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On a Calculation of Vertex Operators

for EP (n=6, 7, 8)

Etsuro Date

In this note we give explicit formulas of vertex operators for E
n=6,17,8).

Realization of basic representations of Euclidean Lie algebras was
initiated by Lepowsky-Wilson [5] for 4. In their work, a differential
operator of infinite order in infinitely many variables, called vertex oper-
ator, played an important role (vertex representation). Subsequently this
construction was generalized to almost all Euclidean Lie algebras by Kac-
Kazhdan-Lepowsky-Wilson [3].

Lepowsky-Wilson [6] used vertex representations to study Rogers-
Ramanujan type identities from the viewpoint of the theory of Lie algebras.

Meanwhile through the work [2], it has been shown that representa-
tion theory of Euclidean Lie algebras are intimately related to the theory of
solitons. In this connection explicit forms of vertex operators directly
relate to the expressions of the so-called multi-soliton solutions of soliton
equations.

Therefore explicit forms of vertex operators may be of some interest
not only for the theory of Euclidean Lie algebras but also for the theory
of solitons.

Procedure for calculating vertex operators are given in [3]. On the
other hand, in [2], vertex operators for some of Euclidean Liec algebras
(mainly of the classical type) are derived from those for gl(oo), go(eo) or
g0(2c0) by the process of “reduction”. At present it is not clear whether
vertex operators for Euclidean Lie algebras not appeared in [2] (mainly of
the exceptional type) are also obtained from those for gl(oo), go(eo) or
go(200), or not.

In this note we describe a procedure for calculating vertex operators,
which supplements the procedure given in [3]. This procedure can be ap-
plied to affine Lie algebras and makes use of the relations between the
notion of Coxeter transformations and the notion of apposition of Cartan
subalgebras studied by Kostant [4].

This note grows out of the discussion with Professor M. Kashiwara,
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to whom the author expresses his thanks.

1. First we recall the construction of Kac-Kazhdan-Lepowsky-
Wilson. Let L be a finite dimensional simple Lie algebra of rank »n and
let E;, F;, H; (j=1, - - -, n) be canonical generators of L:

[H], Ek]:ajkEj9 [H;, Fl=—auF,, [E; F]=0;H,,
(j’k_:l, v, n)

where (a,,) is the Cartan matrix of L. Choose lowest (resp. highest) root
vector E, (resp. F,) in such a way that for H,=[E,, F,] the relations [H,, E;]
=2E,, [H,, F)]=—2F, hold.

Let / be the Coxeter number of L. We introduce a Z/hZ-gradation
of L by defining deg H;=0, deg E;= —deg F;=1,j=0,1, ---, n: L=
C_BJ' GZ/nZLJ' .

We put E=3_, E,, then E is a cyclic element of L in the sense of
Kostant [4]. Denote by S the centralizer of E in L. It is known that S
is a Cartan subalgebra of L and that dimension of the space S;=SNL; is
equal to the multiplicity of j in the set of exponents m, of L. Here we
assume that the exponents are so ordered that m;<m, (j<<k) hold.

The next procedure described in [3] is to choose n root vectors
A,, - -+, A, with respect to S, corresponding to the roots 8y, - -+, B, such
that their projections on L,=®7_,CH, form a basis of this space. Further
choose a basis T; (j=1, - - -, n) of S with the following properties: T; € S,
and (T}, Tp.1_xy =0, J. k=1, - - -, n, where {, ) denotes the Killing form
of L.

Then vertex operators for the affine Lie algebra L are given by the
following formulas

Y‘”:exp(Z ZM,\/_T xk)exp<—Z A gy S i)

= b, w=1 b, 0x,

Here 4;,,=BAT%), 4;,6=2;,tmoar, and 7 is given in Table 7 of [3] and b,,
b,, - - - denote the sequence

my+kh, j=1,--,n, k=0,1,2, -

arranged in nondecreasing order.

