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THE EXISTENCE OF SUPERSYMMETRIC STRING
THEORY WITH TORSION

JuN L1 & SHING-TUNG YAU

1. The system proposed by Strominger

In their proposed compactification of superstrings [4], Candelas, Ho-
rowitz, Strominger and Witten took the matric product of a maxi-
mal symmetric four dimensional spacetime M with a six dimensional
Calabi-Yau vacua X as the ten dimensional spacetime; they identified
the Yang-Mills connection with the SU(3) connection of the Calabi-
Yau metric and set the dilaton to be a constant. To make this theory
compatible with the standard grand unified field theory, Witten [2§]
and Horava-Witten [20] proposed to use higher rank bundles for strong
coupled heterotic string theory so that the gauge groups can be SU(4)
or SU(5). Mathematically, this approach relies on Uhlenbeck—Yau’s
theorem on constructing Hermitian—Yang—Mills connections on stable
bundles [27]. Many authors, including Friedman, Morgan and Witten
[18]; Donagi, Ovrat, Pantev and Reinbacher [12]; Andreas [1}], Kachru
[21] and others, have worked on this subject since then.

In [24], Strominger analyzed heterotic superstring background with
spacetime sypersymmetry and non-zero torsion by allowing a scalar
“warp factor” to multiply the spacetime metric. He considered a ten di-
mensional spacetime that is the product M x X of a maximal symmetric
four dimensional spacetime M and an internal space X; the metric on
M x X takes the form

P W) ( g”éy) gwo(x) > , x€X, yeEM,;
the connection on an auxiliary bundle is Hermitian—Yang-Mills over X:
FAw?=0 F*=F%2—=
associated to the hermitian form w = @gijdzidéj. In this system,
following the convention that d. = v/—1(0 — ), the physical relevant
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quantities are

1
h = Edcw,

1

Qb = g log HQH + ¢)07

for a constant ¢y and
0 2 1

gij = ¢€ ¢O||Q‘|4gij~

The spacetime supersymmetry forces D(y) to be the dilaton field.
In order for such ansatze to provide a supersymmetric configuration,

one introduces a Majorana—Weyl spinor € so that

1
(5@%)? = V?eo + Eew (V?HO — 12h?)(—:0 =0,

1
A0 = V9% + ﬂe%’hoeo =0,
and

oY = 6¢EjF0ijeO =0.
Here, 9 is the gravitano, A? is the dilatino, " is the gluino, ¢ is the
dilaton and h is the Kalb—Ramond filed strength obeying

dh=tr RAR—trFAF.

(For details of this discussion, please consult [24, 25]). By suitably
transforming these quantities, Strominger showed that in order to
achieve space—time supersymmetry the internal six manifold X must
be a complex manifold with a non-vanishing holomorphic three form §2;
the Hermitian form w must obey

0w =+—-1trFANF —+v—1trRAR

and
d*w = d.log |||
Accordingly, he proposed to solve the system
(1.1) FAw? =0
(1.2) F?0 = 02 =
(1.3) 00w =+—1tr FAF —/~1tr R\ R;
and
(1.4) d*w =d.In||Q].

These are solutions of superstrings with torsions that allows non-trivial
dilaton fields and Yang-Mills fields (The equation (I.3) in [24] has
% tr F' A F'; this is because he worked with principle bundles and the
trace is that of its adjoint bundle.). Here, €2 is a nowhere vanishing
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holomorphic three form on the complex threefold X; w is the Hermitian
form and R is the curvature tensor of the Hermitian metric w; F is the
curvature of a vector bundle F; and tr is the trace of the endomorphism
bundle of either E or T'X.

In [24], Strominger found some solutions to this system for U(1)
principle bundles. In this paper, we shall give the first irreducible non-
singular solution of the supersymmetric system of Strominger for U(4)
and U(5) principle bundles. We obtain our solutions by perturbing
around the Calabi—Yau vacua paired with the gauge field on the tangent
bundle of X.

In more concrete terms, we take a smooth Calabi—Yau threefold
(X,w) and a reducible Yang-Mills connection (metric) H on TX &CY';
(w, H) is a reducible solution to Strominger’s system. For any small
deformations ds of the holomorphic structure of TX @ C%L", we derive a
sufficient condition for (.1)-(14) being solvable for (X,d,): it is that
the Kodaira-Spencer class of the family 0, at s = 0 satisfies certain
non-degeneracy condition (see Theorem #.3). After that, we will con-
struct examples of Calabi—Yau threefolds that admit small deformations
of TX @CE’?’" satisfying this requirement. This provides the first example
of regular irreducible solution to Strominger’s system.

In the next paper, we would like to understand the non-perturbative
theory and hope to formulate a global structure theorem of the moduli
space of these fields.

It was speculated by M. Reid that all Calabi—Yau manifolds can be
deformed to each other through conifold transition. To achieve this goal,
it is inevitable that we must work with non-Kahler manifolds. We hope
that such non-Kahler manifolds will adopt the Strominger structures.
We shall come back to this in the second paper.

2. Solving Hermitian-Einstein equation by perturbation

In this section, we will solve the usual Hermitian—Yang—Mills system
using perturbation method. Let (FE, DY) be a smooth family of holo-
morphic vector bundles on an n-dimensional Kahler manifold (X,w).
Suppose Hj is a Hermitian—Yang-Mills metric on (E, D{j); we ask un-
der what condition can we extend Hy to a smooth family of Hermitian—
Yang-Mills metrics Hg on (E,DY)? When Hj is irreducible, the an-
swer is affirmative. The case when Hj is reducible is more subtle. Let
(Eq, DY) and (E2, DY) be two degree zero slope-stable vector bundles
on X. By a theorem of Uhlenbeck—Yau, both (Ei, DY) and (E2, DY)
admit Hermitian—Yang—Mills metrics H; and Hs. The direct sum of
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their scalar multiples H; @ e! Hy is a Hermitian—Yang-Mills metric on
(E,D{) £ (Ey ® By, D @ DY).
Suppose we are given a smooth deformation of holomorphic structures

D! of D, then the Kodaira—Spensor class identifies the first order de-
formation of the family D” at 0 to an element

k€ HYX,EY ®E)

in the Dolbeault cohomology of the d-operator D{. Because D{ =
D! & DY, the above cohomology space decomposes into direct sum

o2, H}(X,E) ® Ej).

We let k;; € H é(X ,EY ® E;) be its associated components under this
decomposition.

Theorem 2.1. Suppose k12 and k91 are non-zero, then there is a
unique t so that for sufficiently small s, the metric Ho(t) = Hy @ ' Hy
extends to a family of Hermitian—Yang—Mills-metrics Hg on (E, D).

We will prove this theorem by applying implicit function theorem to
the elliptic system of the Hermitian—Yang-Mills metrics of (E, D).

To begin with, equation (.2) holds for any hermitian connections of
holomorphic vector bundles. Now, let H be a hermitian metric on F
and Fs g be its the hermitian curvature on (E, D?). The Hermitian—
Yang-Mills equation for (E, D”), which has degree zero, then becomes

(2.1) Fog Aw" 1 =0.

The linearization of (2.1 is self-adjoint and has two-dimensional kernel
and cokernel. In case A"(E,D{) = Cx, we can normalize H so that
its induced metric on A"E = Cx is the constant one metric. Then, the
linearization of the restricted system has one dimensional kernel and
cokernel. We suppose the cokernel is spanned by J-w™. Then, for small
s, the implicit function theorem supplies us a one dimensional family
of solutions Hy,, of determinant one, to the system (2.1) modulo the
linear span of J - w™:

(2.2) Fop,, ANw"'=0 modJ w"

To prove the theorem, it remains to show that we can find a function
t = p(s) so that

(2.3) For, .

For this, we will look at the functional

T(S,t) = T_l /tl‘(FS,Hm . J) Aw' !

AW =0.



THE EXISTENCE OF SUPERSYMMETRIC STRING THEORY 147

and investigate the derivatives 7(0,t) = %r(s,t)\szo. Since 7(0,t) = 0,
the first order derivatives 7(0,t) are independent of the parameteriza-
tions (s,t). By a direct calculation, they all vanish. Thus, we are forced
to work at the second order derivatives 7(0,¢); they are of the form

#(0,t) =e ™A —e*B, A,B>0.

In case k12 and ko1 are non-zero, A and B become positive; hence, we
can find a function ¢ = p(s) so that lim,_g p(s) = 5= In(A/B) and

r(s, p(s)) = 0.
This shall prove the existence theorem. Since later we will adopt this
approach to solve Strominger’s system, we shall provide its detail here
as a warm up.

