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Introduction 

The Orbital Decomposition of Some 
Prehomogeneous Vector Spaces 

Tatsuo Kimura and Shin-ichi Kasai 

Let G' be a semi-simple algebraic group, p': G' -+GL(V) its finite
dimensional rational representation, all defined over C. Then, we have 
p' = p/(i) . .. EBpk' V = V1EB· .. EB V" where Pi: G' -+GL(V;) is an irreducible 
representation for i=l, ···,k. Put G=GL(1)"XG' and let p be the 
composition of p' and the scalar multiplications GL(I)" on each irreducible 
components. In [7], the classification of such triplets (G, p, V) which 
admit only a finite number of orbits has been discussed. To complete this 
classification, one must give the orbital decomposition of some spaces, 
which will be done in this paper. We give the orbital decomposition of 
the following spaces. We use the same notations as in [7] (See Definition 
1.10 in [7]). 

(1.1) ~2~~, (1.2) ~ A SpiJ1(7) A'~, (1.3) ~pin(7) A 2 
0' 

(1.4) ~pin(7) A ~, (1.5) ~ A SpiJ1(8) A' ~, 

(1.6) ~ A Sp~n(8) A'~, (1.7) ~ A Spi~(lO)~~~ 

(1.8) ~p(n) SO~), (1.9) 0 Al SPS2) Az ~, 

(2.1) ~ A2~, (2.2) ~ Az~, (2.3) 7 Az ~, 

(2.4) ~~_?~~, (2.5) ~~_~~~, (2.6) ~~~~_~, 
(2.7) !~~ (n=3, 4), (2.8) ~_~~~ (n=3, 4), 

(2.9) ~~?_~, 

(3.1) ~~_~~~, (3.2) ~~_~~~, (3.3) ~~_? ~~, 
(3.4) ~ Sp~3) Ag~, (3.5) ~ A SpiI~(lO) A' L 
(3.6) 1 A Spin(12) A' 1 

o 0 0' 

where A (resp. A') denotes the (half-)spin (resp. vector) repre3eatation of 
Spin (n), 
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One can check that 4 A2 3 1 and 1 4 A2 4 2 have also only a 
0-0--0-0 0-0--0-0 

finite number of orbits by calculation using (2.8) (See [3]). Thus, we have 
complete the classification of such spaces. Now let G be any reductive 
algebraic group and p: G---7GL(V) its finite-dimensional rational represen
tation all defined over C. If V decomposes into a finite union of G-orbits, 
then the restriction of p to the semi-simple part [G, G] of G should appear 
in our classification. In this sense, modulo scalar multiplications, we have 
decided the representation of reductive algebraic groups with finitely many 
orbits. Since it is too long, we give the proof only to some of the cases. 

§ 1. 

First we consider the triplet «G2) X GL(2), A20AI , V(7)0 V(2». The 
Lie algebra ((12) of (G2) is given by (1.8), p. 20 in [8], i.e., 

L-~- 2tz 2'~1 r Al2 ,,,] y~[~ ~al 
-c 

l< X z , x= A21 A2 A23 , 0 

y _txJ ~31 A32 A3 -b a 

Z~[1 
f -'] ° d , 

-d 0 

ty=(a, b, c), tz=(d, e,f), AI +A2+A3=O, which gives A2• The representa-
tion space is identified with V = V(7)E8 V(7). 

Proposition 1.1. The triplet «(G2) X GL(2), A20AI , V(7)0 V(2» has 
the following eight orbits. 

Representative Points Co dimension 

( 1 ) (e2, e5) 0 
(2) (e2, ea+e6) 1 
( 3 ) (e2, ea) 3 
(4) (el , e5) 3 
( 5 ) (e2, e6) 5 
(6) (el> 0) 6 
(7) (e2, 0) 7 
( 8 ) (0,0) 14 

Proof Let x = (x, y) be a representative of one of the orbits of V = 
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V(7)EB V(7). The triplet (GL(I) X (G2), A2, V(7» has three orbits repre
sented by el , e2, ° (See [1]). Therefore we may assume that x=O, e2, el • 

For example, the action of (a(A» means the action of exp AA in (G2) where 
A is an element of (g2) such that all its components are zero except for a 
and a= 1. If x=O, then we have also y=e" e2, 0, i.e., (6), (7), (8). Let 
Y= t(y" Y2' .. " Y7)' 

The case for x=e2. Assume that y,::f::O. Then by the action of e, f, 
a, A12, AIS and GL(2), we have y=e2, i.e., (1). AssUlfie that Ys=O. We may 
assume that Y2=0 by the action of GL(2). If Ys::f::Oi or h=l=O, then we may 
assume that Ya = 1, Y4 = ° by the action of A23, AS2 and GL(2). By the action 
of e and a, we have YI =Y7=0. If Y6=0, then we !have (3), and if Y6::f::0, 
then we have Ye = 1 by the action of A2 and GL (2), and hence we have (2). 
If YS=Y4=0, then we may assume that Y7=0 by t~e action of Ag3, AS2' If 
YI =0, then we have (5), and if YI ::f::0, then we have )'6=0 by the action of e, 
and hence y=e" i.e., (eg, e,). By the action of e, b ~nd GL(2), (e2, e,) -(3). 

The case for x=e,. We may assume that .v, =0 by the action of 
GL(2). Assume that one of Yg, Ys and Y4 is not zerQ. Then we may assume 
that Y2::f::0 by the action of A'2 and A,s. By the action of Ag" As, and A2, we 
have Ya=Y4=0 and Y2=1. If Ys::f::O, then we have .Ye=Y7=0 and Ys= 1 by 
the action of A'2' AIs, A2 and GL(2), and hence we have y=e2+e5, i.e., 
(e" e2+eS)' By the action of a(I), GL(2), d( -(l/f» and GL(2), we have 
(e" e2 + es) ~ (1). If Ys = 0, then we may assume ~hat Y7 = ° by the action 
of A2S' A32. If Y6=0, then we have (e" eg), and lf Ye::f::O, then we have 
Ye=1 by the action of As and GL(2), and hence we have (e" e2+ee)' By 
the action of A2 and GL(2), e(1), be-(1/2», A32( -12), A23(1/2) and GL(2), 
we have (2)~ (e" eg+ee)' Assume that Y2=YS=Y'=0. We may assume 
that one of Yi (i=5, 6, 7) is not zero. Also we mllY assume that Y5::f::0 by 
the action of A2, and A3,. Then we have Ye=Y7=0; Ys= 1 by the action of 
AIg, AI3 and Ag, and hence we have y=es, i.e., (4). Q.E.D. 

[
-2 0 0 1 

Remark. Put K= _O ___ O_~. Theni for Xe M(7, 2)= V(7) 

o 13 0 . 
EB V(7), rank t XKX is invariant. Since its value of (3) (resp. (4» is 0 
(resp. 1), (3) and (4) are different from each other (See [4]). 

Next we consider the triplet (GL (I)g X Spin (7) X SL (2), spin rep. ®I 
+vector rep. ®A" V(8) + V(7)®V(2». The representation space is iden
tified with V= V(8)EBM(7, 2) where V(8) is spanned by 1, eiei1'::;;'i<j'::;;'4), 
e,e2eSe4 (See p. 110-112 in [8]). The action p=p,01+P2®A, is given by 
p(g)x=(ap,(gl)X, {3P2(g,) ytg2) for g = (a, {3, g" gg) e GL (1)2 X Spin (7) X 
SL (2), x=(X, Y) e V= V(8)EBM(7, 2) where PI (resp. pg) denotes the spin 
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(resp. vector) representation of Spin (7) on V(8) (resp. V(7)) (See (5.31), 
p. 115 in [8]). 

Proposition 1.2. The triplet (GL(1)2X Spin (7) X SL(2), spin rep. @1 
+ vector rep. @AI, V(8) + V(7)@V(2)) has thefollowing thirty orbits. 

Representative Points Codimension 

( 1 ) (1 +ele2eae4, (e2, e5)) 0 
(2) (1 +ele2eae4, (e2, ea+e6)) 1 
(3) (1 +ele2eae4, (e2, ea)) 3 
(4) (1 +ele2eae4, (el, e5)) 3 
(5) (1 +ele2eae4, (e2, e6)) 5 
(6) (1+ele2eae4, (el> 0)) 6 
(7) (1 +ele2eae4, (e2, 0)) 7 
(8) (1 + e1e2eae4, (0, 0)) 14 
(9) (1, (e2+e5, ea+es)) 

(10) (1, (e2+e5, ea)) 2 
(11) (1, (e2, el+e5)) 3 
(12) (1, (e2+e5, el)) 3 
(13) (1, (e2, eg)) 4 
(14) (1, (e2, e5)) 4 
(15) (1, (e2, el)) 4 
(16) (1, (e2+e5, e6)) 5 
(17) (1, (e2, e6)) 6 
(18) (1, (el> e5)) 7 
(19) (1, (e2+e5, 0)) 7 
(20) (1, (e2,0)) 8 
(21) (1, (e5, e6)) 9 
(22) (1, (el> 0)) 10 
(23) (1, (e5, 0)) 11 
(24) (1, (0, 0)) 15 
(25) (0, (e2, e5)) 8 
(26) (0, (el> eJ) 9 
(27) (0, (e2, ea)) 11 
(28) (0, (el, 0)) 14 
(29) (0, (e2, 0)) 15 
(30) (0, (0, 0)) 22 

Proof The triplet (GL(1) X Spin (7), spin rep., V(8)) has three orbits 
represented by 1 +ele2Qae4' 1, 0 (See [2]). The case for (1 + ele2ege4, Y). The 
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isotropy subalgebra at 1 +e1e2eSe4 is (g2). Hence we obtain (1) -(8) from 
Proposition 1.1. The case for (1, Y). The isotropy sub algebra at 1 is 

. (1234567) gIven as follows by transform 45671 23 . 

In this case, Y = (Y1), Y1 = t(XOXSX7Xl), Y2= t(X2 Xs X4). Then SL (3) X 
Y2 Yo Ys Y7Yl Y2 Ys Y4 

GL(2) acts on Y2 by Al0AI> and hence Y2-Ell +E22, E11> o. Assume that 
Y2= Ell +E22. Then we may assume that XI=X7=YI=Y7=0. By the action 

of C12' we may assume that Yi = (XoYo) is a symmetric matrix, and hence 
XsYs 

GL(2) acts on Yi by 2AI. Hence we have Yi -Ell +E22, E11> 0, i.e., (9), 
(10), (13). Assume that Y2 =Ell. Then by the action of C12' C13 and C14' 
Xl = Xs = x7 = o. If Y5 =/= 0, then Ys = Y7 = 0 and Xo = 0, and hence we have (11), 
(14). Ifyo=O andYI=/=O, then, by the action of 2C24 and 2cS4' YS=Y7=0, 
and hence we have (12), (15). If Yo=YI =0, then GL(2) acts on Y=(Ys, Y7) 
by AI> and hence y-(l, 0) or (0,0). Hence we have (16), (17) and (19), 
(20). Assume that Y2=0. Then we have (18), (21), (22), (23), (24). 
Finally the case for (0, Y). Then we have (25),.., (30), because the triplet 
(SO(7) X GL(2), A10AI' V(7)0 V(2)) has six orbits (See [9]). Q.E.D. 

Remark. There is a possibility that (11) and (12) belong to the same 
orbits. 

Next we consider the triplet (Spin (7) X GL(2), spin rep. 0AI' V(8)0 
V(2)). The representation space V(8)0 V(2) is identified with V = V(8)EB 
V(8) where V(8) is spanned by 1, e,ej (1 <i<j5:.4), e1e2eSe4 (See p. 110-112 
in [8]). The action p=P10AI is given by p(g)X=(Pl(gl)X, Pl(gl)y)tg2 for 
g=(gl, g2) e Spin (7) X GL(2), x=(X, Y) e V= V(8)EBV(8) where PI denotes 
the spin representation of Spin (7) on V(8). If A e ex, for any index i 
satisfying 15:.i<3, we put S,(A)=A-I+(A-A-1)ed:. Then S,(A) is an 
element of Spin (7). For any two distinct indices i, j satisfying 15:.i, j5:.7, 
i,j:f=4, i=/=j+4,j=/=i+4, we put SdA) = 1 + Ae,ej =exp (Ae,e j) where e/(,= 
Ik-4 for 5<k<7. For any index i satisfying 1 < i5:. 7, i=/=4, we put SH(A) 
= 1 + Ae,(e4+ es), S,lA) = 1 +A(e4+eB)e, where ek=lk-4 for 5<k<7. Then 
S,j (i=/=j+4,j:f=i+4) is an element of Spin (7) satisfying S,iA)Sj,(A) = 1 
(See [8]). The triplet (GL(I) X Spin(7), spin rep., V(8)) has three orbits 
represented by 1 +e1e2eSe4, 1, 0 (See [2]). 
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Proposition 1.3. The triplet (Spin (7) X GL (2), spin rep. ®Ah V(8) 
® V(2» has the following seven orbits. 

Representative Points Codimension 

(1) (1, e1e2e3e4) ° (2) (1, e1eZ + e3e4) 1 

(3) (1, e1e2) 3 

(4) (1, e1e4) 5 

(5) (1 + e1e2e3e4, 0) 7 

(6) (1,0) 8 

(7) (0,0) 16 

Proof Let x=(x, y):be a representative of one of the orbits of V = 
V(8)E8 V(8). Then we may assume that x=O, 1, or 1 +eleZe3e4. If x=o, 
then we have also Y= 1 +eleZe3e4, 1,0, and by the action of GL(2), we have 
(5), (6), (7). The case for X= 1. We may put Y= Yo' 1 + L::I;;;i<j;;;3yijeiej 
+(L::~=IYiei+Y4ele2eS)e4=F0. We may assume thatYo=Y13=Y23=Y2=0 by 
the action of GL(2), S36' S25 and so on. If Y4=FO, then by the action of 
S47' GL(2), S67, S56 and GL(2), we have (1). Assume that Y4=0. If Ys=O 
and YI2=F0, then by the action of S46 and GL(2), we have (3). If YS=YI2 
=0, then we have (4). If Y3=F0, then we may assume that Yl =0, Ys= 1 by 
the action of SI7 and GL(2). If YI2=F0, then by the action of SI(A) and Alz 
with A2Yl2 = 1, we have (2). If YI2 = 0, then we have (4) by the action of 
SI7(1) and S35( -1). Finally the case for X= 1 +ele2e3e4. We may assume 
that Y13=Y23=Y2=YO=0 as above, i.e., Y=YI2eleZ+(y1el +Y3e3+ Y4ele2e3)e4. 
Assume that Ys=FO. Then we may assume that YI =0 by the action of S17' 
By the action of S4lA), SI2(A) with A= -(Y4/2Y3) and GL(2), we may also 
assume that Y4=0, and by the action of GL(2), we may assume that Y= 
YIZele2+ e3e4· By the action of SIlly;), S4l';.fu) and GL(2), y=eSe4+ 
2';Y12ele2e3e4' If YI2=F0, then by the action of S56(1/2';Y;-;), S4sCl/2';.fu) 
and GL(2), we have (1). If YI2=0, i.e., y=eae4, then by the action of 
S47(1), SI2(1), S47(1), S43(1), GL(2) and so on, we have (2). Assume that 
Y3=0. If Y4=F0, then by the action of S47(A), SI2(A) with AY4= YIZ and S6lp), 
S41(P) with PY4=YI and GL(2), we have (1). If Y4=0 and XIZ=FO, then by 
the action of S46(yt/Y12)' S13( -(yt/Y12» and GL(2), we have y=ele2. By the 
action of S56(-I), SlzC-I), GL(2) and so on, we have (2). If Y4=Y12=0, 
then by S35(1/YI), S17( - YI), we have y=e3e4, i.e., (2). Q.E.D. 

