,, 2%(—kyx,))
=0, for all k>k, In this situation, the homomorphism

H(X, Z,(kx,))—>H(X, £ (kx,)®@k(x)) = Z(kx,) Qk(x)

is surjective for all k=k, and x € X. Therefore #,(kx,) is generated by
global sections.



742 T. Terasoma

To show the rest of the lemma, it is enough to choose k, large enough
that Z(kx,) is generated by global sections for all k=>k,. g.e.d.

Proof of Proposition 2.2. For the proof of the representability, we
may assume that X has a rational point x,, for otherwise choose a separable
finite extension of k over which X has a rational point and use descent
theory. Let us fix a natoral number &k greater than k, as in Lemma 2.3.
We have an isomorphism Flag? .~ Flagiit® . of functors. By Lemma
2.3, we may assume that % as well as any locally free subsheaf %, of &
of degree d and rank m are generated by global sections, and that #'(¥)=
W(£)=0.

Flag? .(T) 3 (L /XX T)—>(pru,/T) € Grass(T)

gives an injective morphism of functors, where Grass is the Grassmannian
functor with Grass (T) consisting of subvectorbundles of rank ¢ in HY(%)
®O0,, where e=d+m(1—g).

Let .# be the universal locally free subsheaf of Og,,,,&.H(F) on
Grass and p: X—Spec k the structure morphism. Consider the following
natural homomorphisms of sheaves on X' X, Grass.

PriM—>HALY®,0 x grass = PIEP*Ps L —>pri L.

Let T be the stratum corresponding to the Hilbert polynomial P(t)=
deg L +n(l—g)—(d+m(l—g))+t(n—m) of the flattening stratification
of Coker (prf¥ A —>pr¥#) on Grass. For Z:=Im (prf MA|,—pr¥Z|,),
we can regard #,®,,k(f) as a subsheaf of #®.k(¢t) for all e T. The
Hilbert polynomial of #,®k(¢) is d+m(l —g)+mt and this #, and T re-
present Flag? ..

We now prove the properness of Flag? . by the valuative criterion.
Let R be a discrete valuation ring over k, and K the field of fractions. Let
M be a locally free subsheaf of degree d and rank m of #® K over X X K.
Put V:=I'(4)NIT'(FQ.R) and consider the subsheal #”’ of ZQ,R gen-
erated by V. Let ¥ be Coker (#'—Z2@®R) modulo its R-torsion and let
F:=Ker (QR—%). The Hilbert polynomial of &, (¢ € Spec R) is in-
dependent of 7, because & is R-flat and O,®R is coherent. &, is a sub-
sheaf of #®.k(z) for t € Spec R, because ¥ is R-flat. Therefore &, is a
locally free sheaf over XX .k(z). g.ed.

Proof of Theorem 2.1. Putd=(d,, ---,d,_,) and Y=X X, Flag%, _,
X -+ X Flagi*. For the universal sheaf %, on XX, Flag¥,_;, its
pull-back A, =pr¥, &, (=2, ---,n) is a locally free sheaf on Y.
For each 7, let T, be the stratum corresponding to the Hilbert polynomial
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p(t)=0 of the flattening stratification of Flagl ,_,X --- X Flagii* for
'/” [ + -/% [ +1/ ‘/% i

(M M| A)RDk()=0 if and only if ¢ € T,. Therefore T=N,T,
represents the functor Flag?. Let us prove the closedness of each T hence
of T by using the valuative criterion. Let R be a discrete valuation ring
over k and K be the field of fractions. If the locally free sheaves %, Z,,
Z, .1 over X X Spec R satisfy the conditions

a) LyDL LyDLus

b) Fo/L, Lol P ., are R-Alat,

C) $1®K:)$i +1®Ka
then #,; 5.%;,, holds. This proves the closedness of T;. q.e.d.

