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Introduction

This paper is an extension of [34] in which it was shown that the
Conjecture L (see below) follows from the minimal model conjectures in
the case of algebraic varieties. In this paper, we treat complex varieties.

Conjecture L. Let n: X—D be a proper surjective morphism from a
complex manifold X onto a unit disk D. Assume that z Y(0)=\U;e; s
where all the I'; are compact complex varieties in class € in the sense of
Fujiki [5]. Then

Sier Pl )Erank n, Ox(mKy) Jor all m=>1,
where P,, denotes the m-genus.

Clearly, this induces the invariance of plurigenera under smooth de-
formations. The invariance of the plurigenera of compact complex surfaces
was proved by litaka [16]. But we have many counterexamples without
assuming that the I"; belong to the class % in the higher dimensional case
or even in the case of degeneration of surfaces (see Nakamura [31], Nishi-
guchi [36]).

The theory of minimal models developed by Mori, Reid, Kawamata,
Tsunoda, Shokurov, Benveniste, Kollar and others is not yet completed
even in the case of algebraic varieties. In this paper we shall prove Con-
jecture L in the case of semi-stable relative minimal models. A relative
good minimal model z: X—D is defined to be a proper surjective morphism
from a variety X with only canonical singularities such that K is z-semi-
ample. Conjecture L can be proved with the help of some kind of the
theory of minimal models. In fact if x is a projective degeneration of sur-
faces with non-negative Kodaira dimensions, then it is proved (see (7.5))
by a result of Tsunoda [48]. The main technique of our paper is the same
one as in Kawamata [21]. But since his arguments require some properties
of projective varieties in some steps, we must modify the proofs.
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In Section 0 and Section 1, we fix the notations, and in Section 2 and
Section 3, we prove the key theorems which might also be useful for other
problems in complex analytic geometry. In Section 4, we discuss the rela-
tive version of the minimal model theory for projective morphisms using
a result of ‘Section 3. Section 5 is a slight modification of [21]. In Sec-
tion 6, we shall prove a partial answer to Conjecture L, and in Section 7,
we discuss the open problems arising from our discussion.

Thanks are due to Professors .S. litaka and Y. Kawamata for their
invaluable advice.

Convention

(1) All complex spaces are Hausdorff spaces with countable open

basis. .
(2) For a real number m, by saying that for m»0, we mean that

there is a positive number m, such that for any m=m,, - - -. -Similarly by
saying that for 0<{§« 1, we mean that there is a 0<{§,<{1 such that for
any 0<<d<d,, - - -. S

(3) For a coherent sheaf & on a complex space S, P(&) denotes
Projan @ 5, Sym¢ (&).

(4) For a morphism f: X—Y, X, denotes the scheme theoretical
fiber f-'(s), and if L is a Cartier divisor on X, then L,=L,, is the restric-
tion of L to X,.

(5) A proper surjective morphism f: X — Y between normal varieties
is called a fiber space if the general fibers of f are connected.

(6) A line bundle (or a Cartier divisor) L on a compact normal com-
plex variety X is called base point free (or free) if L is generated by global
sections. L is called semi-ample if mL is free for some positive integer m.
Let f: X—Y be a proper surjective morphism a normal complex variety
X onto a complex variety Y. A line bundle L on X is called f-free if
¥ 0x(L)—0%(L) is surjective. L is called f-semi-ample if mL is f-free
for a positive integer m.

(7) A compact complex variety in class ¥ is a variety which is domi-
nated by a compact Kéhler manifold ([5]). It is known that X is in class
& if and only if X is bimeromorphically equivalent to a compact Kéhler
manifold.

(8) A reduced divisor D on a complex manifold X is said to have
only normal crossings if for every point p € X, there exists an open neigh-
borhood U with a system of local coordinates (z,, z,, - - -, z,) such that
DN U={z -z, --z,=0} for some [. D is said to have only simple normal
crossings if all the irreducible components of D are smooth and intersect
transversally.
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§0. Preliminaries

(A) Weakly 1-complete variety.

Let X be a complex space and .7 be the sheaf of C~-functions on
X in the sense of Fujiki [5]. A C>-function ¢ on X is called plurisubhar-
monic (resp. strictly plurisubharmonic) if there exist an open covering
{U.} of X, a closed embedding 7,: U,—~D, to a domain D,CC?+, and a
C~-function +, on D, such that +,, =¢,,, and that «, is plurisubhar-
monic (resp. strictly plurisubharmonic) on D,

Definition 0.1. Let X be a complex space and ¥ be a real valued
C~-function on X. (X, ¥) is said to be weakly 1-complete if (X, ¥) has
the following two properties.

(1) ¥ is plurisubharmonic on X.

() X.:={xeX|¥(x)<c}is a relatively compact open subset in X
for every c € R.

The property (2) is equivalent to:

G =Inf{¥(x)|x e X}>—oc

and ¥': X —{¢,, oo) is proper.

A complex space X is called a weakly 1-complete space if there is a &
such that (X, ¥) is weakly l-complete. In this case, we denote the set
{x e X|¥(x)<c}simply by X,. For example, any Stein space is weakly
I-complete. Therefore if one has a proper morphism XS to a Stein
space S, then X is also weakly 1-complete.

Let X be a complex space and L be a line bundle on X. Then there
exist an open covering {U,} of X and isomorphisms ¢,: L,;, =@,.. Con-
versely, the set of functions {f,z}, where f;:=g,c05y.nv, € I'(U.N
U, 0y), defines L. Such a ({f.s}, {U.}) is called a system of transition
functions of L.

A metric on' L with respect to a system of transition functions ({f,,},
{U.h) of L is a collection of positive C=-functions h={h,}, where #, e
I'(U,, o ) such that h,/h,=|f,,[ on U, N U,.

Definition 0.2. A line bundle L on X is said to be positive if there is
a metric {,} on L such that —logh, is strictly plurisubharmonic on U,
for all a.

Then we have a vanishing theorem of Nakano [32], [33].

Theorem 0.3. Let X be a weakly 1-complete manifold and let A be a
positive line bundle on X. Then

HYX, 5®4)=0 for p+g>dim X.
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Fujiki [4] obtained the following generalizing [32], [33]:

Theorem 0.4 ({4, Lemma 3]). Let X be a weakly 1-complete complex
space and let L be a line bundle on X. Then the following conditions are
equivalent.

(1) For any c € R, there exists a positive integer m, such that for any
mz=m,, one can find a finite number of sections ¢,, ¢, - - -, ¢, € I'(X,, L®™)
which generate L®™ and that the morphism j:=(p,:---:¢): X,—~P'isa
locally closed embedding with j*0p.(1) = L%

(2) For any coherent sheaf & on X and for any c € R, there exists a
positive integer my such that for every m=m,, EQLEZ" is generated by a finite
number of sections on X,.

(3) For any coherent sheaf & on X and for any c e R, there exists a
positive integer my such that H'(X,, EQL®™) =0 for every m=m, and for
i>1, ‘

(4) L is positive on X.

Remark 0.5. The condition (1) corresponds to ampleness, (2) to
“Theorem A”, and (3) to “Theorem B”. If a weakly l-complete variety
X has a positive line bundle L, then L works as if it were an ample line
bundle on a projective variety.

(B) D-canonical fibration.

We discuss the relative D-canonical fibration. Let f: X —S be a proper
surjective morphism from a normal complex variety X onto a complex
variety S, and let D be an effective Cartier divisor on X. Then f,0,(D)+0,
and the homomorphism f*f, 0(D)—0 (D) defines a proper meromorphic
map @,: X - - - —>Py(f0,(D)) over S. In this situation, there exists an
open dense subset S of S such that

(a) fy0x(D) u is locally free,

(b) X, is a normal complex variety for all s € S and

(c) f:0:(DYRC(s)=H'(X,, Ox(D)R0Oy,) for all s € SO,

Therefore if s € S, then @,QC(s) is defined by H(X,, O (D)Q0Oy,~>
05 (D). For any positive integer m, let S™ be an open dense subset of
S which satisfies the conditions (a), (b), (c) for mD. By Baire’s category
theorem, S 1= (1,5, 5™ is a dense subset of S. If s € §*, then

(@) f«0x(mD) is free at s for all m=>1,

() X, is a normal complex variety, and

N [,0x(mDYRC(s)=H'(X,, O(mD,)) for any m=1.

Furthermore, by Baire’s category theorem we can construct a dense subset
U of S which satisfies the following conditions.

(0) dim@®,, (X,)=dim(Z, X C(s)) for any s ¢ U and for m=1,

where Z,, :=®,,,(X)C Ps(fOx(mD)),
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(e) Z,—Sisflat over U for any m=>1.
We define #(X/S, D) to be max,,, (dim Z,,—dim S). IfSis a point, then
#(X, D) is abbreviated as #(D). It was shown in [17] that for any s ¢ U,
there exist a positive integer m and a bimeromorphic morphism p: ¥ —X,
from a normal compact variety Y such that

() h,:=D,p,0p: Y—D,,(X,)is a morphism which defines a fiber
space and

i) K(Y/Opp, (X)), #*D,)=0.
Thus #(X/S, D)=«(X,, D,) for s e U. Furthermore, there exist a positive
integer m and a proper bimeromorphic morphism v: W—X over S from
a normal variety W such that

(i) h:=@,p0v: W—Z, is a morphism and is a fiber space, and

(i) x(W/X,v*D)=0.
Conversely, a proper surjective meromorphic map g: B---—G over S
which satisfies the following conditions (a) and (b) is proper bimeromor-
phically equivalent to @,,, over S for m>0.

(a) dim G=dim S +#(X/S, D) and

(b) there exist proper bimeromorphic morphisms 7: ¥—B and 4:
V—X over S from a normal variety ¥ such that go7: V—G is a mor-
phism and is a fiber space with #(V/G, 6*D)=0.
Such a map is called the relative canonical fibration of D over S.

(C) Divisors and singularities.

Let X be a normal complex variety. A Weil divisor is a locally finite
formal sum > a,D; of integers a; and subvarieties D, of codimension 1in X.
A Weil divisor D is called a Cartier divisor if there exists an open covering
{U,} of X and nonzero meromorphic functions f, on U, such that D,, =
div (f,), where div (f,) is the principal divisor associated with f,. To any
open subset U of X, we attach the set {f ¢ I'(U, £%)|div(f)+D =0},
where .#% is the sheaf of nonzero meromorphic functions on X. Then
the correspondence U+~ {f} defines a coherent ¢y,-module @,(D) which is
reflexive, i.e.,

Jfom (Jfom (@X(D), 0){)» 03’) ng(D)

Conversely, if & is a coherent reflexive sheaf of rank one on X, then lo-
cally .Z is represented by @,(D) for some Weil divisor D. It is easy to see
that a Weil divisor D is a Cartier divisor if and only if 0,(D) is invertible.

