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DUALITY FOR A NON-TOPOLOGICAL VERSION
OF THE MASS TRANSPORTATION PROBLEM

By VLADIMIR L. LEVIN*
Russian Academy of Sciences

Summary. A duality theorem is proved for a non-topological version of
the mass transportation problem with a given marginal difference. The theorem
describes the cost functions for which the duality relation holds.

1. Introduction. The present paper is concerned with a non-topological
version of the mass transportation problem. Before stating the problem, I will
recall its topological version (Levin (1984, 1987,1990a) and Levin and Milyutin
(1979); for the case of compact spaces and continuous cost functions see also
Levin (1974, 1975, 1977, 1978)).

Given a topological space X, a Radon measure p on it with p(X) = 0,
and a cost function ¢ : X x X — R! U {400}, the problem is to minimize the
functional

c(p) = /XxX c(z,y)u(d(z,y))

over all positive Radon measures p having the given marginal difference p. In
other words, the optimal value of

A(e, p) := inf{c(p) : p 2 0, mp — mop = p} (1)
is to be determined, where
(mu)(B) i= u(B x X), (mau)(B) = u(X x B)

for any Borel set B in X.
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Another (in general, non-equivalent) form of the mass transportation
problem is the problem with fixed marginals. It consists in finding the optimal
value

C(e,01,02) :=1inf{c(p) : p > 0, mp = 01, Top = 02} (2)
for given positive Radon measures, o7 and o;, on X with 01(X) = o2(X).

Extremal problems (1) and (2) are often referred to as two forms of
the (general) Monge-Kantorovich problem. The classical Monge-Kantorovich
problem, extending the old (1781) “déblais et remblais” problem of Monge,
answers the case when X is a compact metric space and the cost function ¢ is
its metric. The classical version of problem (2) was first posed and examined by
Kantorovich (1942), and the classical version of problem (1) was investigated
later by Kantorovich and Rubinstein (1957, 1958) (see also Kantorovich and
Akilov (1984)). These two forms of the classical Monge-Kantorovich problem
are equivalent in the sense that A(c,01 — 02) = C(¢c,01,02) and in problem
(1) there exists an optimal measure p satisfying myp = o1, mp = o02; see
Kantorovich and Akilov (1984). However, in the general setting, these two
forms of the Monge-Kantorovich problem are not equivalent, and the equality

A(e,01 — 03) = C(c,01,02)

for all oy > 0,09 > 0 with 67X = 02X holds if and only if ¢ satisfies the
triangle inequality; see Levin (1990a, Theorem 9.2).

Problem (1) in the general case is much more difficult than the corre-
sponding problem (2), so in the sequel I will concentrate on it, i.e., on mass
transportation problems with a fixed marginal difference.

The main result for problem (1) is a duality theorem characterizing cost
functions for which the duality relation A(c,p) = B(c,p) holds for all p €
Vo(X), where B(c,p) stands for the optimal value of the dual problem and
Vo(X) denotes the set of measures p satisfying p(X) = 0.

Before formulating the dual problem and the duality theorem, I will spec-
ify the classes from which the space X and the cost function ¢ are chosen.

A space X is said to be in the class Lo if it is homeomorphic to a Baire
subset of some compact space. Clearly, Polish spaces and o-compact locally
compact spaces belong to Lo. Also it is easily seen that X XY € Ly whenever
X € Lo and Y € Lo, hence the class Lg is wide enough.

A cost function c is said to belong to the class C if it is bounded below
and if its Lebesgue sublevel sets {(z,y) : c¢(z,y) < @} (a € R') can be
represented as results of the application of the A-operation to Baire sets in
X x X. Any Baire function that is bounded below belongs to C.
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A cost function c is said to belong to the class C, if for all z,y with z # y

a representation
c(z,y) = sup{u(z) - u(y) : v € @}

holds, where @) is a nonempty set in the space C b(X ) of all bounded continuous
real-valued functions on X. Any continuous metric on X belongs to C.. It
follows from the results of Levin and Milyutin (1979) that if X is compact and
c(z,z) =0 for all z € X, then ¢ € C, if and only if ¢ is lower semicontinuous
and satisfies the triangle inequality

c(z,y)+ c(y,2) > c(z,2) forall z,y,z€ X.