We begin with the basic objects: the vector bundle, its holomorphic
structure and its curvature. We let (X,w) be a Kahler manifold of
dimension n; we let (Eq, DY) and (Ey, DY) be two degree zero slope
stable holomorphic vector bundles of ranks 7 and rg; we let (,); and
(,)2 be the Hermitian—Yang-Mills metrics of (Eq, DY) and (Es, DY).
For simplicity, we assume A" (E;, D)) = Cyx and pick (,); so that its
induced metric on A" E; = Cx is the constant 1 metric. Under this
arrangement, the (,); are unique. We then let £ = E; @ FE», of rank
r =11 + 19, and endow it with the holomorphic structure D} & D} and
the reference hermitian metric (,) = (,)1 & (, ).

Next, we let D? be a smooth family of holomorphic structures on E
so that Df = D{ @ Dj. D relates to Dj by a global section A, €
Q01 (End E ) :

D! = D{ + As;
the hermitian connection Dy = D) + DY of (E,DY,(,)) relates to the
hermitian connection Dy of (E, D{, (,)) via

Dy = (Dj + As) + (Dg — A3);
the hermitian curvature of D, becomes
(24)  Fy= Fy+ (Df + Dy)(As — AZ) = (Ag — A5 A (A, — A7),

Here, A* is the hermitian adjoint of Ag under ().

It is instructive to express them in local coordinates. Let ey, --- , e,
be a (local) orthonormal basis of (E, (,)). We define the connection
form T's o3 of DY:

Dleq =Ts apep;

then, the matrix

As = (As,a,@) = (Fs,aﬂ - FO,a,@)'
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For any local section v = >  zyeq, written in the matrix form v =
xe! with x = (21,--+ ,2,) and e = (e, ,e,) being row vectors, the
differentiation

Dlv = (0x+x(Ts08))e’ = (0x + x(Lo,ap))e’ + (xAs)e" = Dijv + vA,.
In case ¢ is a section of EY ® E, a local computation shows that
Dip=Dip —[As,¢] and Dip = Dyp +[A], ¢]-

This works for endomorphism-valued p and ¢g-forms A and B if we follow
the convention [A,B] = AAB — (—=1)?"B A A.

Lemma 2.2. Let (E, D”) be a family of holomorphic structures on a
vector bundle E over a Kahler manifold (X,w). Then, there is a family
of gauge transformations g, € Q°(End E), go = id, so that the first
order derivative g% D" is D{j-harmonic.

Proof. First, we can find p € Q°(End E) so that DfJ + Diju is Dj-
harmonic. We then choose a family of gauge transformation gs so that
% giD” = D{{+ D{p. g is the desired family of gauge transformations.

q.e.d.

As a corollary, we can choose the family D” = D}l + A so that Ay is
D{-harmonic with respect to the Kahler form w.

Solving Hermitian Yang—Mills connections involves working with
other hermitian metrics of E. We let H(E); be the space of all hermitian
metrics on F whose induced metrics on A" E = Cx are the constant one
metric. Once we have the reference metric (,), the space H(E); is
isomorphic to the space of determinant one pointwise positive definite
(,)-hermitian symmetric endomorphisms of E via

<u? U>H = <UH7 ’U>.
In this paper, we shall use such H to represent its associated hermitian

metric.
Given a hermitian metric H, its hermitian connection Dg f is

Dyy = (D,+D,H-H™ ")+ DJ;
its curvature is
Foy=F,+D!D.H-H").
The Hermitian—Yang-Mills connections of (E, DY) are hermitian metrics
H € H(FE); making
Ly(H)= (F;+ D!(D.H-H ) Aw"!

vanish. Because H induces the constant one metric on A"E, tr Fy p,
which is the curvature of (A"E, det H), is zero. Hence, Ls(H) is traceless
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H-hermitian antisymmetric. To make it (,)-hermitian anti-symmetric
instead, we form the operator

(2.5) Ly(H)=H'?.LyH)-H'Y?: H(E), — Q¥ (suE).

It takes value in the vector bundle suFE of traceless hermitian anti-
symmetric endomorphisms of (E, (,)).

Next, we let I; be the identity endomorphism of E;, viewed as an en-
domorphism of . Because both E; and F» are degree zero slope stable
and H; and Hy are their Hermitian—Yang—Mills metrics, the solutions
to Lo(H) = 0 are

(2.6) Ho; =/ @e /™I, teR.

Further, using 6H = H&g/25hH&3/2, which is an isomorphism of the
tangent space of H(E); at Ho, with the space of sections of the vec-
tor bundle Het’E of traceless hermitian symmetric endomorphisms of
(E,(,)), the linearization of Ly at Hp becomes

(2.7)  6Lo(Ho4)(6h) = Dy DSh Aw™  : QU9 E) — QF'(suF).

Because (E, D{j) is a direct sum of two distinct stable vector bundles,
the kernel and the cokernel of §Lgy are both one-dimensional, of which
the cokernel is spanned by

v—1 v—1
Il ~w" ©® —

T2 A

J =

n
IQ'W )

independent of t. To apply the implicit function theorem, we take the
projection
P : Q¥'(suE) — QF'(suE)/R-J
and look at the composite
PoL,:H(E) — Q¥ (suE)/R - J.

Because the cokernel of P o dLg at Hy; is 0, for small s, the operator
Po L, is an open operator near Hy;. Further, because the linearization
of Po L, has index one at Ho;, the solution space Vs of Po Ly = 0 is
a one-dimensional smooth manifold near Hp; and the union U,Vj is a
smooth two dimensional manifold near Hy;. Since Vj is parameterized
by the line R via the solutions (£.6), we can extend this parameterization
to Vi near Hy so that (s, t) provides a coordinate chart of UsV,. We let
H; be the solution to P o L, = 0 associated to (s,t) € V. This way,
to solve Lg(H) = 0 it suffices to find the vanishing loci of the function

r(s,t) = v—1 /Xtr(LS(H&t) -5) eR.
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We will show that there is a function ¢t = p(s) so that r(s, p(s)) =
0. Because r(0,t) = 0, the first step is to investigate the sign of the
derivatives of 7(s,t) of s at s = 0. Recall that

DgHs,t = DE)/ st — [As>Hs,t] and D;Hs,t = Dg s,t + [A:>Hs,t]§
hence,
d

) . d ) .
% D;’H&t = D;,Hs,t - [As> Hs,t] and % D;H&t = D;Hs’t—i- [AS, Hs,t]'

Therefore, following the convention that f(s,t) = %f(s, t) and f(0,t) =

f(sat)‘é?:Oy

d . . _ .
ELS(HSJ) = FS — [AS7DSHS,t . Hs,tl] =+ D;/Sos,t Wlth
d _
Dot = E(DgHs,t H_ ).,

We have the following useful easy observation:

Lemma 2.3. Let uy € QVY(EY ® Ey), let uy € QU1(EY ® Es), and
let v € Q(EY @ Ey) be a smooth section.

1. Suppose D{1p =0, then / tr(Dyp - ) Aw™ 1t = 0.
X
2. Suppose D{*pa =0, then / tr(us - Dyib) Aw™ ! = 0.
X

Proof. The two identities follow directly from the Stokes’ formula.
First, because D{ji) = 0, because p is a (1,0)-form and because w is a
Kabhler form on X,

[ (D) nwt = [ fentr v no )
X X
:/ d(tr(,ul 1)) /\w"fl) =0.
X

This proves the first part. As to the second part, a direct computation
shows that
0 =tr(Dy g - @) - w"™ = —2ntr(Djyus - ¢) - W™t

The identity follows immediately. q.e.d.

We now evaluate 7(0,¢) and 7(0,¢). First, we show that

d d -
L (Hs,t)|s:0 = _Ls(Hs,t)|s:O =0.

2.8 — L
(2.8) ds ds
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Because Fo m,, A W'~ = 0, the first identity holds automatically. We
now look at the second identity. By definition, there is a function ¢(s, t)
with ¢(0,¢) = 0 so that

c(s,t)J = Ls(Hsy) = H;tl/ZFs,Hs,tHsl,QQ-

Taking derivative of s at s = 0 gives us

) d, .12 1/2 _ —1/2 1/2 _
C(0>t)‘] = %(Hs,t/ FS,Hs,tHsé Aw" 1)‘810 = HO,t/ FO,HO,tHO,/t Aw™

Using the explicit form of Hg;, Ag = 0, Fy = DéAO—DgAS and DHg; =
0, we obtain

d _
ds tr(Hs,tl/ZFS,Hs,tH;{tZ A"t Il) |s=0
S JX

= / tr((Dyp + D) - ) Aw"™ !
X

for some smooth sections ¢ and ¢’. The right-hand side of the above
identity is zero by Lemma 2.3; thus,

/ ¢(0,t)tr(J - I) =0,
X

which forces ¢(0,¢) = 0. This proves (2.8), and 7(0,¢) = 0 for all ¢.
We next compute #(0,t). Because of (2.8),

d? _12 d?

L (Hs,t)‘szo = H(),t @

= 1/2
@ s Ls(Hs,t)|s:OH(),/t .

