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HOMOGENEOUS EINSTEIN METRICS
AND SIMPLICIAL COMPLEXES

CHRISTOPH BOHM

Abstract

On compact homogeneous spaces, we investigate the Hilbert
action restricted to the space of homogeneous metrics of volume
one. Based on a detailed understanding of the high energy levels of
this action, we assign to a compact homogeneous space a simplicial
complex, whose non-contractibility is a sufficient condition for the
existence of homogeneous Einstein metrics.

Finstein metrics of volume one on a closed manifold can be char-
acterized variationally as the critical points of the Hilbert action [0,
which associates to each Riemannian metric of volume one the integ-
ral of its scalar curvature, with respect to its volume element. Even
though there exist many interesting classes of Einstein metrics, e.g.,
Kéhler-Einstein metrics [59], [48], metrics with small holonomy group
B3], Sasakian-Einstein metrics [11] and homogeneous Einstein met-
rics [28], [10], general existence and non-existence results are hard to
obtain. For instance, in dimensions greater than or equal to five, no
obstructions to the existence of Einstein metrics are known (cf. [36] for
the 4-dimensional case).

On a compact homogeneous space G/H, the scalar curvature of a
homogeneous Einstein metric is non-negative by a theorem of Bochner
[6]. It is zero if and only if the metric is flat [2]. As a consequence,
we are only interested in homogeneous Einstein metrics with positive
scalar curvature; by the theorem of Bonnet—Myers, we may assume that
G /H has finite fundamental group. For such homogeneous spaces G/ H,
the moduli space of G-invariant Einstein metrics is compact and has at
most finitely many path components [10].

In the following, we assume that G and H are connected, referring to
Section il for the general case. Let T be a maximal torus of a compact
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complement of H in Ng(H). Then, there exist only finitely many con-
nected Lie subgroups K of G with TH C K C GG. We consider all flags
K, < --- < K,, of such subgroups with K,, C Koy The extended
simplicial complex Ag /i of G/H is the associated flag complex; that is,
flags K, of length one correspond to vertices, flags K, < K, of length
two correspond to edges and so on. The simplicial complex Ag,/y of
G /H is a subcomplex of the extended simplicial complex, which is homo-
topy equivalent to Ag JH-

Theorem A. Let G/H be a compact homogeneous space with both G
and H connected. If the simplicial complex of G/H is not contractible,
then G/H admits a G-invariant Einstein metric.

Geometrically, the simplicial complex and the extended simplicial
complex can be thought of as the space of certain non-toral G-invariant
foliations on G/ H.

The starting point for the proof of Theorem A' is the well known
fact that G-invariant Einstein metrics on a compact homogeneous space
G/H are the critical points of the Hilbert action, restricted to the space
M§' of G-invariant metrics of volume one. This characterization of
homogeneous Einstein metrics was first used by Jensen [32]. Later on,
global variational methods have been described [54], [10]. Wang and
Ziller attached to a compact homogeneous space G/H a graph I'g JH
defined by certain intermediate subgroups. By the Graph Theorem [10],
G/H admits a G-invariant Einstein metric if ',y has at least two non-
toral components. To prove Theorem A, we apply variational methods
similar to those described in [64)], [10], which, however, rely on new
scalar curvature estimates.

In the (generic) case that each G-invariant metric on G/H is even
(G xT)-invariant, the simplicial complex A¢ /g is a much finer invariant
for describing the topology of high energy levels of the Hilbert action
restricted to MlG than the graph I'g/pg. In fact, we conjecture that on
these homogeneous spaces, the simplicial complex and high energy levels
of the Hilbert action restricted to M? are homotopy equivalent.

We turn to a monoid structure on the set of connected simply con-
nected compact homogeneous spaces. As is well known, any such
homogeneous space has a presentation G/H with G connected sim-
ply connected and semisimple and H connected (cf. [44]), and in the
following, we will restrict our attention to such presentations.
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From the homotopy sequence of the fibration H — G — G/H, it
follows that the second homotopy group of G/H is finite if and only
if the isotropy group H is semisimple. For such a homogeneous space
G/H, we have either tk No(H) = rk H or tk Ng(H) > rk H, where the
rank of a compact Lie group is the dimension of a maximal torus. In the
latter case, let us choose a maximal torus 7" in a compact complement
of H in Ng(H). Then, G/H is the total space of the principal torus
bundle TH/H — G/H — G/TH. We note that the base G/TH does
not depend on the choice of T" and that rk N¢(TH) = rk TH.

Definition. Let G/H be a compact simply connected non-product
homogeneous space with G' connected, simply connected and semisim-
ple. Then, we call G/H a prime homogeneous space, if Ng(H) and H
have the same rank.

A homogeneous space G/H is called a product homogeneous space if
G =Gy X Gy and H = Hy x Hy with H; C G;.

A simply connected homogeneous space G/H, G as above, is either a
product of prime homogeneous spaces or the total space of a principal
torus bundle over such a product. In both cases, we call the factors of
this product the prime factors of G/H.

Theorem B. Let G/H be a compact simply connected homogeneous
space with G' connected, simply connected and semisimple. If there exists
a field F such that the reduced homology with coefficients in F of the
simplicial complezes of all prime factors of G/H does not vanish, then
G/H admits a G-invariant Einstein metric.

Since in each dimension there exist at most finitely many equivariant
diffeomorphism types of prime homogeneous spaces, the computation of
the simplicial complexes Ag/ for all prime homogeneous spaces G//H
up to a fixed dimension is a finite enumeration problem in Lie theory.

Even though we did not pursue this non-trivial task in this paper, we
will indicate below by a number of examples, that Theorem § provides
an extremely powerful result for proving existence of homogeneous and
sometimes even inhomogeneous Einstein metrics (see [§]).

Let us turn to the classification problem of simply connected compact
homogeneous Einstein manifolds. There exists a wealth of examples of
homogeneous Einstein manifolds and also partial classification results
have been obtained [B7], [B8], [39]. [68], [56] [(60], (53], [34] [42]
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(cf. [B], [62] for many more examples and details). With the help of
Theorem B, the following result could be proved.

Theorem ([d]). Any compact simply connected homogeneous space
of dimension less or equal than eleven admits a homogeneous FEinstein
metric.

This theorem is optimal, since there exist 12-dimensional homoge-
neous spaces which do not admit homogeneous Einstein metrics (cf. [64],
[@]). More generally, in [77] we could describe large classes of simply
connected non-product homogeneous spaces not carrying homogeneous
Einstein metrics (cf. [64], [51], [45]).

We turn to important properties of the simplicial complex Ag/p of
a compact homogeneous space G/H. The homological dimension of
Ag g can be arbitrary large, e.g. dim f]n,g(ASU(n)/S(U(l)n), Zs) > n—1.
Maximal simplices of Ag,/y may also have distinct dimension. In such
a case, the simplicial complex Ag/y is of course not a Tits building [49]
even though the known non-contractible simplicial complexes Ag,/p are
likely to have the homotopy type of a bouquet of spheres.

By Quillen’s work [48], the simplicial complex of a product homo-
geneous space G/H = G1/H; x Go/Hy can be computed: We have
Ag/un = Ag, /i, * By /H, * SO, Here, A * A denotes the join of simpli-
cial complexes A and A and A = S is the suspension of A. Theorem B
is now an immediate consequence of Theorem & and this product for-
mula together with Milnor’s computation of homology groups of joins
41

Finally, let us present examples of prime homogeneous spaces with
non-contractible simplicial complex Ag, . We begin with the homoge-
neous space G/H = SU(3)/S(U(1)?). There are three connected in-
termediate Lie subgroups, all isomorphic to S(U(2)U(1)), hence the
reduced homology group I:IO(A(;/H,ZQ) with coefficients in the field
F = Zs equals Zs @ Zs. The homogeneous spaces with prime factor
decomposition G/H are G/H itself, SU(3)/{e} and the Aloff-Wallach
spaces G/Hy , = SU(3)/Uy 4(1), where k,q are coprime integers and
Uy (1) is embedded in S(U(1)?) with slope determined by (k,q). We
recover the fact that the Aloff-Wallach spaces admit homogeneous Ein-
stein metrics [50].

By Theorem B, the homogeneous space P = SU(3) x - -- x SU(3)/AT
admits a homogeneous Einstein metric too for any diagonally embedded



HOMOGENEOUS EINSTEIN METRICS 83

subtorus AT of SU(3) x --- x SU(3). In the very special case that the
characteristic classes of P are integral linear combinations of the indivis-
ible classes oi; € H?(M;,Z) of the first Chern classes ¢;(M;) of the homo-
geneous Kihler—Einstein manifolds M; = SU(3)/S(U(1)3), i =1,...,p,
existence of a homogeneous Einstein metric on P follows also from [65].

As a consequence, we can deduce from the existence of a single non-
contractible simplicial complex the existence of infinitely many homo-
topy types of simply connected homogeneous Einstein n-manifolds, for
infinitely many dimensions n > 7 (cf. [50], [55], [13], [L2]).

More elaborate examples of prime homogeneous spaces with non-
contractible simplicial complex Ag, g are given by G/H, where G is
a connected simple classical Lie group and H a maximal torus of G,
G/H = SU(n)/K, where K is a connected subgroup of maximal rank,
and G/H = Spin(py + - -+ + p,)/Spin(p1) X - -+ x Spin(p,), where r > 2
and py,...,pr > 2.

Since for all these prime homogeneous spaces the reduced homology
with coefficients in Zsy of the simplicial complex does not vanish (by
definition, we have H,((),F) # 0 for any field F), Theorem B implies
the existence of large classes of homogeneous Einstein manifolds. For
instance, we obtain the following new classification result:

Proposition. Let G = SU(np) x --- x SU(ny), n1,...,np > 2, and
let H be a compact, connected subgroup of G. If b, the Lie algebra of
H, is a regular subalgebra of g, the Lie algebra of G, then G/H admits
a G-invariant Finstein metric.