We note that only the quantities 2, ,4;,,,1_; are invariant under the
choice of T,. It is also noted in p. 108 of [3] that general formula for the
quantities 2, , seems not to be known.
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2. Now we supplement this procedure.

First we recall some of the result of Kostant [4]. A Cartan sub-
algebra §)’ of L is said to be in apposition to a Cartan subalgebra § of L
with respect to a principal element P (for the definition, see [4, 6.7]) of the
adjoint group G of L, if the following two conditions are satisfied: 1) ¥
is the set of fixed elements in L under the adjoint action of P, 2) §’is
stable under P and the set of eigenvalues of P, includes a primitive A
(=the Coxeter number of L)-th root of unity.

Then, in our case, according to Theorem 6.7 of [4], S is in apposition
to )=CH,+ - - - +CH, =L, with respect to a principal element P, (for the
definition, cf. [4, 6. 7]). Also Corollary 8.6 of [4] states that P,|; defines a
Coxeter transformation of S.

It is known that eigenvalues of a Coxeter transformation are
exp (2zim,[h) (m;=the exponents of L) and that corresponding eigenvectors.
form a basis of a Cartan subalgebra.

In the present situation these eigenvectors have degrees m; (cf. [4, Th.
6. 7).

In this way, noting that Coxeter transformations form a single con-
jugate class in the Weyl group with respect to a Cartan subalgebra, we can
reduce the determination of T, j=1, - - -, n, to the determination of eigen-
vectors of a Coxeter transformation.

In other words, we can calculate vertex operators only from the
knowledge of a root system of L.

3. In this section we explain this procedure in detail by taking E{
as an example.

According to the table in [1], we realize the root system of E; in an
eight-dimensional Euclidean space V. We denote by {, > the inner pro-
duct on ¥V and by e, (j=1, - - -, 8) an orthonormal basis of V" with respect
to {, >. The set of roots of Ej is given by

tepte, (<R, £33 (= 1y () =cven)

2= =
and simple roots are given by
a;=(e;+e) —(e;+e+e,+e+e+e)
=€+ e, ay=e€—e;, ,=e—6, ;==e—¢

Og=€5—8€y, ;=€ 0y=€;—¢.
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Then a Coxeter transformation C=S,,- - -- -§,, on V is given by the
matrix

(3 1 1 1 1 1 -1 —
-1 —-1 —-1 —1 -1 —1 =3
-1 3 -1 -1 -1 -1 1
-1 -1 3 —1 —1 -1 1
-1 -1 —1 3 —1 -1 1
-1 -1 -1 —1 3 -1 1
-1 -1 -1 -1 -1 3 1
1 1 1 1 1 1 —1

Q) = e kel e pd

with respect to the basis (e)).

Since the exponents of E, are 1,7, 11, 13, 17, 19, 23, and 29, the
eigenvalues of C (or ‘C) are primitive 30-th roots of unity and they are the
roots of the equation

P+ —2—2P+2+1=0

{of course we can directly calculate them by using the explicit form of C).
An eigenvector v, of *C corresponding to the eigenvalue 2 is given by

(-3 —22 4222 422 425 2 =417
—1 422 — 2
-1 422 — 2
-1 4228 — 2
—1 422 — 2
-1 4225 =2
-1 + 28
1 : 420

L J

For the sake of notational simplicity, we put v,=uv,,, ®=exp (2zi/30). We
express vertex operators in the following form

exp ( 2, a;x;) exp (— 2 b,[j8/ox;)
JE€Z+ JE€Z+

where Z, denotes the set of positive integers. Then according to the pro-
cedure described in 2, for a root a of E,, the coefficients a; and b, are
given by
{30 {eyv;y j=1,7,11,13,17, 19, 23,29 (mod 30)
a,—
! 0 otherwise,
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b {(0{, U [{vs, Uy j=1,7,11,13,17,19, 23, 29 (mod 30)
~ 0 otherwise.

