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SOME APPLICATIONS OF CANONICAL MOMENTS IN FOURIER
REGRESSION MODELS

By HOLGER DETTE

Ruhr-Universitdt Bochum

This paper applies recent results on canonical moments for the determination of
optimal designs for multivariate Fourier regression models. Optimal designs for dis-
criminating between different Fourier regression models can be found explicitly. It is
also demonstrated that these designs may be useful in orthogonal series estimation and
for testing additivity in nonparametric regression. In contrast to many other optimal-
ity criteria for the trigonometric regression model, the discrimination designs are not
necessarily uniformly distributed on equidistant points.

1. Introduction. Consider a Fourier regression model in ¢ variables

(1.1) @)= Y B, fIICi]- )+ D ﬁ Si; ()

0<iy,.0yig<A 0<ig,..crig<A j=1

0<> ;<A 1<) i<

where ¢, A € IN,z € [—7, 7|9, Cx(z) = cos(kz) (k=0,...,));Sk(z) =sin(kz) (k=
1,...,A) and Sp(z) = 1. A simple example is the case A = 2, ¢ = 2, where there are 11
regression functions of the form

1, cosz, cosy, cosx cosy, cos(2z), cos(2y), sinz, siny, sinzsiny, sin(2z), sin(2y).

Functions of this type are frequently used in orthogonal series estimation of a regression
function g : [-7,7]? — IR [see e.g. Eubank (1988, p. 66), Miiller (1988, p. 21 and
the discussion in Section 2)] where the unknown parameters are estimated by least
squares. It is well known that the crucial point in the application of these methods is
the appropriate choice of the ”smoothing parameter” A or the degree of the regression
[see e.g. Hart (1985)].
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In this paper we consider the corresponding design problem in this context. More
specifically, define

(1-2) 92,\—1(-’5) = Z ﬂil,...,iq ]jlcij (iE]) + Z Qliy,.iq H Si,- (-’IT])

0<iy, . ig<A-1 j 0<ig i <A j=1

0<d i<A-1 1<) i<

and consider the class of models

(1.3) Foa ={90,91,- - -, Goa}

where d is a given bound. Note that the model goy_; in (1.2) is obtained from g;)
in (1.1) by omitting the terms []}., cos(i;z;) of the form 3]_;i; = A. If we omit the
corresponding sine terms in go)—; we obtain the model goy—2 etc.

For the selection of the appropriate model in the class F54 Anderson (1962) proposed
to test successively the hypotheses

H(gzj) 1 Biryig =0 V11,00 0 ;I'=1 i =d

H(g -, Qipyig =0V dg,.00 00 Zg:lij =d
2d—2 ' ; '

Hé ) . /Bil,..-,iq =0V SEREEER 7 2321 Y =d-1

HY: =0 Y i, Dlij=1

and to decide for the model gy, where ky is the first index for which H((,ko) is rejected.
Anderson (1962) and Spruill (1990) proved several optimality properties of this proce-
dure. Roughly speaking it minimizes the probability of the error of choosing a too high
degree Fourier regression model. Under the assumption of normally distributed errors
it is well known that the quality of the F-test for the hypothesis Hé“ (£=1,...,2d)
depends on the given design, and a good discriminating design should improve the
power of these tests.

In this paper we apply the theory of canonical moments [see Dette and Studden
(1997)] in order to determine efficient designs for the discrimination between the dif-
ferent models of F54. In the following section we present a concrete example from or-
thogonal series estimation in order to give some motivation for considering multivariate
Fourier regression models and product designs on the g-dimensional cube. Section 3
introduces the corresponding design problem, while Section 4 demonstrates the ap-
plication of canonical moments in this context. Finally, we present a solution of the
discriminating design problem and illustrate the results by several examples. Especially
we give some arguments for using uniform designs in orthogonal series estimation.

