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Note on Stable Homotopy Types of Stunted Quaternionic
Spherical Space Forms

Teiichi Kobayashi

§1. Introduction

Let H,={x,y|x" '=)% xyx=y} be the generalized quaternion
group of order 2™*! (m>=2). An element of H,, is uniquely expressed as
x%y® for 0u<2™ v=0,1. Let d;: H,—S*=Sp(1)=SU(2) be the
natural inclusion map defined by d,(x)=exp (27i/2™), d(y)=j. Then H,,
acts freely on the unit sphere S***® in the quaternion (n+1)-space H"**
by the diagonal action (n-+1)d,: H,—Sp(n+1). The quotient manifold
S*+%/H,. is called the quaternionic spherical space form and is denoted by
N™(m). If n=0, we have the natural inclusion map N*~'(m)C N"**(m),
and denote by N7+*(m) the quotient space N***(m)/N*~*(m).

The purpose of this note is to study the stable homotopy types of the
stunted quaternionic spherical space forms N7**(m). We have

Theorem 1.1. If N%*/(m) and N3+¥(m) are of the same stable homo-
topy type, then j =k mod 2**-2,

This is proved in the way of H. Oshima [10, Theorem 8.4] (cf. [8,
Theorem 1.1]), and is a generalization of the Oshima’s result. As for the
converse, we obtain

Theorem 1.2. If j=k mod 2***™~**¢, then N7*4(m) and N%**(m) are
of the same stable homotopy type, where e=1 if n is odd, and ¢=0 if n is
even >0,

This is a consequence of the results of M. F. Atiyah [2, Proposition
2.6], H. Oshima [10, Theorem 2.1 and Proposition 8.2] and [7, Corollary
1.7], and is also a generalization of Theorem 8.3 (iii) in [10].

We recall in Section 2 the representation rings Rp(H,,) of H,, where
F denotes the field R of the real numbers or the field C of the complex
numbers, according to [4], [5], [6] and [11]. In Section 3 we study Adams
operations [1] in K(N"(m)). The proofs of Theorems 1.1 and 1.2 depend
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on the orders of the canonical elements of K,(N"(m)) (cf. [7], [9] and [10]),
and are given in Section 4 and Section 5.

§ 2. The representation rings R.(H,,)

We first recall the complex representation ring Ry(H,,) of H,, (cf. t4,
§47], [11, § 1] and [5, § 3]).

Proposition 2.1. R (H,,) is generated as a free abelian group by 1, a,
b,candd, (r=1,2, --., 2™ '—1) defined below

{l(x) =1 {a(x) =1 {b(x) =1 {c(x) =—1

I(y)=1> a(y)=_13 b(y):l, C(y)=—'1,
o 0 0 (—1y
dr(x)z [0 w_r]n dr(y)= [1 0 ]9

where w is a primitive 2™-th root exp (2zi/2™) of unity. The characters of
these representations are

() xy)=1,  WUxy)=(=1D",  wEY)I=(=1"
ANxy)=(=D***, W) x*y)=(0""+o *)(1-v),
where u=0,1, ..., 2™"—1, v=0, 1.
Evaluating the characters, one has the following relations.

Proposition 2.2. &#=b=c*=1, ab=c, dd,=d,.,+d,_,, bd.=
dyn—s_,, Where dy=14+a, dyn.=b-+c,d_,=d,, dpn—v,, =dym__,.

Define the elements «, §, 7 and d, of the reduced representation ring

a=a—1, f=b—1, T=a+b+c—3, §=d—2 (1<r<2m.

Proposition 2.3. R (H,) is generated as a free abelian group by a, B,
T and 6, (r=1, 2, -- -, 2™'—1) with relations:

af=—20, [=-28, T=af+2a+28, ad=—2a,
1851=_2‘8+52m—1—1—51’ 57+1+5r—1=515r+257+2519

where Oym—=T7—a, 6y=a, 6_,=0,, Opm-14r=0m-1r_,. Thus R(H,) is gen-
erated by w, B and 8, as a ring.



Stable Homotopy Types 313

Let R,(H,) be the real representation ring of H,, (cf. [11, Proposition
1.5]). Since the complexification c¢: R (H,)—R(H,) is monomorphic,
in what follows we identify R.(H,,) with the image in R (H,,) under c.