A subalgebra h of a Lie algebra g is called regular, if the normalizer
n(h) of h and g have the same rank (cf. [23]). Let us note that in general
it seems to be impossible to solve the Einstein equations explicitly in
these cases.

Our paper contains eight sections. In the first section, we sketch the
proof of Theorem Al and provide further general existence results on
homogeneous Einstein metrics. In Section 2, we give many examples
of homogeneous spaces with non-contractible simplicial complex and in
Section 3, we describe the simplicial complex of product homogeneous
spaces. Basic results on the space of homogeneous metrics and the
scalar curvature of homogeneous metrics are described in Section 4. In
Section 5, we examine the asymptotic behavior of the Hilbert action,
restricted to the space of homogeneous metrics of volume one. Homo-
geneous spaces of finite type are defined in Section 6. In Section 7, we
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assign to arbitrary homogeneous spaces simplicial complexes. The proof
of Theorem 'Ar is given in Section 8.

1. On the proof of Theorem ‘A

We will give a brief outline of the main steps of the proof of Theorem
A in this section. We consider arbitrary compact, connected, almost
effective homogeneous spaces G/H, where G and H are compact Lie
groups (not necessarily connected).

In Section .1, we investigate the space of G-invariant, unit volume
metrics on G/H, denoted by M? When endowed with the L?-metric,
M becomes a finite-dimensional, non-compact symmetric space. By
homogeneity, the scalar curvature sc(g) is a constant function on G/H
for g € M{. Therefore, the scalar curvature functional sc : M{' — R is
a differentiable, real-valued function. Let @ € M$ be a suitable base
point (a normal homogeneous metric) and let -, denote a unit speed
geodesic in M? emanating from ). For v € TQM?, let o, be defined by
v(-,+) = Qaw -, -) and let mpv(y) denote the eigenspace of a, associated
to the smallest eigenvalue.

We call a subalgebra, which lies properly in between h and g, H-sub-
algebra, if it is invariant under the adjoint action of H on g. If H is
connected, then every subalgebra ¢ of g with dim h < dim ¢ < dim g is
an H-subalgebra. Hence, in this case H-subalgebras are in one-to-one
correspondence with connected Lie subgroups K of G with H < K < G.
An H-subalgebra is called toral if its semisimple part is contained in
h, otherwise non-toral. If K is connected and ¢ is a compact, toral
H-subalgebra, then K/H is a torus.

Lemma 1.1. If the scalar curvature functional is bounded from below
along a geodesic ray vy, that is sc(v,(t)) = C for allt > 0, then homyy p)
1s an H-subalgebra.

This observation gives rise to the definition of the compact, semi-
algebraic set of non-negative directions W* C X (Definition 5.11), where
>, denotes the unit sphere in TQM?. The “eigenvalues” of v € W>
satisfy linear inequalities which are coupled with Lie bracket relations
of the associated eigenspaces. In particular, the eigenspace associated
to the smallest eigenvalue corresponds to an H-subalgebra (Lemma
5.1@). If this H-subalgebra is toral, then we call the direction v € W™
toral, otherwise non-toral. We prove that for v € X\W?* we have
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limg—, o0 s¢(V5(t)) = —00. More generally, Theorem 5.18 provides uni-
form scalar curvature estimates.

As a first consequence, the scalar curvature functional sc : M{' — R is
bounded from above for homogeneous spaces G/H, which do not admit
H-subalgebras. Since the existence of a global maximum point follows
immediately, we obtain a new proof of Theorem 2.2 in [54].

In the next step, we investigate, which non-negative directions are
positive, that is for which v € W* C ¥ the scalar curvature functional
sc : JV[lG — R tends to +oco along the geodesic ray ~,. To this end,
we define in Section 5.6 the extended non-toral directions X2, C WZ.
The extended non-toral directions X2, contain the non-toral directions

en

X2 If G/H does admit toral H-subalgebras, then X, C X2, C W*,
otherwise X, = W*. By Theorem 5.48, the non-toral directions and
the extended non-toral directions are homotopy equivalent.

In Section 5.7, we show lim; ., sc(7,(t)) < 0 for v € W\ XZ,.
More generally, Theorem H.52 provides uniform scalar curvature es-
timates. Notice that such scalar curvature estimates are definitively
wrong for arbitrary directions v € X2\ X2. We conclude that W\ X2,
also does not contain positive directions.

As a consequence, we obtain the following structure result:

Theorem 1.2. Let G/H be a compact homogeneous space. Then,
the scalar curvature functional sc : M — R is bounded from above if
and only if there exist no non-toral H-subalgebras.

For homogeneous spaces G/H for which G and H are connected, this
result is well known (cf. [64, Theorem 2.2, 2.4]).

In the next step, we investigate the homotopy type of the set of
positive directions in the non-toral directions X2 C W* C ¥. To this
end, we define the nerve X(Z;/H C X2 of G/H. The nerve of G/H

does not only consist of positive directions (Proposition b.6), but also
provides a link between the asymptotic behavior of the scalar curvature
functional sc : M{ — R and certain flags of non-toral intermediate
H-subalgebras.

For an H-subalgebra £ the canonical direction ve.,(¢) € W* C ¥
has two distinct eigenvalues v;(€) < 0 < va(€), such that the eigenspace
associated to wvy(€) is given by the orthogonal complement of h in ¢
(cf. Definition 5.1). Next, denoting by conv¥(z1,...,z,) the convex
hull of 21,...,2) € TQM?, for a flage = € < --- <&, of H-subalgebras
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with Ez g EiJrl let
Ao = Ay, e, = conv? (vean(81), . ., Vean (£)) C TeMT\{0}.

We call a non-toral H-subalgebra £ minimal non-toral, if an H-subal-
gebra ¢ with ¢ < £ must be toral. Let £; and € be subalgebras of
g. If ¢ is the smallest subalgebra of g with £,8y < ¥ then we say
that € is generated by €; and 5. We consider all minimal non-toral H-
subalgebras of g, all H-subalgebras generated by them and finally, all
flags of such H-subalgebras. We call such flags H-flags and we denote
the (possibly infinite) set of maximal H-flags by Fi;/p. Notice that not
every flag of H-subalgebras is an H-flag.

Definition 1.3 (The nerve of a homogeneous space). The nerve
X (Z; JH of a compact homogeneous space G/H is defined as follows:

Xg/H:: U {UZH%_H‘UGAQ}CE.

EGFGv/H

The nerve is a compact, semialgebraic variety. Since there is a one-
to-one correspondence between the set of canonical directions, the set of
H-subalgebras of g and the set of (non-trivial) G-invariant foliations on
G/H, the nerve can be considered the space of (non-trivial) G-invariant
foliations on G/H, generated by minimal non-toral foliations.

We propose the following:

Conjecture. Let G/H be a compact homogeneous space. Then, the
high energy levels of the Hilbert action restricted to M? and the nerve
of G/H are homotopy equivalent.

We proved one part of this conjecture in the following case: In
Section 6, we consider compact homogeneous spaces of finite type, which
by definition admit at most finitely many minimal non-toral H-sub-
algebras. Consequently, the set of H-flags is finite. As in the introduc-
tion, a simplicial complex can be associated to this set of flags, which
we denote by Ag};‘}{ Notice that a homogeneous space of finite type
may admit infinitely many non-toral H-subalgebras.

For homogeneous spaces of finite type, we show that an open semi-
algebraic neighborhood of the semialgebraic, compact set of extended
non-toral directions X2, in ¥ is homotopy equivalent to the nerve
(Theorem $.10) and that the nerve is homeomorphic to the simplicial

complex Ag}f}{ (Proposition 6.3). Hence, if Ag}r}{ is not contractible
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(and not empty), then high energy levels of the scalar curvature func-
tional restricted to MlG carry topology.

In Section 8, we obtain by variational methods a Palais-Smale se-
quence of G-invariant metrics of volume one with scalar curvature
bounded from below by a positive constant. Recall that a sequence
(g;) in M§ is called a Palais-Smale sequence if sc(g;) is bounded and
|| (grad sc)g, || converges to 0 in an appropriate norm. Since we choose for
| || the L?*-norm, which by homogeneity reduces to ||w||, for a tangent
vector w at g € MY, the existence of a critical point follows from [10.

Theorem 1.4. Let G/H be a compact homogeneous space of finite
type. If the simplicial complex Ag}?}{ is not contractible, then G/H
admits a G-invariant Einstein metric.

Next, we apply these methods to arbitrary homogeneous spaces G/ H.
Notice that if n(h) = b, then G/H is of finite type. In this case, we set
AE/H = Ag,%‘q where T' = {e} is the trivial group. If dimn(h) > dim b,
then n(h) = h@dmy, where mg is a compact, non-trivial Ad(H )-invariant
subalgebra of g (Lemma #4.27). Notice that n(h) is the Lie algebra of
N¢,(Hyp), where Ky denotes the identity component of a Lie group K.
Let T denote a maximal torus of the connected, compact subgroup of
G with Lie algebra my. We consider non-toral H-subalgebras which
are invariant under the adjoint action of 7. Such H-subalgebras are
called T-adapted. A non-toral T-adapted H-subalgebra ¢ is called T-
minimal non-toral, if a T-adapted H-subalgebra ¢ with ¥ < £ must be
toral. Since there are at most finitely many 7-minimal non-toral H-
subalgebras (Corollary i7.2), we can assign to G/H and T a simplicial
complex Ag /3 described above. For different choices of T', these
simplicial complexes may be different for H disconnected.