Next we consider the triplet (Spin (7) X GL (3), spin rep. ®Ah V(8)® 
V(3». The representation space V(8)® V(3) is identified with V = V(8)E8 
V(8)E8V(8) where V(8) is spanned by 1, eiej (1 <i<j<4), el e2eSe4. 
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Proposition 1.4. The triplet (Spin (7) X GL (3), spin rep. ®AI' V(8)@ 
V(3») has the following fourteen orbits. 

Representative Points Co dimension 

(1) (1, e1eZe3ej, e1e2+e3ej) ° (2) (1, e1eZe3ej, e1e2+e1ej) 1 

( 3 ) (1, e1eZ' e3ej) 3 

(4) (1, e1e2, e1e3+e2ej) 3 

( 5) (1, e1ej, e1eZ+e3ej) 5 

(6) (1, e1e2, e1e3) 6 

(7) (1, e1eZeSej, 0) 6 

(8) (1, e1eZ' e1ej) 7 
(9 ) (1, e1eZ+ eSej, 0) 7 

(10) (1, e1eZ' 0) 9 

(11) (1, e1ej, 0) 11 

(12) (1 + e1eZeSe., 0, 0) 14 

(13) (1,0,0) 15 

(14) (0,0,0) 24 

Proof Let x = (x, y, z) be a representative of one of the orbits of 
V=V(8)E8V(8)E8V(8). Then we may assume that (x,y)=[I] (0,0), [2] 
(1,0) [3] (1 +e1eZeSej, 0), [4] (1, elej), [5] (1, e1eZ)' [6] (1, e1e2+eSej), [7} 
(1, e1eZeSej). In the first three cases, repeating the same argument, we 
obtain (7), (9), (10), (11), (12), (13), (14). First we consider the case [4]. 
By the action of GL(3), we mayputz=L:I"'i<j"'SZijeieJ+(L:~=Zziei+ 
ZjeleZeS)ej=t'=O. The case for Z2S=Zj=0. Assume that Z12=t'=0 and zs=t'=O. By 
the action of SS6(-(ZIS/ZIZ))' we may assume that z=zIZele2+z2e2ej+z~eSej' 
If z~=t'=O, then by SZ7' S2 and GL(3), we have e1e2+eSej, i.e., (5). If z;=O, 
then by Sj5( -(Z2/Z12» and GL(3), we have e1e2, i.e., (8). Assume that 
Z12=t'=0 and zs=O. By Sj5( -(Z2/Z12) and SS6( -(ZIS/ZI2)' we may assume 
that z=zIZeleZ+z~eSe4' If z~=t'=O, then we have (5). If z;=O, then we have 
(8). Assume that Z12=0 and Zs=FO. By SZ7( -(Z2/ZS»' we may assume that 
z=z~2ele2+z13eleS+zSeSej' If z~z=t'=O, then by SS6' S2 and GL(3), we have 
(5). If Z~2=0 and ZIS=t'=O, then by Sj5' S27 and SS6' we have (8). If z~z= 
ZIS = 0, then we have eSej. By the action of Sj5(1), SS6(1), S2i ~ 1) and S41 
(1), (8)~(I+elej, e1ej eSej) and hence (1, e1ej , esej)~(8). Assume that Zl2 
=zs=O. If ZIS=t'=O and Z2=F0, then we have (5) by Szll/zI3)' Sj5( -zz), 
SS6( -ZJ3), S2 and GL(3). If Z13=t'=0 and Z2=0, we have (8) by SZ7(1/Z13) and 
S35' If Z13 = ° and Z2 *- 0, then we have eSej ~ (8), by SS6 and SZ7' The case 
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for Z2S=0 and Z,=FO. By the action of S5i -(Z2/Z,)), S56(ZS/Z4), S,,(ZI2/Z,), 
S46( -(ZIS/Z,)) and GL(3), we have e1e2eSe4. The case for Z2S=F0 and z,=O. 
By S17(ZIz!Z2S), S16( - (ZIS/ZZS))' S'7(Zz!Z2S)' S'6( - (ZS/Z2S)) and GL(3), we have e2eS' 
The case for Z2S=F0 and Z4=F0. By S17(ZI2/Z2S)' S16( -(ZIS/Z2S))' S57( -(Z2/Z4))' 
S5aCZS/Z4)' S45(Z2S/Z4) and GL (3), we have e1e2eSe,. By the action of S41(1), 

C ~ ~) E GL (3), S45(1) and GL(3), (1, e1e4, e2eS) -(1, e1e4, e1eZeSe,). Next 

we consider the case [5]. By the action of GL(3), we may put Z= .I:~=lziSeieS 
+(.I:~=1 Ziei + z4ele2eS)e4 =F 0. The case for Z4 =F 0. By the action of S6lz1/Z4)' 
S57( -(Z2/Z4)), S56(ZS/Z,) and GL(3), we may assume that z=z13eleS+z2Se2eS 
+z4ele2eSe4' If Zls=FO or Z2s=F0, then we may assume that Zls=FO and Z2S=0 
by the action of S16 and S25' By the action of S46( -(ZIS/Z4))' S2 and GL(3), 
we have (1, e1e2, z13eleS + z4ele2eSe4) -(2). If ZIS =Z2S = 0, then we have e1e2eSe4. 
By the action of SI2(1), S5aCl)) and GL(3), we have (3) -(1, e1e2, e1e2eSe4). 
The case for z,=O. Assume that ZIS=FO or Z2S =F 0. By the action of S16> 
S24' we may assume that Z13=FO and Z2S=0. Then, by S'7(ZJZlS) and GL(3), 
we may assume that ZI =0. If Zs =F 0, then, by the action of S27( -(Z2/ZS))' 
GL(3), SI and GL(3), we have e1eS+ e3e4· By the action of S,s(l), 

C ~ -~) E GL(3), SI3(1), S47(1), S35(1), S27( -1), S36(1) and GL(3), we 

have (1, e1e2, e1es+eae,)-(2). If za=O and Z2=F0, then we have (4) by the 
action of SI and GL(3). If Za=Z2=0, then we have (6). Assume that 
ZIS=Z2S=0. If Zs =F 0, then by the action of S17( -(ZI/Z3))' SZ7( -(Z2/ZS)) and 
GL(3), we have (3). If za=O, then we may assume that ZI=FO and Z2=0 
by the action of S16 and S25' and hence we have (8). Next we consider the 
case [6] By the action of GL (3), we may put Z= .I:l~i<j~S Zijeie j + 
(.I:~=lziei + z4ele2ea)e,=F 0. The case for Z,=FO. By the action of S2,( -(ZZ3/Z4)) 

(1 0 0) . 
o S45(ZZ3/Z4), 1 t E GL(3) with A= -(ZI3Z2S/Z4), S17( -(ZlS/Z4)) 0 S46 

(-(ZI3/Z4)) and GL(3), we may assume that ZZ3=ZIS=0. Then, by the 
action of S'7' S67' S57 and GL(3), we have e1eZeSe4, i.e., (1). The case for 
Z4=0. Assume that Z13=F0 or Z23=F0. By the action of SI6 and S25' we 
may assume that ZIS=FO and Z2S=0. Then, by the action of S47(ZI/Z18), we 
may assume that z=zIZele2+z13ele3+zZeZe4' If Z12=F0 and Z2=F0, then, by 

the action of (11 ) E GL(3), SI(a)oSs(a) with a2(ZI3/Z12) = 1, S2({3)oSa({3) 
l/z12 

with {32(Z2/Z1Z) = 1 and GL(3), we have (1, e1e2+eae" z) -(1, e1e2+ eSe4, e1e2 
+ e1eS + e2e4) and the codimension of this pointis one. Hence this point is 
equivalent to (2) (See Prop. 12, p. 64 in [8]). If Z12=F0 and Z2=0, then,by 
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the action of SI2(1), (~1 1 ) E GL(3), S5e(1), SI3(ZI3/Z12) and 
-Z12 ° 1 

(? g - 6/Z12)E GL(3), we have (I, e1e2+e3e4,z) ~(I, e1e2, e1e2e3e4 -(ZI3/z12)e1e3) ° 1 -1/z12 
and hence we can reduce to the case [5]. If Z12=0 and Z6{::0, then we have 

e1e3+e2e4 by SI and GL(3). By the action of S3e(1), (1 1 ) E GL(3), 
-1 1 

S45(1), C 1 _~) E GL(3), S27( -t)C II/i) E GL(3), SI and GL(3), we 

have (I, e1e2+e3e4, ele3+e2e4)~(1, e1e2, e1e3+e3e4) and we have (2) from the 
case [5]. If ZI2=Z2=0, then we have e1e3. By the action of S27(1), S3e( -1), 
S2ll), S3 and GL(3), we have (1, e1e2+e3e., ele3)~(4). Assume that Z13= 
Z23=0. Ifz1*0 or Z2*0, then we may assume that ZI*O and Z2=0 by 

the action of Sw S25' If ZI2*0, then by the action of (1 ° I/ZI2) E GL(3), 
,1 0 

S4eCZJZI2)' (1 1 ) E GL(3) and SllzJZI2), we have (3). If ZI2=0, then 
-1 1 

we have e1e4, i.e., (5). If ZI =Z2=0, then we have e1e2, i.e., (3). Finally 
we consider the case [7]. By the action of GL(3), we may put Z= 
L:1;::;i<j;::;3 ziJeiej+ L:~~I zieie4*0. The case for Z12*0 or Z13*0 or Z23*0. 
By the action of S25' S35' Sle and S17' we may assume that Z23*0 and Z12= 
ZI3=0. Assume that ZI*O or Z2*0 or z*O. By the action of S35' S3e and 
S27' we may assume that Z3*0 and Z2=0. If ZI*O, then we have (1) by 
the action of S35( -(Z3(ZI)), Sll-(ZI(Z23)), S35(Z23), Sll-(ZI/Z23))' S2 and 
GL(3). If ZI =0, we have (2) by the action of S2 and GL(3), S17(1), S35( -1), 
S2 and GL(3). Assume that ZI=Z2=Z3=0. Then we have e2e3. The case 
for ZI2=ZI3=Z23=0. Then we may assume that ZI*O and Z2=Z3=0. 
Hence we have e1e4. From the case [4], (1, e1e2e3e4, ele4)~(I, e1e4, e2e3), 

and by the action of S23(l), C ? -:) E GL(3), Sell), G 6 1) E GL(3), 

(1, e1e., e2e3 ) ~(1, e1e2e3e., e2e3). By the action of Sli -1), S35(1) and GL(3), 
(1, e1e2e3e., e2e3)~(l, e1eZ' e1e2e3e.), and from the case [5], (1, e1e2, e1e2e3e4)-
(3). Q.E.D. 

Remark The isotropy subgroup at (3) (resp. (4)) is locally isomorphic 
to (GL(I) X SL(2) X SO (2)) . U(4) (resp. (GL(l) X SL(2)). U(5)) and hence 
(3) and (4) are not equivalent. 
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Next we consider the triplets (GL(1? X SpineS) X SL(m), half-spin 
rep. (8)1 + vector rep. (8)A" VI(S) + V2(S)(8)V(m» (m=3, 2). The represen
tation space is identified with V = V,(S)EBM(S, m) where VI(S) is spanned 
by 1, eie j , ele2eSe4 (1~i<j<4) (See p. 110-112 in [S]). The actionp=p,(8) 
l+Pz(8)A, is given by p(g)x=(apI(gl)X, f3pz(gl)ytgz) for g=(a, 13; gl,gz) E 

GL(1?X Spin(S) X SL(m), X=(X, Y) E V= V,(S)EBM(S,m) where PI (resp. 
pz) denotes the half-spin (resp. vector) representation of Spin (S) on VI(S) 
(resp. V 2(S» (See (5.30), p. 114 in [S]). The Lie algebra of GL(I)2XSpin 
(S) X SL(m) is given by 

{(a, fi)E!J( ~ I_~ A ) E!J (D) ; 'B~ -E, 'C ~ - C, D~ (d,,) , §f(m)} 

(m=3,2). 

Proposition 1.5. The triplet (GL(1)2 X SpineS) X SL(3), half-spin rep. 
01 + vector rep. (8)A I , V(S) + V(S)(8) V(3» has the following forty-eight 
.orbits. 

