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We study the problem of estimating the one-point specification probabilities in non-necessary finite discrete
random fields from partially observed independent samples. Our procedures are based on model selection
by minimization of a penalized empirical criterion. The selected estimators satisfy sharp oracle inequalities
in Ly-risk.

We also obtain theoretical results on the slope heuristic for this problem, justifying the slope algorithm to
calibrate the leading constant in the penalty. The practical performances of our methods are investigated in
two simulation studies. We illustrate the usefulness of our approach by applying the methods to a multi-unit
neuronal data from a rat hippocampus.
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1. Introduction

The main motivation for our work comes from neuroscience where the advancement of multi-
channel and optical technology enables researchers to record signals from tens to thousands of
neurons simultaneously [25]. The question is then to understand the interactions between neurons
in the brain and their relationships with the animal behavior [11,24].

Following [24], we model interactions between neurons by discrete random fields. A discrete
random field is a triplet (S, A, P) where S is a discrete set of sifes, possibly infinite, A is a finite
alphabet, and P is a probability measure on the set X'(S) = AS of configurations on S. Given
a random field (S, A, P), we define the one point specification probabilities of P as regular
versions of the following conditional probabilities,

Vie S, Vx e X(S), Piis(x) = P(x()|x(j), j € S/i}).

The specification probabilities are important in the applications as they encode the conditional
independence between the sites, see, for example, [5,10,12,14,18,22]. The main goal of this paper
is to provide good estimators of the specification probabilities, assuming that the configurations
are only observed on a finite subset V); C S. Consider i.i.d. random variables X;., = X1, ..., X,
with common distribution P, the data set is giyen by (X;(j))i=1,...n; jevy,- Following [3,6,7],
we use a penalized criterion to select a subset V C V) with cardinality O(logn) and show that
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the empirical conditional probabilities ﬁi\V satisfy a sharp oracle inequality (see Section 2 and
Theorems 3.2 for details).

In most of the applications, the support V, of P;s (i.e., the minimal set V, C S such that
Pi1y, = P;s) is the object of interest and the literature focus on the estimation of V., see [5,
10,12,14,22] for example. This approach requires in general strong assumptions on the random
field, for example, it is assumed that the data is generated by an Ising model with restrictive
conditions on the temperature parameter [5,14,22]. In particular, [5,10,22] assumed that the set
S is finite and that all the sites are observed, that is, that V3; = S. When Vj; does not contain V,,
the meaning of the estimators in these papers is not clear. [12] considered S = Z¢ but assumed
that V, is finite. Finally, [14,18] worked with infinite sets of sites and without prior bounds on
the number of interacting sites but required a two-letters alphabet A and some assumptions on P
that the practitioner cannot easily verify. These restrictions are severe in practice, for example,
in neuroscience, and cast doubt on the theoretical support for application of these methods. Our
approach does not suffer from these drawbacks. In particular, the alphabet size |A| can be larger
than 2, P does not need to be an Ising or Potts model, and some configurations on V), can be
forbidden. Furthermore, V, can be infinite and therefore not contained in Vj;.

The second result of the paper is a proof of the slope heuristic for the estimation of one-point
specification probabilities in discrete random fields. The slope heuristic was introduced in [8] for
Gaussian model selection and has been theoretically studied only for very few specific models
[1,2,8,16,17,23]. Our proof technique is novel and sheds new lights on this phenomenon.

The paper is organized as follows. Section 2 presents the framework and some notations used
all along the paper. Section 3 introduces our estimators and the oracle inequalities that they
satisfy. In Section 4, the bias for Gibbs models is computed and Section 5 is devoted to the slope
heuristic. Section 6 illustrates the results of previous sections using two simulation experiments
and in Section 7 our methods are applied on a neurophysiology data set. The proofs of the main
theorems are postponed to the Appendix C. The methods of this article can be adapted to the
Kiillback loss; the interested reader can find these developments in Section C of the Appendix
(Supplementary Materialy, [19]).

2. Setting

Let (S, A, P) be a discrete random field, that is, a triplet where S is a discrete set, A is a fi-
nite set, with cardinality |A| and P is a probability measure on X'(S) = AS. Let V), be a finite
subset of S with cardinality M > 3 and let i € S denote a fixed site so that we will often omit
the dependence on i of some quantities when there is no confusion. For any x € X(S) and any
VCcVulet X(V)=AY, v=|V], x(V) = (x(j))jev. Let Xi,..., X, be i.i.d. random vari-
ables w1th dlstrlbutlon P. The empirical probability measure P is defined for any x € X(S) by
P(x) 1 Yix;=x}, where 1;x,—,y = 1 if X =x and O otherwise. The measures P and P
define probablhty measures on X' (V) by the formulas P(x(V)) = fyeX(S) YV)=x(V) € dP(y(9)),

P(x(V)) = Z),EX(S) Y(V)=x(V) P(y) Hereafter, Q always denotes either P or P. For any

V C Vi, x € X(S), let Qipy (x) = g((‘ﬁ D if Q(V \ {i}) #0, |A|~! otherwise. Let also

Pijs(x) = P(x()|x(S\ {i}))
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be a regular version of the conditional distribution of P. For any function f : X' (S) — R, let

d S/{i
1fllo =\// f%mw.