In the next step, we observe that the space (MIG)T of unit volume
G-invariant metrics fixed by the “adjoint action” of T" on M? is in-
variant under the Ricci flow (Lemma {.28). Hamilton’s Ricci flow [27]
restricted to MlG is just the gradient flow of the scalar curvature func-
tional sc : M? — R. As a consequence, we can apply the variational
methods described above to sc : (M{)T — R.

Theorem 1.5. Let G/H be a compact homogeneous space and let
T be a mazimal torus of a compact complement of Hy in Ng,(Hop). If
the simplicial complex AE/H is not contractible, then G/H admits a
G-invariant Einstein metric.
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In the special case that there exist at most finitely many T-adapted
non-toral H-subalgebras, the extended simplicial complex Ag JH of G/H

is defined as Ag JH but employs all T-adapted non-toral H-subalgebras

of g. Even though AG /H is in general a proper subcomplex of AG JH
both complexes are homotopy equivalent (Corollary 5.12).
Finally, let us assume that both G and H are connected. In this case,

the simplicial complex AG JH does not depend on the choice of T'.

Definition 1.6. Let G/H be a compact homogeneous space with
both G and H connected. Then, the simplicial complex Ag/ g of G/H

is defined by Ag/py = AE/H.

If, in addition, G/H has finite fundamental group, by Proposition 7.3
we have Aq/g = Ag/rp. Theorem A follows now from Theorem -1 5

since the simplicial complex Ag /7 = Al and the extended simpli-

G/TH

cial complex AG JH = A{Ge/}T y of G/H are homotopy equivalent,.

2. Examples

In this section, we will describe examples of compact homogeneous
spaces G/H with non-contractible simplicial complex Ag/g. For in-
stance, we examine the prime homogeneous spaces G/T', where G is
a simple Lie group and T a maximal torus of GG, and show that the
simplicial complex is non-contractible if G is one of the classical Lie
groups.

From Corollary 8.3 and Milnor’s computation of the reduced homol-
ogy groups of joins, the following theorem can be deduced:

Theorem 2.1. Let G/H be a compact homogeneous space with G
and H connected and with finite fundamental group. If there exists a
connected subgroup K of G, such that K/H =T", G = Gy X --- x G,
and K = Ki x --- x K, K; C G;, and a field F, such that for each
i€ {l,...,p} the reduced homology -ﬁ*(AGi/Kp F) does not vanish, then
Ag/ g is mot contractible.

In the following lemma, we present a simple combinatorial criterion,
which guarantees that the simplicial complex Ag,p, respectively the

extended simplicial complex AG /H, is not contractible. Due to 7], a
simplicial complex Z" is called pure, if all the maximal simplices of Z"
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have dimension r. Pure simplicial complexes, which have the additional
property that every (r — 1)-dimensional simplex of Z" is contained in
precisely two r-dimensional simplices, are called pseudo-manifolds (a
zero-dimensional simplicial complex Z° is a pseudo-manifold if Z° =
SY). Notice that there exist pure, contractible simplicial complexes,
such that each hyper-face is contained in at least two top-dimensional
simplices (cf. Remark 3.5).

Lemma 2.2. Let G/H be a compact homogeneous space with both G
and H connected and with finite fundamental group. Let Z" be a pure
subcomplex of Ag/H of dimension r. Then, I:[T(Ag/H,Zg) #0,if Z" is
a pseudo-manifold and if one of its defining flags is mazimal.

Proof. Since Z" is a pseudo-manifold, the subcomplex Z" is a cycle
modulo Zy. But Z" is not a boundary, since one of its defining flags is
maximal. q.e.d.

Now, let G be a connected, compact simple Lie group and let T be
a maximal torus of G. Then, n(t) = t. Therefore, in order to determine
the extended simplicial complex AG /7, We have to compute all flags
£ < --- < ¥, of subalgebras of g with t < € < g.

In what follows, we adopt notation to [15]. Let R denote the set of
real roots of g (see [15], p. 185). For a € R, let L, C g ® C denote the
corresponding weight space. Then, g®C =t@ CO P La- Next, for
a € Rlet my := (Lo ®L_,)Ng. The summands m,, are the non-trivial,
real iso-typical summands of the real Ad(T)-module g. For o, € R,
a # £ we have

Mats O Mo_g a+ B, a—0F€R

) magp a+feER a—F¢R

spang{ [ma, ms } = Mg 7Y a+B¢R a-BER
{0} 06_5,04+5¢R

(cf. 29, TII, Theorem 4.3, (iv), Theorem 6.3]).

Every T-subalgebra £ of g can be written as the direct sum of t with
a direct sum of root spaces, that is £ = t®© @, ; ma, where I C R.
Hence, flags of T-subalgebras are in one-to-one correspondence with the
corresponding flags of direct sums of root spaces. A flag of direct sums
of root spaces is given by a flag of unions of the corresponding roots.
The latter flags will be called flags of roots, if they come from flags of
T-subalgebras. Up to sign, these roots are determined uniquely and
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we will consider two flags of roots equal if they are equal up to signs.
Furthermore, we will call a flag of roots maximal if the corresponding
flag of T-subalgebras is maximal.

Example 2.3. Let G be a simple classical Lie group, and let H
denote a maximal torus of G. Then, H.(Ag, g, Z2) # 0.

Proof.

Case Ap—1: Let G/H=SU(n)/S(U(1)"), n > 2. Then ASU(n)/S(U(l)")
= AU(n)/(U(l)n). If n = 2, then H is maximal in G, hence Ag/H =0,
and we obtain the claim in this case (H,(0),Zy) # 0 by definition). If
n = 3, then there exist three maximal flags (¢¥; — ¥2), (V1 — ¥3) and
(792 — 193), hence ﬁo(Ag/H,Zg) =79 D Zso.

For n > 4, let # € S,,_1, the symmetric group acting on the set

{2,3,...,n}, be any permutation and consider the maximal flag
{01 = r2)} {1 = V2, V1 = O3y, Un(2) — (s}
C “e

- {191 - 797r(2)7 syt — 197r(n—1)7 s 7797r(n—2) - 797r(n—1)}'

Let A’ be the subcomplex of AG /g defined by all these maximal flags.
The subcomplex A’ is isomorphic to a flag complex of subsets of
{2,...,n} by identifying the above flag of roots with the flag {7(2)} C
{m(2),7(3)} C --- C {m(2),...,m(n — 1)}. Obviously, A’ is a pseudo-
manifold (in fact we have A’ = §"73), hence Lemma 2.2 can be applied,
and we obtain the claim.

Case D,: Let G/H = SO(2n)/SO(2)", n > 2. If n = 2, then
the only maximal flags are (J; — ¥J2) and (91 + J2) and we conclude
Ho(AGw.Z2) = Ly # 0.If n = 3, then 50(6) = su(4) (cf. [T, p. 31]). For
n >4, let m €S, (acting on {2,...,n}), €x4) € {+1, -1}, 2 <i <,
and

{91+ &x2)Vn0) }
C {1 + ex@)Vn(2), V1 + €x(3)0r(3), Vn(2) — En(@)€x(3)Un(3)}
c...
c{+ eﬂ(g)ﬁﬁ(g), N €7r(n)797r(n),
Ur(2) = €x@)€n(3)Vn(3) - Vn(n-1) — €x(n—1)En(n)Vr(n) }

be a flag of roots. It is easy to check that this flag corresponds to a
maximal flag of H-subalgebras.
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Let A’ be the subcomplex of A(;/H defined by all these maximal
flags. The subcomplex A’ is isomorphic to a flag complex of subsets
of {£2,43,...,£n} by identifying the above flag of roots with the flag

{EW(Q)TF(2)} - {ETI'(Q)T[-(2)7 €7r(3)7r(3)} c-C {ETF(Q)?T(%)l' . 7€7r(n)7r(n)}'
Obviously, A’ is a pseudo-manifold. Hence, Lemma 2.2 can be applied
and we obtain the claim.

Case Cy: Let G/H = Sp(n)/U(1)", n > 1. If n =1, then A(;/H = 0.
If n = 2, then sp(2) = s0(5) (cf. [} p. 31]). For n > 3, let us define

A" C Ag/p as in case Dy,. Then, the claim follows.

Case B,: Let G/H = SO(2n + 1)/SO(2)", n > 1. If n = 1, then
Ag/p = 0. If n =2, then A/ is disconnected. For n > 3 let 7 € Sy,.
We consider the flag

{00} € {921), Y72 V1) £ 9220}
C PP

- {797T(1)7 v 7197r(n—1)7’l97r(1) + 197r(2)7 ) 197r(n—2) + 1971’(71—1)}

and the subcomplex A’ of Ay /i defined by all these flags. Since A’ is
a pseudo-manifold and all its defining flags are maximal, we obtain the
claim by Lemma 2.2. q.e.d.

Notice that the graph I'g,7v is connected for a generic subtorus T’
of H and that it seems to be impossible to solve the Einstein equations
explicitly in such a case.

Next, we describe homogeneous spaces, which have the same extended
simplicial complex as U(r)/(U(1))": The first example is

G/H =80(p1 +--- +pr)/SO(p1) x --- x SO(p;),

where r > 2 and pq,...,p, > 3, a second one
G/H =Sp(p1 +---+p;)/Sp(p1) X -+ X Sp(pr),
wherer > 2 and py,...,p, > 1. These homogeneous spaces do not admit

homogeneous Kihler—Einstein metrics (cf. [5, 8.113, 8.115, 8.116]) nor
do they admit a normal homogeneous Einstein metric for generic choices
of (p1, ... pr) (sce [53)).

For the unitary group, there exist corresponding examples. They
are contained in the much larger class of homogeneous spaces described
below.
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Example 2.4. Let G = SU(n;) x---xSU(ny), n1,...,n, > 2, and let
H be a compact, connected subgroup of G. If h is a regular subalgebra
of g, then G/H admits a G-invariant Einstein metric.