2. A motivating example. Our main interest in the models of the type (1.1) and
(1.2) stems from the fact that these functions are used for orthogonal series estimation
and certain tests of additivity in nonparametric regression [see e.g. Eubank (1988)
and Eubank, Hart, Simpson and Stefanski (1995)]. In order to present a transparent
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discussion we consider in this section a regression model with two explanatory variables
(¢=2)
Yij = 9(T1i, T25) + €5 1=1,...,m;5=1,...,n9

where €11, .. ., En,n, are independent identically distributed random variables with mean
0 and positive variance 2. A typical problem in regression analysis is the estimation of
the function g by nonparametric methods. It is well known that the efficiency of linear
smoothers decreases rapidly with an increasing dimension of the explanatory variable.
On the other hand, if g(z1,22) = fi(21) + f2(2), the estimation error tends to 0 at
the same rate as in the case of a single predictor [see Stone (1985)]. Therefore it is
particularly important to perform a proper model check of additivity in a multivariate
nonparametric regression. If the data confirms the hypothesis of additivity, further
data analysis can be improved by using more efficient methods in the additive model.
To be more precise we rewrite the regression function as

9(x1,x2) = fi(x1) + fa(z2) + fra(@1,22), (@1,22) € [—7T,7T]2,

then the problem of testing additivity is to check whether fi» = 0 [see e.g. Barry
(1993)]. A common assumption in these situations [see Barry (1993) or Eubank et al.
(1995)] is that independent observations y;; ¢ = 1,...,n1;j = 1,...,n, are available
on a grid {(z;, z2;)}i 21 with expectation g(z1;, o) and variance 0.

In order to estimate the regression function g it is common practice to use a two
dimensional Fourier series estimation

(21)  ga(z1,22) = Y. Gjkcos(jzy)cos(kza) + D Bjk sin(jz,) sin(kzy)

0<j+k<A 2<j k<A
Y 4ysin(jzi) + Y. 6sin(jzs)
1<G<A 1<5<A

where the “sample Fourier” coefficients are defined by

277.1 ny

G = - 3> yrscos(jziy) cos(kzys) 1< j+k <A
1s=1
TTLI ny

Ggg = — Z Zyrs
1‘ 1s=1
2 ny n2

Biv = =35 yresin(jzy,)sin(kzas) 1<j+k<A jk>1
N, 21s=1
Tnl Sn2

Y o= —Zzymsmjxh 1<j<A

r—l s=1
ny ng

Sj = _Zzyrsmn]m% 1<j<A

Tlsl

and n = nyny denotes the total sample size. Note that the expression in (2.1) contains
also terms of the form cos(jz;) and cos(kz2) which are obtained by putting either
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j=0or k=0 in the first sum of (2.1). Eubank, Hart, Simpson, and Stefanski (1995)
proposed a test of the interaction fi2(21,2,) which is based on a statistics of “sample
Fourier coefficients” é&;j and ﬂ]k which are defined in a similar manner as d;, ﬂ]k Note
that we consider here the cube [—,7]? as design space and we have to use a Fourier
series estimator of the form g,y or gsy_1 in contrast to Eubank, Hart, Simpson, and
Stefanski (1995) who dealt with the problem on the cube [0, 7]9, where a Fourier series
approximation, which involves only the cosine terms, is sufficient.

It is well known that the crucial point in the application of these methods is the
appropriate choice of the smoothing parameter ) [see Hart (1985) or Eubank (1988)].
In order to obtain efficient estimation and testing procedures it is therefore particularly
important to be able to distinguish between regression models of different degree .
The designs constructed in the following sections will be discriminating designs for the
class of Fourier regression models F54 and should therefore be useful for estimating and
testing the additivity of nonparametric regression functions.

3. The design problem. We consider approximate designs here, i.e. probability
measures on the cube [—m, 7]9, with the interpretation that the observations are taken
at the support points in proportion to the corresponding masses [see Kiefer (1974)].
From a mathematical point of view it turns out to be useful to restrict ourselves to the
class of product designs, i.e.

= = {01 X ... X g4|o; probability measure on [—m, 7,5 =1,...,q},

and it is demonstrated by Lim and Studden (1988) that designs of this type have ex-
tremely high efficiencies compared to the optimal design in the class of all measures
on the cube. Moreover, as pointed out in Section 2, such designs are useful for the
estimation or for testing the additivity of a nonparametric regression, where Fourier re-
gression models are commonly applied. Let f, denote the vector of regression functions
in the model g, [see (1.1) and (1.2)] and

(3.1) My(o) = /[ o JB I @)do(@) 1< E<2d

the information matrix of a design o on the cube. It is well known that for an exact
design the volume of the ellipsoid of concentration for the parameters corresponding
to the hypothesis HO is inverse proportional to

/2
|M(0) }1

_ 1<¢<2d
|Me-1(0)] -7

and consequently a good discrimination design should make these quantities as large as
possible. Following Atkinson and Donev (1992) we introduce the following composite
optimality criterion for model discrimination.