A Q-divisor is an element of (the group of Weil divisors on X)®Q,
and a Q-Cartier divisor is an element of (the group of Cartier divisors on
X)®Q. Note that it may be possible that D is a Q-Cartier divisor and
0,(kD) is not invertible on X for any integer k. For a Q-divisor D=
> d;D,, we use the following symbols.
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[D] :=3>"[d,}D,, where [d,] is the integral part of d,,
DV :=—[-D]

and ‘
(D) :=D-—[D].

Then we have the following:

Proposition 0.6. Let X be a complex manifold and D a Q-divisor on X
such that Supp (D) has only normal crossings, and let y: Y —X be a proper
bimeromorphic morphism such that Supp p*{D has only normal crossings.
Then we have

s Or(Ky +Tp* D) =0 (Kx + rDY).
Proof. Let {(D)=73;e,E, be the irreducible decomposition. Then

Dy =3 e E; =3, €,(2 0 byuFi),
where p*E; =3, b, F;. By the log-ramification formula [17]
Ky + 2 Fo=p*(Kx+ 23, E)+R,,
where R, is a y-exceptional effective divisor on Y, we obtain
Ky +Tp* Dl — ¥ (K +1 D7)
=Ky +F#*<D>'l — ¥ (Kx+22, E))
=20 (2 eb) —DVF+ Ky + 2 5 Fe— p*(Kx+ 225 E))
=20 (s eb)—DF+ R,

If F, is not p-exceptional, then F, is a strict transform of some E,, so
G eb)—17=le,—11=0. Since >, e;b,,>0 for any k, it follows that
G2 eb,)—11=0. Therefore Ky 4T p*D1— p*(Ke+TD7) is a p-excep-
tional effective divisor. Thus p, 0y (Ky +Tp*DT)=04(Ky+"D7). |

Let (X, p) be a germ of a d-dimensional normal complex variety.
Then wy : =% wy) is a reflexive sheaf of rank one on X, where w} is the
dualizing complex of X. Therefore wy=0,(D) for some Weil divisor D.
The linear equivalence class of such D is denoted by K which is called
the canonical divisor of X. (X, p) is called a Q-Gorenstein germ if K is a
Q-Cartier divisor.

Let p: Y—X be a resolution of singularities of (X, p) such that the u-
exceptional locus is a divisor E =} E, with only simple normal crossings.
Then for a @-Gorenstein germ (X, p), there is a unique rational number a,
for each E, such that Ky, =p*K,+ > a,E,.
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The singularities of the germ (X, p) of a normal Q-Gorenstein variety
is called terminal, canonical, or log-terminal according as a,>0, a,= 0, or
a;>—1 for all j.

Let 4 be a Q-divisor on (X, p) such that 4 is effective and [4]=0.
The pair (X, 4) is said to be log-terminal at p if and only if

(1) Kx+4is a Q-Cartier divisor and

(2) there exist a proper bimeromorphic morphism p: Y—X from a
complex manifold Y and a reduced divisor F=3, F, with only simple nor-
mal crossings on Y such that

Ky =p*(Kg+4)+31b,F, with b,>—1 for allj.

Fujita [8] proved that if (X, 4) is log-terminal for some 4, then the singu-
larity of (X, p) is rational.

§1. Projective morphisms

Definition 1.1. Let f: X—S be a proper morphism between complex
spaces. A line bundle L on X is said to be f~ample, if there exists an open
covering {U,} of S such that each U, is weakly 1-complete (hence f~(U,)
is also weakly 1-complete) and that L is positive on f~(U,).

Definition 1.2. (1) A proper morphism f: X —S is called a projective
morphism, if there exists an f~ample line bundle on X.

(2) A proper morphism f: X—S is called a locally projective mor-
phism, if there exists an open covering {U,} of S such that f,;_.y,, is pro-
jective for all @. (This definition is not the same as that in [7]).

Remark 1.3. Let /1 X—Y and g: Y—Z be proper morphisms and
let & denote the composite g o f: X—Z. Even if f and g are projective
morphisms, % is not necessarily a projective morphism, but is always locally
projective.

Example. Let Z be a unit disk, g =pr,: Y=P'XZ—Z, q, (1<i< )
a discrete sequence of mutually distinct points on Z, and p; ; (1=i< oo,
1 £ j i) mutually distinct points on Y such that g(p; ;)=g;. Letf: X—Y
be the blowing up with center {p; ,}. Then it is easy to show that there is
no h-ample line bundle, where h=g o f.

Proposition 1.4. Let f: X—S be a proper morphism, s a point of S
and L a line bundle on X. Assume that L, is ample. Then there exists an
open neighborhood U of s such that L,;_,, is f-ample.

Proof. (cf.[13, (4.7.1)]). Let I be the ideal sheaf of X in X.
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Step 1. There exists a positive integer m, such that Rf, (IQL®™),=0
Jor i >0 and for m=m,.
The formal function theorem [10] says that
R, (IQLS™) 2proj lim, H(X,, IQLO"®0x;»)
=proj lim,, H(X,, I/I"*'QL®™),

where Oy :=0x/I"*'. Thus it is enough to prove that there exists a
positive integer m, such that

H{(X,, I"/[I*""'QL®)=0 forany n=>1, m>m, andi>0.

Let Gr;(Oy) :=@, 5 I"/I"", and G:= @, m"/m"*', where m is the
maximal ideal defining {s} in S. The natural surjective homomorphisms
[ /m**)—I"/I"*' induce a surjective ring homomorphism ¢: f*G—
Gr; (0x). Let g: V :=Specany (Gr, (0y))—>X,CX. Then we obtain the
following commutative diagram:

g: VL*> X, XSpec G—> X,
S
SpecG = SpecG —> C(s).

Since L, is ample and ¢* is a closed embedding, g*L is also +-ample.
Therefore Ry, (g*L®™)=0 for i>0 and for m»0. This implies that
HY(V, g*L®™)=0 for i >0 and m»0. By the spectral sequence

H™(X,, Rig,(g*LO™))=—=H"*4(V, g*L®™),
we obtain
H™(X,, g+(g*L®™)=H>(V, g*L®™),
because g is an affine morphism. Therefore,
H?(X,, 848 *(L®™)=H*(X,, L®"®g 1+Oy) = H(X,, L¥"@®Gr, (0x))=0
for p>0 and m>0.

Step 2. There exist an open neighborhood U of s and a positive integer
m such that

(D) @n: [ L™ L®™ s surjective on f~'(U) and

() o, defines the closed embedding

Ji T U)y——>Py(fo LF
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Since the last statement (2) asserts that L is f~ample on f ~%(U), in order to
complete the proof it suffices to prove Step 2.

Proof of Step 2. By Step 1, we get the following exact sequence for
mz=my:

0—> fLURLE™)—— [ (LB™)—> [ (LB Q@0 x,)—>O0.

Thus f,(L®QC(s)— f(L®"®0y,) is surjective. Hence if we take m so
large that L®™®Q0y,, is very ample on X,, then the homomorphism
(f*fLLP™"QR0Oy,—L®"®0y, is surjective. Therefore there exists an open
neighborhood U’ of s such that U’ and m satisfy the condition (1). By
©n, We obtain a morphism j: f~(U)—Py.(f,, L®"|,.) over U’. Then by
the following Lemma 1.5, we can find an open neighborhood U which
satisfies (2). O

Lemma 1.5. Let X, Y and S be complex spaces and let f: X—Y, g:
Y—S and S and h :=g o f: X—S be proper morphisms. Assume that for
a point s € S, the fiber f,: X,—Y, of the morphism f is a closed embedding.
Then there is an open neighborhood U of s such that fX U: X X U—
Y X gU is also a closed embedding.

Proof. First of all we must show that we can take an open neigh-
borhood U’ so that f X ;U’: X X ;U’—Y X (U’ is a finite morphism. But
X’ :={x e X: xisisolated in f ~'(f(x))} is open. U’ :=S\S(X\ X")is not
an empty set, since X, is contained in X”. Then f X (U’: X X sU'—Y X U’
is finite, since its Stein factorization coincides with X X ¢U’. Next we shall .
prove that f X (U is a closed embedding for some neighborhood UC U’.
By the previous argument, we have f,0;®0y = f,,0x,. Therefore the
homomorphism Oy,— f,0;Q0y, is surjective. Thus Supp (Coker (0y—
[+0)) N Y,=¢. Hence letting U : =U"\ g(Supp (Coker (0, f,05))), we
see that f X sU is a closed embedding. O

Corollary 1.6. Let f: X—S be a proper morphism, and let L be a line
bundle on X. Then L is f~ample if and only if L, is ample for all s € S.

Definition 1.7. Let f: X—.S be a projective morphism and let H be
a line bundle on X. H is called f-nef if L-C=0 for any 1rredu01ble curve
C such that f(C) is a point.

Corollary 1.8. Let f: X—S be a projective morphism and let L and H
be line bundles on X. If L is f~ample and H is f-nef, then LQH is f-ample.
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§2. Nef line bundles

Let Y be a d-dimensional compact Kéhler manifold. We. define the
Kéhler cone KC(Y) of Y to be the set

{lo] € H*'(Y, R); o is a Kédhler form on Y.},

where H**(Y, R) :=H*Y, R)N H"'(Y, C). Then KC(Y) is an open con-
vex cone in H"'(Y, R).

Lemma 2.1. The closure KC (Y) does not contain any linear subspace
in H"(Y, R).

Proof. Let z be an element of H"'(Y, R) such that z and —z are
contained in KC(Y). Then z-[w]*"'=0 for any Kahler form o on ¥,
where the dot - denotes the cup product. Thus z is primitive with respect
to w. Moreover, z*-[w]?"*=0, since z-z-[w]®"? and z.-(—2z)-[w]¢"? are
nonnegative. Therefore z=0. O

Lemma 2.2. If wis a Kdhler form on Y and if z e KC(Y), then [o]+
ze KC(Y).

Proof. Since w is a Kéhler form, there exists a positive number
such that r[w]+ze KC(Y). We define s(w) :=inf{r=0; rlw]+ze€
KC(Y)}. We have only to prove that s(w)=0 for any Kéhler form .
Since z € KC (Y), there exists a Kihler form w, such that s(w)=0. If
s(w)>0 for some w, then (s(w)—od)[w]+z—(s(w)—d)|w—ew,]=edlw,]+
ze KC(Y), for any e>0 and 0<6<s(w). If ¢ is sufficiently small, then
[w—ew] e KC(Y); therefore (s(w)—d)|w]+ze KC(Y), a contradiction.
Thus s(w)=0 for all w. O

Corollary 2.3. KC(Y)=IntKC(Y), the interior of the cone KC (Y).