Proof. Since b is a regular subalgebra of g, n(h) contains a maximal
torus of g (cf. [43, p. 150], [23, p. 142]). Consequently, there exists an
H-subalgebra £ with £ = b & a, a abelian or a = 0, and k€ = rkg. Let
K denote the compact, connected Lie subgroup of G with Lie algebra .
Since tk K = rk G, we get K = Ky x --- x K, with rk K; = rkSU(n;).
As is well known, K; = S(U(p}) x---x U(p.)) with 33" p} = n;. Since
ASU(ni)/Ki = AU(ri)/(U(l))Ti s _V\ie have H*(ASU(ni)/KUZQ) 75 0. The claim
follows now from Theorem .1\ q.e.d.

This class of homogeneous spaces covers the following very intriguing
example: On S? x S+ the moduli space of Einstein metrics has
infinitely many connected components [55]. The corresponding Einstein
metrics are homogeneous with respect to one of the infinitely many
inequivalent, transitive actions of SU(2) x SU(m + 1) on §? x §?m+1,

Example 2.5. Let G/H = SO(p1 + - +p;)/SO(p1) x -~ x SO(p;),
with r > 2 and p1,...,p, > 2. Then, Hi.(Ag g, Z2) # 0.

Proof. The case r = 2 is trivial. For r > 3: By Example 2.3 we may
assume pp > 2. If also po,...,p, > 2, then Ag/H = AU(T)/U(UT. Hence,
we are left with the case py > -+ > ps > pse1 = -+ = pp = 2. Let
m € Sy_1, acting on {2,...,r}, and consider the flag of H-subalgebras
s0(p1 + Prz) +H < -0 < s0(p1+Prz) + 00+ Prr—1y) + b Let the
subcomplex A’ of Ay /i be defined by all these flags. As in Example 2.3,
the claim follows. q.e.d.

For most of these homogeneous spaces, neither b is a regular subal-
gebra of g nor G/H is a homogeneous Kéhler—Einstein manifold with
positive first Chern class.

The following prime homogeneous spaces G/H have the common fea-
ture, that G is an exceptional Lie group and H a non-semisimple sub-
group of the same rank.

Example 2.6. Let G/H = G2/U(2), F4/U(3)Sp(1) or let G/H =
E¢/Spin(10)SO(2), E7/ESO(2), Es/E¢U(2). Then, Ho(Ag/n,Z2) # 0.
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Proof. Since s0(10) @ s0(2) is maximal in eg and e ®s0(2) is maximal
in e7, the simplicial complex of the first two symmetric spaces is empty.
For the other three homogeneous spaces G/H, we show that their sim-
plicial complex is not connected. This will be established by proving
that there exists a proper subalgebra £; containing h properly, such that
h is maximal in ¥; and ¥; is maximal in g, and a second intermediate
subalgebra £, not isomorphic to € (see [10]). In order to fix the em-
bedding of the isotropy group H in G, recall that u(2) < su(3) < go,
u(3) ®sp(l) < sp(3) ®sp(l) < f4 and e ® u(2) < ey ® su(2) < es.
In the first case, we set & = so(4) and €2 = su(3), in the second
case, £ = sp(3) @ sp(1) and €2 = su(3) @ su(3) and in the last case,
B = e7 @ s5u(2) and €y = ¢g O su(3) (cf. [T, p. 55-57)). q.e.d.

For all the prime homogeneous spaces G/H described above, the re-
duced homology with coefficients in Zs of the simplicial complex Ag/ g
does not vanish. By Theorem A, the existence of a G-invariant Ein-
stein metric follows. Even though this was known before in many cases,
Theorem 1} implies also the existence of a homogeneous Einstein met-
ric on each homogeneous torus bundle (with finite fundamental group)
over an arbitrary product of such prime homogeneous spaces. In many
cases, one obtains this way infinitely many homotopy types of simply
connected homogeneous Einstein manifolds in a fixed dimension. The
Einstein equations for these torus bundles are (in general) very compli-
cated and it seems that none of the known methods for proving existence
of homogeneous Einstein metrics can be applied.

Let us now turn to compact homogeneous spaces G/H with con-
tractible simplicial complex. If G/H does not admit G-invariant Ein-
stein metrics, then A/ must be contractible. For instance, we have
the following:

Example 2.7 ([7]). Let G/H be a compact simply connected ho-
mogeneous space with G connected simply connected and semisimple.
Then, G/H does not admit a G-invariant Einstein metric, if

Spin(n) x Spin(n)/ASpin(n — 2) - (Spin(2) x Spin(2)), n > 8
is a prime factor of G/H and if G/H is generic.

Here, Spin(n) denotes the double covering space of SO(n) and the
group Spin(n — 2)xSpin(2) is a maximal subgroup of Spin(n) of maxi-
mal rank. The group ASpin(n — 2) denotes the diagonal embedding of
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Spin(n — 2) in Spin(n — 2) x Spin(n — 2). The homogeneous spaces
G/H = Spin(n) x Spin(n)/ASpin(n — 2) - Ay ,Spin(2)

provide the simplest examples of such spaces, where k,q are coprime
integers and Ay ,Spin(2) is embedded in Spin(2) x Spin(2) with slope
determined by (k,q). In this case, G/H is generic if (k,q) # £(1,1),
(0,£1), (£1,0). If (k,q) = £(1,1), then G/H admits a G-invariant
Einstein metric by the Graph Theorem (but Ag/y is contractible of
course).

This example illustrates one serious difficulty with respect to the clas-
sification problem of compact homogeneous Einstein manifolds. There
exist torus bundles G/H over products of prime homogeneous spaces
such that not all G-invariant metrics on G/H are (G x T)-invariant.
As a consequence, such torus bundles may admit G-invariant Einstein
metrics, even in case that generic torus bundles do not.

Theorem B overcomes this problem: the simplicial complexes of the
prime factors of a torus bundle are the crucial data in this theorem and
not the bundle G/H itself or its space of G-invariant metrics.

Finally, let us also mention that Theorem {3 can only detect homo-
geneous Einstein metrics which have to exist for global reasons. There
exist homogeneous Einstein spaces with contractible simplicial complex
(cf. [64], [AU]). The sphere S*"*3 = Sp(n + 1)/Sp(n) is one example
where we have Agy(ni1)/8p(n) = {5P(1) @ sp(n)}, another example is
G/H = Go/T?.

3. The simplicial complex of product homogeneous spaces

Let @/I:[ be a compact product homogeneous space, that is G =
GxG H=HxH, HCGand HC G, where H, H, G and G are
compact Lie groups. We have G/H = G/H x G/H and

n(h) =bh &g =n(h) & n(h) =h S my & h e,

where mg, mg and My = my G My are compact subalgebras of g. Let T
and T be maximal tori of the compact, connected Lie groups with Lie
algebra my and mg, respectively. Then, T =T x T is a maximal torus
of the compact, connected Lie group with Lie algebra my.

Next, let A and A be abstract simplicial complexes with realizations
|A| € R? and |A| € RY. The join of A and A, denoted by A % A, is the
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abstract simplicial complex which has the realization
A A= {((1= Nz 2,0 [0S A< L, (2,9) € ]A] x A}

in RPHIHL (cf. [0, 2.3.18]). We have A = A, A+ A = A% A and
(AxA)x A" = Ax(AxA’). Notice dim |A * A| = dim |A| 4 dim |A| + 1.
If A = S° then A x A is the suspension of A.

Let C'A denote the cone over a simplicial complex A, that is the sim-
plicial complex, whose realization |C'A| is the cone on |A|. Furthermore,
let 0a denote the vertex of C'A not being contained in A.

Proposition 3.1 ([48]). Let A and A be simplicial complexes. Then,
there is a canonical homeomorphism |[AxA| = [(CA x CA)\{0a x 0z}

Here, (CA x CA)\{0a x 0x} denotes the maximal subcomplex of

(CA x CA) which does not contain the simplicial neighborhood of the
vertex Oa X 0.

Theorem 3.2. Let é/ﬁ be a compact product homogeneous space,
that is G = G x G and H=H xH, H C G and H C G. Then, the

stmplictal complex Ag/ﬁ is homeomorphic to AE/H « AT 5 80

G/H

Proof. Since our proof works for arbitrary flag complexes, we will

assume that n(ﬁ) =h a~nd Ag/H = AE/H, Ag/g = Ag/g- We set
A= AE/H and A = Ag/g'

We consider the flag complex defined by all flags of Ad(H x H)-
invariant subalgebras € of g x g with h x h < € < g x §. By [46], this
simplicial complex is homeomorphic to Cy(CgA) x C’E(C’QA) and by the
above proposition, we obtain

[(Cy(Cald) x Cy(CgA)\{0y x 0z} = [CgA + CA.

From the simplicial complex CgA * C@A, we still need to remove (a
simplicial neighborhood of) the vertex 04 x 05. We may assume

|ICgAl = {(t,tz) e RxRP |0<t <1, z€lAl},
IC5A] = {(s,59) eRxRY|0<s<1, g€ A},
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where |A| C R? and |A| C R? are realizations of A and A, respectively.
We deduce

[(CgA % C3A)\{0q x 05}
= {0 = N2 A5, 0) [0S A s <1, (2.9) € 1A x A}
UL =N (6,12),M(1,9),0) [0 S At <1, (7,9) € [A] < |A[}

= {(@ = Nan)@.2). 3527 (1.9).) |
0<AT <1, (@.9) € Al x A},

where a(7) =1for 0 <7 <1, (r) =2—7for 1 <7 <2and (1) =7
for0<7<1,p0(r)=1for1 <7<2.