Corollary 2.4. The functor Flag®:: (Sch/k)® —(Sets) which sends T to
the set

(&> DL,_1) € Flagl, (T L,/ L, .1 is invertible on X X, T for any i}
is represented by an open subscheme of Flagt.

2.2. A double coset decomposition and the Lang sheaf

We use the same notation as in Sections 1.3 and 2.1.
Let U, be the subgroup of GL(n, K) consisting of unipotent upper
triangular matrices. We now show that

(2.1) Ug\GL(n, 4)/GL(n, O) is in one-to-one correspondence with
the set consisting of (#,>---DF,_1; 71, -+, T,) where #; runs through
locally free sheaves of rank n—7 over X such that %,_,/.%, is invertible for
all i and 7, rational sections of &, _,/.%;.

This correspondence is given as follows. For a given element g=
(8)ve1xo Of GL (1, 4), and v € | X,|, the stalk at v of the corresponding flag
Py = vy L,y 18 given by

{weK"wge 03} D{we0@K " wgeOp}D---
D{we0D---0DK]|wg e 07}

7, is the rational section corresponding to (0, - - -, f, -++,0). This corre-
spondence is well defined and one to one. The following proposition is
easy to prove.

Proposition 2.5. Under the above correspondence (2. 1), let
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a, *
g=\|". )
0 a,
correspond to (L, D -+ - DLy 1311, -+ -5 7o) Then

(1) 71, is a global section of #;_,/%; if and only if ord,a; =0 for all v.
(2) ord,a,=ord,a,,, if and only if ord,r,;=ord, 7, ;.

Next we define some moduli schemes. Let S, be the symmetric group
of degree m which acts on X7 as permutations of factors. We write the
quotient X7'/S,, by X{™. Let X:=X,®F, and let Pic"=Pic™(X) be the
Picard variety of X of degree m. Denote by v: Flagé—P:=Pic* X - - - X
Pic*» the map which sends (¥, ---, #,_,) to (det#,Qdet ¥, ---,
det #Z,_,®det ¥, £, ) € P, where e,=d,—d, ---,¢e,_,=d,_,—d,_,,
e,=d,_,. Letus denote X by X x ... XX where e=(e,, - - -, e,).
The variety X© =X {©Q®F, represents the set of effective divisors of degree
eon X. Denote by jac® the Albanese map from X to Pic® and jac'® the
map jac™ X - - - Xjac* from X to P. If Y=(e, -- -, ¢,) satisfies ¢, = - - -
=e,=>0, we can define the incidence variety I'* as the closed subscheme of
X ... X X defined by

IF={x, -, x)e XX ... XX |x,=x,="--=x, as divisors}.

The fiber of the morphism jac® at & e Pic® is identified with the set of
effective divisors of degree e rationally equivalent to o and it is identified
with the projective space P(H(X, &)) associated to H(X, /). Therefore
the fiber of jac? at (o), - - -, &/,) is identified with P(H°(X, &Z,))X - -- X
P(H(X, «,)). Let #, be the universal line bundle over X X Pic*,
Jfii XX Pict*—Pic* the natural projection and ¥V, the variety Spec
(Sym(fity)) over Pict. For X9 is naturally isomorphic to Proj (Sym
(fi=tY)), there is a natural morphism from ¥, to X, Let V=V, X ---
XV, and J:=VX ;. I*. Consider the following diagram.

JX pFlagl————>}p X ,Flagl——>Flag?

|

[Fe— | sXx© P

N

>V

Proposition 2.6, Let (JX »Flag%’), denote J X oFlag®® over F,, In the
same notation as above, let B , be the subset of GL(n, A) consisting of
upper triangular matrices
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a, *
g=|"-  |eGL(n 4)
0 a,

with

(1) dega;=e, fori=1, ..., n,

(2) ord,a,=0 for all v e |X,| for i=1, ---, n, and

(3 GL(n, K) gGL (n, O) defines the isomorphism class of %.
Let JBS , be the subset of B , consisting of elements

a, *
g=| - |eGL(®n, 4)
0 a,

with ord,a, >ord,a; ., for all ve|X,| and i=1, --.,n. Then under the
correspondence of (2.1), we have the following identifications:

U\UxBY, . GL(n, 0)/GL(n, O)=(V X ,Flag®"),(F,),
U\UxJBS . GL(n, 0)/GL (1, O)~(J X »Flagh")(F,).