The observation set is X1, (V) = (X1(j), ..., Xu(j)) jev,, . Algebraic computations show
1 n
Vye X(Vy), P(y)=- 1x. =y}
y € X(Vum) » . ; {X; (Van)=y}

and for any V C Vy, ﬁ(x(V)) = ZyeX(VM);y(V)zx(V) ﬁ(x(V)) can be computed from the data
set. Hence, for V C V), the empirical probability 13,~|V is an estimator of P;s. The Ly p-risk

of f’;‘v is defined by || E‘V — Pys ||%J. We can decompose the risk via Pythogoras relation (see
Proposition B.11)

I Py — Puslls = 1Py — Pov % + 1 Py — Pisll.

The random term || i);IV — Py ||%D is called the variance and the deterministic term || P;jy — P;|s ||%D
is called the bias. Let s > 3 be an integer and let

Vs ={V C Vy,v <s}, N; = Card(Vy).
An oracle is a set V,, € V; that minimizes the risk, that is,
Pijy, — Pisl|%> = min | Py — Pis||>

I Pijv, — Pislip un | Pijv — Pislip
and the mi/rlimal risk is called ora,c\le risk. We will show in the next section that we can obtain an
estimator V such that the risk of Pi|\7 is close to the oracle risk.
3. Model selection results
Let start with a concentration inequality for the variance term of the risks.

Theorem 3.1. Let Q € {P, ﬁ} and let V € Vs. Then, forall § > 1 and all 0 < n <1,

- 6 A" 4l0g(25)  9log(25)> 1
P18y — Pavll}y > — (1 4+ 8p o 4 T2 208 << GD
|Al n nn n*n )

Comment. The bound can be integrated to give the following control

R |A|v—1
E[IIPiv — Pyslp] = 1Py — Pisllp + C —

for some absolute constant C. This control depends on the approximation properties of V through
the bias || Py — Pis ||%, and on the variance via the upper bound |A|"~!/n. Our goal now is to
find a subset V that balances these two terms. This is precisely the aim of the following result.
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Theorem 3.2. Let

R . A v—1
V=arg‘l}éi]l}s{—||P,-|V||2ﬁ+pen(V)}, where pen(V)leI 'n )

There exists a constant k = k (|A|) such that, with probability larger than 1 — 81,

(log(N?26))?
K———.
n

~ 8 .
| Pis — P,-“?II%: < <1 + M) lan{IIPi\S —- Pyl +pen(V)} + (3.2)

VeV,

Comments.

e The bound can be integrated and yields

v—1 2

B[l Pus — Bpli3] < € J££S{||Pils Pyl + A } AL Lis
for some absolute constant C; and a constant C; depending only on |A|. Therefore, v
optimizes the bound given by Theorem 3.1, up to the residual (s log(M))? term, among all
the subsets of V.

e Enlarging the number of observed sites makes the control over all subsets in Vs harder,
leading to a (s log M)? loss in the rates. On the other hand, it is helpful to reduce the bias as
will be shown in the next section.

e A very interesting feature of this result for the applications is that it holds without restric-
tions on P and the size of A or Sin (S, A, P).

4. Computation of the bias

To complete the study of our estimator, it remains to understand the bias || P;js — P;v ||%,. We
present two important examples where explicit upper bounds can be obtained.

4.1. The Ising model

Let S = Z4 and let (Ji.j). jes? be an interaction potential, which is a collection of real numbers
such that foranyi # j e S, J;; =0, J; j = J;; and

B = s'upZ|J,-,j| < 00.
IESjES

The parameter 1/8 is also called the temperature parameter in the physic literature where the
model was initially introduced, see [15]. The Ising model is the triplet (S, A, P), where A =
{—1, 1} and P is given by its specifications by

o jes i xDx() 1

X jes D) | o= X jes T xDx(G) | 4 o2 jes hix X ()

Pis(x) =



Oracle inequalities for specification probabilities estimation 329
It follows from Theorem 4.5 in [18] that

1Pys — Pyvlle < sup [Pis(x) — Pyv(0)| < Cp Y i jl.
xeX(S) v

Rates of convergence can be obtained from this bound and our model selection theorem. For
example, let ds (i, j) = max{|ix — jx|: k € {1,...,d}}, assume that slog M = O((logn)z) and
that there exists constants 7 and 7’ such that ZjeS:doc(i,j)>k |Ji,j| <k~ and Zj>k |Jl.’fj| <e Tk,
where J ; denote the rearrangement of the J; ; by decreasing absolute values. Then, for any
i € V), denoting by «; the largest real number such that {j € Z: dx (i, j) <n%} C Vj;, we have

(logn)*
n
—(a;rA2r /(2r'+log2))

E[||Pl|s _ Pll"}”%l] S C + Cﬁ(n—otir +n—2r’/(2r’+10g2))
< Cﬂn

Other consequences of this bound obtained under different assumptions on the (J; ;); jes are
discussed in Section A.3.