The dual problem to (1) consists in finding the value

B(c, p) := sup {/X u(z)p(dz):u € Q(c)} ,
where
Qc) :={u e C*X): u(z) — u(y) < ¢(z,y) forall z,y€ X}

(by definition, B(c, p) = —o0 if Q(c) = 0).

Given a cost function ¢, a reduced cost function c¢,, connected with it,
can be defined on X x X as follows:

¢«(z,y) :=min {c(x, y),infinf{e(z, z1) + ¢(z1,22) + ...
(3)
+c(2n,Y) t 2150520 € X}}

If ¢(z,z) = 0 for all z € X, this formula can be rewritten as follows:

ex(z,y) = T}Lrgloinf{c(x,zl) +e(z1,29)+ ...+ c(2n,Y) 1 210,20 € X}

The duality theorem for the topological version of the mass transportation
problem can be now formulated as follows:

THEOREM 1.1 (Levin (1987, Theorem 2, 1990a, Theorem 9.4)). Let X €
Lo and ¢ € C. Then the following statements, (A) and (B), are equivalent:

(A) The duality relation A(c, p) = B(c,p) holds for all p € Vo(X);

(B) Two conditions, (B1) and (Bs), are satisfied as follows:

(B1) A(c, p) = limy—0 A(cAN, p) for all p € Vo(X ), where (cAN )(z,y) :=
min(c(z, y), N);



178 MASS TRANSPORTATION PROBLEM

(B2) either ¢, € C. (and this is the case when A(c,p) = B(c,p) =
Clcus p4,p-) > —00 forall p=py —p_ € Vo(X)), or ¢ is unbounded from
below (and this is the case when A(c, p) = B(c, p) = —oo for all p € Vo(X)).

REMARKs: 1. The fulfillment of the condition (Bj;) is obvious when ¢ is
bounded above. Also, (B;) may be abandoned provided that ¢ satisfies the
triangle inequality (which implies ¢ = ¢,) and that there exists a bounded
universally measurable function v : X — R! such that v(z) — v(y) < ¢(z,y)
for all z,y € X. Moreover, under these assumptions on ¢, the equivalence
(A) & (Bg) holds even if X and ¢ are chosen from broader classes than Lo
and C: X may be homeomorphic to a universally measurable subset in a
compact space while ¢ may be bounded below and universally measurable; see
Theorem 9.2 in Levin (1990a).

2. In general, the assumption (B;) cannot be omitted even if ¢ is a
nonnegative continuous function X x X — R!. For X = {0,1,2,...} an
example is given in Levin (1990a, p. 147) of such a function ¢ together with
a measure p € Vo(X), for which A(e,p) = 400 and A(c A N,p) = B(c,p) =0
for all N > 0.

The duality theorem 1.1 has applications to measure theory and to some
aspects of utility theory in mathematical economics (see Levin (1981, 1983a,
1983b, 1985a, 1986, 1990a). Some stochastic applications of this theorem and
of similar duality theorems for closely related extremal problems may be found
in Rachev (1984) and Levin and Rachev (1989).

The goal of the present paper is to study the duality for an abstract (non-
topological) version of the mass transportation problem. In this version, X is
an arbitrary nonempty set, all measures under consideration are assumed to
be finite linear combinations of Dirac measures, and the Banach space C*(X)
in the statement of the dual problem is replaced by the linear space RX of
all functions u : X — R!. The main result is a duality theorem asserting the
validity of a duality relation similar to (A).

2. Duality Theorem for a Non-Topological Version of the Mass
Transportation Problem. Let X be an arbitrary nonempty set and let
E(X) denote the linear space R of all real-valued functions on X. Equipped
with the product topology, F(X) is a Hausdorff locally convex linear topo-
logical space. The conjugate space E(X)* consists of functions o : X — R!
with finite supports suppo = {z : o(z) # 0}. Any such o will be treated as
a (signed) finite measure on the o-algebra 2X. This measure is represented
as a linear combination with coefficients o(z) of Dirac measures at points
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z € suppo. The pairing between E(X) and E(X)* is given by

(p,0) = /X p(2)o(dn)= Y @la)o(z) (p€ E(X),0€ B(X)).

z€SUPPo

Let E(X)% (resp. E(X x X)%) denote the convex cone of nonnegative
measures in E(X)* (resp. in E(X x X)*) and let E(X)g stand for the linear
subspace in E(X)* consisting of measures o with (X ) = 0.