A direct computation shows that

(2.9)
a2 - . S 3 . . 3 )
T s (Hst)ls=0 = Fo=2[Ao, [45, Ho | Hy | =2[Ao, DyHo - Ho ]+ Do,
with

d B : : N
(2.10) o4 = E(D;H&t . H&tl) = (D\Hgy + DQHS,t)HS,tl
= (A}, Hy JH,} + D,H,y - Hy}

S
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Because Hp; commutes with Iy,
#(0,1) = V-1 (/X tr(Fo - 1) Aw"!
- Q/Xtr([Ao, (A5, HoyJHy 1] 1) Aw)
— 2/Xtr([A0,D6HO,t CHo - 1) Aw™ !
+/Xtr(D6’<,b07t-I1) /\w”_1>.
To analyze the sign of the above integration, we use the splitting

E = E; ® FE5 to express
; Cn Cri
Ay = .
0 < Co1 O

B exp(%)-[l 0
H‘( 0 en(E) D)

Because

the second term
—2\/—_1/)( tr([Ao, [A5, HotlHg /] 1) Aw™
in 7(0,¢) is, for a = n% + ,%2,
—2V/=1(1 — e ) /X tr(Cra A Cfp) Aw™ ™
—2v/—1(1 — &) /Xtr(Cé"l A Car) A w™ L
Similarly, because of (2.4) and F: 20 _ 02 0,
\/—_1/X tr(Fy - ) Aw™ ! = 2\/—_1/X tr(Cia A CHy) Aw" !
+ 2\/—_1/X tr(C3 A Cor) Aw" 1

The last term in #(0,) is zero because of Lemma 2.3; the next-to-last
term is

—2\/—1/ tr(Ao- D'Hoy - Hy} - 1) Aw"™
X )

+ 2\/—1/ tr(DyHoy - Hy - Ao - I1) A",
X )
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which vanishes because Di* Ay = 0 and Lemma 2.3. Therefore,

i‘(O,t) = _1€—at/ tr(Clg AN CTQ) Awnt

X

+ V —1e°‘t/ tr(C3y A Cgy) Aw™ !
X

Because the associated cohomology class [Cj;] = ki; and ko1 and ki

are both non-zero,

A= \/—1/ tr(Cra A Cy) Aw™ ! and
X

B=—v —1/ tr(C';l AN 021) Awn !
X

are positive. Hence, for sufficiently small s, the value r(s,t) > 0 for
t < 5-In % and r(s,t) > 0 for t > 5-In %. Hence, there is a function
t = p(s) so that r(s,p(s)) = 0. This proves that the system Ls(H) =
0 is solvable for small s. Here, the function p(s) is not necessarily
continuous, but limy_g p(s) = 5= In %.

3. Linearization of Strominger’s system

In this section, we will study the linearization of Strominger’s system.
Before we do this, we will first rephrase the system (I.1)-(1.4) in the
form that is easier to handle.

We fix a Calabi-Yau threefold (X,wp) and a (3,0)-holomorphic form
Q so that Q A Q = wi. We let (E,D") be a rank 7 holomorphic bundle
over X such that ¢;(F) = 0 and c2(EF) = c2(X). We then choose a
hermitian metric H on E and let Dy = D’ @ D" be the hermitian
connection of (F, D", H); its curvature Fy = Dy o Dy satisfies

20 _ 0,2
F20 = F2 — .

Thus, the second equation of the Strominger’s system follows automat-
ically.

The fourth equation of the system is a non-linear equation of a her-
mitian form w involving the adjoint d;, of w. It turns out that this
equation is equivalent to

d([|2]|.w?) = 0.

We now prove this equivalence. We let H(X) and K(X) be the cones
of positive definite hermitian forms and Kahler forms on X respectively.
Given an w € H(X), we let *, be the (hermitian) star operator of w;
and let d, be the adjoint of d with respect to the metric w.
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The hermitian star operator has an explicit local expression. Given a
hermitian form w on X, it induces canonical hermitian metrics on T'x c
and on /\kT)\éC. Let (-,),, be the hermitian metric on /\kT)\é,C and 4w®
its associated volume form on X. The star operator %, is the C-linear
operator defined via

3
w _
(0, Y)w - 3 =P N\ *u1.
Let p € X be any point and let ¢1, 2, @2 be an (-, -),-orthonormal basis
(a moving frame) of the (1,0)-forms near p obeying (¢;, ¢j)w = 20;;.
Then, the hermitian form

/=1 3 -
WZTZ;SOi/\SOi-
1=

For any subset I = {i1,--- ,ix} C {1,2,3}, we denote by @5 = ¢;; A
-+ A\ @i, , and denote by I° the complement {1,2,3} — I. Following this
convention,

(3.1) x, (cpr Npy) =ergv/—1 2‘”““”730@10 N@go, ceC,

where €75 is the parity of permuting (I, J;I1°,J°) — (1,2,3;1",2,3').
We now re-state and prove the mentioned equivalence.

Lemma 3.1. Let wg be the reference Kahler form as before. Then,
the equation ([.3) is equivalent to

(3.2) %o d (]| ow?) = 0.
Proof. Let f be a positive real valued function, then
d(fw?) = fdw? +df Aw? = 2fd *, w + df AW
Thus,
sod(fw?) = 2f %y d %y w + *,(df Aw?) = —2fd*w + 2d.f.
Here, we have used the identity
s (df A w?) = 2d,.f,
which holds for all hermitian form w. Replacing f by ||€2||, we obtain
rod (| 2e?) = 2| Qo (~diew + d.log L)
which vanishes if and only if
diw = dclog ||

Finally, since *,, and s, are both isomorphisms, #,d(||Q;'w?) = 0 if
and only if
%o d (]| Q] ww?) = 0.
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This proves the lemma. q.e.d.

To apply the implicit function theorem, we need to specify the range
of the operators associated to Strominger’s system. For that, noting
that 2dd. = /=190, we let R(dd.) C Q3°(X) and R(d%,) C Qk(X) be
the range of

dde : Q' (X) — QF%(X) and  d, : Qp' (X) — QL(X).

Because (X,wp) is a Kahler manifold, by d0-lemma, a real form a €
R(dd,) if and only if dov = 0. Hence, after picking a usual Banach norm
on QEQ’Z(X), R(dd,) is closed in it. As to R(d, ), since d, is part of an
elliptic complex, it is also closed. This way, after replacing (.4) by (3.2)
and omitting the equation (1.2), the Strominger’s system is equivalent
to the vanishing of the operator

(3.3) L =L1®Ly®L3 : H(E)1 xH(X) — Qf(sub)&R(dd.)BR(dS,),
defined by
(3.4) Ly (H,w) = HY?FgpHY? A w? € Qf (suE);

1
(3:5) La(H,w) = Sddew + (tx(Fy A Fyr) — tr(Ry A Ry)) € 022 (X);

(3.6) Ls(H,w) = *uwod (|Qlww?) € Qp(X).

Because c3(E) = co(TX) and X is a Kahler manifold, by d0-lemma the
image of Lo lies in R(P). As to Lg, because

* *—1

— -1 _
*ogd = kg d ¥y ¥y = Fdi %0 s

its image lies in the range of dj,, as well. Therefore, the operator L is
well-defined.

Proposition 3.2. Suppose L(H,wy) = 0. Then, the three summands
of the linearization of L at (H,wq) are

SLy1(H,wo)(6h, dw) = D"DYy6h A w2 + 2H Y2 Fy HY? A wy A dw;
STy (H, wo) (6h, ) = %ddcéw - 2(tx(6Fy (5h) A Fyr)

— tr(0 Ry, (0w) A Rwo));
0L3(H,wo)(0h,dw) = 2d;, ow — d, ((0w,wo)wewo)-

Here, as before, we follow the convention 6H = H~Y/25hH /2.
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Proof. The formula for 6L is well-known [27]; the formula for §Lg
in the written form is a tautology; we stop short of finding an explicit
form of JR since the current form is sufficient for our purposes.

We now prove the formula for dL3s. Let w; be a smooth variation
of the hermitian form wy; let 1 (t), p2(t), p3(t) be an orthonormal ba-
sis of (1,0)-forms, smooth in ¢, expressed in a holomorphic coordinate
(21, 22,23) near p € X by

t) = bij(t)dzj, bi(0)(p) =di; and (i(t),;(t))w, = 20i;.
We can compute explicitly %(w?)hzo. First,
1
=3 Z @io () A Pio ( Z ci(t) Cu(t) dzge A dZpo,

z,l,k

where ¢;;(t) is the 7j-th minor of the matrix (b;;(t))sx3; namely

(3.7) (cij (£))" = det(bij (1)) - (bij (1)) .
Hence, at p,
d 1 ) . _
dt Wy ‘t 0= 2 Z(Clk(o) + Ckl(O))deo A\ leo.
Using the identity (8.7) above,

ck(0) + Ex(0) = =bra(0) — big(0) + e1r(0) Y i (0) + Ea(0) > bii(0).