(3.2) 5e(0) = {

DEFINITION 3.1 Let m = (o, B1, ..., aq, B4) denote a prior for the class Faq, then
a design o 1is called optimal discriminating design for the class Fyoq with respect to the
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prior w if it mazimizes the function

(3.3) ‘1’(0)=Zd:< B 1o IMal0)l o log|Mu_1(a)|>

i \Ng—1e " [Mae_1(0)]  Nyore 7 |Mae—o(0)]

—-14/
Nq—l,e = (q ¢ >

denotes the number of parameters in the hypothesis H(()w and H(% 1), £=1,...,d.

where

It can easily be shown that ® is a concave function and that (o) = ®(¢*) where o*
is obtained from o by reflecting components at the origin. Consequently, by standard
arguments of design theory there exists a symmetric optimal discriminating design
and it is reasonable to restrict the optimization to the class of product measures with
symmetric components, i.e.

Es = {01 X ... X g4|oj is symmetric on [-m, 7]V j=1,...,q}.

If o € 55 and f.y; fs, denote the vectors collecting the cosine and sine terms of fo,
respectively, then it is easy to see that

(3.4) |Mae(0)| = |Mg(o)|[M{(o)]

|Mae—1(0)| = |M;(0)||M{_y (o)
where
(3.5) M;(o) = /[_W o Jet)IEu(@)do (@)
(3.6) Mi0) = [ ful@)fla)do(z)
denote the information matrices in the submodels f., and fs, (¢ = 1,...,d). Conse-
quently, the optimality criterion in (3.3) can be rewritten as

d
Be (Mﬁ@ﬂ) o (\Mﬂ)l) =
+ lo o€ Zs).

6.0 @) =X 5 e o) * e W) €

4. Fourier regression, polynomial models and canonical moments. It is
well known that the set of symmetric probability measures on the interval [—, 7] can
be mapped in a one to one manner on the set of all designs on the interval [—1, 1] by the
transformation ¢ = cosz [see e.g. Lau and Studden (1985)]. For a symmetric product
measure 0 = 01 X ... X g, € =, we therefore define a projection & = & x ... x & by
transforming each factor o; via t = cosz to §; (j = 1,...,q). Throughout this paper
let Tj(z) and U;(2) denote the jth Chebyshev polynomial of the first and second kind,
then it is well known that

(4.1) cos(jarccosz) = Tj(z)
sin(jarccosz) = V1-22U;_1(2) (z€[-1,1])
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[see e.g. Rivlin (1990)]. This means that a projection of the product measure o € Es
on a measue on the cube [—1,1]7 induces a transformation of the vector f, into a
vector h., which contains the N,, functions

and similarly f;, is mapped into a vector h,, containing the Ny, — 1 functions

q ) q ]
{Hﬂ L ES D SO A}
7j=1

j=1

where U_;(z) = 1 and «a(i;) = 1 or 0 according to i; > 1 or 4; = 0. Because the
determinant criterion is invariant with respect to reparametrizations it follows that the
optimality criterion ® in (11) can be rewritten as

& B |Be(&o)l Q |Ae(€o)] )
(42 o) =2 5 IOg(xBe_l(sm) T Nyt “’g(me_l(fun e

where the constant C' does not depend on the design, B,({,) and A,(¢,) are the infor-
mation matrices corresponding to the regression functions

q . q q . q
(4.3) {H 2710 < 4, < e} and {H(l — ;)21 < 3y < e}
j=1 j=1 7j=1 j=1
(271 = 2% := 1) respectively, and &, = & X ... x & denotes the projection of
0 = 01 X ... X 04. Therefore the discriminating design problem is equivalent to a
problem of designing an experiment for the discrimination between certain homo- and
heteroscedastic multivariate polynomial regression models.