Proof. Let(¥#, -+, %,_1; 71, -+, ) be the subbundles of ¥ and

a *
the rational section 7; of %, _,/.%, corresponding to an element g=( : } )

0 a,
of B ,. Then the invertible sheaf .#;_,/.#, with the rational section 7,
corresponds to the invertible sheaf O(— 2%, ord (a;,,))(v)) with the rational
section 1 € OQK=~O0(— 2, ord (a;,,)(V))®K. Therefore 7; corresponds to
a global section of %, ,/%, if and only if ord (a;,)=0 for all ve|X;|.
Therefore the set on the left is identified with the set of pairs
&y -y Loy 1y, -+, T,) such that #, is a subbundle of % and 7, is
a global section of the invertible sheaf #,_,/.#;. On the other hand, the
set of F,-rational points of V" corresponds to the set of invertible sheaves
&/, with their global sections 7;. Thus the set on the left is in one-to-one
correspondence with the set of F-rational points of V"X FlagZ’. q.e.d.

By the above proposition, the restriction of a Whittaker function to
Ux\UxJBS . GL(n, 0)/GL(n, O) can be regarded as a function on
(J» X Flag%")|(F,).

In the rest of this paragraph, we define the Lang sheaf. Fix a,,---,a,

e A*. We can define the map « from

a, *
UK\UK{g=( . ) e GL(n, A)} GL (n, 0)/GL (n, 0)
0 a,
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to
@z A/(K+ayfa, +1O)

1 u * a O
g= B N Uy . .
0 1 \0 a,

to the class of (uy, - - -, u,_,) in ®-1A4/(K+a,/a; ,,0).

sending the class of

Proposition 2.7. For an element a, of A*, define an invertible sheaf <« ;
on X by

& (Uy={K> f|ord, f+ord,a;=0( e U)}.
Then we have the equality:
AJ(K+a,0,7:0)=Bxt' (s, & 1,1).
Moreover, we have the following commutative diagram:
a, *
UK\UK{g= (0- .a”) s GL(r, A)}GL(n, 0)/GL(n, O)—> @iz 4K+ 2/a,.:0)

{(&D DLz 115 -0y ﬁ)]gi—ilyz:dz}—g‘)@?;ll Ext!' (o1, o 1.1)

where @& sends (LoD DEprs T+ =5 T0) 1O
0—L, 1/ L s> L L i ss> L] L1 0,
Proof. The first equality is derived from the exact sequence
0——Hom (7, &;,)—>K——>K/Hom (&7 ;, & .,)—>0,
and
H(X, K)=0, H'(X, K/Hom(+/;, o ;,,))~4/a;,a,7}0.

The last assertion can be shown by chasing the correspondence of (2.1).
‘ g.e.d.

Let us consider the additive character : 4/(K+0)—Q¥. From
now on, let us assume that there exists an additive character:

¢: F,—0F,
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and a differential w € H(X,, Q%,)~Hom (H'(X,, Oy,), F,) such that {=
¢ow. Let .Z, be the universal line bundle on X X Pic* and .#, the pulled
back sheaf over XX P. Let &xth (A ;, A ,;.,) denote the sheaf of extensions
over P. We will write W for Spec (Sym @7} &xth (A, .//{m))) We can
define a morphism ¢ over P from Flag, to W by sending (£Z,D - - D %,_)
to 0L, | Zs o>/ L s o> L] L1 .1 —0),. Summing these up, we can
define the following maps:

JX pFlag% "_—>J>< pW—‘B—>P><(H1(X0, o))"~ 1———>H’(X o)1
1
—> H'(X,, O)—> 4,

where the map § from JX W to P X (H'(X;, 0))"* on P is given fiberwise
by the Serre duality

((Hom (7, )—{0}) X - - - X (Hom (&, ,,_,)—{0})
X (Hom (0, «,)—{0}))
X (Ext' (s, L) X - - - XEXt( s, 4,))
> HY(X,, O,

We denote this composite by f. The Artin-Schreier covering
A3 x—>x'—xec A

defines an étale covering of A', with the covering transformation group
equal to F,. ¢ defines a smooth étale sheaf 2, of rank one over 4'. The
pu]led-back sheaf £, =f*Z, over JX PFlag'” will be called the Lang
sheaf.

2.3. The construction of the Whittaker sheaves

For a given representation of p: r,(X;)—>GL(n, Q%), we define a
smooth étale sheaf % (p) on X, associated to p (cf. [8, p. 43]). The sym-
metric group S,, of degree m acts on X as permutations of factors. There
is an obvious equivarjant action of S,, on pr¥Z (p)Q - - - Qpr % (p), hence
on 7, {pr¥F () - - - QprxF(p)), where r,, is the natural projection from
X7 to X{m=X7/S,. We define &™(p) as the fixed subsheaf of
TP T (0)® - - - ®prF (p)) under S,

Now for a Young diagram Y=(e,, - - -, ¢,) with ¢,>- - - =e,=0 and
a representation p of x,(X;) as above, we define a sheaf on XX .- X
X by E¥()=prié“ (p)®- - -Qprf&“(p). We denote by Sym” (p)
the restriction of &% (p) to the incidence variety I¥.
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Let X™° be the open subscheme of X =X{™®F, which corre-
sponds to

{X=X1+ e tX, € X(m)|xi7&Xj (l'_#j)}'

The natural projection r,,: X™—X™ induces an étale Galois covering zJ,:
Xm™0= g (X ™) —X ™0 with the Galois group S,,. If we put f=(e,—e,,

.-, e,), then the incidence variety I” can be identified with X’ by the
map sending the element (x, ---,x,) of X to the element (X7_,x;,
29Xy -y X,) of X, Under this identification, let us define an open
subvariety I°=(I")° of I=1* by

10=X(ex—ez)0>< .. XX(en)O’
and an open set U of X=X - .- X X* by
U=Xa-0% ... % XomO,

We define a marking ¢ of a Young diagram Y=(e, - - -, ¢,) to be the
diagram

B, e t’;
Fo=] oovveenn
t1n5 s teT:L >
where {#f, - - -, t}}={1, - - -, ¢}, For a given marking ¢, we can define

the map G, which sends the element (x,,, - - -, x;) of X=X - . - X X to
the element ((x,;, - - -, x‘il)’ s (X e, x,gn)) of X1 ... x X, Under
this map we obtain the identification
G=Gal(U/I)
={heS, X - XS, CAut(XX - .- XX h(ImG,)=Im(G,)}.

We obtain the following diagram:

U - 9X“_22X"’XXB”—G"—)X61><"‘XXe"
J

I° > T > X (e X oo e XX<en)

The sheaf j*z* (Sym” (p)) is equal to
J¥GHpriF (0®- - -®pri.......7 (0)
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because « is étale for G acts on U freely. The natural map
G¥prfF (0)Q- - -®pri.......7 (o)
—>Jx J¥GHpriF (0)®- - -®pri....... 7 (0))

is an isomorphism because G¥(pr¥.Z (0)Q- - -Qpr¥k, ......Z (0)) is a smooth
sheaf. Thus we obtain the following composite:

7% (Sym* (p))—> jix j*7* (Sym* (p))
~ o J5GHPrEF (O® - - - ®prE, ... 0. F (0))
EGHPEF ()R- - @I, ... F (o))