4.2. The Gibbs model

Assume that A is a finite set of real numbers in [—1,1], § = 74 for some d > 1. Let

((Ji(,]lfl),‘..,ik)(l‘,il,-~»,ik)€Sk+1)kZO € [liso0 R+ be a collection of real numbers such that
(k) —
> 2 Wilal=p<oe
k=20 (i,iy,...,i) € Sk+1

For any x € X(S) and i € S, denote by

k
0= ¥ o
(=1

k>0 (iq,...,i)eSk

Suppose that the conditional probabilities can be written in the following way:

IOV IE)
Pis(x) = ——=-
RS N IE

The triplet (S, A, P) is called a Gibbs model, Ising models are special instances of Gibbs mod-
els where for all kK > 2 and all (ji,..., jk) € Sk, Jiji,..jp = 0. For any £ < M, denote by
(J*y In=1,..,m¢ the rearrangement of the Ji(gl),... ;, by decreasing absolute values. We consider
the following assumption.

Vﬁ,n c N*, Z|Ji>:<€,r| < ﬁe—)/52+lxﬂ’ (J)

r=n
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for some constant y and « > 0. Under Assumption (J), we can build a set V with cardinality

v < m logn such that the bias term is upper bounded by

1/C4w)
) 2 (logn) i
I1Pyis — Pyl < Ca,ﬁ,y,|A|(no,y/(ya+1og|A|(1+2a)) + E E |Ji,i1,“.,if| . @D
e>1iy,..i¢eS:3js5i ¢V

1+2a

The bound (4.1) is proved in Section A.3. From Theorem 3.1 and v < YaFlog A2

some absolute constant C,

logn, for

|A|v—l _ C
T JA|nev/(vatlog|A[(14+20) ”

E[IIPyy — Pyv3] < C

20y
2oy +(1+2a) log[A]?

_~ logn
E[lIPis — Pypll3] < Capoyial [( ) +y Y q-

L=<viy,...igeS8:3j5ij¢0

Therefore, for some constant Cy g, 14| and rate 6 =

5. Slope heuristic

The slope heuristic was introduced in [8]. Let

o . S
V—argVrrg&{—||P,|v||,;+pen<V)}. (5.1)

The heuristic states that there exist a minimal penalty pen,;, and a complexity measure (to be
defined) satisfying the following properties.

SH1 When pen(V) < (1 — n) peny,;,(V), the complexity of 2 is as large as possible.
SH2 When pen(V) = (1 + n) pen,;,(V), the cgmplexity of V is much smaller.
SH3 When pen(V) =2 pen,,;,(V), the risk of V is equivalent to the oracle risk.

The purpose of this section is to justify this heuristic. We will show some theoretical evidence for
the slope heuristic using Ay = || P,|v - Py || sasa complexity measure for V and as a minimal
penalty. It may be useful for the intuition to make the following approximation nAy /|A|' ~ C
although it is only proved in Theorem 3.1 that E[Ay] < C|A|Y/n. For example, this explains
why it’s natural to consider Ay as a measure of complexity. The following theorem gives some
theoretical grounds justifying SH1.

Theorem 5.1. Letr >0, ¢ > 0. Let V be defined by (5.1) and assume that
P(YV €V, 0 <pen(V) < (1 = )|y — Pyvli3) = 1 —e.
Then, for all § > 2, with probability larger than 1 — € — 2871,

17 (log(N2$))?

D ~2 D112 2
||PW—P,-|V||ﬁzVsu€{r||P,~|v—P,-wnp—znPus—P,~|v||P}—3 -

'S
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Comments.

e Let us give some intuition on this result. Algebraic computations, see (A.9), show that v
minimizes, up to centered remainder terms, the quantity

1Pijs = Puyv 15 + pen(V) — | Py = Pyv 15 (5.2)

We assume in Theorem 5.1 that pen(V) = (1 — n)Avy, thus V minimizes the bias minus
nAy. When the bias term decreases with V, as in the models presented in Section 4 and
when nAy /|A|' = C, both terms decrease with V and the minimum is achieved for V =
Vir. Thus, V maximizes the complexity Ay.

e Theorem 5.1 makes this statement more precise, showing that this result actually holds
when, for V = V), both the bias and the logarithmic remainder term are negligible com-
pared to the variance part of the risk.