Therefore, at p,

d

-1 ) .
el Fli=o = > Z(bkl(o) + by (0))dzgo A dZpo

1k

+% (zk:dzkm dzko> (me + by (0 )

On the other hand, wg = %Z dzpe N dzZpe. Hence,
(3.8)
1

wPlico = = D (bu(0) + buk(0))dzge A dzio + w3 (D b3 (0) + bii(0)).
Lk

dt
Next, we compute

d d w?) . =
dt 0og H H |t—0 dt WS |t—0 g bzz(o) + bzz(o)
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Adding [||w, = 1, we get
L (162 om0 = (1w8% g 9212, + 572 ) 1=
= —= Z b1 (0) + bir(0))dzgo A dzo

+ 5 (Z bu(O) + EZZ(O))W(Z)

On the other hand, at p

d _]. . _ . —1 . LR _
=0 = 5~ Z GiNGi+ QiD= ;(bji(0)+bij(0))dmdzj.
Hence,

. 1 z ; _
*oWo = Z Z(bﬂ(()) + bij(O))dZio A deO.
Z?J
Combined, we obtain

d ‘ .
Z (1927 li=0 = =2y w0 + (D bia(0) +

It remains to treat the term 3 by (0) + EZZ(O) From

3
. Wy . 1
(wo,wo)wog =wo A *yowo and kg wo = 1 g dzpo N dZ o,

we get

C(‘JO /\ *wOwO

- Z ij(0) + baz ))dzi N dZj N dzge N dZjo

-y Z i(0) + B33 (0))dz1 A dz1 A dzo A dZa Adzs A dZs;
hence,

. wo N *nW . .
(@0,0)ay = = = B bi(0) + bi(0)
wp /3!

This proves that

d ‘ . .
%(HQHU&W?) =0 = =2y G0 + (D bia(0) + bis(0) ) wi
= —2 % W0 + *uwo (W0, W0 )weWo-

Finally, Applying x*,,d to both sides of this identity, we obtain

d . . .
7 o A(]|Q]ww? ) =0 = 2d5, 0 — di5y (60, w0 )wowo)-
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This proves the Proposition. q.e.d.

Strominger’s system admits a class of reducible solutions. Let
(E,Dj) =CY{ oTX

be the direct sum of the trivial holomorphic bundle (Cg'?’” and the tangent
bundle TX. We fix an isomorphism A"3E = Cx; we endow E with
the hermitian metric (,) that is a direct sum of a constant metric on
CY" and the Calabi-Yau metric wy on TX. We normalize (, ) so that its
induced metric on A"t3E = Cx is the constant one metric. As before,
the metric (,) is identified with the identity endomorphism /:F — E.

Now, let H,',, be the space of positive definite hermitian symmetric
r X r metrics; let I1 and I be the identity endomorphisms of (C??r and
TX respectively. By abuse of notation, for T € HJ\,,,
it as the constant endomorphism of (C??r induced by T, viewed as an
endomorphism of F. Then, the assignment

we also view

T e H

TXT

— Hp =T & |T|"Y31, e H(E),, |T| = det T,

associates each T € H.' .. to a hermitian metric of E.
Obviously, the hermitian curvature Fp, of (E,(,)m,) is 0 @ Ryy:

hence, Fy, A Fr, = Ry, \ R,,. Because wy is d-closed,
1
LQ(HT,wo) = §ddcw() + tr(FHT AN FHT) — tl"(RwO VAN RwO) =0.

Further, because (), is Hermitian—Yang-Mills, and because di,wo =
0 and QA Q = w3, Ly(Hr,wy) = Ly(Hr,wo) = 0. Therefore, (Hr,wp)
is a solution to L(H,w) = 0. Indeed, for any constant ¢ > 0, the pair
(Hr,cwp) is a solution to L = 0. These solutions are reducible because
the vector bundle E splits under the hermitian connection Dy, In this
paper, we will call such solutions the trivial solutions to Strominger’s
system.

To construct irreducible solutions to Strominger’s system, we will
first form a family of holomorphic structures D” on F that is a smooth
deformation of Dy; we then show that certain trivial solutions to Stro-
minger’s system on (E, D{f) can be extended to (irreducible) solutions
on (E,DY). We shall prove this by applying implicit function theorem
to the operator L of (3.3).

To this end, we pick an integer k and a large p and endow the domain
and the target of L the Banach space structures as indicated:

H(E)y » x H(X)pp — Q%(5UE)L£72 @ R(dde)rr | @ R(dG,)rp
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L becomes a smooth operator and its linearized operator §L at a solution
(H,w) becomes a linear map

(9’ E) @ Qg (X) pp — Q(suB)r @ R(dde)pr @ R(d5) e |

Here, we used the canonical isomorphisms Ty H(E);, = Q' (He’E) L
and T, H(X) = Q%’l(X ) rr- For simplicity, in the following, we will
abbreviate

Wi = Q% (suE) rp, and Wo = R(dd)pr  ® R(dy,)r |

Thus, 0L(H,w) is a linear map
(39)  OL(H,w): Q9 E)r & Qg (X) o — W& W

To study the kernel and the cokernel of 0L at a trivial solution
(Hp, cwp), we will first look at the linear map
(3.10) F(6h) = Dy Dy gy, (6h) A = Q0(Her’ E) pp — Qp(suB)pp .
Here, according to our convention, Dy, = D67 Hy © D is the hermitian
connection of (E, D, Hr) for a T € H,,. Since (E,Dj) = CY & TX,

rXr:
the above is a linear elliptic operator of index 0 whose kernel is

Vo={M @ aly | M € End(C*"), M = M*, tr M + 3a = 0}
and cokernel is
(3.11) Vi=wp- Vo C Wi = Qp(suB)p .
We let P be the obvious projection
P:W, — Wi /V1.

Proposition 3.3. Let (X,wp), Q, {,) and T € H.,, be as before.

Then, there is a constant C' so that for any ¢ > C, the linear operator
Podl (HT, Cu)o) D (5£2(HT, Cu)o) D (5£3(HT, Cu)o)
from Qo(ﬁetoE)Li ® Qﬁg’l(X)Li to W1 /Vi & Wa is surjective.

Proof. As we shall see, the proof of the Proposition relies on the
understanding of the operator
T: Qg (X)pp — Wa
defined by, after setting P = %ddC = /=100,
Tp= (P:uv Qd:.zoﬂ - d:;O ((M,wo)wOWO))-
Before we go on, we remark that since in the proof of this Proposition

we will solely work with the Kahler form wg, for convenience, we will
abbreviate *,, and dj, to * and d*.
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For the starter, we form the linear operator S:
Sp=2u— ({4, w0)wewo : Qﬁé’l — Qﬁg’l
and its inverse )
S_1¢ = §(¢ - (¢> wO)wowo)'
Then, by setting ¢ = Su, T can be expressed as
Tpu=ToS '¢=(PoS'¢,d¢).
Then, applying the Hodge decomposition to ¢ € Q]El(X),
¢ =dd"p+d*dp+h

for a real (1,1)-form ¢ and harmonic h. By the dd-lemma, we can
rewrite d*diy = xPa for a real form a.

As to the harmonic h, we check that the pairing (h,wp)., is constant.
Since (X,wp) is Kahler,

dex h=d" x h Awg — d*(xh A wp);

and since d* « h = d. * h = 0, d*(xh A wp) = 0. Hence, the defining
identity

(3.12) (hywp)*1 = xh A wy

forces (h,wp)w, to be a constant. Therefore, the space of harmonic forms

H C Q' (X) lies in the kernel of both T and T o S~
With this said, to study the surjectivity of 7', we only need to look
at those ¢ that are orthogonal to H under the L2-intersection pairing

(u,v) = / (U, ) * 1.
X
In particular, such ¢ has decomposition
¢ = *Pa+ d*diy,
and
ToS '¢=(PoS ' (xPa)+ PoS ' (dd*y),d*d(d*)).
To proceed, we look at the operator U:
(3.13) Ua =2xPoS ' (xPa) = *P(xPa — (*Pa,wp )wywo ) -
Because
P = (\/—_185)* = —/—10%0* = *V/—100% = %P+,
Ua can be re-written as

(3.14) Ua = P*Pa — «P((*P(a),wp)wowo ) -
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To proceed, we need to simplify the operator U. We first use the
identities
(3.15)
O uhwy—0* (pAwo) = V—10p and  0*uAwo—0* (pAwy) = —v/—10u,
which hold for all Kahler manifolds, to derive
O* (fwo?®) = —2v/—10f A wy.
Using (xPa,wp)w, = *(Pa A wp), which follows from (3.12), we have
P((*Pa, wo)wOwo) = P(*(Pa Awp) /\wo) = —/=1%0*0*(Pa Awp) Awy.
Applying the identities (3.15) further, we obtain
0*(Pa Awy) = 0*Pa Aw — v/ —10Pa = 9*Pa A w
and
0*o* (Pa A wo) =0 (O*Pa A wo) = 0*0* Pa A wy + V—190* Pa A wy.
Put together, we obtain
P((*Pa, wo)wOwo) = —/—1% 00" (Pa A wo) A wo
= —v—1x (5*8*Pa Awy + V=100 Pa A wo) A wp
= #(P*Pa Awy) Awp + *(88*Pa A wo) A wo.
Because 00* Pa = Uy Pa since 0Pa = 0, the operator U becomes
(3.16) U(a) = P*Pa—x(x(P*Paiw) Awy) —+* (*(OgPa A wp) Awy) -
To continue, recall that for v € QEI(X ) such that (v,wp)w, = 0,