We have
(U, Uy =4 8 —do—20"— 0 —20* + 0+ 30)
Uy Uy =4 4—20— &*+20°+40'+ 30" — o' — 50"
Uy, Uiy =4( T+40+20'+  +20'— 3wf)
(U Uiy =411+ 20+  —20°—40*—30°+ S50

further their inverses are given by
Uy, Uy '=(B4+30+4+30*+20°+ 0'— o’—20°— »7)/60
Vs Uogp l=(T+ 00— &*—30*—30'—20°+ o+ 50")/60
Uy, Uygy 7' =(3—3w + o*— o'+ 0°*+20°—207)/60
Uy Uy ' =2 — 0—2" +3w*+20° — o° —2w")/60.

Using these, the result can be expressed in the following form
14
a;=o"(1— ™) (3] ™)
=0
14
b= ""(1—0") (3] d,w")/60, k=0,1,.-.,29.
=0

We put c==(cy, ¢1, =+ +, C), d=(dy, dy, - - -, dy). Then ¢ and d are given
by the following table. The following types correspond to the orbits of
the Coxeter transformation C.

c
\ Co 1 O C3  C4 ¢ Cg Cr Cg Cy Cio €11 Ci2 C1i3 Cu
type\ )

I1-12 6 -2 2 4-18 18 —4 -2 2 -6 12 —2 —4 -2
I, -10 2 2 0 -2 -2 10 -8 12 —10 8 8 —10 12 -8
11X 6 2 —4 4 -2 —6 16 —8 —4 14 —-12 14 —4 —8 16
v, —6 4 0 6 —14 0 14 -6 0 —4 6 10 -6 —6 10
V| —6 10 —14 6 0 —6 14 —10 6 6 0 4 4 0 6
VI | -8 6 4-—-12 4 —4 12 —4 —6 8 4 6 —8 6 4
viy| —2 -8 4 2 -2 —4 8 2 4 2 -2 16 -2 2 4
VIII ’ —10. 8 -2 0O 2 -8 10 8§ —-12 10 2 2 10-—-12 8




E. Date

260

-1

—1
—1
-1
—1
—1

—1
—1
—1
-2

—1

0
—1

0
—1
—1
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0
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d
\\ do di dy dy d, ds ds d; ds dy dw du din diz du
type

I
111

v

v
VI
A28

VIII

In a similar way we have following result for E; (o =exp (2#i/12))

11

a;=a"(2 c,0")

0

11

o™ (. dw')/48,

11

0,1, --

k

b,

=0

[

i1

(4} Cs C3 Cy Cs Ce Cr Cg Cy €10
14

Co

10 —4 —10 —2 —8 —10
—14 -8 —~10

—4

-2
-2

10

2

10
14

10

—4 —
—8
—12

~14
—4
—12

—4
—8

-8
—4

12

12

d2 d3 d4 dﬁ dﬁ d? d8 ds le dll

dy

do

type

II
1II

v
ViI

VIII

type

I
1T

v

VI

for E, (w=-exp(2xi/18))

ay= (1 —0") (2, c.0")

0

i

o (1 —0*) (3] d,0™)/108, k=0,1,.--,17

b,
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type\ Co C1 Cs C3 Cy Cs Cg Cr Cs
I 4 8 -2 —4 10 —16 4 —10 —2
II 6 —6 6 —6 6 —6 —12 12 —12
II1 16 —4 10 2 4 —10 -2 —4 —8
v 12 6 —6 6 12 —12 —6 6 —6
A% 6 12 6 —6 6 —6 —12 —6 —12
VI 18 0 0 0 0 0 —18 0 0
VI |10 2 4 -—10 16 —4 -8 2 4
w2l A& A A A 4 & dy
I 1 0 2 —1 3 —2 1 0 —1
1I 1 2 -2 2 1 —1 1 —1 1
II1 3 1 1 0 2 —1 0 —2 1
v 2 1 —1 1 2 —2 —1 1 —1
A\ 1 2 1 2 1 -1 1 —1 -2
VI 3 0 0 3 0 0 0 0 0
VII 2 —1 0 1 1 -3 2 —1 0
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