Representative Points Codimension 

0) (1 + ele2eSe4, (e" e" e2 - ee» 0 
(2) (1 + eleZeSe4, (el , es, ez +es» 1 
(3) (1 +el eZeSe4 , (e l, ez, ee» 3 
(4 ) (1 +eleZeSe4, (el , ez, e3+e7» 3 
(5) (l+el eZeSe4, (e" es, ez-es» 5 
(6) (1 +el e2eSe4, (el, e2, es» 6 
(7) (1 + el e2eSe4, (el, es, 0» 6 
(S) (1 +el e2eSe4, (e" e2, es» 7 
(9) (1 +ele2eSe4, (e" e2-eS' 0» 7 
(10) (1 + el eZeSe4, (e" e2, 0» 9 
(11) (1 +el e2eSe4, (e" es, 0» 11 

(12) (l+el e2ese4, (el+eS, 0, 0» 14 
(13) (1 +eleZeSe4, (el, 0, 0» 15 
(14) (1 +el e2eSe4, (0, 0, 0) 24 

{IS) (1, (el+es, e2 +ee, eS +e7» 
(16) (1, (el +es, ez+ee, es» 2 

(17) (1, (el , ez+ee, es») 3 

{IS) (1, (el+eS, ez, es» 4 

(19) (1, (el, ez, es» 4 

(20) (1, (el +es, ez+ee, e7» 5 
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(21) (1, (el+eS, e2, e7» 6 
(22) (1, (el, e2, e3» 7 
(23) (1, (el+eS, e2+e6, 0» 7 
(24) (1, (el> es, ea» 7 
(25) (1, (el +es, e2, 0» 8 
(26) (1, (el> e2, e7» 8 
(27) (1, (el +es, e6, e7» 9 
(28) (1, (el, e2, 0» 10 
(29) (1, (el, es, 0» 10 
(30) (1, (el> e6, e7» 10 
(31) (1, (el + es, ea, 0» 11 
(32) (1, (el> e6, 0» 12 
(33) (1, (es, ea, e7» 13 
(34) (1, (el +es, 0, 0» 15 
(35) (1, (es, ea, 0» 15 
(36) (1, (el, 0, 0» 16 
(37) (1, (es, 0, 0» 19 
(38) (1, (0, 0, 0» 25 
(39) (0, (el> es, e2+ea» 8 
(40) (0, (el> e2, es» 9 
(41) (0, (el, e2+ea, e3» 11 
(42) (0, (el> e2, e3» 14 
(43) (0, (el, es, 0» 14 
(44) (0, (el> e2+e6, 0» 15 
(45) (0, (el, e2, 0» 17 
(46) (0, (el +es, 0, 0» 22 
(47) (0, (el, 0, 0» 23 
(48) (0, (0, 0, 0» 32 

Proof Let i=(x, (Yl' Y2' Y3» be a representative of one ofthe orbits 
of V = VI(8)E8M(8, 3). Then we may assume that X= 1 +ele2e3e., 1,0. 

The case for X= 1 +ele2e3e.. The isotropy subalgebra at 1 +ele2e3e4 
is the spin representation of 0(7), and hence, by Proposition 1.4., (Yl' Y2' Y3) 
-eel> es, e2-ea), (el, es, e2+ea), (el, e2, ea), (el> e2, e3+e7), (el , ea, e2-e6), 
(el, e2, e3), (el, es, 0), (el, e2, ea), (el, e2- e6, 0), (el, e2, 0), (el, ea, 0), (el + es, 0, 0), 
(el , 0, 0), (0,0,0), i.e., (1)-(14). The case for X= 1. The isotropy sub
algebra at 1 is given by 

([ ~ I-~A]; A E g£(4), tc=-c}. 
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Put (YI> Y2' Ya)=[Yz/YI] e M(S,3),YI, Y2 e M(4,3). Then SL(4) X GL(3) acts 
on Y2 by A/i?>AI and hence Y2 ~ Ell + E22 + Eaa, Ell + E22 , E110 0. Assume that 
Y2 = Ell + E22 + Eaa. By the action of - Cg, - C24' - Ca4, YI = [Y/OJ, Ye M(3). 
We may assume that Y is a symmetric matrix by the action of C12' CIa, C2a. 
Then GL(3) acts on Y by 2AI and hence Y ~ Ell + E22 + Eaa , Ell + E22, E110 
0. Hence we have (el+e5, e2+e6, ea+e7), (el+e5, e2+e6, ea), (el+e5, e2,ea), 
(el, e2, ea), i.e., (15), (16), (IS), (22). Assume that Y2=Ell +E22. By the 

. [ Yll \ YI2 ] actIon of -CIa, -C2a, -Cg, -CN> YI= ---- , Yll e M(2), Y12, Y22 e o Y22 
M(2, 1). Then GL(2) acts on YI2 by Al and hence Y12~ t(l, 0), teO, 0). If 
Y12 = t(1, 0), then YZ2 = ° by ala, aw and Yll = [0/ YJ, Ye M(1, 2), by dla, d2a. 
Then (t n acts on t Y by Al and hence Y ~ (0, 1), (1, 0), (0, 0). Hence we 
have (el, e2+e6, e5), (el +e6, ez, e5), (el, e2, e5). By the action of CI2(1), d2a( -1), 
we have (el +e6, e2, e5) ~(el> e2, e5). Hence we have (el, e2+e6, e5), (el> e2, e5), 

i.e., (17), (19). If Y12 = teO, 0), then we may assume that Yll is a symmetric 
matrix by the action of C12. Then GL(2) acts on Yll by 2AI and GL(2) 
acts on Y22 by AI, and hence YII ~ Ell + E22, E110 0, and Y22 ~ t(1, 0), teo, 0). 
Hence we have (el +e5, e2+e6, e7), (el +e5, e2, e7), (el> e2, e7), (el +e5, e2+e6 0), 
(el + e5, e2, 0), (el> e2, 0) i.e., (20), (21), (26), (23), (25), (2S). Assume that Y2= 

Ell' By the actIOn of -CI2, -CI3, -Cu , YI= ~~ , YI2 e M(l, 2), Y22 e . [ Yll \ Y12 ] o Y22 
M(3, 2). Then GL(2) acts on tYI2 by Al and hence YI2~(l, 0), (0,0). If 
YI2 =(1, 0), then Yll =o by dl2 and Y22 =[0 Y), YeM(3, 1), by the action 
of -aI2, -aI3, -au. Then GL(3) acts on Y by Al and hence Y ~ t(l, 0, 0), 
t(O,O, 0). Hence we have (el, e5, e6), (el, e5, 0), i.e., (24), (29). If YI2 =(0, 0), 
then SL(3) X GL(2) acts on Y22 by AI0AI and GL(1) acts on Yl1 by AI> and 
hence YZ2~El1+E2~' Ell' ° and Yll~l, 0. Hence we have (el+e5, e6, e7), 

(el +e5, e6, 0), (el +e5, 0, 0), (el, e6, e7), (el, e6, 0), (el, 0, 0), i.e., (27), (31), 
(34), (30), (32), (36). Assume that Y2 = 0. Then SL( 4) X GL(3) acts on Y I 

by AI0AI and hence YI~Ell+E22+E3a, El1 +E22, E11> 0. Hence we have 
(e5, e6, e7), (e5, e6, 0), (e5, 0, 0), (0,0,0), i.e., (33), (35), (37), (3S). The case 
for x = 0. The isotropy subalgebra at ° is 0 (S), and the triplet (SO (S) X 
GL(3), AI0AI' V(S)0V(3» has the following ten orbits; (el, e5, e2+e6), 

(el, e2, e5), (el, e2 + ea, e3), (el, e2, e3), (el> e5, 0), (el, e2+e6, 0), (el, e2, 0), 
(el +e5, 0,0), (el, 0, 0), (0,0,0). Hence we have (39)~(4S). Q.E.D. 

Corollary 1.6. The triplet (GL(1)Z X SpineS) X SL(2), half-spin rep. 
01+vector rep. 0AI' V(S) + V(8)0V(2» has the following twenty-four 
orbits. 

Representative Points 

( 1) (1 + eleZe3e4, (el , e5» 
Codimension 

o 
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(2) (l+el eZe3e4, (el , ez-es») 
(3 ) (1 +el e2e3e4, (el , ez) 3 
(4) (l + el e2e3e4, (el , es)) 5 
(5) (1 + el e2e3e4, (el + e5, 0) 7 
(6) (1 + el e2e3e4, (el, 0» 8 
(7) (1 + ele2e4e4, (0, 0») 16 
( 8 ) (1, (el +e5, ez+es) 

(9) (1, (el +e5, e2» 2 
(10) (1, (el, e2) 4 
(11) (1, (el, e5) 4 
(12) (1, (el +e5, es» 5 
(13) (1, (el> es» 6 
(14) (1, (el +e5, 0» 8 
(15) (1, (e5, es» 9 
(16) (1, (el> 0) 9 
(17) (1, (e5, 0» 12 
(18) (1, (0, 0) 17 
(19) (0, (el, e5» 8 
(20) (0, (el, e2+eS» 9 
(21) (0, (el, e2» 11 
(22) (0, (el +e5, 0» 15 
(23) (0, (el, 0» 16 
(24) (0, (0, 0» 24 

Next we consider the triplet (GL (1)2 X Spin (10) X SL (3), half-spin 
rep. @I+vector rep. @Ah V(I6)+ V(IO)@V(3)). The representation space 
is identified with V= V(l6) EfJM(IO, 3) where V(I6) is spanned by 1, 
eiej (1 <i<I::;'5), eiejeke Z (1 <i<j<k::;'5) (See p. 110-112 in [8]). The 
action p=PI@I+Pz@AI is given by p(g)x=(aplgl)X, {3P2(gl)ytg2) for g= 
(a, {3; gl, gz) E GL (lYX Spin (10) xSL(3), x=(X, Y) E V= V(l6)EfJM(IO, 3) 
where PI (resp. pz) denotes the half-spin (resp. vector) representation of 
Spin(lO) on V(l6) (resp. V(IO)) (See (5.38), p. 120 in [8]). The triplet 
(GL(1) X Spin(IO), half-spin rep., V(l6») has three orbits represented by 
1 +ele2e3e4, 1, ° (See [2]). 

Proposition 1.7. The triplet (GL(l)Z X Spin(lO) X SL(3), half-spin rep. 
@I + vector rep. @Al' V(16) + V(IO)@ V(3» has the following seventy-seven 
orbits. 

Representative Points 

( 1) (1 + ele2e3e4, (e5 + elO' el, es» 
Co dimension 

o 
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(2) (1 +eleZe3e4, (e5, el, ea)) 1 
(3) (1 +eleZe3e4, (e5, el +elo, eZ+e7)) 
(4) (1 +eleZe3e4, (e5 + elO ' el, ez +e7)) 2 
(5) (1 +eleZe3e4, (e5, el, eZ+e7+elO)) 2 
(6) (1 +eleZe3e4, (e5, el> eZ+e7)) 3 
(7) (1 +eleZe3e4, (e5, el +eIO , ez)) 3 
(8) (1 +eleZe3e4, (el> ea, ez + e7)) 3 
(9) (1 +eleZe3e4, (el> ea, ez+ea)) 4 
(10) (1 + eleZe3e4, (e5 + elO , el,eZ)) 5 
(11) (1 +eleZe3e4, (e5, el +eIO ' ea)) 5 
(12) (1 +eleZe3e4, (e" el, ez)) 6 
(13) (1 + eleZe3e4, (el , ez, e7)) 6 
(14) (1 + ele?e3e4, (el, ez, e3 + es)) 6 
(15) (1 +eleZe3e4, (e5 +eIO' el, ea)) 7 
(16) (1+eleZe3e4, (e5, el+ea, elO)) 7 
(I7) (1 +eleZe3e4, (e5, el, ea)) 8 
(I8) (1 + eleZe3e4, (e5, el, eIO)) 8 
(I9) (1 +eleZe3e4, (el> ea, eZ+e7)) 8 
(20) (1+eleZe3e4, (e5+eIO, el+ea, 0)) 8 
(21) (1 +eleZe3e4, (el , ea, elO)) 9 
(22) (1 +eleZe3e4, (el, ez, e3)) 9 
(23) (1 +eleZe3e4, (e5, el +ea, 0)) 9 
(24) (1 +eleZe3e4, (e5, el +eIO ' 0)) 9 
(25) (1 + eleZe3e4, (el, ez, ea)) 10 
(26) (1 +eleZe3e4, (el, eZ+e7, elO)) 10 
(27) (1+eleZe3e4, (e5+eIO, el , 0)) 10 
(28) (1 +eleZe3e4, (el , e6, 0)) 10 
(29) (1 +eleZe3e4, (e5, el, 0)) 11 
(30) (1+eleZe3e4, (el> eZ+e7, 0)) 11 
(31) (1 + eleZe3e4, (el , ez, elO)) 12 
(32) (1 + eleZe3e4, (el, ez, 0)) 13 
(33) (1 +eleZe3e4, (el, ea, elO)) 14 
(34) (1 +eleZe3e4, (el> ea, 0)) 15 
(35) (1 + eleZe3e4, (e5, elO' 0)) 16 
(36) (1 + eleZe3e4, (el + ea, elO ' 0)) 17 
(37) (1 + el eZe3e4, (el> elO, 0)) 18 
(38) (1 + eleZe3e4, (e5 + elO ' 0, 0)) 18 
(39) (1 + eleZe3e4, (e5, 0, 0)) 19 
(40) (1 +eleZe3e4, (el +e6, 0, 0)) 19 
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(41) (1 +eleZeSe4, (el> 0, 0)) 20 
(42) (1 +eleZeSe4, (eIO' 0, 0)) 27 

(43) (1 +eleZeSe4, (0, 0, 0)) 30 

(44) (1, (el+ea, eZ+e7, es+ea)) 5 

(45) (1, (el+ea, eZ+e7, es)) 6 
(46) (1, (el +ea, ez, es)) 8 

(47) (1, (el, eZ+e7, e6)) 8 

(48) (1, (el, ez, ea)) 9 

(49) (1, (el +ea, eZ+e7, ea)) 10 

(50) (1, (el +ea, ez, ea)) 11 

(51) (1, (el> ez, es)) 11 

(52) (1, (el> ez, ea)) 13 

(53) (1, (el, ea, e7)) 13 

(54) (1, (el +e6, eZ+e7, 0)) 13 

(55) (1, (el +e6, ez, 0)) 14 

(56) (1, (el +e6, e7, ea)) 15 

(57) (1, (el> e7, ea)) 16 

(58) (1, (el, ez, 0)) 16 

(59) (1, (el, ea, 0)) 17 

(60) (1, (el +e6, e7, 0)) 18 

(61) (1, (el, e7, 0)) 19 

(62) (1, (e6, e7, ea)) 20 

(63) (1, (ea, e7, 0)) 23 

(64) (1, (el +e6, 0, 0)) 23 

(65) (1, (el> 0, 0)) 24 

(66) (1, (e6, 0, 0)) 28 

(67) (1, (0, 0, 0)) 35 

(68) (0, (el> e6, eZ+e7)) 16 

(69) (0, (el, ez, ee)) 17 

(70) (0, (el> eZ+e7, es)) 19 

(71) (0, (el, ez, es)) 22 

(72) (0, (el> ea, 0)) 24 

(73) (0, (el> eZ+e7, 0)) 25 

(74) (0, (el, ez, 0)) 27 

(75) (0, (el +e6, 0, 0)) 34 

(76) (0, (el, 0, 0)) 35 

(77) (0, (0, 0, 0)) 46 
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Remark. There is a possibility that (4) and (5) belong to the same 
orbits. 