Given a cost function ¢ : X x X — R' U {400} and a measure p €
E(X)g, two linear extremal problems are considered. One of them, a version
of the mass transportation problem with a given marginal difference, consists
in finding the optimal value

Ao(c, p) := inf {/XxX c(z,y)u(d(z,y)): p € E(X x X)},mp — Top = p} )

The other problem, dual to the first one, is to find the optimal value

Bo(c, p) := sup {/X u(z)p(dz) 1 u € Qo(c)} ,
where
Qo(c) :={v € E(X):u(z) —u(y) < c(z,y) forall z,ye X}.

Clearly Bo(c, p) < Ao(c,p) forall pe E(X).

Together with the original cost function ¢, the reduced cost function c.
defined by formula (3) will be considered.

THEOREM 2.1 (DuaLIiTY THEOREM). () If cu(z,y) < o0 forallz,y € X,
then either c.(z,y) > —oo for all z,y € X or c.(z,y) = —oo for all z,y € X.
In the first case, Qo(c) is nonempty,

co(z,y) = sup (u(z)—u(y)) forall z,y € Xwith z #y, (4)
u€Qo(c)
and
Ao(c, p) = Bo(e,p) > —0  whenever p € E(X)g. (5)

In the second case, Qo(c) is empty, and
Ao(c,p) = Bo(e,p) = —co  whenever p € E(X)g.

(73) If Qo(c) = O but ¢, # —oo, then there exist z and y in X, x # y, such that
Ao(c, € — €) = +00 and Bo(c, €, — €y) = —oo. (Here and below €, denotes
the Dirac measure at z.)
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REMARKS: 1. An optimal measure for the mass transportation problem
need not exist even if Qo(c) is nonempty. For the topological version of the
problem, a very simple counterexample is given in Levin (1974) as follows:
X = [0,1],¢(z,y) = (z — y)?, and p = € — €. The same counterexample
applies to the non-topological version as well.

2. The case (i¢) actually occurs, which may be illustrated by the following
example (cf. Levin and Milyutin (1979, Remark 2.2)):

+oo ifz#y,
“Aoy) = 1 ifz=y

Clearly Qo(c) = 0 and

+oo ifz # vy,
cu(z,y) = ”
-0 ifz=uy.

The following result supplements the duality theorem.

THEOREM 2.2 Suppose c.(z,y) < +oo for all z,y € X. Then the following
statements are equivalent:

(a) Qo(c) is nonempty;

(b) cx(z,y) > —o0 for all z,y € X;

(c) cu(z,z) > 0 forall z € X;

(d) ¥-r, e(zi—1,zi) > 0 for each cycle zg,z1,...,2, = Zo.

In the case when ¢(z,y) < +oo for all z,y € X and ¢(z,z) =0forall z €
X, this theorem is proved in Levin (1990b, Lemma 2). In the general case the
proof is practically the same. In Levin (1990b) applications of the theorem to
the mass transportation problem with a smooth cost function and to cyclically

monotone operators are given. Applications to dynamic optimization problems
and to mathematical economics will be given elsewhere.

3. Proof of the Duality Theorem. Let ¢ be any function X x X —
R' U {+o0}.

LEMMA 3.1. Bo(e, p) = Bo(cx, p) for all p € E(X)g.

This follows from the obvious equality Qo(c) = Qo(cx)-

Note that ¢, may take the value —oo, so if for a given u the integral

eu(i) = /X ez nu(d(e,9)
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makes no sense — that is, if ¢, (¢) = cx—(p) = +00 —,then it will be assumed,
that by definition, c,(u) = +oco0. With this convention the value Ag(cx,p) is
determined for every p € E(X)§ and Ag(c, p) > Ao(cx, p).

LEmMmaA 3.2. For any p € E(X x X); and any integer n there exists a
measure ji, € E(X x X)% such that Ty, — Topn = T1p — Top and

e(p) + (1/n)u(X x X)) if ex(p) > —o00,

c(pn) <
(i) {—dn(u) if ex() = o0,

where d,,(p) — 00 as n — 0.