Let H, be the subgroup of Aut(X*X - -- X X°") consistingof h e S,,,.....,
CAut (XX - -+ X X°") which is a permutation of coordinates and which
preserve the number written on the marking . Then there is an isomorphism

H;zSnX"'XSnXSn_1><"‘XSn_1X"'XS1X"'XS1-

~ ~———
en en—1—€n €1—e2

which gives rise to a character signy, of H, defined as the product of sig-
natures of all symmetric factor groups. G¥(pr¥Z (0)®- - -Qpr¥.......F ()
is equal to pr{; F(0)®---Qpr¥; F(p). Therefore H, acts on G¥
(@ +emprf F(p)) as a sheaf on I*. By this action we can define an en-
domorphism X, ;. signz(g)g. Let £, be the image of the composite map

7*(Sym” (0))——>GH( QL *rpri F (p))—> G (L **»pr¥ F (p)).
ZHt agSignH(g)g

We have a natural map 7: z* (Sym” (p))—.#,.
Definition. Let &(X¥(p)) be the sheaf on I¥, the image sheaf of

Sym* (p)—> 7, T* Sme(p)E—)ﬁ'*fl.

Let D be an effective divisor of degree d. If Y—di=(e,—d(n—1),
e,—d(n—2), ---,e,) is a Young diagram, then we can define the map

iY,D: IY_d6 El (xi’ ) xn)-_’)(xl_*_(n—l)l), x2+(n—2)D: AR xn) € IY'

From now on we fix a differential  on X and let D be div (»). Then
let F(Ay(p)): =iy, p(E(Xy_s4(p)). We fix an isomorphism between C and
Q, and the additive character ¢ of F,. Then we can define the Lang sheaf
by w.
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Proposition 2.8. Let Y=(e,, - - -, e,) be a Young diagram which satis-
fies (*) as above. Let geJBY , be a diagonal matrix diag(a,, ---, a,)
corresponding to w € (J X pFlag%®)(F,) under the correspondence in Proposi-
tion 2.2. Let v be the image of w under the natural map J X pFlag®'—1
and T a geometric point over v. Let f be the global Whittaker function de-
fined in Section 1.3, and Fr, the Frobenius substitution on & (Xy(p))s. Then
we have

f(&)=4q° tr Fr,|7 (Xy(0)s,
where e=23"_,(2i—n-1)(e; —(2g —2)(n—i))/2.

Definition. Let §: JX oFlagk"—I be the natural homomorphism.
The Whittaker sheaf Wh<(p) is defined by

Whe(0)=0*(F (Ar (o)L,
where %, is the Lang sheaf defined in Section 2.2.

Theorem 2.9. Let g be an element of JBY, ,, and w the corresponding
element of (JX pFlag®®)(F). In the same notation as in Proposition 2.8, we
have

f(g)=q° tr Fr,|Wh%(0),

where W is a geometric point over w.

Proof of Proposition 2.8. Let I, be the incidence variety defined over
F,. First we look at the geometric fiber of &()»(p)) at a geometric point
U over an element v of I(F,). The point T can be expressed as an element
Wy, -+, v)of XX oo X X, Let x,, - - -, X; be distinct closed points
of X which appear in 7. Let m, ; be the multiplicity of x; in v,. Then
Y, =(m;,, - - -, m,;,,) becomes a Young diagram. Under the component-
wise sum of Young diagrams, we have Y=Y,4.--+7%Y;, ie, Y=
Cliomyyy -y 2km; ). We denote the element ¥ as T=) !, ¥;x;. o €
Gal (F,/F,) acts on I(F,) by 0:0—0° =\, Y;x{, and I,(F,) can be regarded
as the set of fixed elements in I,(F,) under the action of Gal(F,/F,)). If
U= ,Y.x;, then

Er ()= Ve (F(0):)Q - - - @V (F (0)z);

where Vi (Z (0)z,) is the representation space of GL (& (p);,) which corre-
sponds to the Young diagram Y; ([5, p. 129]). Moreover, the above iso-
morphism has the following meaning. Let y,, ---, y, be the orbits of
Xy, + - -, x; under the action of Gal (F,/F,). Then the Frobenius substitu-
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tion Fr,, at y, acts on the vector space ®,,¢,,Vy (F(0)z,). The action of
the Frobenius at v on the left and that of Fr,,®- - - ®Fr,, on the right are
equivariant under the isomorphism.