Proof. KC(Y)CIntKC(Y), since KC(Y) is an open set in
H“(Y, R). On the other hand, if z ¢ Int KC (Y), then for any Kihler

form w on Y, there exists a positive number ¢ such that z—e[w] € KC (Y).
Therefore by (2.2), z e KC(Y). O

Definition 2.4. Let L be a line bundle on a compact Kéahler mani-
fold Y. L is said to be nef if the real first Chern class ¢,(L) is contained

in KC(Y).

Remark 2.4.1. If Y is a projective manifold, then L is nef if and
only if L-C =0 for any irreducible curve C on Y.
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Remark 2.4.2. If f/: Y—X is a morphism between compact Kéhler
manifolds ¥ and X and if L is a nef line bundle on X, then f*L is also

nef, since f*KC (X)CKC(Y).

Problem 2.5. Suppose f: Y—X is a surjective morphism between com-
pact Kéhler manifolds Y and X, and L is a line bundle on X such that f*L
is nef. Then is L also nef on X? More generally, does the equality
(f*){(KC(Y)=KC (X) hold, where f* is the homomorphism H"(X, R)—
H"'(Y, R)?

Definition 2.6. Let X be a compact complex variety in class €. A
line bundle L on X is called quasi-nef if there exists a bimeromorphic
morphism p: Y—X from a compact Kéhler manifold Y such that g*L is
nef.

We have a partial answer to (2.5).

Proposition 2.7. In the situation of (2.5), if X is projective, then L is
nef.on X.

Proof. Let C be an irreducible curve on X and let ¥ be an irreduci-
ble component of f~*(C) such that f(V)=C. Put d=dimV and fix a
Kihler form w on Y. We have only to show that L. C=0. Thus we may
assume V to be smooth. Since f*L if nef, we have 0 (f*L)- V- 0% .
If we regard V. @? ! as an element of Hy(V, R) and consider f,: Hy(V, R)
—HyX, R), then L-f,(V-0*")=0. Since f, passes through H,C, R),
where C denotes the normalization of C, there is a real number « such that
[+(V-w® ) =a[C], where [C] is the class of C in H,(X, R). Thus it re-
mains to show that «>0. Take an ample 4 on X. Then f*4-V.w?'>0,
because f*A4 .V corresponds to the fibers of ¥—C. Hence 4-f (V- 0*™")
=aA-C>0and a>0. O

Corollary. If X is a Moishezon variety, then L is quasi-nef if and only
if L is nef, i.e., L-C =0 for any irreducible curve C on X.

Lemma 2.8. Let D be a nonzero effective Cartier divisor on X € €.
Then — D is not quasi-nef.

Proof. If —D is quasi-nef, then there exists a bimeromorphic mor-
phism f: Y—X from a compact Kéhler manifold Y such that —f*D is
nef. Take a Kihler form w on Y. Since f*D is a nonzero effective
divisor, we have f*D.@?"' >0, where d =dim Y, a contradiction. O

Definition 2.9. Let L be a quasi-nef line bundle on X ¢ ¥. Take a
bimeromorphic morphism f: Y—X from a compact Kihler manifold ¥
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such that f*L is nef. Then we define (L) : =max {{=0; O0c,(f*L)!
e H»'(Y, R)} and call it the homological Kodaira dimension of L. - It is
well-defined, because it is independent of the choice of Y.

Proposition 2.10. Let L be a quasi-nef line bundle on a compact com-
plex variety X in class €. Then £(L)< kyom (L), where the left hand side is
the usual Kodaira dimension (cf. § 0, (B)).

Proof. We may assume that X is normal. If £(L)= — oo or if £, (L)
=dim X, then there is nothing to prove. If ,,,(L)=0 and £(L)=0, then
mL=0 for some m. Indeed, if [mf*L| has an effective member D for some
bimeromorphic morphism f: Y—X from a compact Kahler manifold Y
such that f*L is nef, then f*D.w? '>0 for any Kihler form o on Y,
where d=dim Y, a contradiction. So we may assume that x(L)=>0 and
0<rpom (L)<d. Consider the canonical fibration @,,: X---—Z. By
blowing ups, we may assume that 4 :=@,,; 0 f: Y—Z is a morphism.
Then f*(mL)=h*A-+F, where A is an ample divisor on Z and F is the
fixed part of | f*(mL)|. Let w be a Kihler form on Y. Then

mn(f*L)r_wd—x:(h*A)m.wd—n+(h*A)x—1 F.@t "
L (*A)y (WAL F) - F-0 "4 - -« (B A+ F) . F. >0,

where k=#r(L). Hence ¢,(f*L)y#0. Therefore #(L)< kyom (L). O

Definition 2.11. Let L be a line bundle on a compact complex variety
Xin class €. L is said to be big if #(L)=dim X. If L is quasi-nef and
£(L) = knom (L), then L is called good.

Remark 2.11.1. If f: X —Z is a surjective morphism from a compact
complex variety X in class € onto a projective variety Z and if H is a nef
and big line bundle on Z, then f*H is good.

Remark 2.11.2. If X'is a projective variety and if L is a nef line bun-
dle on X, then #(L) <v(L)<kwom(L). Here »(L) :=max {{=0; L'%,,,0}
is called the numerical Kodaira dimension of L. By (2.11.1), (L) = kpom(L)
if and only if £(L)=y(L). Therefore our “goodness’ is the same as that
in Kawamata [21] in the case of projective varieties.

Conjecture 2.12. If L is a nef line bundle on a projective variety X,
then v(L) = kypom (L).

Remark 2.12.1. If u(L)<1 Or fyop, (L)=dim X —1, then we have v(L)
= Khom (L) .
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Conjecture 2.13. If L is a quasi-nef line bundle on a compact complex
variety X in class € such that gy, (L)=dim X, then L is big.

Remark 2.13.1. (2.13) is equivalent to the following statement: If
L is a nef line bundle on a compact Kihler manifold Y such that L¥™Y >0,
then H(Y, wy®L)=0 for i >0.

Propeosition 2.14. Let L be a quasi-nef and good line bundle on a com-
pact complex variety X in class €. Then there exists the following diagram

h
Xt vz,

where
(a) Yis acompact Kihler manifold and y is a bimeromorphic morphism,
(b) Z is a projective variety, h is a fiber space, and
(c) there exists a nef and big Q-divisor H on Z such that y*L=h*H.

Proof. (cf. [21, Proposition 2.1]). Let @,,: X---—Z; be the ca-
nonical fibration of L. By blowing ups and flattening (see [15]), we have
the following diagram: '

d
Xy, vy

"y

Z«—Z<«—27Z = Z = Z,

where

(@) o> 4> v, d, 7, and 7, are bimeromorphic, and f;, g, and / are
fiber spaces,

(b) Y, and Y are compact Kéhler manifolds and Z, and Z are non-
singular projective varieties,

(©) f.is flat, p is the normalization of Y,, and d is the resolution of
singularities of Y, and

(d) there exists an ample divisor 4 on Z; such that A*(mL)=
g¥(zc¥r¥ A)+ F, where 1=y, 0 p, ov and F is the fixed part of |2*(mL)|.
Take a Kéhler form w on Y. Then

mn+1(ﬂ*L)/:+l _wd-—x—l=(h*B)/c+l ‘wd—x—l_‘_(h*B)x .d*F‘a)d—m-—l_i_ ..
+(W*B)-(W*B+d*F)y*-d*F-0% !
+ (B d*F)-1. d*F. 1=
=0,
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where k=k(L), d=dim X, B=cf¥rfA4, and p=210p. This implies that
g(F)C Z, since (h*BY-d*F.- @ *"'=0. .

Lemma 2.15. Let g: V—Z be a proper surjective morphism from a
normal complex variety V onto a complex manifold Z and let F be an effec-
tive Cartier divisor on V. Assume that :

(1) g is equi-dimensional with connected fibers,

@ &gFCSZ, and

(3) ifI is an irreducible component of a fiber of F—g(F), then I"' € €
and F\p is quasi-nef.

Then there exists a Q-divisor E on Z such that F = g*E.

Proof of (2.15). By (1) and (2), we have only to prove F=g*E,
where E =min {4]| a Q-divisor on Z such that F<g*4}. Thus we may
assume that dim Z =1. If g*E=£F, then there exists a component I" of
F such that (g*E —F), is a nonzero effective divisor on I". This contra-
dicts (2.8). Therefore F=g*E. O

The proof of (2.14) continued. Applying (2.15) to the case g: Y,—Z
and FC Y,, we obtain a Q-divisor E on Z such that F=g*E. Therefore
p¥mLY=h*(B+E). Hence let H :=(1/m)(B+E). Then p*L=h*H.
Since A*H is nef, by (2.7), H is also nef. Therefore H is a nef and big
Q-divisor on Z. ]

Corollary 2.16 ([21, Proposition 2.3]). In the situation of (2.14), let L’
be another quasi-nef Q-Cartier divisor on X. Assume that gy, (L-+L)=
£nom (L) and that k(L-4-L")=0. Then there is a nef Q-divisor H' on Z such
that y*L'=h*H'.

Proof. Let w be a Kihler form on Y. Then
0= (¥ L+ p* L) 0"~ Z (s + (L) (L) - 0t~ 20,

where k=#(L). Thus if 4 e|mu*(L+L")| for a positive integer m, then
(AT Z. Hence by (2.15), 4=g*E for an effective Q-divisor E on Z.
Therefore p*L'=h*H' for some Q-divisor H' on Z and by (2.7), H’' is
nef. |

The following proposition is a relative version of (2.14) whose proof
is omitted.

Proposition 2.17. Let n: X—S be a proper surjective morphism from
a normal complex variety X onto a complex variety S, and let L be a line
bundle on X. Assume that



Plurigenera of Complex Varieties 565

(1) every component I of any fiber of n is in class € and L, is quasi-
nef and : ' o
(2) L, is good for a general fiber X,.
Then for any point s € S, there exist an open neighborhood S, of s and a com-
mutative diagram

<—LY
Ty h

2

Ve

g
16— Z)

where

@) X,=z"'(S) and n,=m 4,

(b) Y and Z are complex manifolds and y is a proper bimeromorphic
morphism,

(c) g is a projective morphism and h is a proper fiber space, and

(d) there exists a g-nef Q-divisor H on Z such that H,,, is nef and for
general t € S and that p*L=h*H.