An important tool used in optimal design for polynomials is the theory of canonical
moments which was introduced by Studden (1980, 1982a, 1982b, 1989) in this context.
We will only give a very brief heuristical introduction into this concept which should
be sufficient for the purpose of this paper. For more details we refer to the work of
Lau (1983, 1988), Skibinsky (1986) or to the recent monograph of Dette and Studden
(1997). It is well known that a probability measure on the interval [—1,1], say &, is
determined by its sequence of moments (cy, ca, .. .). Skibinsky (1967) defined a one to
one mapping from the sequences of ordinary moments onto sequences (p1, pa, . . .) whose
elements vary independently in the interval [0, 1]. For a given probability measure &
on the interval [—1, 1] the element p; of the corresponding sequence is called the jth
canonical moment £. In order to indicate the dependence on £ we use at some places
the notation p;(£). The dependence on the design is omitted whenever it is clear from
the context. If j is the first index for which p; € {0, 1}, then the sequence of canonical
moments terminates at p; and the measure is supported at a finite number of points.
The support points and corresponding masses can be found explicitly by evaluating
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certain orthogonal polynomials [see Skibinsky (1986), Lau (1988) or Dette and Studden
(1997, Chapter 3)]. The set of probability measures on the interval [—1, 1] with first
k canonical moments equal to (py,...,px) € (0,1)¥7! x [0,1] is a singleton if and only
if pr € {0,1}. Otherwise there exists an uncountable number of probability measures
corresponding to (pi, ..., px) [see Skibinsky (1986) or Dette and Studden (1997)].

The following Lemma provides an explicit representation of the determinants |B,(€)|
and |Ay(¢)] in terms of the canonical moments corresponding to the factors of the
product design £ = & x ... x & and is the basic ingredient for the solution of the
optimal discriminating design problem.

LEMMA 4.1. Let £ =& x ... x &, denote a product measure on the cube [—1,1]4
and pl = pi(§;) the ith canomcal moment of & (1 =1,...,q), then
q d
(4.4) |Aa(€)] = cqa H H Yi,2e—1Yi,2¢) " 4=

d
(4.5) |Ba(£) H Gipe—1Gipe) Vo=t

Oz
::]e

i

\./»—-\

whe"‘e’)lj,l:1_p]17Cj,1:p{’7j,i:( p7 p{ 1,(:],:(1—175_1)171? (122)7]:17’(1

PROOF: By the preceeding discussion By(§) is the information matrix of a product
design in a multivariate polynomial regression of degree ¢ using the first set in (4.3)
as regression functions. This problem was considered by Lim and Studden (1988) and
the representation (4.5) follows from their Lemma 4.3 and Lemma 5.1.

For the first part define d;(z;) = o (1=22)d&(x:), ps = L (A—=z2)dé(x;) = 49172
(i=1,...,q) and £ =& x ... x &, Then it~is easy to see that |A4(€)| is essentially the
determinant of the information matrix of § in a multivariate polynomial regression of
degree d — 1, i.e. |Ag(€)| = C|By—1(€)| ([They pa)Vot—" . If p],C” denote the quantities
of Lemma 4.1 corresponding to the product measure ¢, then it follows from Corollary
1.5.6 in Dette and Studden (1997) that

Ci,2j—1Ci,2j = Yi,25+174,25+2

(j >1,i=1,...,q). Therefore assertion (4.5) shows

|[Aa(8)]

I

C (ﬁ m) . |Ba-1(€)]

i=1

q [d-1 Noa-1-¢ ¢
= Coa]] (H ’Yi,2z+1’)’i,2e+2> T (irvi) Vet
=1 3

=1 =1

q d
= & [I TT(viz2e-17i2¢) Vo2~

1=1£=1

which proves the remaining statement of the lemma. ]
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With the aid of Lemma 4.1 the optimal discriminating designs can be described
explicitly in terms of the canonical moments of the corresponding projections 1,058

THEOREM 4.2 A design o = 01 X...X0, € E, is an optimal discriminating product
design for the class of Fourier regression models Faq with respect to the prior m =
(a1, B, ..., a4, B4) if and only if the canonical moments p§ = p;(&) of the corresponding
projection & = & X ... X &, satisfy