*(v Awgy) = —v. Hence,

*(v A wo) = *((v — %(u, wWo)wewo) A wo) + % * (v, wo)wywo?)
= —v + (V,wp)wowo
and
*#(x(v Awo) Awp) = * (—v Awpy + (V,wo)uw, * w02) = p+ (V, wo)wywo-
Therefore, by (3.18),
Uao = P*Pa-— (P*Pa + (P*Pa,wo)wOwo) — *(*DaPa A wo)
= —x (*DaPa Awp) — (P*Pa,wp) wwo-

Now, we are ready to derive the estimate that for a universal constant
C' (in the sense that it only depends on (X,wy)),
(3.17)

CHT o5 | < |Pallpp + |dd* ¢ < CIITo S|, V¢ LH.
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First, note that the first inequality holds because T'0S~! is a bounded
operator. As to the second, because d*d(d*v¢) = Opd*¢) and that d*1 is
orthogonal to the harmonic forms, the elliptic estimate ensures that for
a universal constant Cf,

ld*0lly | < CrlDad" bl < CiIT o 59

Then, because

P o §7H(dd") = 3 Pdd", wo)uu
and because the right-hand side involves the third differentiation of d*1,

1P oS~ dd™ )]y , < Calld™vlly < CLCalT o 579
holds for a universal constant C5. On the other hand,
(3.18) % «Uax=ToS ¢+ %P o S~ (dd*p,wp) — d*d(d*v),
the previous estimates ensure that there is a universal constant C3 so
that
(3.19) |Uallzy | < CHlIT o 579l
Because
d* (xOgPa Awy) =0,

the formula of U« before (3.17) gives
(3.20) d(P*Pa,wp)w, ANwo = d(Ua).
Combined with

/ (P*Pa,wq)y, *x 1= / (Pa, Pwp)w, 1 =0,
X X

and that wedging w forms an isomorphism from Qﬁé’l(X ) to Q%’Z(X )
whose inverse has bounded norm, (3.20) and (3.13) implies that

I(P*Pa,wo)un iz, < CallUallyy | < C5CllT 0 S74].

k—2

Thus, for a universal constant Cs,
IDaPalle < C5T oS |-
Finally, because [y is elliptic,
|Pallzy < CollT o S~

This proves that the second inequality in (3.17) holds for a universal
constant C.



THE EXISTENCE OF SUPERSYMMETRIC STRING THEORY 163

It remains to show that 7 o S™! is surjective. Because d* surjects
onto R(d*), we only need to verify that restricting to ker d* N QEI(X ) I

the operator T'o S~ surjects onto R(ddC)de. Because
R(xdde)pp Ckerd* NQg" (X) s,

it suffices to show that

(321)  xToS(+P() = %U(-) : R(rdd,) jy — R(vddo)yp

is surjective. For this, we note that the estimates derived so far show
that (3.21) is injective and has closed range. Hence, if we can show that
it is self-adjoint, it must be surjective as well. We now show that U is
self-adjoint. Obviously, the first term P*P appeared in U in (3.14) is
self-adjoint. As to the second term, we observe that the L-intersection

(*P((*Pa,wo)wowo),@ = ((x*Pa,wp)w, * wo, PB)
= / (xPavy wg) o (%P B, wo)wy *1.
X

Because both o and 3 are real, the above expression is symmetrical in «
and (. Therefore, the operator U is self-adjoint, and hence, is surjective.
We are ready to prove the Proposition now. By a change of trivial-
ization of (C??r, we can assume without lose of generality that T' = I.«,;
thus, Hr = I. We next let $et’ E be the R-sub-vector bundle of
End E consisting of traceless pointwise (, )-hermitian symmetric endo-
morphisms of E. Clearly, T/H(E);, = Q(HeE) rr- We now define
linear operators
Ty, Ty : Q9ec’E)pp & Q' (X) p — Wa
that are
T1(6h, bw) = (Pow,2d}, dw — dj, ((6w,wo)w,wo))
and
T2 (0h,ow) = 2tr(0F1(6h) A Fr) — 2tr(0 Ry, (dg) A Ryy)-
Because
OL1 (I, cwo)(0h, cow) = 6Ly (I, wy)(0h, dw);
0La (I, cwp) (Sh, cdw) = /=1 00céw + 2tr(6F(6h) A Fr)
— 2tr(0 Ry (cOw) A Rewy)
= cPdéw + 2tr(0F7(6h) N Fr)
— 2tr(0Ry, (dw) A Ryy,),
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and
6L3 (1, cwp)(8h, cdw) = 2d*cdw — d* ((cdw, wp)wowo )
(3.22) P o 0L (I, cwy) @ dLa(I, cwy) @ dL3(I, cwp)
= 2P o 6Ly (I, wp) ® ¢(T1 4 ¢ 1Ty).

Hence, to prove the Proposition, we need to show that the right-hand
side is surjective. Based on the discussion before,

P o 8L (1,w0)(6h,0) = P o F(8h) : Q°(HeE)p — W1 /Vi
is surjective and its kernel is Vj. Also, we proved that
oLl
Tl . QR (X)Li I WQ,

which is the operator T discussed before, is surjective with kernel H C

1,1
Qg (X).

Now, let V C Qo(ﬁetOE)Li ® QEI(X)Li be the orthogonal comple-

ment of V; @ H. For simplicity, we abbreviate To = P odL; (I, wq). The
discussion before shows that

(To®T1)|ly: VYV — W /Vi & Ws
is surjective and that there is a constant C' so that
(3.23) CH[(ur, ua)l < [1(To(ur, uz), Tr (ur, uz)) |
< Ol(ur,u)ll, (ur,u2) € V.
Because T is a bounded operator, for sufficiently large c,

Ty & (T1 + ¢ 'Ty) : T(End)E) p x Q' (X) — Wi/Vi & W,

is surjective. In particular, the left-hand side of (3.22) is surjective.
This proves the Proposition. q.e.d.

4. Irreducible solutions to Strominger’s system

In section two, assuming the existence of a non-degenerate deforma-
tion of holomorphic structures of the vector bundle F; ® Es, we showed
how to use perturbation method to prove the existence of the Hermitian—
Yang-Mills connections. In this section, we will construct solutions to
Strominger’s system using similar method. We will find an initial trivial
solution to the Strominger’s system and show that it can be extended
to a family of irreducible solutions.

We continue to work with a Calabi-Yau threefold (X, wp) and the
vector bundle

(E,D{)=CY @ TX;
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we fix a smooth isomorphism A" E = Cy so that the Dfj induces
the standard holomorphic structure on Cyx; we let D? be a smooth
deformation of the holomorphic structure D{. As in section two, we
write

D!=Dj+A,, A, c Q" (EndE)

and write

; Cu Cr2 0,1
Ay = < Cor O > € Q" (End F)
according to the decomposition E = (C??r @® TX. Because of Lemma
2.2, we can assume without lose of generality that C;; are D{j-harmonic.
Since F; = C$" and H(X,Cx) =0,

(4.1) Ci1 = 0.

Because Pic X is discrete, we can assume further that tr A, = 0 for all
s. This means that under given smooth isomorphism A"t3E = Cx, the
induced holomorphic structure on A"3E is the standard holomorphic
structure on Cx.

Next, we let Hy be the standard constant metric on C??T and let Hy be
induced by the Calabi—Yau metric wy normalized so that det(H; ® H>) is
the constant one metric on A"*3E = Cx. The pair of (,) = H;® Hy and
wp is a trivial solution of the Strominger’s system on (E, D{/). We fix
such (,) as a reference hermitian metric on E. Following the convention
in the previous section, all other determinant one hermitian metrics on
E are of the forms (-,-)g = (- H,-) for some determinant one pointwise
positive definite (,)-hermitian symmetric endomorphisms of E.