Now let us consider the triplet (GL(I) X Sp(n) X SO(3), A10Al' V(2n) 
o V(3». We identify V(2n)0 V(3) with V = V(2n)EB V(2n)EB V(2n), and 
then the action A10Al is given by (x, y, Z)H-CAglX, Ag1y, AglZ)tg2 for g= 
(A,gl,g2) E G=GL(l)X Sp(n) X SO(3) and X=(x, y, z) E V. The Lie algebra 
g of GL(l) X Sp(n) X SO(3) is given by 

g={(d)EB(~ _t~)EB(-: : ~); 
-a o-c 

B=(b jj )= tB E M(n), C=(cij)= tC E M(n)}. 

For any i,j with i*j, we put Sij(A) (resp. tdA), riiA»=exp AA where 

A=(~ _t!) with aij=l (resp. bij=bji =l, cij =cji =l), all remain

ing parts zero. These siiA), tij(A), ri/A) are elements of the symplectic 
group Sp(n). Also define an element SiCA) of Sp(n) by 

i n+i 
Si(A) = diag (1, "', A, "', A-I, ···,1) 

and ti(A) (resp. riCA»~ by exp AA with bii = 1 (resp. Cii = 1), all remaining 
parts zero. Now define elements S/A), S20), Sa(A) of SO(3) by 

(x, y, ZYS1(A) = (x+y, y, -AX-tA2y+Z) 

(x, y, Z)'S2(A)=(X+AZ, -AX+ y-tA2z, z) 

(x, y, Z)tSa(A) = (x, AY, A-1Z) (A*O). 

We identify V(2n) with C2n by a base {u1, "', u2n }. 

Proposition 1.S. The triplet (GL(l) X Sp(n) X SO(3), A10AI' V(2n)0 
V(3» (n > 3) has the following ten orbits. 

Representative Points Codimension 
(1) (ul , u2, un + 2) ° (2) (ul, U2, un + l ) 1 
(3 ) (ul, u2, tta) 3 
(4) (0, ttl' Un + l ) 2n-2 
(5) (U l , Un + l , 0) 2n-l 
(6 ) (0, U l , U2) 2n-1 
(7) (Ul , U 2, 0) 2n 



( 8 ) (Ul , 0, 0) 
( 9 ) (0, 0, ul ) 

(10) (0, 0, 0) 
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4n-2 
4n-l 

6n 
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Proof Let (x, y, z) be an element of V= V(2n)EBV(2n)EBV(2n). 
Then we may assume that x=o or Ul by the action of Sp(n). 

The case for x=o. Similarly we have y=o or til and if y=O, 
then we have z=O or Ul, i.e., (10), (9). Now assume that Y=Ul. Since 
Sp(n-l) acts on <UZ, ... , Un, Un+2, ... , u2n), we may assume that Z=ZlUl 
+Z2Uz+Zn+1Un+l' If Zn+l ::;t:O, then we have Zl =zz=O, Zn+l = 1 by fl, tlZ, S3 
and GL(I), i.e., (4). If Zn+l =0 and zz::;t:O, then, by SlZ, S3 and GL(I), we 
have Zl=O and zz=l, i.e., (6). Ifzp+l=zz=O and Zl::;t:O, then we have 
Zl = 1 by S3 and GL(1), i.e., (0, Ul, Ul)' It is equivalent to (8) by Sl( 12), 
Sz(1/I2) and GL(I). If z=O, then we have (0, Ul> 0) which is equivalent 
to (9) by Slv -2) and Sz( --I -2). Now consider the case for X=Ulo By 
the same argument as above, we may assume that y=O, Ul, 1I2, or Un+l. If 
Y=O, then we may assume that Z=ZlUl+ZzUz+Zn+1Un+l' If z::;t:O, then it 
is reduced to the case y::;t:O by Sl and Sz. If z=O, then we have (8). If 
Y=Ul, then we can reduce to the case for x=o by the action of Sl( -1). 
Assume that Y=lIz. Since Sp(n-2) acts on <U3, "', Un, Un+3, "', lIzn ), 
we may assume that Z=Zllll+ZZUZ+Z3U3+Zn+1Un+l+Zn+zUn+z, If Zn+l::;t:O 
or Zn+z::;t: 0, then we have zl=zz=Oby tl, tzand tlZ' Hence, we may assume 
that (A) Z=Zllll +zzllZ+Z3113' or (B) Z=Z3U3+Zn+1Un+l +zn-rzun+z' First 
consider the case (A). If Z3::;t:O, then we may assume that Zl =zz=O, i.e., 
(3). If Z3 =0, then we have (ul, liz, ZlUl + zzuz) - (1Il> liz, (zz- izDuz) by Sl(Zl) 
and SZl( -Zl)' If zz-izi=O, then we have (7). If AZ=zz-izi::;t:O, then 
we have (ul, liz, uz) by S3(A) and S2(1/ A). We shall see that (ul, liz, lIz)
(0, lIl, liz), i.e., (6). By Sl(A) and Slz(A2/2), (0, lIl, liz) is transformed to 
(AU1, Ul, liz). By S2(1/A) and sztC _(I/AZ», we have (AU1, -(1/2AZ)uz, uz). By 
sl(1/A) and taking A satisfying 2Az= -1, we have (Ul> liz, liz). Now consider 
the case (B). If Z3::;t:0, then by tlz or 1Z3 , we have (3). If Z3=0 and Zn+l ::;t:0, 
then by SlZ, we have zn+z=O. By changing Y and z, it is reduced to the 
case Y=Un+l. If Z3=Zn+l=O, then we may assume that zn+z::;t:O. By sz, 
GL(1) and Sl> we have (1). Finally assume that Y=Un+l. In this case, we 
may assume that Z=Zllll+Z2U2+Zn+1Un+l' By the action of Sl(Zl) and rl> 
we have (ul, Un+l, aUZ+j3un+l). By Sl' Sz, S3 and GL(I), we have (Ul> lin+!, z) 
with Z=Uz, lIn+l' uz+lIn+l or 0. By the similar argument as above, 
(ul, lIn+l> un+l) is equivalent to (4). Since (1Il> lIn+l, lIz+un+l) belongs to 
the orbit of codimension zero, it is equivalent to (1). Hence we have (2), 
(4), (1), (5). Q.E.D. 

Remark. The isotropy subgroup at (5) (resp. (6» is locally isomorphic 
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to (GL(I)XSp(n-I))· U(l) (resp. (GL(1)2XSp(n-2)). U(4n-5)) and 
hence, (5) and (6) are not G-equivalent, where G=GL(I)XSp(n)XSO(3). 

Next we consider the triplet (GL(I)2xSp(2)XSL(2), A2®AI +AI®I, 
V(5)®V(2)+ V(4)). Let V(4) be the vector space spanned by Uu U2, Us, U4• 

Then the representation space of A2 for SL(4) is given by V(6)= 
~1~i<j:;;4 CUi !\U j • If we restrict this representation to a subgroup Sp (2), 
then V(6) decomposes into V(5)E8 V(1) where V(5) is spanned by WI =uI!\ 
uS-U2!\U4, W2=UI!\U2, wS=UI!\U4, w4=US!\U4 and WS =U2!\US, and V(1)= 
C(ul!\US +U2!\U4). Now we identify V(5)®V(2) + V(4) with (V(5)E8V(5)) 
E8V(4). Then the action p=A2®AI+AI®1 is given by p(g)x=«ap2(gl)XU 

ap2(gl)X2)tg2, (3PI(gl)Y) for g=(a, (3; gu g2) E GL(I)2X Sp(2) X SL(2) and 
x=«xI, x2), y) E V=(V(5)E8V(5))E8V(4). 

Proposition 1.9. The triplet (GL(1)2XSp(2)XSL(2), A2®AI+AI®I, 
V(5)® V(2) + V(4)) has the following twenty-one orbits. 

Representative Points Codimension 

(l) «W2' ( 4), UI + us) 0 
(2) «W2' ( 4), UI +u4) I 
(3) «W2' ( 4), uI) 2 
(4) «w2, ( 4), 0) 4 
(5) «WI' ( 2), Us+u4) 1 
(6) «Wl> ( 2), us) 2 
(7) «Wl> ( 2), UI +u2) 3 
(8) «WI' ( 2), uI) 4 
(9) «WI' ( 2), 0) 5 
(10) «w2, ws), us) 3 
(11) «w2, ws), u2) 4 
(12) «W2' ws), UI) 6 
(13) «W2' ws), 0) 7 
(14) «Wl> 0), UI +u2) 4 
(15) «Wl> 0), uI) 6 
(16) «Wl> 0), 0) 8 
(17) «w2, 0), us) 5 
(18) «w2, 0), uI) 7 
(19) «W2' 0), 0) 9 
(20) «0,0), UI) 10 
(21) «0,0),0) 14 

Proof Let x=«Xl> x2), y) be an element of V=(V(5)E8 V(5))E8 V(4). 
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Then we may assume that (Xl' X 2) is one of the following six points by the 
action of (Sp(2) X GL(2), Al~9AI)~ (SO(5) X GL(2), AI®AI); [a] (w2, w4), [b] 
(WI> w2), [c] (w2, wa), [d] (WI> 0), [e] (w2, 0), [f] (0, 0). 

The case for [a]. The isotropy subalgebra at [a] is given by 

{(~I_O )EB(-trA 0); A E g[(2)}. o _tA 0 trA 

Then GL(l) X GL(2) acts on Y by AI®(AI + An, and hence we have Y ~ 

U l + Us, U l + U4, Ul , Us, 0. By the action of (+1 ~ ) E Sp (2) with 1= 

(-1=1 0) o -1=1 and GL(2), we have ([a], ul)~([a], u,). Hence we have 

(1)~(4). 

The case for [b]. The isotropy sub algebra at [b] is given by 

If yl.=(Ys, Y4);t:0, then, by the action of B, Yl =Y2=0 and hence Y~US+U4' 

Us, U4· If y' = 0, then Y ~ U l + U2, UI> U2, 0. By the action of J2 = ( ~ I ~ ) 
E Sp(2) with J= (_? 6) and GL(2), we have ([b], ua)~([b], u4) and ([b], 

ul ) ~ ([b], u2). Hence we have (5) ~ (9). 
The case for [c]. The isotropy subalgebra at [c] is given by 

Hence we have Y~Ua, U2, Ul , 0, i.e., (10) (13). 
The case for [d]. The isotropy subalgebra at [d] is given by 

{(~/+)EB(O r); A=(al 0), B=(bl 0), c=(CI O)}. 
c /- A 0 IX 0 a2 ° b2 0 C2 

Then SL(2)XSL(2) acts on t(Yl,Ya;Y2,Y4) by AI®l+l®AI. Then we 
have Y ~ Ul + U2, U l , U2, 0. By the action of J2 E Sp(2) and GL (2), we have 
([d], ul)~([d], u2). Hence we have (l4)~(l6). 
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The case for eel. The isotropy subalgebra at [el is given by 

Hence we have y~Ug, UI , O. i.e., (l7)~(19). 
The case for [fl. Then Sp(2) acts on y by Al and hence we have y~ 

Ul> 0, i.e., (20), (21). Q.E.D. 

§2. 

Let Yen) be the n-dimensional vector space spanned by Ul> ••• , Un. 
Then SL(n) acts on Yen) by PI(g) (ub ••• , Un) = (ul, ... , un)g for g e SL(n). 
Let Vz= V(tn(n-l» be the vector space spanned by skew-tensors ud\uj 
(1 <i<j<n). Then the action Pz=Az of SL(n) on Vz is given by pz(g) 
(ut !\uj)= PI(g)ut !\PI(g)u j • 

First we consider the triplets (SL(n) X GL(2), Al~9Al> V(tn(n-l») 
(n = 5, 6, 7). The repres~ntation space is identified with V = V(tn(n -1» 
EeV(tn(n-l» and the 'action p=Ai?9AI on V is given by p(g)x= 
(Pz(gl)Xl> Pz(gl)X2)1g2 for g=(gl' g2) e SL(n)XGL(2), x=(Xl> X2) e V= 
V(tn(n-l»E9 V(!n(n-l», (n= 5, 6, 7). 

Proposition 2.1. The triplet (SL( 5) X GL(2), Al~AI' V(lO)(8) V(2» has 
the following eight orbits. 

Representative Points Codimension 

(1) (UI!\U2+Ug!\U4, uz!\ug + u4!\ us) 0 
(2) (uI!\ U2, ug!\ U4 + uI!\ us) 2 
(3) (uI!\UZ' ug!\u4) 4 
(4) (UI!\U2' uI!\Us+U2!\U4) 5 
(5) (UI!\U2, uI!\ug) 8 
(6) (UI!\U2+Ug!\U4,0) 9 
(7) (ul!\UZ, O) 12 
(8) (0,0) 20 

Proposition 2.2. The triplet (SL(6) X GL(2), A2(8)AI, V(15)(8) V(2» has 
following fifteen orbits. 

Representative Points 

( 1) (UI!\U2+Ug!\U4 , UI!\U2+Us!\U6) 
(2) (UI!\U2+Ug!\U4, uI!\uS+US!\u6) 
(3) (UI!\U2+Ug!\U4, uZ!\US+UI!\US+U4!\U6) 

Codimension 

o 
1 
2 



Prehomogeneous Vector Spaces 457 

(4) (U1!\U2+Us!\U4, U1 !\ Us +u~!\ua) 4 

(5) (UI!\U2, Us !\ U4 +us!\ua) 5 

(6) (U1!\U2+Us!\U4, u2!\Us+U4!\ us) 5 

(7) (uI!\ uz, uI!\ Us + u2!\ Us + u4!\ us) 6 

(8) (uI!\ U2, us!\ U4 + uI!\ us) 7 

(9) (U1!\U2, Us!\u4) 10 

(10) (UI!\U2' uI!\US+U2!\U4) 11 

(11) (U1!\U2+US!\U4 +us!\us, 0) 14 

(12) (u1 !\ U2, u1!\ us) 15 

(13) (U1!\U2+US!\U4,0) 15 
(14) (U1!\U2,0) 20 

(15) (0,0) 30 

Proposition 2.3. The triplet (SL(7)XGL(2), Al~AI' V(21) X V(2» 
has the following twenty orbits. 