§3. Covering lemma and vanishing theorems

Lemma 3.1. Let X be an n-dimensional complex manifold, D a reduced
divisor on X with only simple normal crossings, and let D=3, ,., D, be the
irreducible decomposition of D. Assume that there are smooth divisors H,
line bundles ¥, and positive integers m, for 1<i<k, 0< j <n such that

(@) Ox(Hi+D)=22™ and

(B) 22iDi+>7,; HY is a divisor with simple normal crossings.

Then there exists a finite Galois covering n: Y—X which satisfies the fol-
lowing conditions:

(1) Y is smooth,

(2) (a*D),q has only simple normal crossings,

(3) there are divisors 4; (1<i < k) with only simple normal crossings
such that #*D,=m,4,.

For the proof, see Kawamata [18, Theorem 17], [21, Lemma 3.1].
By a property of positive line bundles on a weakly 1-complete variety,

we obtain:

Lemma 3.2. Let X be an n-dimensional weakly 1-complete manifold
with positive line bundles. Let D=3 ,.; D, be a reduced divisor with only
simple normal crossings, where each D, is an irreducible component of D,
and let m, be a positive integer for eachi e I. Then for any c € R, there exist
smooth divisors H' on X, for i e I, 1< j<n and there exist line bundles
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&, on X, for i eI such that Oy (H%+D,))=S¥™ for all i and j, and that
Dver Di+2; H has only simple normal crossings.

Therefore combining these lemmas, we get the following:

Lemma 3.3 (cf. [21, Lemma 3.1]). Let X be a weakly 1-complete mani-
fold with positive line bundles, and let D be a Q-divisor such that Supp {D)
has only normal crossings. Then for any ¢ € R, there exists a proper generi-
cally finite surjective morphism w: Y—X, from a complex manifold Y such
that

(1) =*D is a Cartier divisor,

) 0x(Ky+TDYV) is a direct summand of 0 (Ky+7*D).

Proof. Take a proper bimeromorphic morphism y: Z—X, from a
complex manifold Z such that Supp #*{D> has only simple normal cross-
ings. . Take a positive integer m such that m({D) is a Cartier divisor on
X,. Then by (3.1) and (3.2), we have a finite Galois covering z: Y —Z
such that *u*{D} is a Cartier divisor and Supp «*p*{D) has only simple
normal crossings. By the same argument as in Lemma 3.1 of [21], we can
show that 0,(K,+T"p*DV) is a direct summand of 7,0,(Ky+7*y*D).
Since p,.0,(K,+"p*D N =0 (Kx+ D7) by (0.6), we complete the proof.

O

Theorem 3.4. Let X be a weakly 1-complete manifold and let A be a
Q-divisor on X. Assume that

(1) there is a positive integer m such that mA is a Cartier divisor and
that 0x(mA) is a positive line bundle on X, and

(2) Supp {A) has only normal crossings.
Then HY(X,, Ox(Ky+TAY)=0 for i>>0 and for any c € R.

Proof. Step 1. The case where Supp {4) has only simple normal
crossings. By (3.3), for any ¢ e R, we obtain a finite surjective morphism
7: Y—X, such that 7*4 is a Cartier divisor and that O (Kx+T47) is a
direct summand of ©,0,(Ky+n*A4). Since « is finite, O, (z*4) is a posi-
tive line bundle. Thus by (0.3), H{(Y, 0,(Ky +xr*A))=0 for i>>0. There-
fore H'(X,, Ox(Kx+TA")=0 for i>0, because O, (Kx+TA47)is a direct
summand of z, 0, (Ky +r*A).

Step 2. General case. Take a proper bimeromorphic morphism g:
Z —X, from a complex manifold Z so that

(a) "the p-exceptional locus E is a divisor ) E,,

(b) Supp p*{4) UE is a divisor with only simple normal crossings
and ’

(c) wp*A-—-378,E,is positive for 0<d,K 1.
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Then by Step 1, we obtain

HY(Z, O(K;+"p*AT)=0 for i>0,
and

Rip 0K, +Tp*A =0 for i>>0,
because ' y*4 -3 6,E, 1= p*A" for 0<g,«1. Therefore by (0.6),
H (X, 1O K+ T AN)=H (X, Ox(Kx+TAN)=0  fori>0. 0O

Corollary 3.5. Let f: X—S be a projective morphism from a complex
manifold X onto a complex variety S and let A be an f-ample Q-divisor on X
such that Supp {A) has only normal crossings. Then R'f,0x(Kz+"4A)=0
Jor any i>0.

Theorem 3.6 (cf. [12]). Let f: X— S be a proper generically finite
morphism from a complex manifold X onto a complex variety S and let H
be a Q-divisor on X such that

(1) H-I'z=0 for any curve I" such that f(I") is a point,

(2) Supp {H) has only normal crossings.

Then Rf,04(Ky+THW=0 for i>0.

Proof. We may assume that f is bimeromorphic and that S is a Stein
space. By relative Chow’s lemma [15], there exists a proper bimeromor-
phic morphism g: ¥ —S from a smooth manifold Y which has the follow-
ing properties.

(1) There is a morphism g: Y —X such that g=fo g,

(2) Y,—S, is a finite succession of blowing ups.

Therefore g, =gy, and p,=p,,, are projective morphisms. Furthermore,
if Supp p*(H)> has only normal crossings, then p,0,(Ky+"p*H )=
0x(Ky+TH7). Hence the Leray spectral sequence reduces the proof of
the vanishing theorem for fto that for g and x. Thus we may assume in
what follows that f'is a projective morphism.

Let 4 be an f~ample divisor on X,. Since S, is a Stein space, there
is a nonzero section s of £, 0 (— A), which also gives a section of 0 (—A4);
Therefore there is an effective divisor D on X, such that @, (A4 D)= 0y,.
Let v: Z—X, be a projective bimeromorphic morphism from a smooth
manifold Z such that Supp v*{H ) USupp v*D U (v-exceptional locus) is a
divisor with only normal crossings. Here we denote by E the v-exceptional
locus 37 E;. Then by (1.8), —(1/mp*D—3_ 6,E,4+v*H is foy-ample for
0<(5,«1 and m > 1, if we replace S, by S, for some 0<{¢’<{c. Thus by
(3.5),
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Ry, 0,(K,+Tv*H)=0 for i>0
and »
Ri{(fov), 0K, +Fv*HT)=0 for i>0.

Since vy 0, (K;+TV*H ) =0y (Kx+TH?), we obtain R'f,0(K;+THY)
=0 for i>0. O

Definition. Let f: X—S be a proper sugjective morphism from a
normal complex manifold X onto a complex variety .S, and let H be a
Cartier divisor on X. H is called f-big if x(X/S, H)=dim X —dim S.
Furthermore if (H-C)=0 for every irreducible curve C such that f(C)=
point, then H is called f-nef-big.

We have the following theorem which ‘was first formulated by Fujita.

Theorem 3.7. Let f: X—S be a proper surjective morphism from a
complex manifold X onto a complex variety S and let H be a Q-divisor on
X such that H is f-nef-big and that Supp (H) has only normal crossings.
Then R f,04(Kx+TH)=0 for i>0.

Proof. Since the statement is local on S, we may assume S to be a
Stein space. By the relative canonical fibration of H over S and by relative
Chow’s lemma [15], we may assume that there exists a projective morphism
n: Y—S from a complex manifold Y such that z factors through f; i.e.,
= foufor some y: Y—X. We may also assume that Supp x#*(H ) has
only normal crossings. By (3.6), Ry, Oy(Ky +Tu*HN)=0(K,+"H), so
we have only to prove that Rz, 0, (Ky +Tp*H ) =0 for i>>0. Therefore
from the beginning we may assume that fis a projective morphism. Let
A be an f~ample divisor on X. Then there exists a positive integer m such
that mH is a Cartier divisor and that f,0,(mH— A) is a nonzero sheaf.
Since S is a Stein space, we obtain an effective divisor 4 on X such that
Ox(mH)=0(4+ A). Because H is f-nef, mH —ed is f~ample for any
0<<e<1 by (1.8). By blowing ups, we obtain a proper bimeromorphic
morphism yg: Z—X from a complex manifold Z such that the y-exceptional
locus is a divisor E=3 E, and that Supp x*{H ) U Supp p*4 U Supp E is
a divisor with only normal crossings. Thus u*(mH —ed)—>8,E; is
Jfop-ample for 0<e«1, 0<<5;«1. Therefore by (3.5), RY(fo )40 (K,+
Cp*H)=0 for i>0. Thus by (3.6), Rif,0(Ky+TH) =0 for i>0. [J

Lemma 3.8 (relative algebraic reduction for a divisor). Let f: X—S
be a proper surjective morphism from a complex manifold X onto a complex
variety S, H a line bundle on S, and let D be a (not necessarily effective)
Cartier divisor on X such that O,(D)= f*H. Then there exist a proper
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bimeromorphic morphism p: X'—X from a complex manifold X', a projec-
tive surjective morphism A: S’—S, a proper surjective morphism f': X'—S’
such that 2o f'= fo u, and a Cartier divisor 4 on S’ such that p*D= f'*4
as divisors.

Proof. Let D=D,—D_ be the decomposition into the effective part
D, and the negative part D_. Take two sections s, € HX, 0,(D.)) and
s_ e H'(X, Ox(D_)) such that div(s,)=D, and div(s_))=D_. Thens,: 0,
—0(D,) and s_®04(D): Ox(D)—04(D,) give a homomorphism

o f*((os@H)E@X(‘D(OX(D)’"—)@X(DJ-
By ¢, we can construct a meromorphic map
p*: X - —>P(0,DH).

So take a suitable proper bimeromorphic morphism p: X’—X such that
S i=¢*op: X'>Py(0sPH) is a morphism. Let X’—S’ be the Stein fac-
torization of f” and let 1: $’—S be the induced morphism. Then the
image of p*(p): Oy POy (u*D)—>0f (x*D,) is a line bundle M and the
induced homomorphisms @.— M and @ .(u*D)—M give effective divisors
D, e|M|and D. ¢ |M@0;.(— p*D)}, respectively. Then there is an effec-
tive p-exceptional divisor E such that y*D, =D, + F and p*D_=D’ +E.
Therefore p*D=D’ —D’.

On the other hand, M is the pull back of a 2-ample line bundle ¥
on S’. Hence D’ = f'*4, for an effective Cartier divisor 4, € |N|. Simi-
larly, D_ = f’*4_ for an effective Cartier divisor 4_ ¢ [N®A*H'|. Thus
D\ D! = f"*(d, —4_). Therefore if we denote 4, —4_ by 4, then 04(4)
=1*H and p*D= f"*4. O

Lemma 3.9 (Covering lemma). Let f: X—>S be a proper surjective
morphism from a complex manifold X onto a complex variety S, H a line
bundle on S, and let D be a Q-divisor on X. Assume that

(1) S is a weakly 1-complete variety with positive line bundles,

(2) there is an isomorphism O,(kD)= f*H for some positive integer
k such that kD is Cartier and ’

(3) Supp (D) has only normal crossings.