Proor. We assume c,(p) < 400 since otherwise the statement is trivial.
Let

m
H= Eake(fmyk)’
k=1

where ay > 0, k = 1,...,m; hence

m
cu(p) = Y arca(Tk, Ui)-
k=1

Using the definition of c., choose points 2kn1, - - - Zknm(k,n) in X such that

m{km) C*(:l)k, ?/k) + l/n if C*(IL‘k, yk) > —o00,
Z C(zkni, zkni+1) S bkn = .
=0 -n if C*((l?k, ylc) = —00,

where zkno = Tk, Zknm(kn)+1 = Yk- Denote

M = {(z,y) € suppp : ci(z,y) > —o0}

and take into account that c.(u) = —oo implies pu((X x X)\ M) > 0. It is
easily seen that the measure

m m(k,n)

Hn = Z Z akf(zknivzkni+l)

k=1 =0

has all the required properties with

() = (X x O\ ) = [ (c*(x,y) " %) u(d(z, 7).

LemMma 3.3. Ao(c, p) = Ao(cx,p) for every p € E(X)g.

This is a simple consequence of Lemma 3.2.
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Let us extend Ag(c, -) to the whole space E(X)* by setting
Ao(e,p) = 400 if p ¢ E(X)s.

Observe that the extended functional is sublinear (we assume by definition
400 4+ (—00) = +00). The following lemma describes its subdifferential
0 Ao(c, )(0) : = {u € E(X): (u,p) < Ao(c,p) for all p € E(X)"}
= {u € E(X): (u,p) < Ao(c, p) for all p € E(X)3}.

LEMMA 3.4. 0Ao(c,+)(0) = Qo(c).

Proor. The inclusion Qo(c) C d.Ao(c,-)(0) is obvious. On the other
hand, if u € 0.Ao(c,)(0), then for any z,y € X

u(z) - u’(y) = (ua €z — €y> < -AO(C, €x — Ey) < c(e(:c,y)) = C(:II, y)’
that is u € Qofc).

LEMMA 3.5. Assume c.(z,y) > —oo for all z,y € X. Then for any p €
E(X)g there exists a measure po € E(X x X)% such that mypuo = py, Topo =
p—, and

Ao(ex, p) = cx(po) = min{es(p) 1 p € E(X X X)},mp = py,mop = p_},
where p = py — p_ is the Jordan decomposition of p. In particular,

e(z,y) i 2£Yy (o = €gy))s

Ao, €z — €y) =
! 0 if z=y (po=0).

ProoF (cf. proof of Lemma 5 in Levin (1978)). The result will follow if,
for each p € E(X x X )} with myp — mop = p, a measure p’ € E(X X X)} can
be found such that mpu' = py,mop’ = p—, and c.(p’) < cu(p). (Indeed, in such
a case the problem consists in finding inf{c.(p') : ' € E(X x X )4, mp' =
p+,mop’ = p_}, and since this is a finite-dimensional linear program with a
compact constraint set, the infimum is attained.)

A triple of points in X, {zo, Y0, 20}, is said to be a transshipment with
respect to p if 29 # o, 20 # Yo and p(zo, 20) > 0, u(20,Y0) > 0. If  has such
a transshipment, then form a new measure p; by setting

:u'(anzO) —a ifz= Zo,Y = 20,

u(z0,Y0) — @ if 2 = 20,¥ = yo,
pi(z,y) = ,

/.t(iBo,yo) +a ifz= Zo,Y = Yo,

w(z,y) in all other cases,
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where @ := min(u(zo, 20), (20, Yo))- It is easily seen that u; € E(X x X )%,
Tip1 — Tefly = Tip — Top = p, and py has at least one transshipment less than
p. Further, since c, satisfies the triangle inequality, we have

cx(p1) = eu(p) — acu(o, 20) — acu(20,Yo) + aci(zo, Yo) < culp).

After repeating such a procedure several times, we get a measure with no
transshipments, pu, € E(X x X)3, such that mypu, — mopn = p and c.(pn) <
C(pin-1) < ... < exlpa) < eu(p).