Representative Points Codimension 

( 1 ) ~!\~+~!\~+~!\~~!\~+~!\~+~!\~ 0 
(2) ~!\~+~!\~~!\~+~!\~+~!\~ 2 

(3) (U1!\U2+US!\U4, u1!\Us +ua!\u7) 4 

(4) ~!\~+~!\~~!\~+~!\~+~!\~ 5 

(5) (U1!\U2+Us!\U4, u1!\UZ+US!\us) 6 

(6) (u1 !\ U2 + us!\ U4, u1!\ Us + Us !\ us) 7 

(7) ~!\~+~!\~~!\~+~!\~+~!\~ 8 

(8) (U1!\U2+US!\U4 +us!\us, U6!\U7) 9 

(9) (U1!\U2+Us!\U4, u1!\Us +u4!\Us) 10 

(10) (U1!\U2; ug!\u4 +US!\u6) 11 

(11) (U1!\U2+US!\U4, u2!\US+U4!\uS) 12 

(12) (u1!\ Uz, u1!\ Us + u2!\ U6 + u4!\ us) 12 

(13) (U1!\U2, uS!\U4+U1!\US) 14 

(14) (UI!\U2' ug!\u4) 18 

(15) (ul!\UZ' u1!\US+U2!\U4) 19 

(16) (U1!\u2+ Us !\U4 +us!\us, 0) 20 

(17) (U1!\U2+U3!\U4,0) 23 

(18) (U1!\U2, uI!\Us) 24 

(19) (UI!\U2,0) 30 

(20) (0,0) 42 
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Next we consider the triplet (GL(I)2XSL(7)xSL(2), A20A1 +A101, 
V(21)0 V(2) + V(7». Let V(7) be the 7-dimensional vector space spanned 
by U1, U2, "', U7 and let V(21) be the vector space spanned by 2-forms 
ud\u j (1 <i<j<7). Then the representation space is identified with V= 
(V(21)E9V(21»E9V(7) and the action p=A20A1+A101 on Vis given by 
p(g)x=(a(P2(gl)X1, P2(gl)X2)tg2, [3Pl(gl)Y) for g=(a, [3; gl>gJ e GL(1)2X 
SL(7)X SL(2), x=«Xl> X2), y) e V=(V(21)E9V(21»E9V(7). 

Proposition 2.4. The triplet (GL(I)2 X SL(7) X SL(2), A20Al + A101, 
V(21)0V(2) + V(7» has the following 104 orbits. Here ij stands for ud\u j • 

Representative Points Codimension 

( 1 ) «(12+34+56,23+45+67), Us+u5) 0 
(2) «(12+34+56,23+45+67), u5) 1 
(3) «12+34+56,23+45+67), u7) 2 
(4) «(12+34+56,23+45+67), uJ 4 
(5) «(12+34+56,23+45+67), u2) 5 
(6) «12+34+56,23+45+67),0) 7 
(7) «12+34,23+46+57), u1+ue) 2 
(8) «(12+34,23+46+57), ue) ~ 

-' 

(9) «12+34,23+46+57), U3+U5) 3 
(10) «12+34,23+46+57), U1+U5) 4 
(11) «12+34,23+46+57), us) 5 
(12) «12+34,23+46+57), U2+U5) 5 
(13) «(12+34,23+46+57), u1) 6 
(14) «12+34,23+46+57), u5) 6 
(15) «(12+34,23+46+57), uJ 7 
(16) «12+34, 23+46+57), u,) 8 
(17) «(12+34,23+46+57),0) 9 
(18) «12+34, 15+67), U2+U5) 4 
(19) «(12+24,15+67), u2+ue) 5 
(20) «12+34, 15+67), Us+u6) 6 
(21) «12+34,15+67), u2) 7 
(22) «12+34, 15+67), u3) 8 
(23) «(12+34, 15+67), u1) 10 
(24) «12+34, 15+67),0) 11 

(25) «12+34, 15+46+27), u6) 5 
(26) «12+34, 15+46+27), U3+U5) 6 

(27) «12+34, 15+46+27), u5) 7 

(28) «12+34, 15+46+27), us) 8 
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(29) «12+34, 15+46+27), u1) 9 
(30) «12+34,15+46+27), u4) 11 

(31) «12+34, 15+46+27),0) 12 
(32) «(12+34, 12+56), u7) 6 
(33) «12+34,12+56), U1+U3+U5) 7 
(34) «(12+34,12+56), U1+U3) 9 
(35) «(12+34,12+56), u1) 11 

(36) «(12+34, 12+56),0) 13 
(37) «(12+34, 13+56), u7) 7 
(38) «12+34, 13+56), U2+U5) 8 
(39) «12+ 34, 13 + 56), u2) 10 
(40) «12+34,13+56), U1+U5) 10 
(41) «(12+34, 13+56), u1) 12 
(42) «12+34, 13+56), u5) 12 
(43) «(12+34, 13+56),0) 14 
(44) «12+34,23+ 15+46), u7) 8 
(45) «(12+34,23+ 15+46), u5) 9 

(46) «(12+34,23+ 15+46), u2) 11 

(47) «12+34,23+15+46), u1) 13 
(48) «(12+34,23+ 15+46),0) 15 
(49) «(12+34+56,67), us) 9 

(50) «12+34+56,67), U1 +u7) 10 
(51) «12+34+56,67), u1) 11 

(52) «(12+34+56,67), u7) 14 

(53) «12+34+56,67), us) 15 
(54) «12+ 34+ 56, 67), 0) 16 

(55) «(12+34, 15+46), u7) 10 

(56) «12+34,15+46), U2+U6) 11 

(57) «(12+34,15+46), u2) 12 

(58) «(12+34, 15+46), u1) 15 

(59) «12+34, 15+46),0) 17 
(60) ((12, 34+ 56), u7) 11 

(61) «(12,34+56), U1+U3) 12 

(62) «(12,34+56), u3) 14 

(63) «12, 34+ 56), u1) 16 
(64) «12, 34+ 56), 0) 18 
(65) «(12+34,23+45), u6) 12 
(66) «(12+34,23+45), u3) 14 
(67) «12+34,23+45), u1) 15 
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(68) «12+34,23+45), uz) 17 
(69) «12+34,23+45),0) 19 
(70) ((12,13+26+45), u7) 12 
(71) «12, 13+26+45), us) 13 
(72) «12, 13+26+45), u4) 15 
(73) «12,13+26+45), u1) 17 
(74) «12,13+26+45),0) 19 
(75) «12,34+ 15), u6) 14 
(76) «12,34+15), us) 16 
(77) «12,34+ 15), uz+us) 17 
(78) «12, 34+ 15), us) 18 
(79) «12, 34+ 15), uz) 19 
(80) «(12, 34+ 15), u1) 20 
(81) «12, 34+ 15), 0) 21 
(82) «12, 34), u5) 18 
(83) «12, 34), U1 + us) 21 
(84) «12, 34), u1) 23 

(85) «12, 34), 0) 25 

(86) «12, 13+24), us) 19 

(87) «12, 13+24), us) 22 

(88) «12, 13+24), u1) 24 

(89) «12, 13+24), 0) 26 

(90) «12+34+56,0), u7) 20 

(91) «12+ 34+ 56, 0), u1) 21 

(92) «12+34+56,0),0) 27 

(93) «12+34,0), us) 23 

(94) «12+34,0), u1) 24 

(95) «12+34,0),0) 30 

(96) «12, 13), u4) 24 

(97) «12, 13), uz) 28 

(98) «12, 13), u1) 30 

(99) «12, 13), 0) 31 

(100) «(12, 0), us) 30 

(101) «12, 0), u1) 35 

(102) «(12,0),0) 37 

(103) «0,0), u1) 42 

(104) «0,0),0) 49 
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Next we consider the triplet (GL(1)2X SL(5) X SL(2);'A2®AI+AI®1, 
V(lO)® V(2) + V(5». Let V(5) be the 5-dimensional vector spacespanned 
by Ul, U2, ... , U5 and let V(lO) be the vector space spanned by 2-forms Ui /\ uj 

(1;;2i<j;;25). Then the representation space is identified with V=(V(lO) 
EBV(lO»EBV(5) and the action p=A2EBAI+AI®1 on Vis given by p(g)x= 
(a(P2(gl) Xl' PZ(gl)XZ)tg2, ~PI(gl)Y) for g=(a,~; gl' g2) E GL (l)Z X SL (5) X 
SL(2), x= «Xl' Xz), y) E V = (V(lO)EB V (lO»EB V(5). 

Proposition 2.5. The triplet (GL(1)2 X SL(5) X SL(2), Az®AI + Al®l, 
V(lO)® V(2) + V(5» has the following thirty orbits. Here ij stands for 
ui/\u j • 

Representative Points Co dimension 

(1) «(12+34,23+45), u3) 0 

(2) «12+34,23+45), u5) 1 

( 3 ) «(12,34+ 15), u5) 2 

(4) «12+34,23+45), uz) 3 

( 5) «12,34+ 15), Uz+u3) 3 

( 6) «12, 34+ 15), u3) 4 

(7) «(12, 34), u5) 4 

( 8 ) «12+34,23+45),0) 5 

( 9 ) «(12,34+ 15), uz) 5 

(10) «(12, 34), U l + u3) 5 

(11) «12,13+24), u5) 5 

(12) «(12,34+ 15), ul) 6 

(13) «(12, 13 + 24), u3) 6 

(14) ((12,34+ 15),0) 7 

(15) «(12, 34), ul) 7 

(16) «(12,13+24), ul) 8 

(17) «(12, 13), u4) 8 

(18) «(12, 34), 0) 9 

(19) «(12+34,0), u5) 9 

(20) «12,13+24),0) 10 

(21) «(12, 13) u2) 10 

(22) «12+34,0), ul ) 10 

(23) «(12, 13), ul) 12 

(24) «(12, 0), u3) 12 

(25) «(12, 13), 0) 13 
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(26) «(12+34,0),0) 

(27) «(12, 0), u1) 

(28) «12, 0), 0) 
(29) «0, 0), u1) 

(30) «0, 0), 0) 

T. Kimura and S. Kasai 

14 
15 
17 
20 
25 

Next we consider the triplet (GL(lY X SL(2) X SL(5) X SL(2), Al®A2 
®1+1®Al®Al' V(2)®V(lO) + V(5)®V(2)). Let V(5) be the vector space 
spanned by U1, ••• , U5, and let V(10) be the vector space spanned by 2-form 
uJ\U j (1 <i<j<5). Then the representation space is identified with 
V=(V(1O)EJjV(1O))EJj(V(5)EJjV(5))) and the action p=Al®A2®1+1®Al 
<??JAI is given by 

peg )x= «apz(gz) (aX + c Y), apz(g;)(bX + dY)), «(3Pl(gZ)Z, (3Pl(g2) wygg) 

for g=(a, (3; (~ !), g2' gg) E GL(lY X SL(2) X SL(5) X SL(2), 

x=«X, Y), (Z, W)) E V. 

Proposition 2.6. The triplet (GL(1)Z X SL(2) X SL(5) X SL(2), Al®A2 
®1 + l®Al®Al' V(2)® V(lO) + V(5)® V(2)) has the following seventy-three 
73 orbits. Here ij stands for uJ\ Uj • 

Representative Points Codimension 

( 1 ) «12+34,23+45), (u5, u1)) 0 
(2) «12+34,23+45), (U2+U5, ug)) 1 
(3) «12+34,23+45), (u5, ua)) 2 

(4) «(12+34,23+45), (ua, U2 +U4)) 2 

(5) «12+34,23+45), (ug, u2)) 3 
(6) «12+34,23+45), (u5, u4)) 3 
(7) «12+34,23+45), (u5, u2)) 4 

(8) «12+34,23+45), (uz, u4)) 6 

(9) «12+34,23+45), (ug, 0)) 4 
(10) «(12+34,23+45), (u5, 0)) 5 
(11) «(12+34,23+45), (u2, 0)) 7 

(12) «12+34,23+45), (0, 0)) 10 

(13) «(12,34+15), (u5, u2+ug)) 2 
(14) «(12, 34+ 15), (u5, U1 + ug)) 3 
(15) «(12,34+ 15), (u5, ug)) 4 
(16) «(12, 34+ 15), (u5, uz)) 4 

(17) «(12,34+ 15), (uz+ug, u4)) 4 
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(18) «(12,34+ 15), (us, ul» 5 
(19) «12, 34+ 15), (us, u2» 5 
(20) «(12, 34+ 15), (us, u4» 6 
(21) «12,34+ 15), (u2+US, ul » 6 
(22) «(12, 34+ 15), (us, ul » 7 
(23) «(12, 34+ 15), (u2, ul » 8 
(24) «(12, 34+ 15), (us, 0» 6 
(25) «12,34+ 15), (u2+US, 0» 7 
(26) «12,34+ 15), (us, 0» 8 
(27) «12,34+ 15), (u2, 0» 9 
(28) «12, 34+ 15), (Ul> 0» 10 
(29) «(12, 34+ 15), (0,0» 12 
(30) «(12, 34), (us, UI + us» 4 
(31) «(12, 34), (us, ul » 6 
(32) «12,34), (ul + Us, U2+U4» 6 
(33) «(12,34), (ul + Us, u4» 7 
(34) «12, 34), (us, uI» 8 
(35) «12, 34), (UI> u2» 10 
(36) «12, 34), (us, 0» 8 
(37) «12,34), (ul + Us, 0» 9 
(38) ((12, 34), (UI> 0» 11 
(39) «12, 34), (0, 0» 14 
(40) «12, 13+24), (us, us» 5 
(41) «(12, 13 + 24), (us, uI» 7 
(42) «(12, 13 + 24), (us, u4» 7 
(43) «12, 13+24), (us, uI » 8 
(44) «(12, 13+24), (us, u2» 9 
(45) «(12, 13+24), (ul , u2» 11 
(46) «12, 13+24), (us, 0» 9 
(47) «12, 13 + 24), (us, 0» 10 
(48) «12, 13 + 24), (UI> 0» 12 

(49) «(12,13+24), (0,0» 15 

(50) «12, 13), (u4, us» 8 

(51) «12, 13), (u4, u2» 9 

(52) «12, 13), (u4, uI» 11 

(53) 1«12, 13), (u2, us» 12 

(54):' «12, 13), (u2, uI » 13 

(55) «(12, 13), (u4, 0» 12 
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(56) «(12, 13), (u2 , 0» 14 

(57) «12, 13), (u j, 0» 16 

(58) «(12, 13), (0,0» 18 

(59) «(12+34,0), (u5, uj» 9 

(60) «(12+ 34, 0), (u j, u2» 11 

(61) «12+34,0), (u j, u3» 12 

(62) «(12+34,0), (u5, 0» 13 

(63) «12+34,0), (uB 0» 14 

(64) «(12+34,0), (0, 0» 19 

(65) «12, 0), (u3, u4» 12 

(66) «(12,0), (u3, uj» 14 

(67) «(12, 0), (u j, u2» 18 

(68) «(12, 0), (u3, 0» 16 

(69) «(12, 0), (uj, 0» 19 

(70) «(12, 0), (0, 0» 22 

(71) «0, 0), (uB u2» 20 

(72) «0, 0), (uB 0» 24 

(73) «0, 0), (0,0» 30 

Next we consider the triplets (SL(4) X GL(m), A2®Aj> V(6)® Vern»~ 
(m=3,4). Let V(6) be the vector space spanned by 2-forms ud\Uj 

(l=:;;:i<j<4). Then the representation space is identified with V= V(6) 
m --EB·· ·EBV(6) and the action P=A2®Aj on V is given by p(g)x= 

(P2(gj)Xj, ... , plgj)Xm)tgz for g=(gj, g2) e SL(4) X GL(m), X=(Xj> ... , Xm) 
e V, (rn=3, 4). 