Following this convention, the space of all trivial solutions to Stro-
minger’s system on (E, D{j) with Kahler form wy is isomorphic to the
space of determinant one positive definite  x r hermitian symmetric
matrices 1" with the correspondence

T eHy, — Hr =T & |T|"3I, e H(E),.

rXr
With the chosen Kahler form wg and a hermitian metric Hp, the
proposition 8.3 says that for V; the cokernel defined in (3.11) and for
large enough ¢, the linearized operator 0L at (Hr, cwp) surjects onto

(4.2) Q%(WE)LQ_Q/Vl @ R(dde)r & R(di,)rr
With the connection forms A, the metric (,) and the Kahler form
wp so chosen, we can now define operators
Li=L;1 ®Ls2® L3
between
H(E)y » x H(X)pp — QJ%(WE)Lﬂ2 @ R(dde)rp | & R(dG,)pp |
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with Ly, defined as in (3.4)-(8.6) of which the curvature form Fj is
replaced by the hermitian curvature of (E, DY, H):

FS,H = DS,H © DS,H-
Let P be the projection from
Q%(X)@UE)LﬁfQ @ R(dde)pr & R(dG,)pr

to (1.2) and let H,(X) Lr be the space of those L% -hermitian forms
whose wp-harmonic parts are w.

Lemma 4.1. For any Ty € M.\, there are constants a > 0 and C >

0 such that for any ¢ > C, there is a neighborhood U. of (Hr,,cwp) €
H(E)l,Li X HCWO(X)Li such that for each s € [0,a), the set Sy = (P o

Ls)_l(O) N U, is a smooth r?-dimensional manifold and that the union

(4.3) S= H Ss X s CU, x[0,a)
s€[0,a)

is a smooth (r? + 1)-dimensional manifold.

Proof. By proposition 3.3, there is a C' > 0 such that the linearized
operator of P o Ly is surjective at (Hr,,cwp). Hence, by the implicit
theorem, for sufficiently small s, the solution set to PoL, = 0 is smooth
near (Hr,, cwp) and has dimension equal to the index of the linear op-
erator P o 0Lg, which is 72 +dim HY(X,R). By restricting to the slice

H(E) 1 1p X Hewy(X)pp € H(E)y pp X H(X)pp

that is transversal to the kernel of P o dLg, the solution set S; will have
the property as stated in the Lemma. This proves the Lemma. q.e.d.

Following our convention, Sy consists of all pairs
(44) (H()’T, w07T); HO,T =T D |T‘71/3.[2, wo,T = CWwy.

Since S and S are smooth, by shrinking U, if necessary, we can pa-
rameterize S smoothly by (s,T) so that (s,T) parameterizes the set S
that is consistent with the projection S — [0,a) and the parameteriza-
tion (4.4). By shrinking U, if necessary, we can assume that under this
parameterization, S = [0, a) x B¢(Tp), where B(Tp) is the ball of radius

€ centered at Tp in H,’,.. In the following, we denote by

(HS,T7wS,T) € Ss> T e Be(TO)a

the solutions with parameters (s,7"). For simplicity, we denote by F 7
the curvature of the hermitian vector bundle (E, DY, Hs 7). By our
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construction, it satisfies

Ls,l(Hs,Tyws,T) =0 mod V7, Ls,Z(Hs,Tyws,T) =0 and
Ls,3(Hs,T7Ws,T) =0.

Hence, to find solutions to L = 0, it suffices to investigate the vanishing
loci of the functional r(s,-) from B.(7Ty) to the Lie algebra u(r) defined
by

(45) I‘(S,T) = /);[LS71(HS’T7WS’T)]17

where []; is the projection from Qf (suE) to Qf (u(CY")). Here, u(CY")
is the bundle of (, )-hermitian antisymmetric endomorphisms of C%’.
As in section two, we shall first prove r(0,7") = 0 for all T'. Indeed,

@) 0.1 = [ TR T nudy
+2 / T2 [For] T Awor Ao
X

Because Ho 7 is a direct sum of a flat metric on Cg’?ﬂ and a metric on
T X, under the decomposition F = Cg’? oTX,

(4.7) For = ( 8 2 ) € Oy (suk).

What we will actually show is that

0 0

FO,T/\W(Q),T = ( 0« > € QY (suF).

Since (H,1,ws ) are solutions to Ly = 0 mod Vi, there is a function
c(s,T) taking values in V3 with ¢(0,7) = 0 so that

FS,T N WE,T = Hsl,/’lgc(& T)H;%/Q

Taking derivative of s at s = 0, and coupled with ¢(0,7") = 0, we obtain

(4.8) F07T A w(%’T +2Fy 1 Nwor Awo,r = H&/I%C(O, T)HO_JI«/Q,
which, after projecting to Q% (u(C%")), becomes
(4.9) [For Awd r], = TY?¢(0,T)T /2.

Next, we let Fy as in (2.2) be the curvature of (E, D”,I). Because
Fop=Fs+ D{(D,H - H;:IF)7
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because D{Hy 1 = 0, and because D; is a direct sum of a flat connection
on C??T and a Hermitian Yang—Mills connection on T'X,

[For)1 = [Foli + D§[DoHo.r - Hy 1+ Dy [DyHor - Hy -
Using the expression of Fy in (2.4), and that C;; = 0 as stated in (4.1),
(4.10) [Foli = DyCri — D Cy = 0.

Hence,
[Fo,r], = Dyer + Dyeo

for some sections 1 and ¢. Therefore, by Lemma 2.3
/T1/2(0T)T—1/2 /f%TLMﬁTz/(%%+D&@A%I=0
X X

Since ¢(0,T)/wg is a constant section of End(C%"), the above vanishing
forces ¢(0,T) = 0, which simplifies (4.8) to

F(),T VAN wO,T + QF(),T AN wo,r N LZ)(),T =0.
Finally, because Fy r has vanishing entries as shown in (4.7),

(4.11) EmAﬁI:<82)eQ@wm.

The vanishing ({.4) follows from (4.7) and (£.11)).
T =

We next compute #(0,7"). First, because Fj 0,

—1/2 12 d?
(HS,T/ FS,THS/T ds D) ST)|5 0=20

Because [FO,T]I =0,

d 172 1/2 d, o
(55 (Hoa " ForHlp) A (wir)ls=0], = 0.
Hence,
d? 1 1/2 2 1 1/2
[ (Hoa*For BN ) sl = [ (Hog Far B lsmohwf o]
Taking second order derivative of H Y 2F5 TH, Y 2, we will encounter
terms like
[ 1/2
— (Hya' )ls=0 - For - Holp,
which are all zero because Fyr = 0. We will also encounter terms like
d

E(H_I/Q)E o-For- Hééi
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after wedging it with waT, because Hé,/:/% is diagonal and FO,T A waT

has vanishing shown in ({.11), their projections to Q% (u(C%")) are zero
also. Hence, the only term left is

d2
b

As in the previous section, we compute
—-1/2 ;: 1/2 2
/[HO,T FO,THO,T] L Ao,
= / T_I/Q[Fo]lTl/Q A wg,T
X

- 2/ T-12[[ Ay, [AS,HQT]H(;l]]lTl/Q AW
X ’ ’

~1/2 /2 . 9 L 1/2 1/2 . 9
(HS,T FSvTHs,T A ws,T) |S:0] 1= H57T FO,TH(]’T A wo,T-

—~ 2/ T2[[Ag, DyHor - Hy4)], TV* Awi 1
X ’ ’

+/XT—1/2 [Dh@r], TY* A

for some form ®o 7. We now look at the four terms in the above identity:
the last term vanishes because of Lemma 2.3; the next-to-last term is

- 2/ T-Y2[Ay- DyHor - Hg;]lTl/Q AW
X ' ’

+2/ T2 DyHor - Hy g - Ao| T AN,
X ’ ’

which is zero because DJ*Ag = 0 and Lemma 2.3. Using

i (0 Cre _ (T 0 _ 1-1/3
AO = < 021 022 > and H07T— < 0 OZIQ ), o = |T‘

one computes
[[Ao, DyHor - Hypl], = Cra A Cioy (I —aT™Y) + (I — a7 ' T) C5y A Cay.
For the same reason,
[E0], Awpp = [240 A Af + 245 A Ag) | Awir
=2(C12 A Cfy + C31 A Ca1) Awi .
Therefore,

(0, 7)

=2 /X(OéTl/chg AN CTQTil/Q + OéilTl/QC';l AN Clel/Q) AN wg’T.
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We now investigate the solvability of (s,7") = 0 for small s. For this,
we need to make an assumption on the class Cis and Co1. Recall that
C}2 is a column vector [aq, - - -, a,.]t whose components are D{j-harmonic

a; € Q"N TXY ® Cx);

C91 is a row vector B, -+, 3;] whose components are D{-harmonic
B € Q¥ (Ck @ TX).

Since both «; and f; are (1,0)-forms,

(4.12) V—-1B =+v-1 / Cia ACl3 Awjr  and
X
V-1B' = -V-1 /X C3y A Cot Awi

are non-negative definite hermitian symmetric matrices. Because «;
are D{j-harmonic, v/—1 B is positive definite if and only if [a1], -, [a]
are linearly independent elements in H é(TX V). Similarly, /1B’ is
positive definite if [3;],-- - ,[5,] are linearly independent in H(%(X, TX).
Hence, the positivity of /=1 B and v/—1 B’ only depend on the Kodaira—
Spencer class k € H(%(X, EV®E).

