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On a paradoxical property of the
Kolmogorov—Smirnov two-sample test
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Abstract: The two-sample Kolmogorov—Smirnov test can lose power as the
size of one sample grows while the size of the other sample remains constant. In
this case, a paradoxical situation takes place: the use of additional observations
weakens the ability of the test to reject the null hypothesis when it is false.

1. Biasedness of the Kolmogorov goodness-of-fit test

We start with partially known results on biasedness of the Kolmogorov goodness-
of-fit test (see [1]).

Let us recall some definitions. Suppose that Xi,..., X, are independent and
identically distributed (i.i.d.) random variables (observations) with (unknown) dis-
tribution function (d.f.) F'. Based on the observations, one needs to test the hy-
pothesis

Ho . F= Fo,

where Fj is a fixed d.f.

Definition 1.1. For a specific alternative hypothesis, a test is said to be unbiased
if the probability of rejecting the null hypothesis

(a) is greater than or equal to the significance level when the alternative is true,
and

(b) is less than or equal to the significance level when the null hypothesis is true
(i. e. the test is of the « level).

A test is said to be biased for an alternative hypothesis, if (a) is not true while (b)
remains true (i. e. for this alternative test remains to be of level «).

Below we will consider a test with the following properties:

1. For a distance d in the space of d.f.’s we reject the null hypothesis Hy if
d(Gp,y Fy) > da,
where G, is a sample d.f. of X1,..., X, and J, satisfies the inequality

(1.1) P{d(Gy, Fo) > 00} < v,
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2. The test is distribution free, i.e., the probability
Pr{d(G,,F) > du}

does not depend on the continuous d.f. F.

We call such tests distance-based.

Denote by B(F,0) an closed ball of radius § > 0 centered at F' in the metric
space of all d.f.’s with the distance d.

Let Fy be a continuous d.f. and let §, be defined to satisfy (1.1).

Theorem 1.1. Suppose that for some a > 0 there exists a continuous d.f. F, such
that

(1.2) B(F,,04) C B(Fy,da),
and
(1.3) Pr {G, € B(Fy,04) \ B(Fu,04)} > 0.

Then the distance-based test is biased for the alternative F,.

Proof. Let X1,...,X, be a sample from F, and G,, be the corresponding sample
d.f. Then

Pr {G, € B(F,,6a)} >1—a.
In view of (1.2) and (1.3) we have
Pr {G, € B(Fy,00)} >1—q,
that is
Pr {d(Gy, Fy) > 04} < a.
O

Note that Theorem 1.1 is not a consequence of the result [2], because the al-
ternative distribution in [2] is an n-dimensional distribution, and therefore, the
observations X7, ..., X,, are not i.i.d. random variables.

Consider now the Kolmogorov goodness-of-fit test. Clearly, it is a distance-based
test for the uniform distance

(1.4) d(F,G) = sgp |F(z) — G(x)].

Let us show that there are Fyy and Fy, such that (1.2) holds. Without loss of gener-
ality we may choose

0, =<0,
Folz)=<z, 0<x<],
1, x>1.

)

For a fixed n, we define d,, so that (1.1) is true.

The ball B(Fpy,ds) with 0, = 0.2 is shown in Figure 1. Its center — the function
Fy — is shown in black, while the lower and upper “boundaries” of the ball are
shown in gray.
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FIG 2. The ball B(Fa,50).
Consider now the following d.f.:
0, x < 0ua/2,
22 — O, 0a/2 < x < b,
F,(x) =X}z, o <o <1—04,
20— (1=6,), 1—04<a<1—04/2,
1, x>1—0q/2.

Comparing Figures 1 and 2, we see that B(F,,ds) C B(Fo,dq), and therefore
Kolmogorov test is biased for alternative Fj,.