Now define the measure ' € E(X x X)}, via

(2, if ¢ ,
u'(z,y)::{ﬂ( ) #y

0 ifz =y,
and observe that
suppmyp’ O suppmap’ = 0 (6)

and

(i) = exlpn) — E (2, 2 )pn(2, ) < culpin)
(z,z)ESUPPLn

(since ¢, > —oo, one has c.(z,z) > 0 for all z € X). Clearly mp’ — mop’ =
T1fn — Moy, = p and, in view of (6), this means mp’ = py, mop' =p_.

ProoF oF THEOREM 2.1. (¢) It follows easily from the triangle inequality
for ¢, that either c.(z,y) > —oo for all z,y € X or c.(z,y) = —oo for all
z,y € X.

If cu(z,y) > —oo for all z,y € X, then c, takes only finite values. In this
case the set Qo(c) is nonempty because it contains the functions u.,u.(z) =
ce(z,z4) for z # z, and u.(z.) = 0, where z, is any fixed point in X.

Let us verify (4). Assume the contrary. Then

C*(.'Zfo, yO) > sup (’U,(.’EO) - u(yO)) = BO(caemo - €3/0)

u€Qo(c

for some zg, yo € X with z¢ # yo. The function

( ) C*(fﬂ,yo) ifz 74 Yo,
UolZ) =
0 if £ = yo,

belongs to Qo(c), hence
BO(C7 €xg — €'yo) > ’UO(:E()) - uO(yO) = C*(IEO, Z/o),

a contradiction.
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Let us verify (5). Note that the space E(X)* is topologized in a natural
way as the topological direct sum of real lines R(;),z € X. As is well known,
this topology — denote it by t — is the finest locally convex topology on
E(X)* and (E(X)* t)* = E(X). Since

E(X)o={p € E(X)":(1,p) =0},

where 1(z) = 1 for all z € X, E(X)g is a closed hypersubspace in E(X)* and
the induced topology t | E(X)g is obviously the finest locally convex topology
on E(X)g. Since ci«(z,y) < +oo for all z,y € X, we have

—00 < Bo(ex, p) < Ao(es, p) < +0

whenever p € E(X)j. The restriction of Ag(c,-) = Ao(cx,-) on E(X)§ is thus
a proper sublinear functional E(X)3 — R, hence the functional is continuous
with respect to the topology t | E(X);. Now, because E(X)§ is closed in
E(X)*, Ao(c,-) is lower semicontinuous as a functional on the whole space
(E(X)*,t). Asis known from convex analysis (see, e.g., Levin (1985b, Theorem
0.3 and its Corollary 3)), in such a case the equality

Ao(c, p) = sup{(u, p) : u € 0 Ao(c,-)(0)}
holds for all p € E(X)§ which, in view of Lemma 3.4, may be rewritten as

Ao(c, p) = Bo(c,p) for every p € E(X)g.

If now c.(z,y) = —oo for all z,y € X, then, by Lemma 3.3, Ao(c,p) =
—oo for all p € E(X)§. Also Bo(c, p) = —oo for all p € E(X) because Qo(c) =
0.

The statement (z) is now completely proved.

(31) If Qo(c) = 0 but c. # —o0, then c.(zo, yo) = +00 for some zg,yo € X

with zo # yo. Because Qo(c) = 0 , we have Bo(c, €z, — €y,) = —00. On the
other hand, applying Lemma 3.3 yields

-AO(CaGa:o - €yo) = AO(C*vea«'o - €yo)'

Let 4 be an arbitrary measure in E(X x X )} with mjp — mop = €z, — €.
Arguing as in the proof of Lemma 3.5, we obtain a measure with no transship-
ments, p, € E(X x X )}, such that myp, — Tops = €5y — €y and c.(ps) < cu(p).
(Notice that the supposition of Lemma 3.5 that c. > —o0 is not used in this
argument.) It follows that

Bx = €(zq,y0) + Z a(z)e(z’x),
(z,z)ESUPP LA
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where a(z) > 0. Since c¢.(Zo,y) = 400, we have c,i(us) = +o0o hence
c«(fx) = +00, and in view of the arbitrariness of p, Ao(cx, €5 — €4, ) = +00.
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