Proposition 2.7. 
(I) The triplet (SL(4) X GL(3), A2®Ah V(6)® V(3» has the following 
eleven orbits. 

Representative Points Codimension 

( 1 ) (ud\ U3 + U2 /\ U4 , U j /\ UZ, U3 /\ u4) 0 
(2) (uj/\u3, U2/\U4' uj/\u2) 1 
( 3 ) (u j /\ U4 + Uz /\ U3, U j /\ U2, uJ\ u3) 3 
(4) (u j/\u2, U3 /\U4, 0) 4 

( 5 ) (u j/\U 3 +U2/\U4 , Uj/\U2, 0) 5 
(6) (u j/\u2, uj/\u3, uj/\u4) 6 
(7) (u j /\ U2, tlj /\ U3, u2/\ u3) 6 
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(8) (u1 /\UZ' Ul/\Ug, 0) 7 
(9) (u1/\uZ+Us/\u4, 0, 0) 10 
(10) (ul!\Uz, 0, 0) 11 
(11) (0, 0, 0) 18 

(m The triplet (SL(4)X GL(4), Az®Al' V(6)®V(4)) has the following 
fourteen orbits. 

Representative Points Codimension 

(1) (u1 /\ug, U1 /\U4' -UZ!\u4, uz/\us) ° (2) ~!\~-~!\~~!\~~/\~~/\~ 1 
(3) (uz /\ us, U1 /\ U4, Ul /\ UZ, u1!\ us) 3 
(4) (ul /\us+UZ/\u4, u1 /\Uz, Us/\u4, 0) 3 
(5) (ul/\Us, UZ!\U4, U1 /\UZ, 0) 4 
(6) (ul /\ U4 + Uz /\ us, u1!\ uz, U1 /\ us, 0) 6 
(7) (u1 /\ UZ, Us /\ U4, 0, 0) 8 

(8) (u1!\Uz, U1 /\US, U1 /\U4' 0) 9 
(9) (u1 /\UZ' u1!\Us, UZ/\US, 0) 9 
(10) (ul!\uS+UZ!\u4, U1!\UZ, 0, 0) 9 
(11) (u1 /\UZ' ul!\Us, 0, 0) 11 

(12) (u1 /\uZ+Us/\u4, 0, 0, 0) 15 
(13) (u1!\UZ, 0, 0, 0) 16 
(14) (0,0,0,0) 24 

Next we consider the triplets (GL(I)Z X SL(4) X SL(m), Az®Al+Al®l~ 
V(6)®V(m)+ V(4))(m=3, 4). Let V(4) be the 4-dimensional vector space 
spanned by Ul, UZ, us, U4• Then the representation space is identified 

m --with V=(V(6)EB·· ·EBV(6))EBV(4) and the action p=Az®A1+A1®1 on V 
is given by p(g)x=«apZ(gl)Xl, ... , apZ(gl)Xm)tgz, [3Pl(gl)Y) for g=(a, [3; 
gl> gz) E GL(l)Z X SL( 4) X SL(m), x = «Xl' ... , Xm), Y) E V, (m = 3, 4). 

Proposition 2.S. 
(I) The triplet (GL(1)2xSL(4)X SL(3), Az®Al+Al®l, V(6)®V(3)+ 
V(4)) has the following thirty-five orbits. Here ij stands for Ui !\Uj. 

Representative Points 

(1) «13+24,12,34),u1+us) 
( 2 ) «13 + 24, 12, 34), u1) 

(3) «(13,24, 12), US+u4) 

Codimension 

° 1 
1 
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(4) «13, 24, 12), us) 2 
(5) «13,24, 12), u, +u2) 3 
(6) «14+23, 12, 13), u4) 3 
(7) «13+24,12,34),0) 4 
(8) «13, 24, 12), u,) 4 
(9) ((14+23, 12, 13), u2) 4 
(10) «(12, 34,0), u, + us) 4 
(11) «(13,24, 12),0) 5 
(12) «13+24, 12,0), us) 5 
(13) «14+23, 12, 13), u,) 6 
(14) «(12, 13, 23), u4) 6 
(15) «12, 34, 0), u,) 6 
(16) «(12, 13, 14), u2) 6 
(17) «14+23, 12, 13),0) 7 
(18) «12, 13, 23), u,) 7 
(19) «13+24,12,0), u,) 7 
(20) «(12, 13, 0), u4) 7 
(21) «12, 34, 0), 0) 8 
(22) «(12, 13, 0), u2) 8 
(23) «13+24,12,0),0) 9 
(24) «12, 13, 14», u,) 9 
(25) «(12, 13, 14),0) 10 
(26) «12, 13, 23), 0) 10 
(27) «(12, 13, 0), u,) 10 
(28) «(12+34,0,0), u,) 10 
(29) «(12, 13,0), 0) 11 
(30) «(12, 0, 0), us) 11 
(31) «12, 0, 0), u,) 13 
(32) «12+34,0,0),0) 14 
(33) «(12, 0, 0), 0) 15 
(34) «0, 0, 0), u,) 18 
(35) «0, 0, 0), 0) 22 

(II) The triplet (GL(1)2X SL(4) X SL(4), A2®A, +A,®I, V(6)® V(4) + V(4» 
has the following forty-five orbits. Here ij stands for utI\ u j' 

Representative Points 

( 1) «13,14, -24,23), u1+Us) 

(2) «13, 14, -24,23), u1) 

Codimension 

o 
2 
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(3) «13,14, -24,23),0) 4 
(4) «13-24, 14,23, 12), us) 1 
(5) «13-24,14,23,12), u1) 3 
(6) «13-24,14,23,12),0) 5 
(7) «23, 14, 12, 13), u4) 3 
(8) «23, 14, 12, 13), uz) 4 
(9) «23, 14, 12, 13), U1) 6 
(10) «23,14, 12, 13),0) 7 
(11) «13+24,12,34,0), u1+Us) 3 
(12) «13+24,12,34,0), u1) 4 
(13) «13 + 24, 12, 34, 0), 0) 7 
(14) «13,24, 12,0), ua+u4) 4 
(15) «13, 24, 12, 0), us) 5 
(16) «13,24, 12,0), U1 +u2) 6 
(17) «13, 24, 12, 0), u1) 7 
(18) «13,24, 12,0),0) 8 
(19) «14+23,12,13,0), u4) 6 
(20) «(14+23, 12, 13,0), uz) 7 

(21) «14+23, 12, 13,0), u1) 9 

(22) «14+23, 12, 13,0),0) 10 
(23) «12,34,0,0), U1 +ua) 8 

(24) «12, 34, 0, 0), u1) 10 
(25) «12, 34, 0, 0), 0) 12 

(26) «12, 13, 14,0), u2) 9 

(27) «12, 13, 14,0), u1) 12 

(28) «(12, 13, 14,0), 0) 13 

(29) «12, 13, 23, 0), u4) 9 

(30) «(12, 13, 23, 0), u1) 10 

(31) «12, 13,23,0), 0) 13 

(32) «13+24,12,0,0), ua) 9 

(33) «13+24,12,0,0), u1) 11 

(34) «13 + 24, 12, 0, 0), 0) 13 

(35) «12, 13, 0, 0), u4) 11 

(36) «(12, 13, 0, 0), uz) 12 

(37) «12, 13, 0, 0), u1) 14 

(38) «12, 13, 0, 0), 0) 15 

(39) «12+ 34, 0, 0, 0), u1) 15 

(40) «(12+34,0,0,0),0) 19 
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(41) «12,0,0,0), us) 
(42) «12,0,0,0), u1) 
(43) «12,0,0,0),0) 
(44) «0,0,0,0), u1) 
(45) «0,0,0,0),0) 

T. Kimura and S. Kasai 

16 
18 
20 
24 
28 

Next we consider the triplet (GL(1)2XSL(7)xSL(2), As®I+AI®At> 
V(35) + V(7)®V(2». Let V(7) be the 7-dimensiona1 vector space spanned 
by Ut> ... , U7 and let V(35) be the vector space spanned by skew-tensors 
ud\uj!\uk (1 <i<j<k<7). Then the action Ps=As of SL(7) on V(35) 
is given by Ps(g) (Ui!\Uj!\Uk)=ptCg)Ui!\PI(g)Uj!\ptCg)uk. The represen
tation space V(35) + V(7)® V(2) is identified with V(35)E8(V(7)E8 V(7» and 
the action p=As®I+AI®AI is given by p(g)i=(apS(gl)X, ([3ptCgl)Yt> 
[3PtCgI)Y2)1g2) for g=(a, [3; gl, g2) e GL(1)2 X SL(7) X SL(2), i=(X, (Yt> Y2» 
e V = V(35)E8(V(7)E8 V(7». 

Proposition 2.9. The triplet (GL(lyxSL(7)xSL(2), As®I+AI®At> 
V(35) + V(7)®V(2» has the following 102 orbits. Here ij k stands for 
ui!\Uj!\Uk. 

Representative Points Codimension 

(1) (234+567+1(25+36+47), (u2, u5» ° (2) (234+567+ 1(25+36+47), (u2, us+us» 1 
(3) (234+567+1(25+36+47), (u2, us» 3 
(4) (234+567+ 1(25+36+47), (ut> u5» 3 
(5) (234+ 567 + 1 (25 + 36 + 47), (u2, us» 5 
(6) (234+567+1(25+36+47), (ut> 0» 6 
(7) (234+567+ 1(25+36+47), (u2, 0» 7 
(8) (234+567+1(25+36+47), (0, 0) 14 
(9) (235+346+1(27-45), (us, u7» 1 
(10) (235+346+1(27-45), (u5, u1+Us» 2 
(11) (235+346+1(27-45), (u5, U1+U4» 3 
(12) (235+346+ 1(27 -45), (u5, us» 4 
(13) (235+346+1(27-45), (u5, u1+US» 4 

(14) (235+346+1(27-45), (u6, U1+U4» 4 
(15) (235+346+1(27-45), (u5, ut» 5 
(16) (235+346+1(27-45), (u6, us» 5 
(17) (235+346+ 1(27 -45), (us, ut» 6 
(18) (235+346+1(27-45), (ul, u4» 7 
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(19) (235+346+ 1(27-45), (u5, 0» 7 
(20) (235+346+1(27-45), (UI +U4, u2» 8 
(21) (235+346+1(27-45), (u6, 0» 8 
(22) (235+346+1(27-45), (ul , u2» 10 
(23) (235 + 346 + 1(27 - 45), (UI> us» 10 
(24) (235+346+ 1(27 -45), (UI +U4, 0) 10 
(25) (235+346+1(27-45), (UI> 0» 11 
(26) (235+346+1(27-45), (0,0» 15 
(27) (134+256+ 127, (u7, Us + u5)) 4 
(28) (l34+256+127, (u7, u2+Us) 6 
(29) (l34+256+127, (Us+u5, U4 +U6» 6 
(30) (l34+256+ 127, (u7, us» 7 
(31) (l34+256+ 127, (Us+u5, u4») 7 
(32) (134+256+ 127, (u7, UI +u2» 8 
(33) (134+256+127, (u5, us» 8 
(34) (134+256+ 127, (u7, uI » 9 
(35) (l34+257 + 127, (Us + U5, UI +u2» 9 
(36) (l34+256+127, (Us+u5, uI» 10 
(37) (134 + 256 + 127, (us, u4» 10 
(38) (l34+256+ 127, (u7, 0» 10 
(39) (134+256+ 127, (us, UI +u2» 11 

(40) (l34+256+127, (Us+u5, 0» 11 

(41) (134+ 256+ 127, (us, uI» 12 
(42) (l34+256+ 127, (us, u2» 12 
(43) (l34+256+ 127, (us, 0» l3 
(44) (l34+256+ 127, (ul +u2» 14 
(45) (l34+256+127, (U I +U2, 0» 15 
(46) (l34+256+ 127, (ul , 0» 16 
(47) (134+256+ 127, (0, 0» 18 
(48) (234+ 1(25+36+47), (u5, u6» 7 
(49) (234+ 1(25+36+47), (us, u2» 9 
(50) (234+ 1(25+36+47), (us, us)) 10 

(51) (234+1(25+36+47), (u5, uI» 12 

(52) (234+1(25+36+47), (u2, us» l3 
(53) (234+ 1(25+36+47), (us, 0» l3 

(54) (234+1(25+36+47), (u2, uI» 15 

(55) (234+1(25+36+47), (u2, 0» 16 

(56) (234+ 1(25+36+47), (ul , 0» 19 
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(57) (234 + 1 (25 + 36 + 47), (0, 0» 21 

(58) (123+456, (u7, UI +U4» 9 

(59) (123+456, (UI +U4, u,+u5» 11 

(60) (123 +456, (u7, Ul» 12 

(61) (123+456, (UI +U4, u,» 13 

(62) (123+456, (u4, Ul» 15 

(63) (123+456, (u7, 0» 15 

(64) (123 + 456, (ul + U4, 0» 16 

(65) (123+456, (ul, u,» 17 
(66) (123+456, (ul, 0» 19 

(67) (123+456, (0, 0» 23 

(68) (126-135+234, (u7, u4» 10 
(69) (126-135+234, (u4, u5» 12 

(70) (126-135+234, (u7, Ul» 13 

(71) (126-135+234, (u4, u2» 14 

(72) (126-135+234, (u4, Ul» 16 

(73) (126-135+234, (u7 , 0» 16 

(74) (126-135+234, (u4, 0» 17 

(75) (126 -135 + 234, (u!> u2» 18 

(76) (126-135+234, (u!> 0» 20 

(77) (126 -135 + 234, (0, 0» 24 

(78) (1(25+36+47), (u" u5» 14 

(79) (1(25+36+47), (u" ua» 15 

(80) (1(25+36+47), (uz, Ul» 19 

(81) (1(25+36+47), (u2, 0» 20 

(82) (1(25+36+47), (Ul> 0» 26 

(83) (1(25+36+47), (0,0») 28 

(84) (1(24+35), (ua, u7») 15 

(85) (1(24+ 35), (ua, u,) 16 

(86) (1(24+ 35), (u" u4» 19 

(87) (1(24+ 35), (u6, Ul» 20 

(88) (1(24+35), (u" ua» 20 

(89) (1(24+35), (ua, 0» 21 

(90) (1(24+ 35), (u" Ul» 22 

(91) (1(24+35), (u" 0» 23 

(92) (1(24+35), (ul, 0) 27 

(93) (1(24+35), (0, 0» 29 
(94) (123, (u4, u5» 22 
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(95) (123, (u., uI» 25 
(96) (123, (u4, 0» 28 
(97) (123, (UI> u2» 30 
(98) (123, (ul , 0» 32 
(99) (123, (0, 0» 36 

(100) (0, (ul , u2» 35 
(101) (0, (ul , 0» 41 
(102) (0, (0, 0» 49 

§ 3. 