Let us now turn to the associated optimal penalty theorem which proves SH2 and SH3.

Theorem 5.2. Let § > 5,rp > ry > 0, € > 0 and assume that

pen(V)

P(VV eV, (I+r) < —=——""—
’ 1Pijv = PivIl%

<1+ rz)) >1—e. 5.3)

Let V be defined by (5.1). For all V in Vy, let p¥ = infyex vy, pe(vy)=0 P(x(V)) and assume
that, for some ¢ <1,

inf p¥ > g2 108 NsD)
VeV n

Then, there exists an absolute constant C such that, with probability larger than 1 — 5871 — ¢,
forall V in Vg, forall n > 0,

6 (log(N28))?

A=A —=C+r)e) =~ =
I1Pis = Pypllp < 11Pys — Pivllp + o 69

I +mV(2+CA+r)e)

Comments.

e In this theorem, following [2], the main task is to show that
Av =Py = Pyv 3. (5.5)
When (5.3) holds with r; = r, =r, then
pen(V) = (1 + Ay = Ay +7l|Piy — Piy 3.

From (5.2), V minimizes the sum of the bias and r times the variance. The complexity
should thus be much smaller, which proves SH2 for pen_;, (V) = Ay. Theorem 5.2 shows
that the complexity of the selected model, that is bounded by the risk, is actually upper
bounded by the supremum between the oracle risk and the remainder term, at least when &
is small enough.
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e Take then r; =r, = 1, that is, a penalty equal to
pen(V) = 2peny, (V) = Ay + | By = Py 13-

Then (5.2) shows that V minimizes an approximately optimal criterion, and 1’5[ v satisfies an
oracle inequality that is asymptotically optimal, which proves SH3. Inequality (5.4) makes
this result more precise, showing that the oracle inequality is indeed asymptotically optimal
when the oracle rate of convergence is larger than the remainder term. Moreover, in this
case, the rate of convergence of the leading quantity in the oracle is driven by the supremum
of the rates n and ¢.

Theorem 5.2 cannot be used directly to build an estimator since the complexity is unknown.
Nevertheless, Theorem 3.1 shows that Ay is upper bounded by K ©y, with ®y = |A|""!/n and
some constant K that may not be optimal. This suggests to consider penalties of the form K®y,
for some K that has to be optimized. To achieve this goal, [2] proposed the following algorithm.

1. For all K > 0, denote by V(K) the model selected with pen(V) = KQy .
2. Find Ky, such that ®§( ) is very large for K < K, and much smaller for K > Kpiy.

3. Select V= V2K i)

This algorithm is based on the slope heuristic. Indeed, assume that pen,;, (V) = Ko®y for some
unknown K. Then, Ky, shall be close to Ko because we observe a jump of the complexity Oy
around K ®y as expected by SH1, SH2. Therefore, \7, chosen by 2Knin®vy =~ 2pen,;, (V)
shall be optimal from SH3. We did not prove that this algorithm improves the choice of K in
theory but the simulation study of the next section presents examples where it does in practice.

6. Simulation studies

In this section, we illustrate the results obtained in previous ones using simulation experiments.
All the simulations were implemented by a set of MATLAB® routines that can be downloaded
from www.princeton.edu/~dtakahas/publications/LT1 1routines.zip.

Let S ={1,...,9} and A = {—1, 1}. For the first simulation, we consider an Ising model
(S, A, P), with one-point specification probabilities given by

1
L4exp(=23 s Jijx(Dx ()’

VxeX(S),  Pusx)=

where the J;;’s are given by Jio =Ji5=—hs5=Ji9=ho=J36=—J47=—Jsg =
—J7.8 = Jo,s = 0.5. The rest of J;;’s are equal to zero. For each i € §, the pair of sites (i, j)
where j € V; is shown in Figure 1(A). For the first experiment, we study the site i =9 and its
interaction sites. We simulate independent samples of the Ising model and compare the perfor-
mances of the model selection procedures given by (1) the penalty given in Theorem 3.2 (theo-
retical), (2) the same penalty, but using the slope algorithm described in Section 5 to calibrate the
constant in front of |A|"~!/n, and (3) the Lo-risk method with slope heuristic proposed in [18].
The performances of the estimators are measured by the logarithm of the ratio between the risk
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Figure 1. Simulation study. (A) Representation of the interacting pairs of the Ising model used in the
first simulation experiment. The numbering of the sites increases from the top left to the bottom right.
(B) Performance of the model selection for the first experiment. Plot of the log risk ratio for the model
selection procedure using K = 2 (dotted red line), optimizing the constant using the slope heuristic (solid
blue line), using the Lo -risk method with slope heuristic (dashed yellow). (C) Representation of the inter-
acting neurons of the Gibbs model used in the second simulation experiment. The colored regions represent
the three-way interactions. (D) Performance of the model selection for the second experiment. The legend
is the same as in (B).

of the estimated model and the oracle risk. Figure 1(B) shows the median value of the risk ratio
calculated for 100 independent replicas. The maximum number of allowed interacting sites was
setto s = 5. The simulations were done for increasing sample sizes n = 10, 25, 50, 75, 100, 150,
200, 300, 400, 500.