Then for any c € R, there exists a proper generically finite surjective mor-
phism 7. Y—X, such that

(a) Y is smooth, -

(b) =*D is a Cartier divisor and

(c) Oy (Kx+TDY)is a direct summand of r,0y(Ky+z*D).
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Proof. Applying (3.8) to the divisor kD, we obtain the following
commutative diagram:
f‘l

X' —>S’

I, |

X—> S

which has the following properties.

(1) X’ and S’ are complex manifolds,

(2) pis proper bimeromorphic, 2 is projective, and f” is surjective,

(3) there exists a Cartier divisor 4 on S’ such that p*(kD)= f*4,

(4) Supp {(1/k)4> and Supp *{D)> have only simple normal cros-
sings on S’ and X’, respectively.
Since 1 is projective, S’ is also a weakly 1-complete variety with positive
line bundles. Therefore by (3.3), for any ¢ € R, there exists a finite sur-
jective morphism z: T—S” such that T'is smooth and that ¢*((1/k)4) is a
Cartier divisor. Here we may assume that the divisors H* defined in
Lemma 3.2 are smooth divisors such that f/*H’ are also smooth and that
U f"*H% U Supp p*{D) has only simple normal crossings. Then the nor-
malization ¥ of XX, T has only rational singularities, since the branch
locus for p: V—X7is a divisor with only simple normal crossings. Note
that p*p*D is a Cartier divisor. Since p,0,(K,+ p*p*D) is a reflexive
sheaf on X and since p: V—X7, is a cyclic covering in codimension one on
X}, it is easy to see that Oy (Ky +Ty*D1) is a direct summand of
P4 OAK,+p*u*D).  Let Y—V be the resolution of singularities and let
#: Y—X, be the induced morphism. Then the three conditions of this
lemma are satisfied. O

The following theorem was proved by Kollar [25].

Theorem 3.10. (A) Let f: X—Z be a proper surjective morphism
from a compact Kihler manifold X onto a projective variety Z. Then

(i) Rif.wy is torsion free for i =0,

(i) HZ, R f,0;QA)=0 for p>0 and for any ample line bundle A
on Z.

(B) Let X be a compact Kihler manifold, L a semi-ample line bundle
on X, and let s be a global section of L®* for some positive integer k. Then
the natural homomorphisms '

®s: H(X, 0,QL)—>H'(X, 0 ,QL*F)

are injective for any i=0 and j= 1.
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Remark 3.10.1. It is easy to see that (A) and (B) are equivalent.

Remark 3.10.2. [25] treats only projective varieties, but his argu-
ment works also in the situation of (3.10).

Applying (3.9), we have two generalizations of (3.10). These are
essentially the same as Theorems 3.2 and 3.3 of [21].

Theorem 3.11 (A generalization of B). Let X be a compact Kéihler
manifold, L a quasi-nef and good Q-divisor on X, and let D be an effective
divisor on X.  Assume that Supp (L) has only normal crossings and that
there is an injection Oy(D)—0x(mL) for some positive integer such that mL
is a Cartier divisor. Then the natural homomorphisms

+D: Hi(X, 0x(Kx+"LN)—>H'(X, Ox(Kx+D+TL7)
are injective for i=0.

Proof. 1t is enough to prove this when D ¢ |mL|. Since L is quasi-
nef and good, by (2.14) we have a bimeromorphic morphism p: X'—X
from a compact Kéhler manifold X, a fiber space 4: X'—Z onto a pro-
jective manifold Z, and a nef and good Q-divisor H on Z such that y*L =
h*H. Here we may assume that Supp p*(L> has only simple normal
crossings. ‘Then by (3.9), there is a generically finite surjective morphism
z: Y—X' from a compact Kihler manifold Y such that #*y*L is a Cartier
divisor and that Oy.(Ky +Tp*LT) is a direct summand of z,0,(Ky+
m*p*L). Thus Ox(Ky+TL")is a direct summand of p,x, Op(Ky +z*p*L).
Similarly, 0x(Ky-+TLV+D) is also a direct summand of p.r, 0x(Ky -+
r*p*L+a*p*D). Thus by (3.6),

H'(X, Ox(Kx+"L)—>HX, 0x(Kx+" L+ D))
is a direct summand of
HY(Y, 0y(Ky+ n*#*L))_—)Hi( Y, 0y(Ky+ ”*#*L“i" ”*#*D))-

Therefore we may assume that L is a Cartier divisor and that there exist
a fiber space h: X—Z and nef and big Q-divisor H on Z with L=h*H.
Since H is nef and big, there is an effective divisor 4 on Z such that H —
84 is ample for 0<5 1. Then MA*(H —§d)V=L, if ¢ is sufficiently small.
By (3.6), we can replace X by its blowing ups. Thus we may assume that
Supp h*4 has only normal crossings. Hence it is enough to prove in the
case that L is a semi-ample Q-divisor. Then for the same reason as above,
we may assume that L is a semi-ample Cartier divisor. This is just the
case (3.10.B). |
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Theorem 3.12 (A generalization of A). Let f: X—Z be a proper sur-
Jective morphism from a compact Kihler manifold X onto a projective variety
Z, and let L be a quasi-nef and good Q-divisor on X such that Supp (L) has
only normal crossings. Then

@) R 0x(Ky+TLY) is torsion free for all i=0, and

(b) if there is an injection Ox(f*A)—0x(nL), where A is an ample
divisor on Z and n is a positive integer such that nL is Cartier, then
H?(Z, R, Ox(Kx+VTLN)=0 for p>0 and i=0.

Proof. (a) Since L is quasi-nef and good, there exist a bimeromor-
phic morphism yg: Y—X from a compact Kihler manifold Y, a fiber space
h: Y—W onto a projective manifold W, and a nef and big Q-divisor H on
W such that p*L=h*H. We can also take an effective divisor 4 on W
such that H —4§4 is ample for 0<d 1. We may assume that Supp px*<{L)
USupp A*4 is a divisor with only simple normal crossings. If é is suffi-
cinetly small, then Mp*L1=Th*(H —84)1. Applying (3.9) to A*(H —d4),
we obtain a generically finite surjective morphism #: Y'—Y from a com-
pact Kéhler manifold Y’ such that z*h*(H —§4) is a Cartier divisor and
that Ox(Ky+Tp*LT) is a direct summand of z,0y(Ky. +n*h*(H —ad))..
Thus we may assume that L is a semi-ample Cartier divisor. Then by
taking a cyclic covering corresponding to a general section of some multi-
ple of L, we are reduced to (3.10.A.(i)).

(b) By assumption we can apply (3.11) to L and f*4. Then by the
same argument as in [25, Theorem 2.1, Step 4], it is easily proved. O

The following theorem was derived from the argument of [44].

Theorem 3.13. Let n: X—D be a proper surjective morphism from a
complex manifold X onto a unit disk D. Suppose that X, is smooth for any
t e D* :=D\{0}, and that any irreducible component of X, is a variety in
class €. Then Rinywy is free at O for i 0.

Proof. By taking semi-stable reduction, we may assume that r is
semi-stable. In this situation, Steenbrink [44] proved that

Ri”*Q:Y/D(IOg Xo)®c(t) EHi(Xzs “Q':Y/D(log Xo)®@X,)

for any {0 and ¢ ¢ D, and that R’z 2%, ,(logX;) is a locally free sheaf
for all i=0. Since all the components of X, are in class %, we can also
obtain a result similar to Theorem (4.19) of [44]. In particular, the fol-
lowing spectral sequence degenerates at the E,-term:

EPt=HYX,, 9% p(log X)&Ux)== H?* (X,, Q%,p(log X))®Uy,).
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Hence
dim H*(X,, 'Q:Y/D(l()g Xo)@@m) = Zm g=1 dim H (X, pX/D(lOg Xo)®@xo)-

Since the functions D 3 t— dim HYX,, 2%,,(log X,)®0,,) are upper semi-
continuous, Rz, 0% ,(log X;) are free at 0 for all ¢ and p. Especially
Rirywy,p is free at O for i 0. O

Corollary 3.14. Let z: X—D be a proper surjective morphism from a
complex manifold X onto a unit disk D and let L be a Q-divisor on X. Then
Rig, 04(Ky+VTLY) is free at O for all i=0, if the following conditions are
satisfied: ,

(1) Supp (L) has only normal crossings,

(2) X, is smooth and L, is semi-ample for any t € D*, and

(3) every irreducible component I of X, is in class € and L, is quasi-

nef.

Proof. By the same argument as in (2.17), we obtain the following
commutative diagram after replacing D by a smaller disk.

where

(a) Y and Z are complex manifolds,

(b) pis a proper bimeromorphic morphism, g is a projective mor-
phism and % is a proper fiber space, and

(c) there exists a g-nef Q-divisor H on Z such that H, :=H,, is nef
and big for general ¢ € D, and that p*L=h*H.
Since H, is nef and big for general ¢ ¢ D, there is an effective divisor 4 on
Z such that H —d4 is g-ample for 0<{§¢ 1. Further we may assume that

(d) Supp p*{L) USupp A*4is a divisor with only normal crossings.
Then by (3.6), Rz 1) 0p(Ky +Th*(H -0V =Rim, O(Kx+ L), if & is
sufficiently small. Thus we can replace X by Y and L by H —a4, respec-
tively. Then L is n-semi-ample and L=A*A for a g-ample Q-divisor 4 on
Z. By (3.9), after replacing D by a small disk, we obtain a proper generi-
cally finite surjective morphism z: 7—X from a complex manifold T such
that ¢*L is a Cartier divisor and that ¢,(K,+L7) is a direct summand
of 7,0,(Ky+7*D). Thus we may assume that L is a r-semi-ample Cartier
divisor on X. Then by taking a cyclic covering, we are reduced to (3.13).

O
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Corollary 3.15. Let X be a normal complex variety with only log-
terminal singularities and let n: X —D be a proper surjective morphism onto
a unit disk D. Assume that every irreducible component of X, is a variety
in class ¢ and that K, is n-semi-ample. Then Rm,0x(mKy) is free at 0
foriz0and m=1.