Notice that (A, 7) = (0,1) and (A, 7) = (1,0) parameterize only one
point, namely (0,0,0,0,0) and (0,0,0,0,1), respectively. By contrast,
the diagonal {A = 7} of [0,1] x [0,1] parameterizes A * A, since the
function f(\) = (1 — N)a(2\) is continuous and strong monotonously
decreasing with f(0) =1 and f(1) = 0 and the function g(A) = A\G(2)\)
is continuous and strong monotonously increasing with f(0) = 0 and
f(1) = 1. By the same reasoning, the sets {\ < 7} and {\ > 7} parame-
terize a simplicial complex homeomorphic to the cone over A = A. q.e.d.

Corollary 3.3. Let G/JEI be a compact homogeneous space. If@ =
G x - xGp and H = Hy x - - - x Hy,, H; C G;, then AE/H 18 homeo-
N

morphic to AL % SP=2 where T =Ty X -+ X T,.

Gi/H, ™ Gp/Hp
Even if AG’ JH = = () for certain i, this gives interesting results. For

instance, in case AL, =0, 1<i<p, we get AG = P2,

Gi/H; JH
Corollary 3.4. Let G/H = G/H x G/H be a compact product ho-
mogeneous space. Then, if either AG/H or AL &/a is contractible AE/H

1s contractible too.

Vice versa, we expect that if A G/H and AL G/ e not contractible, so

is Ag i To some extent, this is known. The reduced homology groups

of joins have been computed by Milnor [&1]: If H,(A,F) and Hz(A,T)
are non-trivial for a field F, then Hy,z.1(A * A, F) is also non-trivial.
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Note, however, that in general this might be wrong. There exists a
2-dimensional, non-contractible simplicial complex A such that A % S°

is contractible (see below). Therefore, if AL g = A and Ag - =0,
; Vi
then Ag i would be contractible.

Remark 3.5. By the work of Whitehead, a simply connected CW-
complex A which H,(A,Z) = 0 for all n € Ny is contractible (see
Corollary 8.3.11 in [40]). However, there exist non-contractible CW-
complexes with H,(A,Z) = 0 for all n € Ng: The space A obtained
from five points ag, a1, as, as, as, ten 1-cells (joining each pair of points)
and six 2-cells given by the edge-loops agajasasasag, agasaiasasag,
apasa4qa3zalap, apa4a2a1a30a0, aga3za2a4a1ag, aga2a1a4a3agn is such an ex-
ample (cf. Example 3.3.22 and Remark 8.3.12 in [40]). This space can be
triangulated by adding six points (the barycenter of the 2-cells), thirty
edges and by replacing the six 2-cells by thirty faces. This implies that
there exist pure, non-contractible simplicial complexes A whose suspen-
sion A x SY is contractible.

Note that for the 2-dimensional simplicial complex A given above,
every edge is contained in two or three faces. Hence, every 2-dimensional
simplex of A x S¥ is contained in two or three 3-dimensional simplices
of A x SO,

4. Preliminaries

In this section the space of G-invariant metrics is discussed in de-
tail, and how the gauge group Ng(H) of G/H is acting on it. We will
also state a well known formula for the scalar curvature of a homoge-
neous metric on a compact homogeneous space (cf. [64]). Finally, basic
properties of toral and non-toral H-subalgebras will be investigated.

4.1. The space of G-invariant metrics. The space of G-invariant
metrics on G/H, denoted by M%, endowed with the L?-metric becomes
a symmetric space. For a suitable base point @, we will “parameterize”
T QJV[G with the help of a polynomial map, which “unfolds” the tangent
spaces of maximal flats in (M, L?), which contain Q. We also derive
a canonical splitting of M related to the isotypical summands of the
isotropy representation of H.

Let G/H be a connected, almost effective, n-dimensional homoge-
neous space, where G and H are compact Lie groups (not necessarily
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connected). By [14, Chapter 0, Theorem 5.1], we may assume G C
O(6N). The negative of the Killing form on O(6/N) induces a biinvari-
ant metric @) on G. The metric () induces a normal homogeneous metric
on G/H, again denoted by @), which we may assume to have volume one
after rescaling. Let us fix @) once and for all.

Let g = h @ m be the Ad(H)-invariant decomposition of g with
Q(h,m) = 0. The set of G-invariant metrics on G/H can be identi-
fied with the set of Ad(H)-invariant inner products on m. Furthermore,
for every g € M we have g(-, -) = Q(ay -, - ), where ay is an Ad(H)-
equivariant, @-selfadjoint and positive definite endomorphism of m. If
(-,-) denotes the L?>-metric on MY, then we have

(4.1) (¢, 1)a, = tr oy oyt

for oy € M and Q-selfadjoint tangent vectors ¢,¢ € Ty gJV[G (see
[28, Section 3.1]). Having fixed a Q-orthonormal basis of m, we con-
sider the endomorphism ¢, a symmetric, positive definite and Ad(H)-
equivariant (n x n)-matrix. Similarly, for h € H the endomorphism
Ad(h)|m will be considered an orthogonal (n x n)-matrix.

The space of symmetric, positive definite (n x n)-matrices with real
entries, denoted by P(n), endowed with the following Riemannian met-
ric is a symmetric space with non-positive sectional curvatures (cf. [24]):
(V,W)p = tr P"YVP~'W where P € P(n) and V,W € TpP(n). The
group Gl(n) acts on P(n) by Gl(n) x P(n) — P(n); (A, P) — APA".
This action is transitive and isometric, and (Gl(n), O(n)) is the cor-
responding symmetric pair. As is well known, P(n) is isometric to
R x Sl(n)/SO(n). We conclude that MY, considered as the set of sym-
metric, positive definite and Ad(H )-equivariant (n x n)-matrices, is the
fixed point set of the isometric action of H on P(n) given by

(h, P) = Ad(h)|m - P - Ad(h)!| s .

In particular, M@ is a totally geodesic subspace of Gl(n)/O(n). Hence,
again, a symmetric space with non-positive sectional curvatures. Note
that the L2-metric is the restriction of the above defined Riemannian
metric to ME.

Let Hy denote the identity component of the Lie group H.

Definition 4.2 (Trivial and almost trivial summands). Let m < m be
an Ad(H )-invariant submodule of m. We call m trivial (almost trivial)
if Ad(H) (Ad(Hp)) acts trivially on m.
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We fix an Ad(H )-isotypical splitting

éiso

m= @Pi
i=1

of m once and for all (cf. [1§, II, Proposition 6.9]). We may assume that
p; is almost trivial if and only if 1 < i < £y where 0 < £y < liso. In case
£y > 0, we set

Lo
mo = @ Pi.
i=1

The subspace mg of m is an Ad(H)-invariant subalgebra of g, namely
the @Q-orthogonal complement of h in the normalizer n(h) of h in g (see
Lemma }.26).
By Schur’s Lemma, every Ad(H )-invariant inner product Q(ayg-, -)

on m respects this splitting. In other words
(43)  Qlag-, ) =Qag)i, )y L+ L QUag)ey > ey,
where (ag); is an Ad(H)-equivariant, selfadjoint and positive definite
endomorphism of p;. As above, by choosing the @Q-orthonormal basis
of m appropriately, we can consider (ag); a symmetric, positive definite
and Ad(H )-equivariant (dim p; x dim p;)-matrix. Let

4
(4.4) pi = P mi

j=1
denote a Q-orthogonal splitting of p; into irreducible Ad(H )-invariant
summands. Let

D (mi) = HomAd(H) (miu mzi)

denote the division algebra of Ad(H )-equivariant endomorphisms of mj.
Then, D(m?) equals R, C or H if and only if m? is a real representation
of real, complex or quaternionic type, respectively (cf. {15, II, 6.2, TI,
Theorem 6.7]). Let
) O(ﬁz) if D(m’l) = R,
S(;, D(m})) == U(¢)  if D(m}) =C,
Sp(¢;) if D(m{) =H.
Since an isotypical summand p; sums up equivalent irreducible sum-

mands of m, there exist Ad(H )-equivariant Q-isometries A’ij cmt — mé-,
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1 < j < ¥;. We obtain an Ad(H )-equivariant isometry from (p;, Q|p,)
to (m?, Qlmi )% endowed with the obvious Ad(H )-action.

Proposition 4.5. The symmetric space ME of G-invariant metrics
on G/H 1is (up to scaling the factors) isometric to the following direct
product of symmetric spaces:

ziso
MY =[] Glt;, D(m}))/S(¢;, D(m?)).
i=1

Proof. By (4.3), we have M = Hfizsol (MS);, where (M%), is a totally
geodesic subspace of Gl(dim p;, R)/O(dim p;). As remarked above, we
may assume p; = (m})%. The space of Ad(H )-invariant, not necessarily
symmetric bilinear forms on (m?)% can be identified with Mat(¢;, D(m}))
embedded into Mat(dim mj - £;, R) in the following way:

If D(m}) = R, then let (é;,...,éz) denote a Q-orthonormal basis
of m{. The group elements r = a - idy € D(m}) are embedded into
Mat(d¥, R) as follows:

T:a']d]f'

Consequently, A; = (a};j)lgk,jgi € Mat(4;, D(m})) is embedded into
Mat(dim m{ - £;, R) as follows:

able abolr ... ab) Ir
2144 224 dF 20,4 d
(4.6) A; = ’ ! t

aglgz apolyp - appdge

If we have D(m}) = C, then m! admits a Q-isometry J € D(m}) with
J2:—idm§, thus dimm} = 2d%, d¥ € N. Let (é1,...,é,c,Jé1,...,Jé,)

denote a Q-orthonormal basis of m{. Then, the group elements z =
a-idy +b-J € D(m}) are embedded into Mat(2d", R) as follows:

[ alge —blg
o blye alge |-
As a consequence, A; = (Z/igj)lék,jﬁfi € Mat(¢;,C) is embedded into
Mat(dim m} - ¢;,R) as in (4.0).
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In case D(m!) = H, the summand m{ admits Q-isometries I,.J, K €
D(mj) with I* = J? = K* = —id;; and I/ = K. Hence, dim m} = 4d;’,
d?eN. Let (€1, g, Ler, .. Tegn, —Jer, ..., —Jeg Kéi,... Kég)
denote a Q-orthonormal basis of m¢. Then, the group elements ¢ =
a-idyi +0-I+c-J+d-Kc D(m?) are embedded into Mat(4d.', R)
as follows:

_ blga  algs  dlgn  clg
R S g —dlgalgp bl

dlgn  —clgg —blm  algp

It follows as above that A; = (q/igj)lﬁk,jééi € Mat(¢;, H) is embedded
into Mat(dim m{ - £;,R) as in ({.6).