For the second simulation, we consider a Gibbs model (S, A, P), with one-point conditional
probabilities given by

1

Y X P; = .
rete, S (25, s X () + s 35 Jre O (xR

The non-null pairwise interactions are given by —J2 5 = J1 9 = J3,6 = Js 8 = 0.5, and the three-
way interactions are specified by Ji 2.5 = J1 2,0 = —J4,7,8 = 0.5. The rest of J;;’s and J;;;’s are
equal to zero. For each i, the interacting neighborhood V; is shown in Figure 1(C). We show
the results for i = 9. We compute the risk ratio as in the first experiment (Figure 1(D)). The
simulations are done for increasing sample sizes n = 10, 25, 50, 75, 100, 150, 200, 300, 400,
500 (Figure 1(D)). Observe that in both experiments the slope heuristic improves the performance
of the model selection, allowing to recover the oracle even for data set as small as 50 in our
examples. For this example, any method that uses the Ising model to estimate the parameters
has a non-null bias and therefore the risk will be strictly larger than the oracle risk. Further
simulations are shown in the Appendix (Section C).

7. Application to multi-unit neuronal data

In this section, we illustrate the usefulness of the proposed methods on experimental data set.
In neuroscience, it is conjectured that the set of interacting neurons represents different animal
behaviors [24]. Modifications of the graph of interacting neurons for different tasks have been
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repeatedly shown [24]. Nevertheless, if this hypothesis has any validity, we expect the set of
interacting neurons to be the same when the same task is performed. We used our method here
to test this hypothesis, which seems to be less verified in the literature.

The data set used contains multichannel simultaneous recordings made from layer CA1 of the
right dorsal hippocampus of a Long-Evans rat during open field tasks in which the animal chased
randomly placed drops of water while on a elevated square platform. It was downloaded from
http://crcens.org/data-sets/hc/he-2/about-he-2. Details about the recording technique and experi-
mental set up can be found at the website or in [21].

The spiking data set used is ec016.430.res.1, ec016.430.res.2, ec016.430.res.3, ec016.430.
res.4, ec016.430.res.5, ec016.430.res.6, ec016.430.res.7, ec016.430.res.8. The full data set con-
tains a total of 55 isolated neurons. For the analysis, we kept only the 11 neurons that showed
more than 30000 spikes during the experiment. The data set was sampled at 20 kHz. We binned
the data with non-overlapping bins of size 10 ms. If there was at least one spike in the bin, we
coded it as 41, otherwise we coded as —1. The spiking activity of the 11 neurons was recorded
for 106.8 minutes. To ensure independence of the observations, we subsampled the data using
one observation at each 500 ms, which is an order of magnitude larger than a typical decay of
correlation (when the correlation becomes zero) between neurons in time. We then splitted the
data into two parts, one sample for the first half of the experiment (n = 64099, first 53.4 min)
and another sample for the second half of the experiment (n = 64 099, second 53.4 min).

We computed our estimators of the interacting neurons and calibrate the constant in front of the
penalty with the slope algorithm described in the end of Section 5. For each site, the maximum
number of allowed interacting sites was s = 3. Figure 2 shows the results obtained for the first
and second parts of the experiment. We clearly see that the interacting neuronal sites remained
stable, with only one pair of interaction that changed between the two data sets. This result,
together with those in the literature showing changes in interacting neighborhoods for different
behaviors, corroborates the hypothesis that the set of interacting neurons can be related to specific
animal behavior.

First half Second half

Figure 2. Representation of the interacting neuronal sites for the first half and second half of the exper-
iment. The edges between sites indicate the interacting pairs. The dotted orange edges indicate the inter-
actions that differed between both conditions. Observe that the interactions are represented by a graph for
convenience of visualization, but for our method the interactions are not restricted to pairwise interaction
as shown by our theoretical results and in Figure 1(D).
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Appendix A: Proofs

A.1. Proof of Theorem 3.1

Let 6 > 0 to be chosen later and let Q denote either P or P. We decompose the risk as follows

—~ V/{i —~
||Pi|V_Pi|V||2Q = Z %T{l}))(l”i\v(x)—Pi|v()€))2
xeX (V)

Qx(V/{i})
Z W

| (E\V(X) - Pi|v(X))2

XxeX(V), Q(x(V/{iN)=6(IAIPm)~!