Proposition 2.4. R,(H,), considered as the subring c(Rz(H,)) of
R,(H),), is generated by 1, a, b, ¢, d,, (r=1,2, ..., 2™ *_1), 2d,,., (r=0,
1, ..., 2™ 2 1),

§3. Adams operations in R;(H,,) and K (N"(m))

Let ¥%: Ry(H,)—Rz(H,) be the Adams operation, where F=C or
R.

Lemma 3.1. Let i be odd. Then U R‘C(Hm)-—>Rc(Hm) is given as
follows. For 8=1, a, b, ¢ & Ry(N,,),

§(0)=0.
Ford, e R,(H,) (r=1,2, .-.,2™'-1),
E‘(dr):dzr

Proof. First, we prove a relation in H,,:
3.1.1) (x*y I o)

where k is any non-negative integer. This is clear for k=0. Suppose
that this is true for k. Then

(xuy 2(e+1)+1 (xuy)2k+ l(xuy)(xuy) =x2m“1k + uy(xuyxu)y

om—1

- - -1
=x2’" 1k+uy2y=x2m 1k+ux y=x2” (k+l)+uy’

since x*pyx* = x""xyx)x* '=x*"px*t=.. =y
Second, we recall a formula due to J. F. Adams [1, Theorem 4.1 (vi)]:

(3.1.2) XTLO)(g)=x6)(g"), for #e R, (H,)and ge H,.

For the proof of the lemma it suffices to check that in each equation,
the characters of the two sides agree. Obvious calculations, based on
(3.1.2), (3.1.1) and Proposition 2.1, show that

YT O y)=1(O)x*y?),  forf=1,a,b,c,
XN y?) =2(d, ) x"y"),

where x*y° ¢ H,. q.e.d.
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Lemma 3.2. ¥2'+! is the identity on Ry(H,,).

Proof. We first consider the case F=C. By Lemma 3.1, it remains
only to prove that d,,=d, for i=2™+1. We may assume r >0. Then,
by Proposition 2.2,

dz’"n-r: 2"“1+2""‘1(2r—1)+r=d2m‘1—2"“1(2r—-1)—r
=lom@y_ry—r =Ugm(r 1) 47—
The fact that ¥%+'=1 follows from the following commutative

diagram [1, Theorem 4.1 (iv)]:

U
Rx(H,)—>Rx(H,)
c c

75
RC(Hm)——)RC(Hm s
since the complexification ¢ is monomorphic. q.e.d.

Let ¥'t: Kp(N™(m))—Kz(N"(m)) be the Adams operation, where F=
Cor R

Lemma 3.3. ¥%'*! is the identity on Kz(N"(m)).
Proof. The result follows from the following commutative diagram:
3
Rp(H,)—">Ke(N"(m))

&
Ry (H,) 55K (N"(m)),

where & F is the natural projection (cf. [5, § 4], [6, § 3], [11, Theorem 2.5]).
q.e.d.
§4. Proof of Theorem 1.1
Let i: N¥~'(m)—N"**(m) be the inclusion and p: N***(m)—N7**(m)
= N"*¥(m)/N*~"(m) be the projection. Consider the Puppe exact sequence:

R N )~ R 5 (N*m))—> R (N3 H(m))L> R (N ().

Using Atiyah-Hirzebruch spectral sequences, we see that K5 (N'(m))=Z
and that i* is trivial. Hence p* is monomorphic on Tor (K (N7**(m))).
We prove
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Lemma 4.1.  ¥%+'=(2"41) on Tor (R (SN2 (m))).

Proof. Consider the following diagram:

. o Ir .
RN ) L—Ro(N 1+ *(m)—> R o( S* Ny *(m)
v v 14

~ *® A~ t ~

RoN 5L RN ) > Ro (SN +(en),
where I is the Bott isomorphism. Then, by [1, Corollary 5.3], we have
Uil =it 'Y, If i=2"4+1, ¥+ is the identity on Tor (K (N7 (m)))
by Lemma 3.3, since p* is monomorphic on Tor (K (N7**(m))). Hence
we have the desired result. q.e.d.