Proof. We may replace D by a smaller disk, if necessary. Since K
is n-semi-ample, there exists a positive integer m such that mK, is a
Cartier divisor and there exists a section s of @ ,(mK ), whose cyclic covering
Y =Specan @yg ;< Ox(—iKy) has only rational Gorenstein singularities
(see [21, Proposition 7.5]). Thus Rz 1)40y(Ky) =®1c,<m R'm Ox(vK),
where 7 is the natural morphism Y—X. Since R(x-1),0,(Ky) is free at
0 and since we can choose m large enough, we obtain (3.15). ]

§4. Minimal medel problem for projective morphisms

Let f: X—Y be a projective surjective morphism, and let W be a
closed subset of Y.

Definition 4.1. Pic (X/Y; W) denotes the group ind lim Pic (f~(U)),
where U runs through all the open neighborhoods of W in Y and
Z,(X]Y; W) denotes the free abelian group generated by irreducible curves
on X whose image by f'is a point of W. Let

( - ):Pic(X/Y; WYXZ(X]Y; W)y—>Z (

be the natural intersection pairing. Then two elements L, and L, of
Pic (X/Y; W) are said to be numerically equivalent over W if (L,-I')=
(L,-I") for all " e Z(X]Y; W). Similarly, two elements I, and I, of
Z(X]Y; W) are said to be numerically equivalent over W if (L-I")=(L-I',)
for all L e Pic(X/Y; W). We define A'(X/Y; W) and A,(X/Y; W) to be
the quotient groups of Pic (X/Y; W) and Z,(X/Y; W) modulo the numeri-
cal equivalences over W, respectively. For simplicity, we denote A'(X/Y; Y)
and 4,(X/Y; Y) by A(X/Y) and A4,(X/Y), respectively.

Remark 4.2. A'(X/Y) need not be a finitely generated abelian
group. For. example, let ¥ be a 2-dimensional complex surface, p,
(1<i< o) a discrete sequence of mutually distinct points of Y, and let f:
X—Y be the blowing up with center {p,}. Then the exceptional curves
E; :=f""(p,) are linearly independent in 4'(X] Y).

Proposition 4.3. Let U be a relative compact open subset of Y. Then
AN U)/U; WNU) is a finitely generated abelian group.
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Proof. We shall prove this by induction on dim Y.
If dim ¥ =0, then U is a finite set {p,, p,, - - -, p;}, hence

AU WNU)=@pew A4S (2))-

Since f~'(p;) are projective spaces, ANSYU)/U; WNU) is finitely
generated.

Next we assume that dim Y >1. Let X =U,.,X; be the irreducible
decomposition of X, ¥, :=f(X;) and let J:={i e I|Y;NU=¢}. Then J
is a finite set and we have an injection

AU WNU)—@, e, AN Y, NU; WNAY,NU).

Therefore we may assume that X and Y are varieties. By taking a resolu-
tion of singularities of X" and taking the Stein factorization of f, we may
further assume that X is a manifold, Y is normal and that f'is a fiber space.
Then there is a proper closed analytic subset T of U such that f,_,\r, is
a smooth morphism. Hence we obtain an injection

AU WA U)—A(T(UND/UNT; (WNUNT)
@A((UNT/UNT; WNUNT).

Since dim 7<<dim Y, A(f~"(UNT)/UNT; WNT) is finitely generated
by induction hypothesis. Thus it is enough to prove the following:

Claim. If f: X—Y is a projective smooth surjective morphism between
complex manifolds X and Y, then the homomorphism ANX|Y)—AY(X,) is
injective for all y e Y. '

Proof of the claim. If dim X=dim Y, then there is nothing to prove.
If dim X=dim Y41, then for every L € AY(X/Y),

L e Ker (4(X/ Y)—>A'(X,)) &=>deg (L z,) =0.

Since f is flat, deg(L,x,) is constant on Y. Thus A'(X/Y)—A4'(X,) is
injective.” Suppose d :=dim X—dim Y=2. Let 4 be an fample line
bundle. Then by flatness, the intersection numbers (L x,-(4x,)*"") and
((Lix,)-(4;x,)*™" are independent of ye Y. Thus by the following
Lemma 4.4, we are done. d

Lemma 4.4. Let L and A be line bundles on a normal projective
variety X such that A is ample and that n :=dim X =2. Then

LA 06> (L A7) = (L2 A% =0.
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Proof. The implication = is trivial. As for &, let C be an irreduci-
ble curve on X. Then by Bertini’s theorem, there exist divisors H; € [m;A|
for some positive integers m, (1<i<n-—2) such that S :=N,g<n_s H; is
an irreducible and reduced surface containing C. Let u: S’—S be a re-
solution of singularities and let C’C S’ be an irreducible curve such that
w(CH=C. Since (u*(Ls)- 1£*(4,5))s =(p*(L s)s =0 and (¢*4,5)* >0, the
Hodge index theorem says that p*(L,5) & num 0. Thus 0=(u*(L,5)-C)s =
(L-C). Therefore L&, 0. O

Corollary 4.5. If W is a compact subset of Y, then AX]Y; W) is
finitely generated.

Definition 4.6. Let f: X—Y be a projective surjective morphism and
let W be a compact subset of Y. We define N'(X/Y; W) :=A'(X/Y; W)QR
and N,(X/Y; W) :=A,(X]Y; W)®R, which are dual to each other by the
intersection pairing ( - ). The Picard number of f at W is defined to be
o(X]Y; W) :=dim N (X/Y; W). We denote by NE(X/Y; W) the cone in
N(X]Y; W) generated by effective 1-cycles in N,(X/Y; W) and NE(X/Y; W)
denotes the closure of NE(X/Y; W) in N,(X/Y; W) with the usual topology
as a finit¢ dimensional R-vector space. Also we define P(X/Y; W) to be
the cone in N'(X/Y; W) generated by line bundles L such that L., is
Jf~ample for some open neighborhood U of W. An element L e N'(X/Y; W)
is called f-nef at W if L>0 on NE(X]Y; W).

Proposition 4.7 (Kleiman’s criterion, see [23]).

(1) P(X]Y; W) is an open subset of N'(X|Y; W).

(2) NE(X]Y; W) contains no lines of N(X]Y; W).

@) P(X]Y; W)={C e NX]Y; W)|C>0 on NEX]Y; W)N{0}).

Proof. (1) Let L and M be line bundles on f~*(U) for some open
neighborhood of U of W. Suppose that L is f~ample. Then by (0.4), for
every relatively compact open subset V of U containing W, there is a posi-
tive integer m such that mL+ M|y, is f~ample. Thus P(X/Y; W) is open.

(2) LetI e Ny(X/Y; W) such that I and —I" ¢ NE(X/Y; W). Then
A4-IN=0 and —(4-IN=0 for Ae P(X]Y; W). Thus (4-I)=0. If
I"'+£0, then there is an element { € N'(X/Y; W) such that ({-I")>0. Since
P(X/Y; W) is open by (1), we take a positive number « so that @4 —{ ¢
P(X/Y; W). Hence a(4-I")=({-I")>0, a contradiction. Thus I"=0.

(3) If e P(X/Y; W), then >0 on NE(X/Y)\{0} by the above
argument. If L is a line bundle on f~'(U) for some open neighborhood
U of W, and if L>0 on NE(X/Y; W)\ {0}, then L, is ample for all s ¢ W.
Indeed, it suffices to show that if 01" ¢ NE(X,), then ¢ (I")#0, where
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0,1 Ni(X,)—>N,(X/Y; W) is the natural homomorphism. Take an f-ample
line bundle 4. Then 4>0 on NE(X,)\ {0} by Kleiman’s criterion [23].
Thus (4-I)=(4-¢,(I))>0. Hence ¢,(I)#0. By (1.5), there is an open
neighborhood V of W such that L, is f~ample. Thus L e P(X/Y; W).
Therefore

PX]Y; WYNNY(X]Y; W)q
={{ e N'(X]Y; W)|{>0 on NE(X/Y; W)\ {0},

where N'(X/Y; W), :=AX/Y; W)®Q. The above set is dense in
{€ e N'(X/Y; W)|£>0 on NE(X]Y; WYN\[0}}. O

Theorem 4.8. Let f: X—Y be a proper surjective morphism from a
normal variety X onto a complex variety Y, 4 a Q-divisor on X, and let H
be a Cartier divisor on X. Suppose that

(1) (X, 4) is log-terminal,

() H—(Ky+4) is f-nef-big,

() His f-nef. '

Then there exist a projective surjective morphism g: Z—Y from a normal
complex variety Z, a proper surfective morphism ¢: X—Z, and a g-ample
line bundle A on Z such that f =g o ¢ and ¢*A=H.

~ Proof. By (3.7) and the argument of [20], for any point y € Y, we
find a positive integer m, such that @ (mH) is f-free near X, for every
m>=m,. ' O

Corollary 4.9. Let f: X—Y be a proper bimeromorphic morphism
from a normal complex variety X onto a complex variety Y. Assume that X
has only canonical singularities and that K is f-nef. Then @,z fo0x(MKy)
is a locally finitely generated Oy-algebra.

Theorem 4.10. Let f: X— Y be a projective surjective morphism from
a normal complex variety X onto a complex variety Y, 4 a Q-divisor on X,
H a line bundle on X, and let W be a compact subset of Y. Suppose that

(1) (X, 4) is log-terminal,

(@) His f-nef at W, and

(3 H—(Kx+4) e P(X]Y; W).
Then there exist an open neighborhood U of W in Y, a projective surjective
morphism g: Z—U from a normal complex variety Z, a projective surjective
morphism ¢: f~(U)—Z, and a g-ample line bundle A on Z such that f, ;-1 v,
=go @ and that p*A=H ;..

Proof. Let Y’ be an open subset of Y over which H —(Ky+4) is
Jf-ample and let X’ :=f"(Y’). Since H is f-nef at W, by (4.7) and (1.4),
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for any f-ample line bundle L on X’ and for any positive rational number
0<eg1, there exists an open dense subset U, of Y’ such that
(H+eL);-yy,, is f-ample. By Baire’s category theorem, N gc.cy U. is
dense. Take a general point y € N ..y U.. Then the non-vanishing
theorem [20], [22] holds on X,. Thus by the same argument as in [20],
[22], we can prove this theorem. O

The proof of the following rationality theprem and cone theorem are
similar to those in [22, Chapter 4].

Theorem 4.11 (Rationality theorem). Let f :/X — Y be a projective sur-
Jective morphism from a normal complex variety X onto a complex variety
Y, 4 a Q-divisor on X, H an f-ample line bundle on X, k a positive integer
and W a compact subset of Y. Suppose that

(1) (X, 4) is log-terminal and Ky + 4 is not f-nef at W,

) k(Ky+4) is a Cartier divisor near f~'(W).
Then r:=max{t e R|H+t(Ky+4) is f-nef at W} is a positive rational
number. If the reduced expression for rlk is ufv with coprime positive inte-
gers u and v, then v<k(d+1), where d :=max, ¢, dim f~'(y).