In this section, we shall deal with the simple case. Define an element 
i 

ei of V(n)=cn byei=t(O, ••• ,1, ... ,0)fori=l, ···,n. 
Now consider the triplet (GL(1YXSL(n), 2AtEBAt, V(fn(n+l»Ef> 

~~.~~ . 

V(tn(n+l»={XE M(n); tX=X} and (X, x)~(aAXtA, f3tA-IX) 

for (X, x) E V, and (a, f3; A) E GL(1)2XSL(n). Hence, r l = rank X, r 2= 
rank x, r3=rank Xx, r.=rank txXx are invariants. Put I~= (~k~) E M(n) 

where Ik is the identity matrix of degree k. 

Proposition 3.1. The triplet (GL(I)2xSL(n), 2A/dJAt, V(fn(n+l»Ef> 
V(n)*) has 4n orbits. 

Representatives rl r2 ra r. 

( 1 ) (I~, el ) k 1 1 1 (1 <k<n) 
(2) (Ik, el +.J=T e2) k 1 1 ° (2<k~n) 

(3) (I~, en) k 1 ° ° (O~k~n-l) 

(4) (I~, 0) k ° ° ° (O;;;;'k<n) 

Proof. The isotropy sub algebra gIk at I~ is given by {( ~ I ~); A E 

O(k)}. Consider the action e}-~( ~cI_~B)(;:)where XI E C k and X 2 

E cn-k. If k=O, then x=x2=0 or en> i.e., (4) (3). If k= 1, then XI =0 
or 1. If xl=O, then x 2=t(0 .. . 01) or 0, i.e., (3) (4). If xl=l, then x 2=O 
by C, i.e. (1). If k=n, then x=el> el +.J=Te2, or ° from the orbital de
composition of (GO(n), AI) (See p. 168 in [9]), i.e., (1) (2) (4). If 2<k~ 
n-l, then xl=O, el +.J=Te2 or el • If xl=O, then x 2=t(0 .. . 01) or 0, 
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i.e., (3) (4). If x1::;t:0, then x 2 =0 by C, i.e., (2) (1). Q.E.D. 

Now consider the triplet (GL(I)Z X SL(6), AaEBAH V(20)EB V(6)). Let 
e1, "',e6 be a basis of V(6). Then we have X=(X,y)E V(20)EBV(6) 
with X= LJXjjket!\ejAek (1 <i<j<k<6) and y= L:y!e!. Put X= 
L.~Zj(aX/aei)' xAx= L:tj ,yj/X)ZiVj, ej Avj=w(=e1A··· Ae6) where Zi 
are indeterminants. Then we have ,y(p(g)x)=(detg)g,y(x)g-1 for g E GL 
(6), p=Aa where ,y(X)=,yi/X)) is a 6X6 matrix (See [10]). Therefore, 
r1 = rank x (as x E M(20, 1)), r2=rank y, ra=rank ,y(x) andr4 =rank ,y(x)y 
are invariants. Since xAy determines an element of the space (SL(6), A4, 

V(15))::::::(SL(6), At, V(15)*), there exists a 6X6 skew-symmetric matrix 
(xAY)* such that (p(g)xAgy)*=tg -l(xAy)*g-1 for g E SL(6). Hence 
r5=rank (xAY)* is also an invariant. 

Proposition 3.2. The triplet (GL(I)Z X SL(6), AaEBA1' V(20)EB V(6)) 
has following fifteen orbits. Here ijk standsfor ejAejAek. 

iZepresentatives r1 r2 ra r4 r5 
(1) (123+456, e1+e4) 1 1 6 4 
(2) (123+456, e1) 1 6 1 2 
(3) (123+456,0) 1 0 6 0 0 
(4) (123+145+246, e6) 1 1 3 1 4 
(5) (123+145+246, e1) 1 1 3 0 2 
(6) (123 + 145 + 246, 0) 1 0 3 0 0 
(7) (123 + 145, e6) 1 1 1 4 
(8) (123 + 145, e2) 1 0 2 
(9) (123+ 145, e1) 1 1 1 0 0 
(10) (123 + 145,0) 0 1 0 0 
(11) (123, e6) 1 0 0 2 
(12) (123, e1) 0 0 0 
(13) (123,0) 0 0 0 0 
(14) (0, e1) 0 1 0 0 0 
(15) (0,0) 0 0 0 0 0 

Proof It is well-known that (GL(6), Aa, V(20)) has five orbits re
presented by x 1 =123+456, x 2 = 123 + 145+246, xa=123+145, x4 =123 
and X5=0. One can check that 

o 

o 
o 

o 
-2 

-2 
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t(x,)~c .. 0 -2} t(x.)~+(x,)~O. 
If x = XI> the isotropy subgroup at Xl is given by {( ~ I ~ ), ( ~ I ~ ) ; A, B 

e SL(3)} and hence y~el+e4' e1> 0, i.e., (1) (2) (3). Ifx~=126+234-
135, the isotropy subalgebra at x~ is given by (8.2) in p. 40 in [6], so Y~O, 

ea, eo. By the permutation (1 3 4), if X=X2, then Y~O, e1, eo. i.e., (3) 
413 

(5) (4). If x~= 124+ 135, the isotropy sub algebra at x~ is given by (8.3) 
in p. 40 in [6]. Hence if Yo*O for Y= t(Y1> .. " Yo), we have Yl = ... =Y5 
=0, i.e., (7). If Yo=O, then Sp(2) acts on y' = t(Y2' .. " Y5) and hence y' 
= t(10· • ·0) or O. If y' = t(lO . • ·0), then we may assume Yl =0, i.e., (8). 
If y' = 0, then Yl = 1 or 0, i.e., (9) (10). By the permutation (3, 4), we 
obtain the case when X=Xa. If X=X4, then the isotropy subalgebra at X4 
is given by (8.4) in p.41 in [6], we have y' = t(O 01) or 0 where y' = 
t(Y4>Y5,YO)' If y'=t(OO 1), then we have Yl=Y2=Ya=0 by C, i.e., (11). 
If y' =0, then y~el or 0, i.e., (12) (13). If x=O, then y~el or O. Q.E.D. 

Next consider the triplet (GL(1)2x SL(7), AaEBAt, V(35)EBV(7)*). We 
haveX=(x,Y) e V(35)EBV(7)*wherex= 2:xij~eJ\ej!\e~(I <i<j<k<7) 
and Y= 2:f=lYZeZ' Put x= 2:z z(ax/ae z) and x!\x!\x= 2:i,j 1Jrilx)ZiZjW 
where w=e1!\· .. !\e7 and Zi are indeterminants. Then we have t(p(g)x) 
= (det g)g1Jr(x)tg for g e GL(7) and p=Aa (See [10]). Since (x, Y)I-+ 
(p(g)x, tg-ly), r=rank 1Jr(x), r1 = rank 1Jr(x)y, r2 =rank y, r' = rank ty1Jr(x)y 
and the dimension of the orbits are invariants. Here dim (resp. dim*) 
denotes the dimension of orbits for Aa + Al (resp. AsEBAt). 

Proposition 3.3. The triplet (GL(1)2XSL(7), AaEBAt, V(35)EBV(7)*) 
has following thirty-eight orbits. 

, Representatives r r1 r2 r' dim dim* 

(1) (234+567+1 (25+36+47), e1) 7 1 1 1 42 42 
(2) (234+567+1 (25+36+47), e2) 7 1 1 0 41 41 
(3) (235 + 346 + 1 (27 - 45), e5) 4 0 1 0 41 37 
(4) (235+346+ 1 (27 -45), eo) 4 0 0 40 36 
(5) (235 + 346 + 1 (27 - 45), e1 + e4) 4 1 1 0 38 41 
(6) (134+256+ 127, e7) 2 0 I 0 38 32 
(7) (235+346+ 1 (27 -45), e1) 4 1 0 37 40 
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(8) (134+256+127, eS+e5) 2 0 1 0 37 36 

(9) (234+567+ 1 (25+36+47),0) 7 0 0 0 35 35 
(10) (134+256+127, es) 2 0 1 0 35 34 

(11) (234+1 (25+36+47), e5) 1 0 1 0 35 31 

(12) (235+346+ 1 (27 -45),0) 4 0 0 0 34 34 

(13) (134+256+ 127, e1 +e2) 2 1 1 0 33 38 
(14) (123+456, e7) 0 0 1 0 33 27 
(15) (134+256+ 127, e1) 2 1 1 0 32 37 
(16) (234+1 (25+36+47), e2) 1 0 1 0 32 34 
(17) (123+456, e1+e4) 0 0 1 0 32 33 
(18) (126-135+234, e7) 0 0 1 0 32 26 
(19) (126-135+234, e4) 0 0 1 0 31 29 

(20) (134+256+127,0) 2 0 0 0 31 31 
(21) (234+ 1 (25+36+47), e1) 1 1 1 0 29 35 
(22) (123+456, el) 0 0 1 0 29 30 
(23) (234+1 (25+36+47),0) 1 0 0 0 28 28 
(24) (126-135+234, e1) 0 0 1 0 28 32 
(25) (1 (25+36+47), e2) 0 1 0 28 27 
(26) (1 (24+35), ee) 0 0 1 0 27 22 
(27) (123-456,0) 0 0 0 0 26 26 
(28) (126-135+234,0) 0 0 0 0 25 25 
(29) (1 (24+35), e2) 0 0 1 0 25 26 
(30) (1 (25+36+47), e1) 1 1 1 0 22 28 
(31) (1 (25+36+47),0) 1 0 0 0 21 21 
(32) (1 (24+35), e1) 0 0 1 0 21 27 
(33) (1 (24+35), 0) 0 0 0 0 20 20 
(34) (123, e4) 0 0 1 0 20 17 
(35) (123, e1) 0 0 1 0 16 20 
(36) (123,0) 0 0 0 0 13 13 
(37) (0, e1) 0 0 1 0 7 7 
(38) (0,0) 0 0 0 0 0 0 

Proof By Proposition 1.4 in [7], it is equivalent to classify (GL(I)Z 
X SL(7), AsEBA!> V(35)E8 V(7». The triplet (GL(7), As> V(35» has ten orbits 
represented by x1=234+567+1(25+36+47), x 2=235+346+1(27-45), 
Xs= 134+256+ 127, x4 =234+1 (25+36+47), x5 =123+456, x6=126-
135+234, x7=1 (25+36+47), xs=I(24+35), xs=123, and XlO=O. [I] 
The case for X=X I • The isotropy subalgebra at Xl is gz (See p. 20 in [8]) 
and (GL(1) X G2, A2, V(7» has thre eorbits. Hencey-eh ez, 0, i.e.,(I)(2)(9). 
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[II] The case for X=X2. The isotropy subalgebra at X2 is given by 
(10.2), p. 47 in [6]. Since GO(3) acts on Y' = t(Y5YSY7), we have y,t -(1 00), 
teO 1 0) or teO 0 0). If Y':f=O, we have Yl='" =Y4=0 by r/s and y-e5, 
e6, i.e., (3)(4). Ify' =0, then GL(1) X SL(2) X SL(2) acts ony" = t(Yl" . " Y4) 
and hence y" -e1 +e4, e1, 0, i.e., (5) (7) (12). [III] The case for X=Xa. 
The isotropy subalgebra at Xa is given by (10.3) p. 47 in [6]. If Y7:f=0, then 
we have Y - e7. Assume Y7 = 0. The group GL(2) X GL(2) acts on Y' = 
t(XaX4X5X6) by A1QS)1 + I@A1, so we have Y' - t(1 ° 1 0), t(1 000), teO ° 1 0). 
(0000). If Y':f=O, we may assume Yl=YZ=O, and her ... ce y-ea+e5, ea, e5. 
If Y' = 0, then (y" Y2) = (1 1), (1 0), (0, 1) or (0, 0), i.e., Y - e1 + e2, e2, e1, 0. 
However, by the transformation e1++e2, ea++e5, e4++ea, e7++-e7, we have 
(xa, e1) ~ (xa, e2) and (xa, ea) - (xa, e5), and hence Y ~ e7, e1 + e2, e1, ea + e5, ea, 
0, i.e., (6) (13) (I 5) (8) (10) (20). [IV] The case for X=X4. The isotropy 
subalgebra at X4 is given by (10.4), p. 48 in [6]. Hence Y' = t(Y5YSY7)
t(1 00) or 0. If y' :f=0, then we may assume that Yl = ... = Y4=0, i.e., y 
~e5' If y'=O, then y,,=t(Y2YaY4)-t(IOO) or 0. If y"::;t:O, we may 
assume Yl =0, i.e., y-e2. If y" =0, thenYl = lor 0, i.e., y-e1 or 0. Hence 
y-e5, e2, e1, 0, i.e., (11) (16) (21) (23). [V] The case for X=X5. The iso
tropy subalgebra at X5 is given by (10.6), p. 49 in [6]. If Y7::;t:O, we have 
Yl='" =Ya=O by Z and W, i.e., y-e7. If Y7=0, SL(3)XSL(3) acts on 
Y' = l(y" "', Ya) by A1@1+I@A" and Y' -e1 +e4, e1, e4, 0. By the trans
form 1 ++4, 2++5, 3++6, we have (xs, e1) - (x5, e4), and hence Y - e7, e1 + e4, 
e1, 0, i.e., (14) (17) (22) (27). [VI] The case for X=X6. The isotropy 
subalgebra at Xs is given by (10.7), p. 49 in [6]. If Y7:f=0, then y-e7. If 
Y7=0, then Y' = t(Y4Y5YS)- t(I 00) or 0. If Y' ::;t:O, we have Yl =Y2=Ya=0 
by B i.e., Y -e4. If Y' =0, y" = t(Y1Y2YS) - t(1 00) or 0, i.e., y-e1 or 0. 
Hence y-e7, e4, e1, 0, i.e., (18) (19) (24) (28). [VII] The case for X=X7. 
The isotropy subalgebra at X 7 is given by (10.9), p. 50 in [6]. Then we have 
Y' = t(Y2' .. " Y7) - t(1 ° ... 0) or 0. If Y' :f=0, then Yl =0 by Y, i.e., Y -e2. 
If y'=O, then Yl=I or 0, i.e., y-e1, 0. Thus we obtain (25) (30) (31). 
[VIII] The case for X=Xs' The isotropy subalgebra at Xs is given by 
(10.10), p. 50 in [6]. We have Y' = t(Ya, Y7) - t(l, 0) or 0. If Y' ::;t:O, then. 
by U, Z, Yl = ... = Y5=0,:i.e., Y -ea. If Y' =0, then y" = t(Y2' .. " Y5)
t(l 00 0) or 0. If y" ::;t:O, then Yl = ° by W, i.e., Y - e2. If y" = 0, then 
Yl = 1 or 0, i.e., Y -e1, 0. Hence we have y-es, e2, e" 0, i.e., (26) (29)(32) 
(33). [IX] The case for X=Xa. The isotropy subalgebra at Xa is given 
by (10.12),p. 51 in [6]. We havey'=(Y4, "·,Y7)-t(1000)orO. Ify' 
:f=0, then Yl=Y2=Ya=O by Z, i.e., y-e4. If y'=O, then y-e1, 0. Thus 
we have (34) (35) (36). [X] The case for x=xlO =O. We have y-e" 0, 
i.e., (37) (38). Q.E.D. 