The symmetric space (M®); can, therefore, be thought of as the sym-
metric and positive definite matrices in Mat(¢;, D(m?)), embedded into
Mat(dim m{ - £;,R) as above. The group GI({;, D(m?)) acts isometri-
cally on ((M%);, LQ’(MG)i) by (A;, P;) — ALP;A; and the isotropy group
of Igim p; is given by S(¢;, D(m})). Since the orbit of Iy p, is open in
(MS);, G1(¢;, D(m})) acts transitively. q.e.d.

Before we will define a “parameterization” of T QJV[G, we will make
a brief digression in semialgebraic geometry. A set X C R™ is called
semialgebraic if X is defined by finitely many polynomial equations and
inequalities (cf. [4), Definition 2.1.1]). Let X C R™ and Y C R" be
semialgebraic sets. We call a map f : X — Y semialgebraic if the graph
of f is a semialgebraic subset of R™*+" (cf. [4, Definition 2.3.2]). Semial-
gebraic maps do not have to be continuous (cf. 4, Example 2.7.3]), even
though some authors require a semialgebraic map to be continuous by
definition (cf. [81], [20, Theorem 7.6], [22, I, Proposition 3.13]). The
most fundamental examples of semialgebraic maps are polynomials.

Let

Liso
MY = ToM& =[] (S(6, D)) x RY).
=1
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Then, the subset ME of the Euclidean space Hfizsol (Mat(£;, D(m}))xR%),
is semialgebraic. Next, let
Ziso
ToME =[] Tt », GL, D(m}))/S(£;, D(m}))
i=1
and consider the cubic polynomial

ziso

F:H(Mat(el-,p(mg))xwi) — TEME
i=1

((Alle)v"'v(Afisw iso

D)) +— (AiDiAL, ... Ay Do A ),

iso éiso

where D; € R% is considered a diagonal (¢; x £;)-matrix with real entries.

Proposition 4.7. The polynomial map F
surjective.

We call the map F'[; a parameterization, since in case that m is of
real type it is a local diffeomorphism at generic points.

4.2. The scalar curvature. Recall that in Section 4.1 we have fixed an
isotypical splitting m = @f‘j’lpi of m. We call an ordered, Q-orthogonal
decomposition

¢
f=@Dm
i=1

of m into irreducible Ad(H )-invariant summands m; iso-ordered if p; =
EB?:lmj, Py = @ﬁilmglﬂ and so on. In what follows, we restrict our
attention to such decompositions of m. Note that the maximal flats
in the symmetric space MY, which contain @, are in one-to-one corre-
spondence with the finite sets [f] of decompositions of m obtained by
reordering f.

Since (MY, L?) is a symmetric space with non-positive sectional cur-
vatures, the geodesic exponential map from 7, QMG to ME is surjective
by the Theorem of Hadamard-Cartan. As is well known, for each geo-
desic 7, emanating from ) we have

(4.8) Yot) = e Ql, L -+ L etWQ|m£,

where f = @lemi is a decomposition of m (cf. [29, p. 226]). Here,
(v1,...,v) € R® and the tangent vector v = ~,,(0) € ToMC is given by
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0 =01Q|m;, L+ L vQlm,. Applying (1) yields

(4.9) (15(0),7,(0))q = (v,v)q = ZZI dimm; - v7.

- =:d;
We will call such a decomposition f of m a good decomposition of ~,.
For a fixed geodesic 7,, a good decomposition might not be unique.

Now, let
l
(4.10) M§ = {%(1) | v € ToM® and Zdi SV = 0}
i=1

denote the set of G-invariant metrics of volume one. Then, M{ is a
totally geodesic subspace of MY, hence, again, a symmetric space with
non-positive sectional curvatures.

Let v € TQM? and let f be a good decomposition of ~,. Next, let
01 < --- < Uy, denote the distinct eigenvalues of «, ordered by size,
ly > 1. Let the index sets I7(f),..., I} (f) C {1,...,1} be defined by

v =0y = 1€ I}(f)

~

forme {l,...,4,} and i € {1,...,¢} and let vy, = 01 and vVymax = V¢
denote the smallest and the largest eigenvalue of ay,, respectively.
Finally, let

v

4
(4.11) 5= {v € TEMT | d;-0? = 1}
=1

denote the unit sphere of TQMIG with respect to LQ\TQM? Note that in

case dim M = 1 the space M? is just a single point. This happens if
and only if G/H is isotropy irreducible. In this case, we set X = ().

Lemma 4.12. Forv € X, the number of distinct eigenvalues of o, is
bigger or equal than 2. Furthermore, there exists a constant cg g < 0,
only depending on G/H, such that

Umin < ¢g/g and  Umax > —CG/H-

Let f = @lemi be a decomposition of m. For a non-empty subset
of {1,...,¢}, we set

my = @jerm; and  dj ;= dimm;j.
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Since the spaces my. (y) are the eigenspaces of a,, they do not depend
on the choice of the good decomposition f of v, for 1 < m < /¢,. As a
consequence,

Yo(t) = ele|mIf(f) Lo L etﬁl”Q|mIZ )

for any good decomposition f of ~,.

We turn to the formula for the scalar curvature of homogeneous met-
rics, described in [64]. Let f be a fixed decomposition of m and let
{é1,...,6,} be a Q-orthonormal basis of m adapted to f. Let I,J, K
be non-empty subsets of {1,...,¢}. Following [54], we define

[TTK]f = Q([éa:égl, 1),

where we sum over all indices a, 8,7 € {1,...,n} with é, € m, ég € m;
and é, € mg. Notice [IJK]y is symmetric in all three entries and does
not depend on the (Q-orthonormal bases chosen for my, m; and mg. In
the special case I = {i}, J = {j} and K = {k}, we simply write [ijk];.
We have [ijk]; > 0 with [ijk]; = 0 if and only if Q([m;, m;],my) = 0.
Furthermore, f — [ijk]; is a continuous function on the space of all
ordered, Q-orthogonal decompositions of m (cf. Section #.3).

Lemma 4.13. Let v € TQJV[lG and let f be a good decomposition of
Yo Then, for 1 <i,j,k < £, the real number [I} (f)I7(f)I}(f)l does
not depend on the choice of the good decomposition [ of 7y.

Let v € TQMG and let f be a good decomposition of v,. Then, by
[64] the scalar curvature of 7, (t) is given by

)4
o L e
(4.14)  sc(v(t) = 5 Zdi by et 1 Z lijk]s - et (vi—vj—vk)
1 A
(4.15) =3 ( Z dj - bj) . et(=0i)
where b; > 0 is defined by B( -, - )|m, = —trg(ad(-)oad(:))|m;, = bi-Qlm,-

Recall that B is the negative of the Killing form. We have B(X, X) >0
with equality if and only if X € 3(g).



HOMOGENEOUS EINSTEIN METRICS 105

The real numbers Zje]gf(f) % - b; and [If(f)[;’(f)fz(f)]f in (1.15)
do not depend on the particular choice of the good decomposition f.
However, the “constant” b; does depend on the choice of a good decom-
position f.

Let (h;)1<i<dim g denote a Q-orthonormal basis of h. The Casimir
operator

Coniqly = — > ad(h;) o ad(h;)

of the Ad(H )-irreducible summand m; satisfies
C“H7Q|h =Cj idm,- .

We have ¢; > 0 and ¢; = 0 if and only if m; is almost trivial (cf. Lemma
1.20).

Lemma 4.16 ([54]). Let f be a decomposition of m. Then, we have
1 o 1 o
d;b; — 5 Z [’L]k‘]f = 2d;c; + 5 Z [ij]f > 0.
7,k=1 7,k=1

Corollary 4.17. Let G/H be a compact homogeneous space with
finite fundamental group and let f = @lemi be a decomposition of m.
Then, dib; — 5 35—, [ijkly > 0 for 1 <i < /.

Proof. If 2d;c; + % Z?,k:l[lj k]; = 0, then m; is an abelian subalgebra
which commutes with the subalgebra h @ (@gzl’ j2im;). We conclude

that Go/Hy has infinite fundamental group. On the other hand, we have
G/H = Go/(Gp N H) as manifolds. Hence, Gy/Hy is a finite covering
space of G/H. Contradiction. q.e.d.

Therefore, if G/H has finite fundamental group, then

l
(4.18) boym = Y dibi > 0.
=1

4.3. The structure constants. We determine the space & of ordered
(iso-ordered) decompositions of m. Furthermore, we show that there

—

exist semialgebraic lifts [ijk] : ME — R of the structure constants
lijk] : F€ — R.
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Let
, (Zo)*i if D(m}) =R,
Spy(li, D(my)) = ¢ (U(1)" if D(m}) = C,
(Sp(1))"  if D(mi) = H
and let
liso
59 =] St D(m}))/ S, (6, D(m1)).
i=1

Lemma 4.19. The compact homogeneous space FC is diffeomorphic
to the space of ordered (iso-ordered) decompositions of m.