We now assume that both matrices v/—1 B and \/—1 B’ are positive
definite. By a GL(r,C) change of basis of CY", we can assume that
V—1B' = I,,. Then,

£(0,T) = 2|T|~ /3T~ 2BT~2 4 2/ =1 |T|"/*T € u(r).
Clearly, ¥(0,7) =0 if T is
To £ |vV=1 By |2+ (V=1 B)"/*,

Lemma 4.2. The map ®:0B.(1y) — S(1) to the unit sphere S(1) C
u(r) defined by
£(0,7)

*0) =50,

is a degree one map.
Proof. We define
w(T) = |T|" BT+ —1)1) > (B4V=1 |[T|"3T%) (¢T+ (1 —t)1)

and consider

ut(') . R
T * P0) = 50
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It is well-defined since T" and I are positive definite; it is ® when ¢ = 1.
Hence, it provides a homotopy between ® and

w0 B
P10 = 0 0T = S

Next, we consider
vi(T) = B+ V=T (1= )T + 1Ty %) T2,

We claim that v,(T) # 0 for all ¢ € [0,1]. Suppose for some ty € [0, 1]
and T € 0B.(Ty),

B+ V=1 (1 — to)|T > + to|To|?) T2 = 0,

then, T = n(v/—1 B)Y/? for some € R*. Since T' € dB.(Tp), 7 satisfies

IT = Tol| = |n = [V=1B]"V2* [ |(V=1B)"?| = e
Hence, n can only take values

ne = [VIB[TV £ = ¢/||(V=1B).
But then |, (v—1 B)Y?| > |v/=1 B>20+3) = |Ty|; and then,

(tolns (V=T B)?[/* 4 (1 — to) | To|*/*)n.
> (to|To [ + (1 — t0)|To|*?) (V=1 B|7/20+3) 1 &)? > 1.

Hence, vy, (s (v—1B)Y?) # 0. Similarly, vy, (n_(v—1B)Y?) # 0.
This proves that

() -
Ty * 08 T0) — S

are well-defined and is a homotopy between ®; and
B+ \/__1 ‘TO‘2/3T2
1B + v=T[To[>/3T2|"
It remains to show that deg @5 = 1. We write T' = Ty + e AT with AT

varies in the unit sphere in the space of hermitian symmetric matrices
H, . Under this form the numerator of ®5 is

B+ V=1|To[*2(Ty + eAT)? = V=1|Tp|**(ATTy + THAT)
+ E|Ty >3 (AT)2.

For € small enough, the degree of ®5 is the same as the degree of

ATTy + ToAT
(4.13) AT — /— HATTO n TOATH

Dy : OBc(Tp) — S(1);  @o(T) =

which is the same as

AT — —1AT.
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Because the map 0B1(0) C H,x, — S(1) C u(r) by multiplying +/—1
has degree one, the map ® has degree one as well. This proves the
Lemma. q.e.d.

We are now ready to prove the theorem

Theorem 4.3. Let (X,wy) be a Calabi-Yau threefold; let DY be a
smooth deformation of the tautological holomorphic structure D{ on
E=CY @TX. Suppose the Kodaira-Spencer class k € H(%(X, EV®E)
of the family DY at s = 0 satisfies the non-degeneracy condition that
both /=1 B and /=1 B’ in (#.13) are positive definite. Then, for suffi-
ciently large ¢ € R and small a > 0, there is a family of pairs of hermit-
ian metrics and hermitian forms (Hs,ws), not necessarily continuous in
s €[0,a), so that

1. the wg-harmonic part of ws is cwy;

2. the pair (Hs,ws) is a solution to Strominger’s system for the holo-

morphic vector bundle (E,DY);

3. limg_gws = cwg; limg_.g Hy is a Hermitian Yang—Mills connection

of E over (X,wyp).

Proof. First, we pick a basis of C§" so that the matrix /=1 B’ in
(4.13) is the identity matrix. We let B be the other matrix and let
Ty = \\/_B\l/Q(’”r3 (V=1B)?2. By Lemma &I, we can choose C
so that Lemma 4.1 holds for T chosen. Then, for any ¢ > C, we
form solution set S of the system P o Ly, = 0 and parameterize the
solutions near (Hr,,cwp) by (s,T) € [0,a) x B¢(Tp). Based in this
parameterization, we then form the functional r(s,T) in (4.5). Because
r(0,7) = 0 and

#0,-)
[I#(0, )]~

has degree one, for some small 0 < a’ < a the maps
r(s, ) : OB(Ty) — u(r), s € (0,a)

does not take the value 0 € u(r). Hence, the associated map

(4.14) : 0B(Tp) — S(1)

(4.15) H‘”ES i\l OB.(Tp) — S(1) C u(r), se€ (0,d),

has the same degree as that of (§.14), which is one. Hence, the map

r(s,-) : B(Ty) — u(r), s€(0,d),

attains value 0 € u(r) for all s € (0,a’) in B¢(Tp). This proves the first
two part of the theorem. The last part is true because we can choose ¢
arbitrarily small. q.e.d.
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5. Irreducible Solutions on quintic threefolds

So far, we have derived a sufficient condition for the existence of
irreducible solutions to Strominger’s system. Our next step is to find
examples that satisfy this condition. It is the purpose of this section to
work out examples for SU(4) and SU(5).

We will first consider the Fermat quintic

X ={5+2)+25+25+2] =0} c P

we will find a deformation of the holomorphic structure of Cx ®T'X and
show that it satisfies the requirement of theorem #.3. This will provide
us SU(4) solutions to Strominger’s system.

We begin with the Euler exact sequence of TP* (the middle column),
and the exact sequence relating T'X and the restriction to X of the
tangent bundle Ty P* = TP*|x (the top row):

0 0

0 TX —2 TxP* 2, 0x(5) —— 0

(5.1) 0 F Ox(1)®» —— 0J(5) — 0
Ox Ox
0 0

We take F be the kernel of Ox (1)®® — Ox(5) and fill in the remainder
entries to make up the exact diagram as shown above.

We claim that the left column in (5.I) is non-split. Assume not, say
F =TX ® Ox. Then, since F is a subsheaf of Ox(1)®> with quotient
sheaf Ox (5), Ox(1)®%/TX must be locally free and an extension of
Ox(5) by Ox. Because Ext (Ox(5),0x) = 0, the only extension of
Ox (5) by Ox is the direct sum Ox (5) & Ox. Hence,

Ox(1)®/TX = O0x ® Ox(5).

In particular, Ox becomes a quotient sheaf of Ox (1)®% that is impos-
sible. This proves that it does not split.
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Next, we will construct a deformation of holomorphic structure of
Cx @& TX so that its Kodaira—Spencer class is of the form

€0

whose only non-trivial entry is the extension class ¢ € Ext4 (T X, Ox)
of the left column exact sequence in (b.1); ¢ is non-trivial because the
exact sequence does not split. We let

m: X xA'— X and m: X x Al — Al

(5.2) = < 00 ) € Exty (Ox & TX,Ox & TX)

be the projections; we let ¢ be the standard coordinate function on Al.
The class

t-£eT(0Op) ®Exty (TX,0x) = Exty a1 (77X, Oxyar)
defines an extension sheaf over X x Al:
(5.3) 0 — Oxyat — F —mTX — 0.

The extension sheaf F is locally free; its restriction to X x ¢, which
we denote by Fy, form a one parameter family of holomorphic vector
bundles whose special member Fy =2 Ox & T'X and its general member
F, =2 F for t # 0. Here, by abuse of notation, we use t to denote the
point in A! having coordinate ¢. It is a tautology that the Kodaira—
Spencer class of this family at ¢ = 0 is the & in (5.2).

In terms of differential geometry, if we fix smooth isomorphisms
F, 2 Cx ® TX that also depend smoothly on ¢, then the holomor-
phic structure on F; induces a family of holomorphic structures D} on
E = Cx @ TX that is a deformation of the holomorphic structure D{
on Cx & TX. Following the convention of the first part of this paper,
if we write D} = D{j + A; and use the splitting F = Cx & T'X, then

S A 0 0
and Cy; represents the class & in HY(TXY); thus [Co1] # 0.

What we aim at is to find a deformation of holomorphic structures
D} of (E,D{) so that the first order deformation

: 0 C
DI — 12
0 < Co1 Co
will have [Ci2] # 0 and [C2;] # 0. To achieve this, we will construct a

smooth family of holomorphic vector bundles (E, D!/) parameterized by
a smooth pointed domain 0 € U so that

1) D/ is the holomorphic structure on Cx ® T'X;
0
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(2) there is a path u = py(t) in U with p;(0) = 0 so that D" = =

p1(0)
0
( 021 I > and [021] 750;
(3) there is another path u = p2(t) in U with p2(0) = 0 so that

: 0 C
Dl oy = < f > and [C12] # 0.

*

As we saw before, for the first path all, we need is to have it represent
the family F} constructed in (5.7). We now construct the second family
that will represent the path ps that we need. We will work out the
family over U after we have done this.