Theorem 4.12 (Cone theorem). Let f: X— Y be a projective surjective
morphism from a normal complex variety X onto a complex variety Y, 4 a
Q-divisor on X, and let W be a compact subset of Y. Assume that (X, 4)
is log-terminal. Then we have the following:

(1) If Ky+4 is not f~nef at W, then

ﬁ(X/ Y; W)-_—NFKXM(X/ Y; W)+ 2 R[],

where NEg,,(X]Y; W) :={I" e NE(X]Y; W) | (Ky + 4)- ') =0}, each
R.[1] is the half line through the class of an irreducible curve I, in N(X]Y;
W). Furthermore, Y, R [l,] is locally finite and for any R=R.[l,], there
exists L e A\X/Y; W) such that R={I" e NE(X]Y; W)\{0}|(L-I")=0}
and that L is f-nef at W. Such an L is called a supporting function of R
and R is called an extremal ray at W with respect to Ky, -+ 4.

(2) For an extremal ray R, there exist an open neighborhood U of w
and a proper surjective morphism ¢: (U )—->Z over U onto a normal variety
Z such that

¢(C)=poiﬁté-j) [CleR

for any irreducible curve C of f~*(U) which is mapped to a point of W. This
o is denoted by conty, and called the contraction morphism associated with R.
(3) ¢@=conty has the following properties:
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@) —(Kx+4);-1 v, is p-ample,
(b) Image (¢*: Pic(Z)—>Pic (f~'(U)))

={D e Pic(f~(U))|(D-I")=0 for all I" e R}.
(c) The following mutually dual sequences are exact.

0—>N(f7(U)/Z;8 (W) —>NA(X]Y; W)—>N(Z|U; W)—>0,
0«—N'(f(U)/Z; g (W))«—N"(X]Y; W)<—NXZ|U; W)<—o0.

Here g: Z—U is the structure morphism. In particular, p(X/Y; W)=
o(Z/U; W)+1.

Definition 4.13. Let f: X—Y be a projective surjective morphism
from a normal complex variety X onto a complex variety ¥ and let W be
a compact subset of Y. X is called Q-factorial over W if for any Weil
divisor D on f~!(U) for an open neighborhood U of W, there is a positive
integer m such that mD is a Cartier divisor on f~}(W).

Let RCNE(X/Y; W) be an extremal ray with respect to K, where X
has only terminal singularities and is Q-factorial over W. Then one of
the following three cases occurs for ¢ :=contg:

(i) dimp(X)<dimX.

(ii) ¢ is bimeromorphic and its exceptional set is a prime divisor.
In this case ¢(X) is Q-factorial over W with only terminal singularities. ¢
is then called a good contraction.

(iii) ¢ is isomorphic in codimension one. In this case ¢(X) is not
Q-Gorenstein but has only rational singularities. ¢ is then called a bad
contraction.

Now we state the minimal model conjectures for a projective mor-
phism f: X—Y with respect to a compact subset W of Y.

Flip Conjecture. Let ¢: X—Z be a projective bimeromorphic morphism
from a normal complex variety X with only canonical singularities onto a
normal variety Z such that ¢ is isomorphic in codimension one and that — K
is p-ample. Then @3, 0,(mK;) is a locally finitely generated 0 ,-algebra.

In this situation, the proper bimeromorphic map X-..—X* :=
Projan ®,,5, 0,(mK}) is called the flip associated to ¢.

Minimal model conjecture. Letf: X —Y be a projective surjective mor-
phism from a complex manifold X onto a complex variety Y and let W be a
compact subset of Y. Then after taking a finite number of good contractions
and flips associated to bad contractions, one can obtain a proper bimeromor-
phic model Z—U of f, ;-1 f~(U)—U for some open neighborhood U of W
such that Z is Q-factorial over W with only terminal singularities and that
either
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() K,;=0o0n NE(Z|U; W), or
(8) Z has an extremal ray R in NE(Z|U; W) with dim contz (Z)<
dim Z. ‘

Definition. Let f: X—Y be a projective surjective morphism from a
normal complex variety X with only canonical singularities onto a complex
variety Y. X]/Y is called a minimal model if K, is f-nef.

If the minimal model conjecture is true, then @,,., 1, 0r(MKy) is a
locally finitely generated @ ,-algebra for any complex variety Z and for any
resolution p: Y->Z of singularities of Z.

§5. Semi-ampleness Theorems

The notations and the theorems of this section are almost the same
as those in Kawamata [21, Section 4].

Definition 5.1. A reduced equi-dimensional complex space X is called
a generalized normal crossing variety if for every point P € X, the comple-
tion @y » of the local ring is isomorphic to

Cll%Xess -+ s XorJIO®izize CllXass - - -5 Xir (- + - %00)),
for some ¢ and r;, which depend on P.

A generalized normal crossing variety X is a local complete intersec-
tion, and hence has an invertible dualizing sheaf w,. Let Xj be the nor-
malization of X and let X be a simplicial complex space given by

Ad—>X, =X, X -+ X x X, (n+1)-times).

We denote the natural projection X,—X by ¢,. Note that the X,’s are
smooth. The union B, on X, of the images of lower dimensional irredu-
cible components of X,,, (n’>n) forms a divisor with only normal crossings
on X,. A Cartier divisor D on X is called permissible if the support of D
does not contain any stratum of X locally. We denote by Div,(X) the
group of permissible Cartier divisors on X. A generalized normal crossing
divisor D on X is defined to be a permissible Cartier divisor such that for
any n the union B,UD, is a reduced divisor with only normal crossings
on X,, where D, :=¢¥D. If Dis an element of Div, (X)QQ whose sup-
port is a generalized normal crossing divisor, then one can define a permis-
sible Cartier divisor ' D1 by the system of divisors 'D, 7 on X,.

Theorem 5.2 (cf. [21, Theorem (4.3)]). Let X be a compact generalized
normal crossing variety whose components are varieties in class €, let L &
Div,(X)®Q, and let D e Divy(X). Suppose that
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(1) L is semi-ample, the support of L is a generalized normal crossing
divisor,

(2) D is effective,

(3) there is an effective D’ e Divy(X) such that D+ D' e |mL| for some
positive integer m with mL e Div, (X).
Then the homomorphism

+D: H'(X, 03(Kx+TLY)—>H'(X, 0(K5+TL1+D))
is injective for every i.
Proof. By the same argument as in [21], it is enough to prove that
H(X,, O3, (~TL))—>H(D,, 0, (~TL)
are zero for all p and g, which is nothing but (3.11). O
For the same reason we can prove the following:

Theorem 5.3. In the situation of (5.2), let f: X—Z be a surjective
morphism onto a projective variety Z such that nL=f*A for an ample line
bundle A on Z and a positive integer n. Then H(Z, R1f,0x(Kx+"LM)=0
Jor all p=1 and g=0.

Theorem 5.4 (Non-vanishing theorem). Let X be a compact gener-
alized normal crossing variety whose components are varieties in class %,
f: X—Z a surjective morphism onto a projective variety Z, H e Div,(X),
A e Divy(X)®Q, and let q be a positive integer. Then there exist positive
integers p and t, such that H'(X, Oz(ptH+" A0 for all integers t =1, if
the following conditions are satisfied:

(1) finduces a surjective morphism from each irreducible component
of X, onto Z,

(2) The support of A is a generalized normal crossing divisor on X and
FA7 is effective,

(3) There is a nef Cartier divisor Hyon Z such that Ox(qH) = f*0 ,(H,),

(4) There is an ample Cartier divisor L, on Z such that 0x(q(H+A—
K )= f*0,4(L,), where gA e Div,(X).

The following theorem is also easily proved if one follows the argu-
ment of the proof of [21, Theorem 6.1] using (2.14) and (5.4).

Theorem 5.5. Let X be a compact normal complex variety in class €,
A4 a Q-divisor on X, and H a Q-Cartier divisor on X. Then H is semi-ample
under the following conditions:

(1) (X, 4) is log-terminal,
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(2) H is quasi-nef,

(3) H—(Ky+4) is quasi- nef and good,

@ tuom(@H —(Kx+4) = knom(H — (Kx + 4)) and x(X, aH — (K y + 4))
=0 for some a ¢ Q with a>>1.

Corollary 5.6. Let X be a normal compact complex variety in class
& which has only canonical singularities. If K, is quasi-nef and good, then
K is semi-ample.

Definition 5.7. A compact complex variety X in class % is said to be
a minimal model, if X has only canonical singularities and if K, is quasi-
nef. A minimal model X is said to be good, if K is semi-ample.

(5.6) is a partial answer to the following:

Conjecture G. If X is a minimal model in class €, then K, is semi-
ample.

The purpose of the rest of this section is to prove the following:

Theorem 5.8 (cf. [34]). Let n: X—D be a proper surjective morphism
Jfrom a normal complex variety X onto a unit disk D, 4 an effective Q-divisor
on X. For a Q-Cartier divisor H on X, there exist positive integers p and
m, such that O,(mpH) is f-free near X, for all m=m,, if the following con-
ditions are satisfied.

(1) (X, Q) is log-terminal.

(2) X, is a normal complex variety for t=+0.

(3) H,x, and H—(Kx+ 4),x, are semi-ample, and x(aH —(Ky+4) x,)
=x(H—(Kyx+4),x,) for t0 and for a rational number a>>1.

(4) Every component of I' of X, is compact complex variety in class €
and H,p, H—(Ky+ 4),, are quasi-nef.

Proof. Since the statement is local, we can replace S by an open
neighborhood of 0 if necessary. By the same argument as in (2.16) and
(2.17), we obtain the following diagram

X<y

[
D<E-7,
where
(I) Y and Z are complex manifolds and g is a proper bimeromorphic
morphism,
(2) g s a projective morphism and 4 is a proper fiber space.
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Moreover, there exist g-nef Q-divisors M” and H” on Z such that

3 pHH—-(Kz+DH)=hr*M", and

4 p*H=h*H".
We may assume that H” and H are Cartier divisors. Since M” is g-nef-
big, we can take an effective Q-divisor M; on Z such that M’ —§M, is
g-ample for 0<{d« 1. Since Hy, is semi-ample for a general fiber X,,
therejis a positive integer p, such that z,0,(p,;mH) is not zero for m>O0.
From p*0(H)=h*0,(H'"), we have isomorphisms

73 Ox(MH) Z 14y, Oy (mp*H) = 8,0 ,(mH"),
for all integers m.

We define A(m) to be Supp (Coker (z*r,, 0y (mH)—0(mH))) N X, for
a positive integers m such that =, @;(mH)==0. It is enough to show that
Am)=4¢ for some m. Fix a positive integer e, with A(pe)~¢. By
blowing ups, we may assume that the following conditions are satisfied.