Next, let us identify []5=(S(4;, D(m}))/S, (£, D(mi))) x RY with
FC x R¢. Then, the following diagram commutes:

jg-JVTG == MG (A7 D)
~\ AN
Flsc F¢ x R ([4], D)
S /
ToMC ADA?

where [A] = (415, (£1, D(m1)), ..., Ag_ Sf, (0r,.., D(m=))). Let
Tge =pr; om : MY — FC¢ . (A, D) — [A].

Next, for 1 < i < liso, let (461, .+, egim mi ) denote the Q-orthonormal
basis of m! chosen in Proposition 4.5 For 1 <k </{,1<j<dim m!
let %Cé] = Azlk . Zlé] Let A; = (a%j)lﬁjykﬁfi with CL%C]- AE Mat(dlm mzl,]R)
If A; € O(dim p;), then a Q-orthonormal basis of m} = A;(m}) is given
by (Zf;izl a};j der, ..., 2%21 a};j * € dim mi ); Where we have dropped some
obvious isomorphisms. '

Let i = (Lot ) 1, = (Shazi bn) 5 and k= (15 ) + K,
where i1, j1,k1 € {1, e ,&SO}, i e {1, e ,fil}, j/ S {1, e 7€j1} and
K e {1,. .. ,fkl}. For

Ziso
A= (Ay,..., Ag,) € [[Mat(dim p;, R)
i=1
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let
e O, 2
— 15 k
[zﬂc]A.—Z Q([Z ag 6a€0“ Zadﬁj 5;%] Z% W 167) )
a,B,y da=1 op=1 oy=1
where the sum is taken over a = 1,...,dim m1 ,B=1,...,dim m ' and

v=1,...,dim mk1

The map [2 Jk] : Hzisol Mat(dim p;, R) — R is a polynomial of degree 6,
which will also be considered as a map on H o (Mat(dim p;, R) x R%).

Proposition 4.20. The function [ﬁ] : ME — R is semialgebraic,
continuous and satisfies [ijk](A’D) = [z’jk]ﬂgc(AD).

In later sections, it will be convenient to denote the diagonal matrix
D = (Dy,...,Dy_) by v = (vl,...,0%0). Fori € {1,... 0}, let
v’ € R% be given by v* = (v{,...,véi). Let

o liso U
M§ = ToM§ = {(A,v) e MY | ZZdim m - vj- = O}.
i=1 j=1

Obviously, J{/[lG is a semialgebraic subset of MC. Note that we will write
v=(vl,...,v0%) € Hfij’l R% = R* also as v = (v, ...,v) € RE
In what follows, we will also denote the restrictions [ij k]|Mc, 1| e s
1

773“6'|MG and 7| _ L(VG) by [zgk:] w1, Tp and Tge, respectively.

Corollary 4.21. The polynomial map F’M? : MlG — TQJ\/ElG 18 sur-
jective and the function [ijk] : MIG — R is semialgebraic, continuous
and satisfies [ijk] (Av) = [ijk]ﬂgc (Aw)-

4.4. Toral and non-toral subalgebras. In this section, we will state
basic properties of intermediate subalgebras of h and g and Lie groups
associated to them.

Definition 4.22. Let £ be a subalgebra of g with h < €. We call £ an
H-subalgebra, if dimbh < dim ¢ < dim g and if ¢ is Ad(H )-invariant. Let
mg denote the Q-orthogonal complement of ) in . An H-subalgebra ¢
is called toral if mg is an abelian subalgebra of g, otherwise non-toral.
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Note that H-subalgebras are not required to be compact. Here and
in the following, we call a subalgebra ¢ of g compact if it is the Lie
algebra of a compact subgroup K of G. If H is connected, then every
subalgebra £ of g with dimfh < dimt < dim g is an H-subalgebra. We
have m; C my for toral H-subalgebras ¢ (see Lemma .23), but my C my
does in general not imply, that ¢ is toral.

The Stiefel manifolds SO(n + 2)/SO(n), n > 3, admit one toral
H-subalgebra, given by s0(2) @ so(n), and non-toral H-subalgebras,
isomorphic to so(n+1). In this case, the set of non-toral H-subalgebras
is diffeomorphic to S?.

Definition 4.23. For an H-subalgebra £ let H(€) denote the sub-
group of G generated by H and the connected Lie subgroup Ky of G
with Lie algebra &.

If H is connected, then H(¢) = K. But if H is disconnected, then
H might not be a subgroup of Ky. In any event, the subgroup H () is
a Lie subgroup of G with T1H (¢) = £. Notice that the subgroup H(¥)
does not have to be compact. In this case, we would like to understand
how H(¢) and H(¢) (the closure of H(t) in G) are related.

Lemma 4.24. Let ¢ be an H-subalgebra, such that H() is a non-
compact Lie subgroup of G. Then, there exist Ad(H )-invariant abelian

subalgebras o' ;a C m of g with me =my & o and T1H(E) = ¢ a.

Proof. 1f H(®) is non-compact, then the projection of 3(£) onto mg is
non-trivial. Hence, the existence of a’ follows.

A subspace of g is Ad(H (¢))-invariant if and only if it is Ad(H (€))-
invariant. Hence, the @Q-orthogonal complement of ¢ in 77 H (¥), denoted
by a, is Ad(H (¢))-invariant. Thus, a is an ideal in 71 H (¢) and it is well
known, that a is abelian. q.e.d.

The following lemma will be needed later on.

Lemma 4.25. Let m be an Ad(H)-invariant submodule of m, and

let & be an H-subalgebra. Then, m is Ad(H (8))-invariant if and only if
[e,m] C m.

Proof. If m is Ad(H (¢))-invariant, then m is Ad(H (£))-invariant as
well and we obtain [¢,m] C m. Now, suppose [t,m] C m and let Ky
denote the connected Lie subgroup of G with T1 Ky = €. Let w € ¢.
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Then Ad(exp(w)) = exp(ad(w)). Hence, m is Ad(K))-invariant. Since
by assumption m is Ad(H )-invariant, the claim follows. q.e.d.

Recall that Ng(H) denotes the normalizer of H in G and that n(h)
denotes the normalizer of § in g.

Lemma 4.26. Let m be an Ad(H)-invariant submodule of m. Then,
m is almost trivial if and only if [h,m] = 0 if and only if m C n(h). In
particular, n(h) = h & my.

As is well known, the connected Lie subgroup of G with Lie algebra
h & mg equals (Ng(Hop))o = (Ng,(Ho))o- Note that, in general, we can
have dim Ng(H) < dim Ng(H).

Lemma 4.27. The Lie algebra mq is compact.

Proof. Let us decompose the compact Lie algebra h @ mgy into the
Q-orthogonal sum of its semisimple part (h @ mg)s = hs @ (mg)s and
its center 3(h @ mp). The Lie algebras hs, (mp)s and 3(h & mg) are
compact. Also, h N 3(h @ mg) is compact. It remains to show that the
Q-orthogonal complement of h N 3(h @ mg) in 3(h & mp) is compact.
Since by the very definition of @ (cf. Section {.1) the compact, abelian
subalgebras h N 3(h @ mp) and 3(h & mg) can be considered subalgebras
of 50(6N), the claim follows. q.e.d.

4.5. The gauge group. The group of G-equivariant diffeomorphisms
of G/H acts on the symmetric space (M, L?) by pulling back G-
invariant metrics. Therefore, this action preserves the scalar curva-
ture functional sc : MY — R and its L2-gradient (V2s¢), = —(ric, —
(sc(g)/m)g). This observation will enable us to define totally geodesic
subspaces of (M{, L?) invariant under the Ricci flow.

Due to [14, 1, Corollary 4.3] a G-equivariant diffeomorphism of G/H
is a right translation R, : G/H — G/H; gH +— gnH for some n €
Ng(H). Since Ng(H) normalizes H, we can restrict the adjoint action
of No(H) to m. Thus, Ad(n)|m € O(m,Q|m) for n € Ng(H). This
yields an isometric action of Ng(H) on (MY, L?) given by

g+ (Rn)s(9) = Ad(n)|mo g o Ad(n) [
where g is considered an Ad(H )-equivariant endomorphism of m. Since

Ng(H) acts on M§ by pulling back G-invariant metrics, integral curves
of the Ricci flow on M? are mapped onto integral curves.
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Now, for a subgroup L < Ng(H), let
(MF)E = {g € MF | g = (R)).(g) for all I € L}.

Note that (M$)% consists of metrics on G/H, not only invariant under
the left-action of G, but under the right-action of L as well, and that
Q € (M§)E. Tt follows that (M$)F is a totally geodesic subspace of M§
invariant under the Ricci flow.

As mentioned earlier, we have G/H = Gy/(Gp N H) as manifolds.
Hence, Gy/H) is a finite covering space of G/H. Therefore, the space
M§ of G-invariant, unit volume metrics on G/H can be considered a
totally geodesic subspace of the space MlGO of Gp-invariant, unit volume
metrics on Go/Hy. Certainly, MlG is invariant under the Ricci flow on
M&o.

Lemma 4.28. Let G/H be a compact homogeneous space. Let t be
a Cartan subalgebra of mg and let T' denote the corresponding maximal
torus. Then,

G
(MF)" =M n ()"
is a totally geodesic subspace of M? inwvariant under the Ricci flow.

We have T' < Ng(Hy). However, if H is disconnected, then we can
have T £ Ng(H). For instance, there are isotropy irreducible homoge-
neous spaces G/I", where G is a simple compact Lie group and T is a
finite subgroup of G (see [66]). This implies that in general 7' does not
act on G/H.