Consider the triplet (GL(l)Z X Sp(3), A/iJA1, V(14)EB V(6». If we 
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restrict the triplet (OL(6), Ag, V(20» to Sp(3), then we have V(20) = V(14) 
EEl V(6) as a representation space of Sp(3), and V(14) is spanned by all = 
123, al2=456, alg =234, al.= 156, al5 = 135, als=246, al7 = 126, als=345, al9 

= 125-136, allo =245-346, alll = 124+236, al12 = 145+356, allg = 134-
235, and al14 = 146-256 where ijk stands for ei I\e j I\e k • The triplet (OL(I) 
X Sp(3), Ag, V(14» has five orbits represented by Xl = 123 +456, X2 = 126 
+(134-235), Xg= 134-235, X.= 123, x5 =0 (See [2]). 

Proposition 3.4. The triplet (OL(I)2 X Sp(3), AlBAI , V(14)El3 V(6) has 
following nineteen orbits. 

Representatives dim 

(1) (123+456, el +e4) 20 
(2) (123 + 456, el + e5) 19 
(3) (126+(134-235), es) 19 
(4) (126+(134-235), e5) 18 
(5) (123 + 456, el) 17 
(6) (126+(134-235), eg) 16 
(7) (134-235), es) 16 
(8) (126+(134-235), el) 15 
(9) «134-235), el +e2) 15 
(10) (123+456,0) 14 
(11) (126+(134-235),0) 13 
(12) «(134-235), el) 13 
(13) (123, e4) 13 
(14) «134-235), ea) 11 
(15) «(134-235),0) 10 
(16) (123, el) 10 
(17) (123,0) 7 
(18) (0, el) 6 
(19) (0,0) 0 

Proof [I] The case for X=X I with (x, y) E V(14)El3V(6). The iso
tropy subalgebra at Xl is given by (9.2), p. 43 in [6]. Hence y -el +e4, el 

+e5, el> e4, O. However (X1' e.)-( -123+456, el) by (.!!lal ~ ) E Sp(3), 

and by (
12

.v=t 12 ) E Sp(3), -(-.v=t123-.v=t456, el) 

-.v=t 
-(XI> el) by.v=t E OL(1). Hence y-el+e., el+e5, ~I> 0, i.e., (1) (2) (5) 
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(10). [II] The case for X=X2• The isotropy subalgebra at X 2 is given by 
(9.3), p. 43 in [6]. Hence GO(3) acts on y' = '(Y.YSY6)' and Y' ~ '(0 ° 1), 
'(010),0. If y'::;t:O, then Yl=Y2=YS=0 by biJ and bi , i.e., y~e6' es. If 
Y' =0, then GO(3) acts on y" = '(Y1Y2YS) and hence y~es, e1, 0. Thus we 
obtain (3) (4) (6) (8) and (11). [III] The case for XS' The isotropy sub
algebra at Xs is given by (9.4), p. 44 in [6], and hence if Y6::;t:0, then Yl = ... 
=Ys=O bya{3roe, i.e., y-e6. Assume Y6=0. Ify' = '(Y1Y2Y.YS) =0, then 
Ys=1 orO,i.e.,y~e3'0. Ify'::;t:O, then we may assume Y3=0. In this 
case, SL(2) X SL(2) acts on Y' by Al® 1 + 1 ®Al' so Y' ~ '(11 ° 0), '(1 000), 
'(0100). We have (xs, e1) ~(X3' e2) by 

A=(~' ;,) E Sp(3) with J'=(~ ~ ~). 
o 0-1 

Thus we obtain (7) (15) (14) (9) (12). [IV] The case for X=X.. The 
isotropy subalgebra at x. is given by (9.5), p. 45 in [6]. Hence Y' = '(Y.YSY6) 
-'(100) or 0. If y'::;t:O, then Yl =Y2=YS=0 by B, i.e., y~e.. If Y' =0, 
then y" = '(Y1Y2YS) - '(1 ° 0) or 0, i.e., Y ~ e1, 0. Thus Y ~ e., eh 0, i.e. (13) 
(16) (17). [V] The case for x=xs=O. Then we have y~el' 0, i.e., (18), 
(19). Q.E.D. 

Consider the triplet (GL(1)2 X Spin(lO), half-spin rep. EfJvector rep., 
V(16)EfJV(10». The triplet (Spin(10), half-spin rep., V(16» has 3 orbits 
represented by 1 +e1e2eSe., 1, ° (See [2]). For (x, y) E V(16)EfJ V(lO), let 
g(y) be the quadratic invariant on V(lO). Then r1 = rank x, r2 = rank y, r 
=rank (q(y» are invariants. 

Proposition 3.5. The triplet (GL(1)2xSpin(10), half-spin rep. EfJvector 
rep., V(16)EfJ(V(1O» has thirteen orbits. 

~epresentatives r r1 r2 dim 

(1) (1 + e1e2eSe4, es + elO) 1 26 
(2) (1 + e1e2eSe., e1 + e6) 1 1 1 25 
(3) (1 +e1e2eSe., es) ° 1 1 25 
(4) (1 + e1e2eSe., e1) 0 1 1 24 
(5) (1, e1+e6) 1 1 1 21 
(6) (1, e1) ° 1 1 20 
(7) (1 +e1e2eSe4, e1O) 0 1 1 17 
( 8 ) (1 +e1e2eSe., 0) 0 1 0 16 
(9) (1, e6) ° 1 1 16 
(10) (1,0) ° 1 ° 11 
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(11) (0, el +es) 

(12) (0, el ) 

(13) (0, 0) 
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1 

° ° 
° ° ° 

1 
1 

° 

10 
9 

° 
Proof (I) The case for x= 1 +eleZe3e4. The isotropy sub algebra at 

x is given by (5.39), p. 121 in [8]. Hence, if Y5*0, then all Yi=O except 
i = 5, 10 by al5 ~ a45 and Cl5 ~ C45" Then Y5 = 1, YIO = 1 or 0, i.e., (1) (3). If 
Y5=0, then Spin (7) acts ony,=t(YI·· ·Y4YS·· ·Ya) by the spin representa
tion, hence y' ~ t(I ° ° ° 10 ° 0), t(1 0· . ·0), 0. If y' *0, then YIO=O by 
C15 . If y' = 0, then YIO = 1 or 0. Hence Y ~ e1 + es, e1, elO' 0, i.e., (2) (4) (7) 

(8). (II) The case for x= 1. The isotropy sub algebra at x is ([ ~I_~ An, 
hence GL(5) acts on y' = t(YI ... Y5). Thus y' ~ t(I 0· .. 0) or 0. If y' = 
t(1 0·· ·0), then Y7=··· =YIO=O by C and Ys=I or 0. If y'=O, then 
y" = t(ys· .. YIO) ~ t(1 0· .. 0) or 0. Thus we have (5) (6) (9) (10). (III) If 
x=O, then y~el+es, el, 0, i.e., (11) (12) (13). Q.E.D. 

Finally consider the triplet (GL(1)2 X Spin (12), half-spin rep. EBvector 
rep., V(32)EB V(I2)). For x=(x, y) E V(32)EB V(12), let Q(x) is a relative 
invariant of degree 4 on V(32) and q(y) a quadratic invariant on V(I2). 
Then R=rank (Q(x)) as 1 X 1 matrix, r=rank (q(y)), r1 =rank x as an 
element of M(32, 1), r2 = rank yare invariants. 

Proposition 3.6. The triplet (GL(I)2 X Spin (12), half-spin rep. EBvector 
rep., V(32)EB V(12)) has following twenty-one orbits. 

Representatives R r rl rz dim 

(1) (1 +eleZe3e4e5eS' el +e7) 1 1 1 1 44 
(2) (1 + eleZe3e4e5eS' el + es) 1 ° 1 1 43 
(3) (1 + eZe3e,eS +ele3e4eS' el + e7) ° 1 1 1 43 
(4) (1 + eZe3e5eS + e1e3e4eS' e1) ° ° 1 1 42 

(5) (1 +eleZe3e4e5eS' el) 1 ° 1 1 38 
(6) (1 + eZe3e5eS + e1e3e4eS' e7) ° ° 1 37 
(7) (1 + e2e3e5eS' el + e7) ° 1 1 37 
(8) (1 + eZe3e5eS' e1) ° ° 1 36 
(9) (1 + eZe3e5eS' ez + es) ° 1 1 35 
(10) (1 + eZe3e5eS' ez) ° ° 1 1 34 
(11) (1 +ele2e3e4e5eS' 0) ° ° 32 
(12) (1 + e2e3e5eS + ele3e4eS' 0) ° ° 1 ° 31 
(13) (1, e1 +e7) ° 1 28 
(14) (l +e2e3e5eS' e7) ° ° 1 27 
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(15) (1, el ) 0 0 1 1 27 
(16) (1 +e2ege5eS' 0) 0 0 1 0 25 
(17) (1, e7) 0 0 1 1 22 
(18) (1,0) 0 0 1 0 16 
(19) (0, el +e7) 0 1 0 12 
(20) (0, el ) 0 0 0 1 11 
(21) (0,0) 0 0 0 0 0 

Proof The triplet (GL(I) X Spin (12), half-spin rep., V(32)) has five 
orbits represented by XI = 1 +ele2ege4e5eS' X2= 1 +e2ege5eS +elege4eS' Xg= 
I+e2ege5eS' x4=1 and x5=0 (See [2]). (I) The case for X=XI. The iso-

tropy sub algebra at XI is given by {(~ _ t~); A E §f (6)} and hence Y-

el + e7, el + es, el , e7, O. The isotropy subgroup of Spin (12) at Xl has two 
connected components ([2]) and, by this, we have (Xl' e7)-(xl , -el ). By 
GL(I), (Xl> -el)-(xl> el). Thus we obtain (1) (2) (5) (11). (II) The case 
for X=X2. The isotropy sub algebra at X2 is given by (5.3), p. 28 in [6]. 
Since Sp(3) acts on y' = t(YIY2Y9Y4Y5YI2), we have Y' - t(1 o· . ·0) or O. If 
Y' = t(l O· . ·0), then, by agl , aw C12' C14, C15 , we have Y" = t(Y7YSYgYIOYl1YS) = 
t(1 0·· ·0) or 0, i.e., y-el+e7, el. If y'=O, then Sp(3) acts on Y" and 
hence y,,=t(1 0·· ·0) or 0, i.e., y-e7, O. Thus we have (3) (4) (6) (12). 
(III) The case for X=Xg. The isotropy sub algebra at Xs is given by (5.4), 
p. 29 in [6]. GL(2) acts on t(YIY4) and hence t(YIY4) - t(1, 0) or O. If 
t(YI,y.)=t(1,0),wehaveY2=···Ys=Ys=···=YI2=0,Y7=1 or 0, bya21 

-aSh C12 -CW i.e., y-el+e7, el . Assume that YI=Y4=0. Then Spin (7) 
acts on Y' = t(Y2YsY5YsYSY9Yl1YI2) by the spin representation with scalar 
multiplication, we have Y' _t(l 0001000), t(1 0·· ·0) or O. If y'::;t:O, 
then Y7= YIO=O by CI2 and C24, i.e., y-e2+eS' e2. If Y' =0, then GL(2) acts 
on t(Y7' YIO) and hence t(Y7' YIO) - t(1 0) or 0, i.e., Y -e7, O. Thus we obtain 
(7) (8) (9) (10) (14) (16). (IV) The case for X=X4. The isotropy sub
algebra at X4 is given by (5.5), p. 29 in [6]. Hence Y' = t(YI' .. Ys) - (1 O· . ·0) 
or O. If Y' = t(1 O· . ·0), then y" = t(Y7' .. Y12) - t(1 O· . ·0) or 0 by C, i.e., 
y-e1+e7,e1. Ify'=O, then y"-(10···0)orO,i.e.,y-e7,0. Thus we 
obtain (13) (15) (17) (18). (V) The case for x=x5=0. We have y-e1 
+e7, el> 0, i.e., (19) (20) (21). Q.E.D. 
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