(5) Thereis a divisor F=3 ;. F; with only simple normal crossings
on Y,

6 Ky=p*(Kz+D+2 e a.F; witha,> —1,

(T h*M,=3,.;bF, with b, >0,

®) p*(preH)=L+ > ¢, r.F;, with r,. 20,
where

mxOx(preH) =my 0, 0r(L) and  p*m*myp, Oy(L)—0y(L)

is surjective.

Note that A(p,e,)=p(U ;20 Fz)- Set ¢ :=min(a,+1—48b,)/r,. Then
¢>0. Let I,={iel|a,+1—0ob,=cr;}. If we replace Y by its blowing up,
then we choose a member M, e |g(M"' —JM,)| for a positive integer g,
where g(M"'—8M,) is a Cartier divisor on Z, so that the following con-
ditions (9) and (10) are satisfied.

) h*M,=3 ;8. F; with 5,20.

Set ¢/ : =min (@;+ 1 —0b,)/(r,+d’s,) for a sufficiently small positive §’. Let

If:={iel|a,+1—0b,=c'(r;+d's,)}
A= era; (—c(re+0"s) +a,—0b)F,,

and
B :221516 F{.

(10) h: B—h(B) induces a surjective morphism from any nonempty
intersection of F, (i € 1) onto A(B) which is irreducible.
Consider a Q-divisor
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N:=my*H+A—B—K;
=c'L+(m—(pec’+D)*H" +-(1 —c'd')h*(M" — M)

on Y. If & is sufficiently small, then N is =-p-semi-ample for m=>
c¢’pe,+1. Thus by (3.14), R'(z-p)Oy(mp*H+TAV—B) is free at 0.
Hence R'(z-p)*0y(mp*H +TAT—B)—>R'(x- 1) Op(mp*H +TA4Y) is in-
jective, because x-u(B)={0}. Therefore m,p, Or(mp*H +TA N>, 11,05
(mu*H 4T A7 5) is surjective. On the other hand, B—Ah(B), u*Hz €
Div, (B), and A, € Div, (B)QQ satisfy the hypothesis of (5.4). Thus there
is a positive integer p, such that m, p, Op(pmp*H T A% )0 for m>O0.
Since 1,7 A7=0, we obtain p(B)Z A(p,m) for m>>0. Hence A(p,e,p.e;) <
A(p,e,) for some positive integer ¢, Therefore there is a positive integer
m such that A(m)=4g. O

§ 6. The lower semi-continuity of the plurigenera

Lemma 6.1 (cf. [34, Lemma 1]). Let X be a normal complex variety
with only log-terminal singularities, X,=>", a,D, an effective Cartier divisor
on X, where D, are irreducible components of X,. Moreover, let D 1=
> vi=ny Di» and o2 X,—D the normalization of D. Then for each integer
m=1, there exists a natural injection

Yt 0305 MKy )—>Ox(mK; +mX)R0,
which is isomorphic at general points of D.

Corollary 6.2. Let X be a complex variety with X, having only canoni-
cal singularities. Then X has only log-terminal singularities and O y(mK +
mX)Q0y, =0 (mKy,) for m=1.

Proof. By a result of Kollar [24], X has only log-terminal singu-
larities. By (6.1), we have an injection

Ox (MK )—>0x(mK ¢ +mX)Q0 4,
for every m=1. Since Oy (mK,,) is reflexive, we are done. |
The following theorem is a partial answer to the Conjecture L.

Theorem 6.3. Let n: X—D be a proper surjective morphism from a
normal complex variety X with only log-terminal singularities onto a unit
disk D. Suppose that

(1) X, is a variety with only canonical singularities and K, is semi-
ample for any t=+0,
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(2) if I' is a component of X, then I" € € and Ky, is quasi-nef.
Then

(A) there exists a positive integer I such that IK, is a Cartier divisor
at X, and that 0x(IKy) is n-free near X,,

(B) for any integers v=1 and i=0, R'n,0,(vKy) is free at 0,

© > P (I')<rankn,0y(mKy), for any positive integer m=1,
where UI',=X,.

Proof. (A) follows from (5.8) and (6.2). Thus there is an open
neighborhood U of 0 such that 0,(/K) is ffree on z~'(U). Therefore (B)
follows from (3.5). Hence

ﬂ*@x(VKX)®C(O) =H O(X 0 @X(VKX)®@X0)

for any v>1, where C(0) is the residue field at 0. On the other hand by
(6.1), we have

22 Po(I) SH(X,, Ox(mK)Q0y,).
Therefore > P,(I",) <rank n,0x(mKy). O

The following statement is proved by Levine [27] when = is smooth.

Corollary 6.4. If n: X—D is a proper surjective morphism from a
complex variety X onto a unit disk D such that all the fibers of © are good
minimal models in class €, then P,(X,) is independent of t € D for every
m=1.

Proof. By aresult of Kollar [24], X has only log-terminal singularities.
Therefore the assertion follows from (6.3). |

§7. Open problems

In Section 2, we introduced the Kéhler cone KC(Y) of a compact
Kaihler manifold Y. If #%°(Y)=0, then KC(Y) is nothing but the ample
cone of Y.

Problem 7.1. How can one construct a minimal model theory of
compact Kéhler manifolds?

For projective varieties, Kleiman’s criterion [23] and Kawamata-
Viehweg’s vanishing theorem [19], [50] are essential and enough to prove
the cone theorem [20]. But for compact Kahler manifolds, one does not
have any results corresponding to the above two theorems.

For Problem 2.5 we need to represent the dual cone of KC(Y)
geometrically. The fact that the effective 1-cycles are contained in it is
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not enough, because there is a compact Kéhler manifold with no curves.
Recently (Nov. 1985), K. Sugiyama proved Conjecture 2.13 using
results of Demailly [2] and Yau [52].
Conjecture 2.12 is a problem in algebraic geometry. In fact, it is an
easy exercise to show that the Hodge Conjecture implies Conjecture 2.12.
In Section 3, we obtained a generalization (3.7) of Kawamata-
Viehweg’s vanishing theorem. But we do not yet have the generalization
of Kollar’s theorem in the following formulation.

Conjecture 7.2. Let n: X—S be a proper surjective morphism from a
Kéihler manifold X onto a complex variety S. Assume that S is a weakly
1-complete variety with a positive line bundle A. Then

(1) Rir.wy is torsion free for i =0,

(2) H*(S,, Rir,wz@4)=0 for p>0 and i =0.

When i >dim X —dim S, (1) was proved by Takegoshi [46]. If z is a pro-
jective morphism, then (1) is proved by Moriwaki [30] and also by Mori-
hiko Saito, independently.

By the same arguments as in [26], [35], one can derive (7.3) from (7.2).

Conjecture 7.3. Let n: XS be a proper surjective morphism from a
Kéhler manifold X onto a complex manifold S. Assume that there is an open
subset S° of S such that

(1) S\ S"is a divisor with only normal crossings, and

(2) =z is smooth over S°.

Then Rimywy;s=Fe(*#%LY) for all i=0, where d=dim X —dim S and
“HL is the upper canonical extension (see [26] or [30]) of the variation of
Hodge structures R**'n Cy, s

In [30], (7.3) is proved in the projective case. But as in the arguments of
M. Saito, these conjectures may follow from results in the theory of
Hodge modules.

In Section 4, we formulated and proved the cone theorem (Theorem
4.12) for any projective morphism with respect to a compact subset of the
base space.

Proposition 7.4. Let n: X—D be a projective fiber space from a 3-
dimensional manifold X onto a disk D such that = is smooth over D* and
that £(X,)=0 for all t € D*, Then replacing D by a small disk, we obtain
a projective fiber space f: Y—D from a 3-dimensional manifold Y such that
[is proper bimeromorphically equivalent to = and that the general fibers of
f are minimal models.
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Proof. Let W be a closed disk in D. Apply Theorem 4.12 to
NE(X/D; W).

If K is not #-nef near X, then we have an extremal ray R and the
contraction morphism ¢ :=cont;: X —X, over some neighborhood of W.
Then X,— D is smooth over D* by [34].

If ¢ is a good contraction, then o(X,)>p(X,,) for any t € D*. In
this case, we replace X, by its resolution X' .

If ¢ is a bad contraction, then X and X, are isomorphic over D*. If
all the exceptional rays in NE(X/D; W) induce bad contractions, then
consider the homomorphism

A: NE(X/D; W)——>NE(X|D; W),

where W, is a connected compact subset of W which does not contain 0.
If Kx=0 on NE(X/D; W), then there is nothing to prove. Otherwise,
there exists an element 4 e P(X/D; W) such that K,4+A4=0 on
NE(X/D; W) and that K,+A4 ¢ P(X/D; W,). Then (Kyx+A),x, is nef and
not ample for any ¢ e W\ {0}. Indeed if (K;+ A4),x, is not nef, then take
a connected compact subset W, of W\ {0} which contains W, U{t}. Note
that 1<r :=min {s € R|Ky+54=0 on NE(X/D; W,)}. Hence K,+rA
defines a contraction morphism g: X'=="(U’)—>Z’ such that p*L=
Ky +rA for a Q-divisor L on Z’, where U’ is an open neighborhood of W,.
Since g is not isomorphic in codimension one, there exists a y-exceptional
divisor E on X’. But g is isomorphic near W,. Thus z(E) reduces to a
point P e U’. But since dim Z%=2, we see that E is a fiber, a contradic-
tion. Therefore (Ky-A4),x, is nef for all £ € W\ {0}, and (K +4),y, is not
ample for the same reason. Therefore the (K- A4)-canonical fibration
¢: X .- -—Z over some open neighborhood U of W is a morphism over
UN\J{0}, Z, is also smooth, and p(X,)>p(Z,) for all t e U\ {0}. Let X®
be a resolution of singularities of Z.

Combining the above, we have a sequence of proper bimeromorphic
maps

D QRS ‘¢ O O WA — ) @ ¢}
over some neighborhood of W such that o(X{?)>p(X{*?) for all te W
and for all . Therefore this sequence terminates. O

Theorem 7.5. If n: X—D is a projective surjective morphism from a
3-dimensional complex manifold X onto a disk D, then Conjecture L is true.

Proof. When g(X,)= — oo, this was already proved by Ueno [49].
Otherwise, using a result of Tsunoda [48] and (7.4), we are reduced to the
situation in (6.3). O
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Finally, we pose the following two problems which are related to
Theorem 6.3.

Problem 7.6. Is any small deformation of canonical singularities also
canonical?

Problem 7.7. Is any small deformation of a minimal model in class €
also a minimal model in class €7
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