Qx(V/{i})
Z xR

al (Pyv (x) — Py ().

+
x€X(V),Q(x(V/{iN)>6(|A[Vn)~!

As the cardinal of X'(V) is |A|" and (E‘\V (x)— Py (x))? < 1, the first term in this decomposition
is upper bounded by #n~!. Hence

Qx(V/i}) &
Z =z U

~ 0
Py — Pyl = — Py — Ppy). (Al
I1Pijv — Pivllg -t A (Piyv — Pijv) (A.1)

xeX(V),0(x(V/{iN)>0(Alvn)~!

Hereafter in the proof of Theorem 3.1, we denote by
. -1
X0vy=lxexv): o(x(V/(i})) > 0(AI'n) " ).
It comes from Lemma B.1 that
1By = Pavllh -2
(104 iwvip n

Px(V/i})
Z AMVA S ies

Al (lﬁi\v()c)—Pi|v()€))2

xeX0(V)
-y (IP(x(V)) = PGV + Py IR (V/{iD) — P(V/iiD)D*
N [AIP(x(V/{i}))

xeX9(V)
2 ( Z (ﬁ(X(V)) - P()C(V)))2 (ﬁ(x(V/{z})) _ P(X(V/{i})))2>
= . + ) _ _
Al xeX?(V) PEV/ID) xeXO(V/{i}) PavV/AiD)

From Lemma B.1, we also have

IP(x(V)) = P(x(V)| + Py ()(Px(V/{i}) — P(x(V/{iD)]

ﬁi — P < D
| Py (x) = Pipy () JAIP(e(V/{i})
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Hence

| Py (x) — Pyy ()|
|P<x(V>) — P(x(V)| 4 (Pyy (x) + Pl|v<x)>|(P(x(V/{z})> - P(V/ip)l
|AIVPx(V/{iD) P(x(V /{i}

Thus,
0 P(V/iY) =
>

5 2
WPiy = Pivllp — - = Al (Piv(x) — z|v(X))

xeX0(V)

is smaller than

3 (IPx(V)) = Px(V)| + (Piv (x) + Py )P (x(V/{i}) — P(x(V/{iD)))?
|A[P(x(V/{i}))

xeXo(V)

2 (P(x(V)) — P(x(V)))? (P(x(V/{i}) — P(x(V/{i}))?
=z 2 )

2
Pavii) A PG(V/iD)

xeX8(V)

We use Theorem B.8 with b = \/0~!|A|Vn, for all x > 0, for all > 0, we have, with probability
larger than 1 — 2e™,

1Py = Pyl < 9+i (14 AL S2A1
v = fvillg = nogn ' opn )

Take 6 = 8|A|"/2xn~3/2, we obtain

3 [A|Y N 4x 6|A|“/2x>

~ 6
P12
”Pth PI|V||QS |A|((1+’7 7]3/271

Using ab < na® + (4n)~'b?, we finally get

nn - n*n

~ |A|v 9x?
||P,-|V—P,-|v||2Q_m((1+8) =)

A.2. Proof of Theorem 3.2
The theorem follows from the slightly more general following result.

Theorem A.l. Let K > 1 and let

| |U71

V =arg ‘1/12\1)1{—||§W||2ﬁ+pen(V)}, where pen(V) > 6K
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Then, there exists a constant k = k (|A|, K) such that for all § > 1, with probability larger than
1—671,

25112
b+ (10g(1’:’s 8)) ) (A2)

1Pys — Pyplip < K(Vig]f} {I1Piys = Pijv I3 + pen(V)

Moreover, when K > 2, there exists a constant k = k (|A|, K) such that, with probability larger
than 1 — 871,

2 2
Kw. (A3)

inf {||Pyjs — PijvIl3 +pen(V)} +

Pis—Pol»<(1+
125 ’V”P—( log(cﬁ))VeVS

Proof. For Q € {P, 1/5}, let (-, -) o be the scalar product associated to the Ly g-norm || - ||o. Let
V and V' in the collection V. We have

1 —~
m Z P(X(VUV/))P”\/()C)
xeX(VUV)

Z wﬁiw(x)ﬂ\v(x) = (ﬁiIV’ Pijv)p,

xeX (V) |A|

1 Px(V/{i

T > PE(VUV) Py = %{“}”Pﬁv(x):nﬂwn%.
xeX(VUV/) xeX(V)

Hence, for all V, V' in V;,

IPiv 1% = 1Py 1%+ 2(Piv — Piv. Pav)p + I Py — Piv I3

=Py} + 1Py — Pavlis = (1Pyvls = I1Pivilp) (A.4)
2 ~
A Y. (P(VuV)) = Px(VUV))) Py @)
xeX(VUV)