Now let us look more closely at the action of Fr,, on the vector
space @, ¢y, Vr(F(0)z)- For a given étale Q,-sheaf F over Spec F,, a
map f: Spec F,.—>Spec F,, and = € Gal (F,./F,), we have descent data ¢(c):
o X F —f*F on f*F (cf. [8, p. 53)).

For i € Z/nZ, let r; be the i-th power of the Frobenius in Gal(F,/F,).
The proof of the following lemma is an easy exercise of linear algebra.

Lemma 2.10. Fix a geometric point : Spec F,—Spec F,,. Let A be
a Gal(F,/F )-module and A; be copies of A for i=1, ---,n. The sheaf
G=A,Q---QA, on Spec F. has descent data

Zﬂ(l—)*fi*g):‘41+i®' * '®An +i_—‘>A1®' . ®An:-r'(v*g)

which sends (x,®- - -®x,) to (x,Q- - -®x,), where A;:=A,_, if j>n. IfF
is the descended sheaf on Spec F,, then

tr Frp | F=tr Frp ./ 4.

Applying the above lemma to &,,,,Vy.(F (0)s,), we have the follow-
ing identity:

tr Fr?le ®ie vy Vy (F (0)z,)=tr FrIm(yj)[ Ve LF(0)z,)
= qu:(p(FrIm(yj))a

where Im (y,) is the corresponding closed point of X and X, the character
of the representation V7.

We define w=uv-Dd as the image of v under i, ,. Then we have the
equality

tr Fr | F (X (0))z=tr Fr,| 6 (Xy(0))s,

hence

(2.2) tr Fr,,| y(xy(.o))w = ,;=1(in—- Dﬁ(p(FrIm(yj))))s

where Y, — D, is the Young diagram obtained from the multiplicity of T
at x; e y;. Now we compute the value of fat g.

f(g)= l—[va(gv)
= Hvrt,,‘Dv ° f;)(gv)a
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where D, is the multiplicity of D at v. Recall that we defined £, in Section
1.3. using the eigenvalues g, - - -, p, of o(Fr,) and the equality (1.2).
Therefore we have

l—[ uT:v—Dv ° ﬁ:(gv) = H yj(qZ};l(r—n)(mi,r—Di(n—r))degyi)
>< (in— Diﬁ(p(FrIm(y/))q("_1>degyj/2).)

= [ (g EF=3 (=W misr=Ditn =i+ (n=1)deg(¥Y 1= Did)/2tegyy)
X Xy ;- pi(p(Frime )
By the equality (2.2), it is equal to
q° tr Fry| F Xy (0))as
where

e=31_,(j—n)(e,—deg D(n—j))+(n—1) deg (Y —D0)/2)
=2 3-1(2j —n+1)(e; — (28 +2)(n—))). qe.d.
Proof of the Theorem. We have

lu *
a O o a 0
f(g)z‘lf(ul‘l’“"l'un—l)f for 8= Uy ’ .
0 a, 0 1 0 a,

By the commutativity of the Proposition 2.7 and the definition of the Lang
sheaf .#,, we have

a O

Wt -+ )| || =@ Er 2, 0 X Frle F (o)), aed.
0 a,

Remark. The natural surjective morphism Sym*(p)—&(X,(p)) splits.

This can be shown by the specialization argument and by the Richardson
rule for the representations of general linear groups (cf. [7]).
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