; 1
p;l_lz‘i 521,,d

; Y4 o(BiNg-1,j—e + @i Ng_15-0-1)/Ng-1,5

p =
2 o+ Bi)(Ng1,j-¢ + No-rj-e-1)/Ng-1,5

(1=1,...,q) where Ny_y,_1 :=0.

t=1,....d

PrROOF:  Observing (4.2) and Lemma 4.1 it follows that the optimal product
discriminating designs o = 0y X... X 04 have corresponding projection §, = §; X...x§,
such that all factors &; (j = 1,. .., q) have identical canonical moments up to the order
2d. Therefore the optimality criterion in (4.2) reduces to

1 d L ﬁ Ng—l L—j Ng—l,l—l'
exp [ZI—@(O’)] =C'1111 [(Czj—lCzj) N (gjaeg) e
£=1j=1

where we used Ny ¢_j—Ng¢—j_1 = Ng_1,_j, the common canonical moments of §;, ..., &,
are denoted by {pj}jzl and Cl =DPi,"1 = 1-— P1 and C]' = (1 - pj—l)pjvryj = (1 -
P;)pj—1 (§ > 2). The assertion now follows by a straightforward optimization, observing
that the canonical moments vary independently in the interval [0, 1]. O

It is worthwhile to mention that the optimal discriminating designs are not neces-
sarily unique. Theorem 4.2 characterizes the first 2d canonical moments of the cor-
responding projections and every product measure whose projections have the same
canonical moments will also be an optimal discriminating (product) design for the class
Foq with respect to the prior 7. On the other hand if oy = 0 or B4 = 0 it follows from
Theorem 4.2 that pb, =1 or 0 (: =1,...,q) and therefore all projections £; are unique
[see Dette and Studden (1997)]. In these cases there exists a unique symmetric optimal
discriminating (product) design for the class Fyq with respect to the prior .

Theorem 4.1 provides a complete solution of the discriminating design problem for
the class of Fourier regression models in the set of all symmetric product measures
on the cube [—m,7]9. The corresponding projection & can be found from the optimal
canonical moments by standard methods [see e.g. Dette and Studden (1997), Ch. 3]
and the factors o; of the optimal product design ¢ = 0; x ... X ¢, are obtained from
&, via the projection ¢t = cosz. We will illustrate this method in the following section.

5. Applications. In this section we demonstrate the application of the results of
Section 4 in two examples. The first example is directly related to a given 2-dimensional
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Fourier regression model while the second one demonstrates a potential application
of our results for estimating and testing additivity of a nonparametric regression as
described in Eubank, Hart, Simpson and Stefanski (1995).

5.1. Fourier regression of degree 2 in two variables. Consider the case d = 2;¢ = 2
introduced in Section 1. The projection & = & X & of the optimal discriminating
product design o = 07 x o9 for the class Fy = {91, 92, 93,94} is characterized by the
property that the canonical moments up to the order 4 of ¢; and & are p; = p3 = 1/2

and
_ 1361 +40 + 2 B
p2_3 14+ as+ Bo ’ p4_012+ﬂ2.

Every design &; with these first four canonical moments corresponds via £ = &, x &; and
the projection ¢ = cosx to an optimal discriminating design ¢ = g, x ;. Uniqueness
occurs if and only if #5 = 0 or as = 0 because in this case p, = 0 or p; = 1. For
example, if we assume a uniform prior for %y, ie. o = §; = 1/4 j = 1,2, we
obtain p; =1 /2 j=1,...,4. Terminating this sequence with ps = %, pg = 0 yields a

three point design & on [—1, 1] with equal masses at the points —4/3/4,0,/3/4. The
transformation ¢ = cosz of this design to a symmetric measure on [—m, 7] shows that
the design o x o with

5

2

i }

6

is an optimal discriminating design with respect to the uniform prior. Alternatively we
could terminate at any other index j > 5, which gives a sequence of canonical moments
(p}, 5,03, P4, D5, - - -, Dj—1,p;) Where pp € (0,1) (k =5,...,5 — 1) and p; € {0,1}.
We can also obtain designs with an infinite number of support points by continuing
(pt, p5, P, ps) with an infinite sequence of canonical moments. All these designs will
be optimal because the first four canonical moments of the corresponding projection
are given by 1/2,1/2,1/2,1/2. For example, the uniform distribution on [—7,7]? is
an optimal discriminating (product) design because the corresponding projection onto
[—1,1]? via t = cos z yields a product of arcsin-distributions and these have canonical
moments p; = 1/2 for all j > 1.