Moreover, from Pythagoras relation see Proposition B.11, we have
I1Piis = Pav e = 1 Pslld — I Py 11
By definition of f/\, we have, for all V in V,
1Pysl1% — 1125115 + pen(V) < 11 Pyslih — 1Py 1% + pen(V).
Hence, forall 0 < v <1, from (A.4),

D 2 2 ) 2
V||Pi|S - Pi|{/\||P = ||Pi\S_ P,'|‘7||P +V||Pi|{/\_ P,'|‘7||P
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is smaller than

1Piis — Py 5 +pen(V) — |1 Py — Puv (1%

— (pen(V) = 1Py = Pyplls = vIIByp = Py ll3)
(A.5)
+ (1P 1% = 1P I3 = 1Pyl 5 + 1Pyl )
2 ~ ~ ~
A > (P(x(VUV)) = P(x(VUV)))(Pp(x) = Piv(x)).
xeX (VUY)

We have also,
IIPi|v|I2,3 — 1Py l3 = IIP; |V|| + IIPIWIIP

1 Iy o _
=T o (P(x((VUW/iY) = P(x((V U V)/H))) (P () — Pl_2|‘7(x))_

xeX(VUV))

Let 0 <n <1, 8 >1 and assume that, Ny > 2. Let Q% be the intersection of the following
events:
- [A]”  1310g(2N,8)?
@} = vV eV 1By — Pyv I3 g’T :

| |((1+8)

- |A]Y  1310g(2N6)?
Q= VVEVs,||Pi|v—Piv||%>_|A|((1+8 ) — # ,

n*n

Q= YV, V' e VL IIPw % — 1 PyvIie — [Pyl + I Pive I3

log(N28)  log(N26)
2Py = Pyl 2= 4 =R

Q= {VV, vievi, Y (P(x(vuV'))=P(x(VvuV) Py () = By (x)

a
xeX (VUV’)

| log(N28) log(N25)
<|IPijv — Piv'lipy/2 né + 3’: :

Theorem 3.1, Lemma B.10 and union bounds give that

(A.6)

(A.7)

P((@)) =



Oracle inequalities for specification probabilities estimation 339

Forall V, V' in V, and all £ > 0, on Q°, we have

_ Piyr(x) — P,
DY (P ov) - (v v ) PO

xeX(VUV/)

£ 16 log(N26)
— WPy Ip = WPav Il + 1Py llp < 5 1Py = Pavrllp + (2 41 ) ==

From (A.5), we deduce that, on Q3 forall 0 < E<n,

W= Pis — Pypls < A +&)Pys — Pyvs +pen(V)

(pen(V)—<1+v)(1+n)3 6 1Al )
Al n

1 /78(1 +v) 2 (16 2
+ ; <W(10g(2]\7s5)) + (? + 1) IOg(Ns 5))

Take at first 0 < £ < v and 0 < n sufficiently small to ensure that (1 + v)(1 + n)3 < K to obtain
(A.2). To obtain (A.3), choose v =1 and n > 0 sufficiently small to ensure that (1 + 3 <K/2
and &€ = (log(NSZS))’1 . We conclude the proof, saying that the inequality is obvious when § < 4,
and, when § > 4,

1+ (logN28)~! _ 2(log N28)~! -1 2(log8)~! 8
1— (logN28§)~1 1 — (logN28§)=1 — 1 —(logé)~! — logs’ O

A.3. Proof of the bias control

A.3.1. Discussion on the Ising model

In this section, we discuss some consequences of the bound given on the bias term in the Ising
model, under additional assumptions on the Jl.’ IS

1. Assume that the set of j € S such that J; ; # 0, N, is finite and that \; C Vj;. The bound
(A.3) implies that, when log, (n) > [N,

]E[IIPns—E”;II%a]SC +Cp " <C

n

(log(n) log(M))> 2N (log(n) log(M))>
BN | ——————

2. Assume that there exist constants r and r’ such that M = n” and, for any k € N,
Zj>k |Jl.*j| <e "'k then

= log(n) o
E[llPiis — PiIVH%’] <Ccri= Z \Ji ,I 2r' /(2 +log2)

JEVm

2
< Cnﬂ(( 2 IJi,,-|> +n—2’//<2’/“°g2>>.