Next, we recall the order of the canonical element of K (N"(m)).

Let 1 be the canonical complex plane bundle over the quaternion
projective space HP™=S***%/S* and let n: N*(m)=S*"**/H,—HP™ be
the natural projection. Let &,: Ry(H,)— K (N"(m)) be the natural pro-
jection defined in [5, § 4] and put §=&4(5,). Then we have

d=n*1—2

(cf. [5, Lemma 4.4]). The order #5° of §° e K,(N"(m)) is determined by
H. Oshima in [10, Proposition 5.2] and by T. Mormann in [9, Chapter 2,
Theorem 4.52] as follows.

Proposition 4.2.  #§'=2%"*+"+1"% (] <i<n).

Proof of Theorem 1.1. If N7*J(m) is stably homotopy equivalent to
N=Z*¥(m), we may assume that there exists a homotopy equivalence

gt SN I(m)—> SH+4 - N+ ¥(m)
for some integer 1 0. Consider the following commutative diagram:
Ro(57+4-2N g4 m))-E05 R (SN i)
L2 7
Ro(%+ 4~y 2 )55 RSN ),
where i =2™41. Then, by Lemma 4.1,
@r41)2-Hg*=2m+1)g*  on Tor (K(S* Ny (m)),

and so, for any torsion element a e K (S*N7*i(m)), (2™ 41)i+4 %y =
(2"4+1)a. Now we have
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R (S*N%+i(m)) =K (N7+(m))  (by Bott isomorphism)
=K, ((N*(m))’™=%)  (by Oshima [10, Theorem 2.1])
=K (N"(m)) (by Thom isomorphism [3, Theorem 7.2]),

where X ¢ denotes the Thom complex of a vector bundle ¢ over X. Hence,
by Proposition 4.2, there is an element of order 22**™~*in K (S*N7*/(m)).
Therefore

(2™ 1)P+2=% — (2™ +41)*=0 mod 2*"*™~,

that is, 2»+1)¥-%*.—~1=0 mod 2***™-*, Set 2j—2k=u-2°, where u is
odd. Then, according to [8, Lemma 3.1], 2™+ 1)**—1=u-2"*™ mod
2e+m+l Thus v+mz=2n4+m—1, and so v=2n—1. Hence we have
j—k=0mod 2**-2, g.e.d.

§ 5. Proof of Theorem 1.2

Let r: Ky (X)—K(X) and ¢: Kx(X)—Ky(X) be the real restriction
and the complexification, respectively. Let &5: R(H,)—KA(N"(m)) be
the natural projection defined in [6, (3.9)] (or in [11, Theorem 2.5]). Then,
for the elements v and z of R (H,,) defined by ¢~ (26)=v and ¢ (6} =z
(cf. §2), we have

Epu=r(z*1—2) and &zz=c Y ((z*21—2)%)

(cf. [6, Lemma 3.10]), since §, is self-conjugate and cr=1+-conjugation.
For simplicity we write v and z instead of §v and &zz. Then, for the
complexification ¢: K (N"(m))—K,(N"(m)), we have

c(v)=25 and c(z)=4%

The orders of the canonical elements z* and vz' of K (N"(m)) are
determined in [7, Theorems 1.5 and 1.6]. As a corollary, the order of v is
determined in {7, Corollary 1.7].

Proposition 5.1.  For v e K (N"(m)),
fo=2+m-2re where e=1 if n is odd, ¢=0 if n is even>0.

Proof of Theorem 1.2. Let v=~E v=r(z*1—2) ¢ Kx(N*(m)). If
Jj—k=0 mod 2***™-2+¢_then, by Proposition 5.1, J((j—k)v)=0, where
J: R(N"(m))—J(N"(m)) is the J-homomorphism. Thus J(jr(z*21—2))=
J(kr(z*1—2)). According to [2, Proposition 2.6], this implies that the
Thom complexes (N"(m))’"™* and (N™(m))*"** are of the same stable
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homotopy type. On the other hand, by [10, Theorem 2.1], there are
natural homeomorphisms:

Ny )= (N ()™, NE )= (N ()=,

and hence N7*9(m) and N3+*(m) are of the same stable homotopy type.
q.e.d.
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