2. Biasedness of the Kolmogorov—Smirnov two-sample test for
substantially different sizes of the samples and the paradox

Let us turn to two-sample problem. Suppose that we have two samples X7, ..., X,
and Y7,...,Y,, where all observations are independent. We also suppose that all
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Xi’s have the same d.f. F' and all Y;’s — the same d.f. G. We suppose that both F
and G are continuous functions. The null hypothesis is now Hy : F' = G. It is clear
that, without loss of generality, we may assume

0, =<0,
(2.5) Gx)=1z, 0<z<l,
1, z=>1.
In addition, we suppose that
(2.6) suppF C [0,1] and F is absolutely continuous.

From the results of Section 1 we see that, for an arbitrary fixed n and suffi-
ciently large nm, the two-sample Kolmogorov—Smirnov test is biased (for alterna-
tive F' = F, # G given in Section 1), because for m — oo we obtain in the limit
the Kolmogorov goodness-of-fit test.

In Section 3 we show that in the case where m = n the Kolmogorov—Smirnov
test is unbiased, at least for small values of « for any alternative (2.6). However,
for the same values of o and fixed n, the test will no longer be unbiased if m is
large enough. In other words, the power of the test for some alternatives will be
smaller for a large m > n than for m = n. This means, paradoxically, that using
the Kolmogorov—Smirnov test one cannot benefit from the additional information
contained in a much larger sample: vice versa, instead of gaining power, the test loses
it. The situation here is in some sense similar to that in statistical estimation theory
in the situation where non-convex loss functions are used (see, for example, [3]).

3. On the unbiasedness of two-sample Kolmogorov—Smirnov test for
samples of the same size

Here we will show that in the case where m = n the Kolmogorov—Smirnov test is
unbiased, at least for small values of «, for any alternative satisfying (2.6).

Theorem 3.1. For m = n there exists a € (0,1) such that the Kolmogorov—
Smirnov test is unbiased for any alternative (2.6).

Proof. Recall that the Kolmogorov-Smirnov statistic is of the form
D,, = sup |F,(x) — Gu(z)],
x
where F,, and G,, are sample d.f.’s based on the samples X; and Y, (j =1,...,n),
respectively. Clearly, under the hypothesis Hy the distribution of the Kolmogorov—
Smirnov statistic is discrete and therefore for some « € (0,1) the event D,, > J, is
equivalent to the event D,, = 1. The latter event takes place if and only if

(3.7)
max(Xy,...,X,) <min(Yy,...,Y,) or max(Yy,...,Y,) <min(Xy,...,X,)

The probability of the event (3.7) equals

1
(3-8) /O (FM(z)(1—2)" ' + (1 — F(z))"z"")da.

In (3.8) we suppose that Y7 has d.f. (2.5) and X has d.f. F(x).
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It is easy to see that the function y"(1 — z)"~! + (1 — y)"z" "1, for any x (0 <
x < 1) has a minimum in y (0 < y < 1) at the point y = x. Therefore, the integral
(3.8) attains its minimum in F for F(x) = z. This minimum equals

! n—1 _ n—1 _nFQ(n)
/Oz (I—-2z)"""dz = T2n)’

what can be easily seen from combinatorial considerations, too. The integral rep-
resents the probability of rejecting the alternative, and it is minimal when F' = G,
i.e., when the null hypothesis is true. O

Note that in the case m = n = 2 Theorem 3.1 establishes the unbiasedness of the
Kolmogorov—Smirnov test for any alternative satisfying(2.6), because other values
of §, lead to a trivial result. We believe that in the case m = n the test is unbiased
for any a and any continuous alternative.

4. Concluding remarks

It has been shown that for the two-sample Kolmogorov—Smirnov test a paradoxical
situation takes place: one cannot use additional information contained in a very
large sample if the second sample is relatively small.

This paradoxical situation takes place not only for the Kolmogorov—Smirnov test.
A similar paradox takes place, e. g., for the Cramér—Von Mises two-sample test (see
[4], where the biasedness of the Cramér—Von Mises goodness-of-fit test is proved).
We believe that a new approach is needed for handling the case of substantially
different sample sizes.
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