JEVm
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A.3.2. Proof of the bound on the bias in the Gibbs case

In order to bound the bias term || P;js — Pi|y 1%, we still use the inequalities

1Pis — Pyvile <1 Pijs — Piviloo < sup | Pyis(x) — Pis(y)|.
x,yeX (8):x(VU{ih=y(VU{i})

1
Now, we will build an approximation set V = |_J,_ Og‘A' !

inequality for any v < |V/|,

N and bound the bias of P;v, using the

= X Nl s Y@
£<viy,...igeS:3j:i;¢Np ZE€X(S) gy
ﬂ _e2ta
=D DD DU VI EoRD DR U L e Tt
(SUZ‘],A..I‘KESIHJ‘;Z'_/¢VM il""iZEVM:3</;i‘i¢M

Let \V; denote the union of the Ky £-tuples iy, ..., i¢ such that (J *e Jr=1,...k, are indexed by
the {(i,i1,...,0¢),s.t.(i1,...,i¢) € N¢}. Ng has a cardmahty smaller than Kg@ and by assump-
tion (J), we have

oo 59 s pe TR (A8)

i1,.ig€0:3j:i ¢ Vi

Now, let us fix some v > 0 and let Ky = 1 4+ [v€~2"%logn| for any £ < (vlogn)'/?+® and
K¢ =0 when ¢ > (vlogn)'/@+® In particular, K; > v€~2"%logn when £ < (vlogn)!/Z+e®),
hence, from (A.8), for any 1 < ¢ < (vlog n)l/(”"‘), we have

3 JO < B
0,01, igl — (1 _ e—y)npy .

i1,..ig€Vy3jiij NG

Therefore, the bias term is upper bounded by

logn
| Pijs — z|V||p§Caﬁy|A|< £ Z Z |J:(f1) g|>

£>1iy,..i0€8:3j;ij¢0
Moreover, V has cardinality upper bounded by
(‘)logn)l/(2+a) v logn)l/(Z-Hy)

vilogn 142«
Z LK, < Z <E+ [Tha )5 " vlogn.
(=1 =1
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A.4. Proof of Theorem 5.1

Let us introduce, for all V in V,

2 —~
LV) =[Py |3 — ||Pi|v||%+m > (P(x(V)) = P(x(V))) Py (x).
xeX (V)

By definition of \7, we have, for all V in Vg,
1Psll3 — 1P, 1% + pen(V) < [ Pislh — 11 Py I3 + pen(V).
Hence from inequality (A.4) in the proof of Theorem 3.2, we have, for all V in V,

1Pys = Pypl3 + (pen(V) — [ Byp — Pypll%) — L(V) )
<Pys— Pyvlil» + (pen(V) — IIE\V - Pi|V||2ﬁ) — L(V).

Let Qpen = {0 < pen(V) < (1 = )| Py — Pyyv[|%} and let 2

min pen

= Q3 N Q4 N Qpen, where
Qg and Qj are respectively defined in (A.6) and (A.7). It comes from Lemma B.10 and our

assumption on pen(V) that P((Qfmn pen)C) <€ +25~L. Moreover, on anin pen> W€ have, for all
n >0,

|L(V) = L(V)|

16 log(N?28)
<nllPys— P,Wll%: + 0l Pijs — Piv |3 + (7 + 1)3771A

A= Pys— Pyl — 129 — Pyplls

log(N;)

~ 16
<(L+mlPys = Payvlip —rllPiv — Pyv I3+ (7 + 1) .

We conclude the proof choosing n = 1.

A.5. Proof of Theorem 5.2

Let

Qpen = {¥V € Vs, (1 + )| Piy — Piv 15 < pen(V) < (1 + )| Py — Py I3}
let ngmp = Qg N Qi N pen, Where Qg and Qi are respectively defined in (A.6) and (A.7).
It comes from Lemma B.10 and our assumption on pen(V) that P2 ) <e+25 L

min pen
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8

Moreover, on £2: . pen’

we have, from (A.9), for all n > 0,
A= Pys — Pypl3 +rilPyp — Pypld + A+ rD(I1Pyp — Pipls = 1Pyp — Pipli})

<(L+Pys— Py 3 + "2”E|V — Pyvll%

log(N23)

- ;= oy (17
+ A+ r) (1P — Pivlz — 1Py — Pivip) + " +1 o

Let C be the constant given by Lemma B.5 and let

Q. ={VV eV,

I Piyy — Pi|vllzp— I Py — Pi|V||%>| <Cel|Piy — Pi|V||%>}-

It comes from Lemma B.5 that P(Q2,) > 1 — 8~1. Moreover, on Qcomp N L4, we have, from
(A9),forall0<n <1,

A =n)IPys — Pyplp + (n = CA+rDe) |1 Byp — Pypll}

6 log(N23)

<+ nlPys— Pyvlld + (r2+CA+r)e) | Py — Py i3 + P
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Supplementary Material

Supplement to “‘Sharp oracle inequalities and slope heuristic for specification probabilities
estimation in discrete random fields” (DOI: 10.3150/14-BEJ660SUPP; .pdf). On this supple-
mentary material available on-line, we prove the probabilistic tools needed in the proofs of the
main results. The second part provides additional simulation results. The last one is devoted to
the extension of all our results to the Kiillback loss.
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