As an example where the optimal design is unique, consider the prior 7* = (3, 3,0, 3).
In this case the canonical moments of the optimal discriminating design are given by
p1 =ps = 1/2,p, = 7/12,ps = 1 which corresponds to the unique optimal projection
& =& x & determined by the measure & with masses 7/24,5/12,7/24 at the points
—1,0, 1. The optimal discriminating (product) design for the class F = {g1, g2, g4} with
respect to the prior 7* is given by o4 x o3 where (o3 is obtained from &5 via t = cosx

as)
m
P
as

_.7r p—
(5.2) oy = { 7
8 2
5.2. Good designs for testing additivity. As pointed out in Section 2 the optimal
product discriminating designs may be useful for the estimation and certain tests of

T

D=

5 3 1
. —2T =T —=T
6 6

[=21[%)
D=
3

1
6

B

0
7

2

.&l”‘,\,
>~
R)owoln
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additivity in nonparametric regression. For the sake of simplicity we consider again the
case ¢ = 2. Additionally we note now, that a common assumption in this situation is
that the grid of the design points {(z1i, z2;)};;2; is generated by two positive densities
hy and h, on the interval [—m, 7], such that
(5.3) /x”hi(u)duz%—l j=1,...,n i=12

- 271,'
(note that we have adjusted the assumptions of Eubank et al. (1995) to the interval
[—m,7]). In this case repeated observations in the marginal distributions of the design
are not possible. An interesting question is now, which is an appropriate design density
for the nonparametric estimation of the regression and for the testing procedure of
Eubank et al. (1995). Because the main problem is the choice of an appropriate A in
(2.1), this is essentially the problem of finding an optimal discriminating design for the
class of Fourier regression models {go;|j > 1}. Note that the number of observations
is given by n = nins and as a consequence the number of parameters in the model is
limited. Therefore we consider the discrimination design problem for the class

ﬁ.: {g2;---,g2m}

where m = min{n;,ny} — 1 [see also Eubank et al. (1995)] which corresponds to the
discriminating design problem for the class F,,, with respect to a uniform prior on
the models of even degrees, ie. ap =0, =1,...,m;f = 1/m, £ =1,...,m. By
Theorem 4.2 the optimal discriminating product design is given by ¢* x ¢* where the
corresponding projection £* of o* has canonical moments

i j—l+1
1 = J+1
= , =1,....,m— =1
Pae 2 i]—e""l/z 14 ) , 1 (p2m )
and poy_1 = % (¢ =1,...,m). Note that in this case the optimal discriminating design

is unique [see Dette and Studden (1997)]. In order to obtain a design with a continuous
density [as required by (5.3)] we note that pyy — 1/2 as m — oo and as consequence,
for moderate sample size, it makes sense to replace £* by the arcsine distribution &, on
[—1, 1] which satisfies p;(£,) = 1/2 for all j > 1. Note that &, x &, is also the projection
of an optimal discriminating design for the class Foq with respect to the uniform prior
on all models for any d € IN. This follows readily from Theorem 4.2 which shows that
forap, = By = 21—d (£ =1,...,d) the canonical moments of the corresponding projection
satisfy p, = 1/2 (£ =1,...,2d) [see also the discussion in Section 5.1]. Moreover, &,
is the projection of the uniform distribution on [—=, 7] via the mapping ¢ = cosz.
Consequently, an efficient choice of the densities h; and h, in (5.3) is the uniform
measure on [—, 7]. For this reason we propose as an efficient design for the orthogonal
series estimation and for testing the additivity of a nonparametric regression on the
cube [—,7]? the equidistant grid of the form

2 —1 27 — 7=1,..,n2
{r(Gm-) b
1 U i=1,...,n1
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