Using the top row exact sequence of the diagram (5.1), we can fit
Ox @& TX into the exact sequence

(5.4) 0— Ox ®TX — Ox & TxP* 5 0x(5) — 0.

Here, ¢ = (0, 2)! is 0 when restricted to Oy, and is the @9 in the dia-
gram when restricted to TxP*. We then pick a section u € H%(Ox (5)),
viewed as a homomorphism Ox — Ox(5), to form a new homomor-
phism of sheaves over X x Al:

O = (tu, mpa) : Oxom ® T Tx P -2 710 (5)

whose restriction to Oxy a1 (resp. 7 TxP*4) is tu (vesp. mip2). We let
F’ be the kernel of ®. F’ fits into the middle row exact sequence

(5.5)
0

v (Ovﬂ—i“:pl)
0 —— F'  —— Oxya ®@7TxP? N m10x(5) —— 0

*

0 —— Oxxar —— Oxya ®@710x(5) —— 70x(5) —— 0

0 0

Because the composite
P o (0,m7¢p1) =0,

(0,77 ¢1) lifts to ¥, shown in the diagram; its cokernel is Oy a1.
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We denote the restriction to X x {t} of F' by F/. Clearly, F} =
Ox & TX. The Kodaira—Spencer class of the first order deformation of

the family 7’ at t =0 is
;{0 Ky
H_(O ).

To show that F’ is the desired family, we need to show that k7, # 0.
We now prove that this is true. We let Ay = SpecC[t]/(t?), which in
plain language is the first order infinitesimal neighborhood of 0 € Al.
Suppose k)5 = 0, then based on deformation theory of vector bundles,
the induced sheaf homomorphism

P21 F'@0, qOxxa, — Oxxa,, or equivalently F'|xxa, — Cxxa,,

X x Al
splits. Namely, there is a homomorphism
(56) /&2 : OXXAQ — f/ ®OX><A1 OXXAQ
so that R
o 0 1hg = id.

Let p: X x Ay — X be the projection. Since F " is defined by the exact
sequence (5.5), the homomorphism 5 induces a homomorphism

Oxxay — Oxxa, ®pTxP*

because Extl (Ox, Ox) = 0 it lifts to a

1 Oxxa, — Oxxa, ®p Ox (1)
Let

A Oxxa, ®p Ox (1) — p*Ox(5)
be the restriction of the composite of

Oxxar ®p*Ox(1)® — Ox a1 © pTxP*
and @ in (5.5) to X x Ay. Then, by definition
Aopu=0.

To study this identity, we notice that the homomorphism g must be of
the form

w=[14at,bzg + tag, - , bz + tay]
with [z0,- -, z4] the homogeneous coordinate of P4 «o; € H°(Ox(1)),
a € C and b € C[t]/(t?); the homomorphism ) is of the form

tu

4
<0

%
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Because A o = 0 holds over X x A, we have

tu

4

[14 ait,bzp + tag, - -, bzy + tay] :0 =0 mod (%, 20+ -+ 23).
4
After simplification, the above identity reduces to
u+apzg + -+ agzi =0 mod (25 4+ -+ 23).

Now, we choose u = 2323. It is clear that there are no a; € H°(Ox(1))
that make the above identity holds. Hence, with such choice of u, the
lift 1o does not exist. This proves k], # 0.

It remains to find a family of holomorphic vector bundles that includes
the two families F and F as its subfamilies. We let n€ Extl (TxP* Ox)
be the extension class of the Euler exact sequence

(5.7) 0— Ox — Ox(1)® — TxP* — 0.
Then, tn is an extension class
tn € T(Oa1) @ Ext!(TxP* Ox) = Extl, o (1 TxP*, Oxyoa1)
that defines an exact sequence over X x Al:
0 — Oxya — W — 1iTxP* — 0.

Clearly, W QO a1 OXX{O} = Ox @ TxP* while W QO a1 OXX{t} =
Ox (1) for t # 0. We claim that

(5.8) T (WY @ 11 Ox (5))

is a locally free sheaf of O1-modules. By base change property, this is
true if

oYX, (0x @ TxP")Y ® Ox(5)) =0
and
H' (X, (0x(1)®)Y @ 0x(5)) = 0.

Since X C P*is a smooth hypersurface, a standard long exact sequence
chasing shows that H'(X,Ox(a)) = 0 for any integer a. To prove
the above two identities, we only need to check that H'(X, T)\éP4 ®
Ox(5)) = 0. For this, we apply the long exact sequence of cohomologies
to the dual of (5.7 tensored with Ox(5):

H(Ox(4)*°) — H(0x(5)) — H'(TxP*(5)) — H'(Ox(4)%").
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Because the last term is zero, and because H?(Opa(a)) — H°(Ox/(a)) is
surjective, the first arrow is surjective. This shows that H!(TY/P4(5)) =
0, and hence (}.8) is locally free.

We now let W be the total space of the vector bundle (5.8) and let

X xW — X x Al
be the projection. Over X x W, there is a tautological homomorphism
qgW — ¢*71O0x(5).

Let £ be the kernel of the above sheaf homomorphism; for w € W, we
denote by F,, the restriction of £ to X x w.

It is now a matter of direct checking that there are two paths pi(t)
and p(t) in W so that E, ) and E,,) represent F; and F] respec-
tively. First of all, the homomorphism :Ox @ TxP* — Ox(5) in (5.4)
represents a point in W; we designate this point to be the marked point
0 € W. The family F’ is constructed as the kernel of ® in (5.5) with
® restricting to X x {0} being ¢. Hence, ® represents a path py in W
initiating from 0 and is contained in the fiber of W — Al over 0 € A!
that satisfies E,, ;) = Fy.

As to the first family F constructed in (p.7), it fits into the exact
diagram

0 0
0 —— Oxyar —— F — mTX —— 0
0 —— Oxyar —— W — T TxP* —— 0
04
0 0

Since ¥ restricting to X x {0} is the ¢ in (5.4), it represents a path
p1 in W with p1(0) = 0 so that E, ) is the first family F} constructed
before.

From what we know of the families F} and F}, their Kodaira—Spencer
classes at ¢t = 0 are of the form

0 0 0 «j
< K91 0 > and < 0 (1)2 ) ) R21 # 07 F‘:,12 7& 0.
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Since W is smooth, there is a path p(¢) with p(0) = 0 so that p(0) =
p1(0)+p2(0); hence, the family F, ;) has Kodaira—Spencer class at ¢t = 0

0 &
( 012>> ko1 # 0, Ky #0.

R21

It satisfies the requirement of theorem #.3. This proves

Theorem 5.1. Let X C P* be a smooth quintic threefold and w is a
Calaby—Yau form (metric) on X. Then, there is a smooth deformation
D! of (E,D}j) = Cx ® TX so that for large ¢ > 0 and small s, there
are irreducible reqular solutions (Hgs,ws) to Strominger’s system on the
vector bundle (E, DY) so that lims_,ows = cw and limg_.g Hy is a reqular
Hermitian Yang—Mills connection on Cx & TX.

We next state the existence of solutions to SU(5)-strominger’s system.

Theorem 5.2. Let X C P3 x P3 be a smooth Calabi-Yau threefold
cut out by three homogeneous polynomials of bi-degrees (3,0), (0,3) and
(1,1). Let w be a Calabi-Yau form on X. Then, there is a smooth
deformation D! of (E,D}) = C> ® TX so that for large ¢ > 0 and
small s, there are irreducible regular solution (Hg,ws) to Strominger’s
system on (E,DY).

Proof. We only need to produce a deformation of holomorphic struc-
ture of CE’?Q ®TX. Let m and m: X — P3 be the composite of the
immersion X C P3 x P3 with the projections P? x P3 — P3. Then,
TX fits into the exact sequence
(5.9)

0 — TX— 7 TP*@mTP*— 0x(3,0)20x(0,3)®0x(1,1) — 0.

Here, Ox (i, j) is the restriction to X of 7 Ops (i) @ 75O0ps(j). Compos-
ing the canonical

Ox(1,00%* ¢ 0x(0,1)®* — 71 TP? & T3 TP?
with the last arrow in (5.9), we obtain a surjective
Ox(1,00%* @ Ox(0,1)%* 22 0x(3,0) ® Ox(0,3) ® Ox(1,1)

whose kernel, denoted by Fy, is an extension of T'X by O?@Z. Next, we
vary s to produce a variation of holomorphic structure of F. The
bundle Fy is a small deformation of CE’?Q @ TX; varying o produces
small deformation of Fy. We then mimic the argument in the proof of
Theorem .1 to show that we can make this small deformation of small
deformation into a single small deformation; it is our desired D”.

To complete the proof of the theorem, we need to check the non-
degeneracy condition on the two matrices B and B’ associated to the
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Kodaira—Spencer class « of this family. It is routine and shall be omit-

ted. This completes the proof of the Theorem. q.e.d.
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