5. The asymptotic behavior of the scalar curvature functional

We turn now to the investigation of the asymptotic behavior of the
scalar curvature functional sc : M§ — R. We will obtain the following
rough picture: “Generically”, we expect that along a geodesic ray ,,
emanating from the base point @), the scalar curvature functional tends
to —oo. If the scalar curvature functional is bounded from below along
a geodesic ray 7,, then the direct sum of the most shrinking directions
of v,, that is, the eigenspace associated to the smallest eigenvalue of a,,
with b is an H-subalgebra. This gives rise to the definition of the non-
negative directions. We develop a structure theory for such directions,
which finally links analytic and Lie theoretical data.

In Section b.6, we define the extended non-toral directions. Based on
this definition, the scalar curvature estimates provided in Section 5.7
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yield a very detailed understanding of the asymptotic behavior of the
scalar curvature functional. For instance, we are able to character-
ize compact homogeneous spaces whose scalar curvature functional is
bounded from above or from below (the case of connected isotropy
groups has been settled in [54]).

5.1. Canonical directions. We assign to every H-subalgebra £ of g
a canonical direction veay(€) in the unit sphere ¥ of TQJV[IG and we
investigate the scalar curvature functional along the geodesic 7, (¢
emanating from Q. If £ is a compact subalgebra, then the canonical
direction vcan () comes from the canonical variation of @ with respect
to the fibration H(¢)/H — G/H — G/H(¥) [B, 9.67].

In the second part of this section, we investigate flags of H-subal-
gebras and directions which are closely related to such flags. We pro-
vide scalar curvature estimates along the corresponding geodesic rays
v, emanating from Q).

Let € be an H-subalgebra and let mel denote the @-orthogonal com-
plement of mg in m (recall £ = b & my).

Definition 5.1 (Canonical directions). Let £ be an H-subalgebra.
The canonical direction veay(8) € 3 associated to ¢ is defined by

Vean (£) = v1(£)Qlm, L U2(E)Q|m§v

where dim mg-v; (£)+dim my -vo(€) = 0, dimmg-0? (8)+dim mi-v3(8) = 1
and vy (€) < va(¥).

Let f = @lemi be a decomposition of m. We call an H-subalgebra
t of g f-adapted if there exists an index set If(f) C {1,...,¢} with
tE=hHo My f)- For every H-subalgebra £, there exists a decomposition
f of m, such that € is f-adapted. Let I = If(f), I, = {1,...,¢}\I; and
let

1 1
Qg 1= 5 Z dj . bj — 5[[1[1[1]f — [Ilfgfg]f s
Jjeh
1 1
be = 5 Z dj . bj — 5[[2[2[2]10 ;

j€la

1
Cg = Z[Ilfgfg]f
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Then ag, be, ce do not depend on the choice of f. By (#.15), we obtain

(5.2) SC(Yoean (8 (1)) = €7D (@ + bex(t) — cpz?(t)),
where z(t) := ! (1(O=v2(¥) ¢ [1,0) for ¢ € [0, +00).

Lemma 5.3. Let t be an H-subalgebra, f a decomposition of m, such
that € is f-adapted, and let I = If(f) and Iy = {1,...,0}\I;. Then,
ae = D jer, 4t cj + LI L) y. Purthermore, € is toral if and only if
Qg — 0.

Proof. By Lemma @#.16, we have ag = djen ¢t LGy > 0.
Suppose ap = 0. Since ¢; > 0, we have ¢; = [[1111;]; = 0. Lemma .26
implies [h, mg] = 0, thus ¢ is toral.

Conversely, suppose that £ is toral, that is € = h @ m; for an abelian
algebra mg. We have [mg, h] = 0. Hence, ¢; = 0 for j € I;. Since mg is
abelian, the claim follows. q.e.d.

Now, we can state a first result towards the asymptotic behavior of
the scalar curvature functional.

Lemma 5.4 ([10]). Let & be an H-subalgebra. Then,

‘ 100 £ non-toral,
hm SC(’Y'Ucan(E) (t)) = { O { E toral.

t—+o00

If, in addition, G/H is not a torus, then sc(Vy,,,(¢(t)) > 0 for allt > 0.
Proof. The first statement follows from (5.2). If G/H is not a torus,
then sc(Vy...(1)(0)) = sc(Q) = ag + be — ce > 0. By means of ag > 0, the

parabola p(z) = ag + bpx — cpr? satisfies p(0) > 0 and p(1) > 0. Since
ce > 0, we conclude p(x) > 0 for all z € (0,1]. q.e.d.

Let f = @‘_;m; be a decomposition of m and let
ME(f) = {e" Qlm L+ L " Qlm, | (v1,...,vr) R,

ME(f) consists of all G-invariant metrics which can be “diagonalized”
with respect to the decomposition f of m. Geometrically, M (f) is a
maximal flat in (M, L?). Hence, M§ (f) = M§ N MY (f) is a maximal
flat in M?, thus isometric to R, In the following, we will identify
very often

v=01Qlm L L 0Qlm, € ToMT(f)
with (v1,...,v) € R satisfying Zle d; -v; = 0.
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Lemma 5.5. Let €,...,¢, be H-subalgebras with & < --- < €,.
Then, the canonical directions (Vean(81), ..., Vcan(€p)) are linearly inde-
pendent.

Proof. Let f be a decomposition of m, such that the H-subalgebras
t1,...,¢ are f-adapted. In order to make the notation as simple as

possible, let us assume € = h @ @%:1 my, with 1 <j; <--- <, </l
Hence,
Ucan(Ei) = (Ul (EZ), ... ,Ul(ﬂ'), ’UQ(EZ‘), ... ,'UQ(EZ')) S Ré

Ji

with v1(¢) < 0 and wvy(¢;) > 0. The claim follows now by
induction. q.e.d.

For X,Y C TQM?, let conv”(X,Y") denote the convex hull of X and
Y in TQM?. The following scalar curvature estimates are important
ingredients for the variational methods described in Section &

Proposition 5.6. Let £1,...,¢, be H-subalgebras with ¢, < --- < &,
and let

Aghm,gp = ConvE(vcan(Pl), oy Ucan (Bp)).

If 1 is a non-toral H-subalgebra, then for all v € Ay ¢, we have
limy— 4 oo sC(70 (1)) = +00 and sc(y,(t)) > 0 fort > 0.

Proof. As above, let f be a decomposition of m, such that ¢,...,8,
are f-adapted. Let 0 < Ay,..., A\, <1 be given with >-¥ | A\; = 1. By
the special shape of vVean(£;), we can consider vea,(€;) elements in RPF!
(rather than elements in RY), that is

'Ucan(Ei) = (1}1 (EZ), Lo, U1 (EZ), UQ(EZ‘), . ,UQ(EZ‘)).

Hence
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(5.7)
)\17)1(?1) + )\27)1(?2) + + )\pvl(ﬁp)
p )\17)2(?1) + )\27)1(?2) + - + )\pvl(ﬁp)
Z A - 'Ucan(ki) = . . . .
— : : : :
)\17)2(?1) + )\27)2(?2) + .- + )\p'UQ(Ep)
01
U2
Up+1
Let j1,...,jp be defined as in Lemma 5.5 and let I, := {1,...,j1},...,
It1 = {jp +1,...,4}. Since ¥;,¢;, €, are subalgebras contained in

each other, we have [I;I;I}]; = 0, whenever all three indices i, j, k are
pairwise distinct, and [I;I;I}]; = 0 for k > 1.
With the help of Lemma .16 we conclude

> dj- b

Jj€lm
p+1 m—1
= [IndnImly + > UnlsLlp +2 ) [LiInlnls + Y 2dje;
s=m+1 s=1 JE€EIm

for m e {1,...,p+ 1}. Now let

p+1

am =5 (S dy by Sl — Y [T

Jj€lm s=m+1

By (4.18) we obtain

p+1 p+1

oy 1
t)) = Z amet( m) — Z
m=1

Since \; > 0 and v (&) < vao(€;), (.
s <m —1. Thus

_l’_

3

—1
(LI L] €t =20m),

M
M

v
I

1

| o
.ﬂl

) yields 05 — 20, < —0,, for

pt1

m—1
se(y(t) = Y T (N dje; + I Iy, f+ZZII Iy]
s=1

m=1 Jj€lm
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Since by assumption € is not toral, we obtain the claim by
Lemma §.3. q.e.d.

Corollary 5.8. Let €1,...,%¥, be H-subalgebras with £, < --- < &,
and p > 2. Let v € Ay ¢, and let f be a decomposition of m, such

that &, ...,%, are f-adapted. Then, we have I{(f) = Ifl(f) if and only
’Lf?) S Agl ..... Ep\A& ..... t-

Proof. This follows from (5.7). q.e.d.

Later on, it will be convenient to work with directions v € TpM{ of
unit length. Therefore, let us consider the round sphere ¥ of radius 1
in (TQM?,LQ\TQM?), and let

75 s ToME\{0} — %5 v — v/l

Note that from the theorem of Tarski—Seidenberg, it easily follows that
Ty, is semialgebraic (cf. [4, Remark 2.3.8]).

We call a set A C TpM§ a convex polyhedron if it is given as the
solution set of finitely many affine linear inequalities. These inequalities
are allowed to be strict or non-strict. A set X C X is called a convex
spherical polyhedron if (7)™ (X) or (7g)~}(X)U{0} is a convex poly-
hedron in TQM?. If X is a convex spherical polyhedron, so is X (the
closure of X in ).

Definition 5.9. A bounded convex polyhedron Ay in ToM{\{0} is
called a slice for a convex spherical polyhedron X C ¥ if 7y maps Ax
homeomorphicly onto X.

If a convex spherical polyhedron X admits a slice, then, since 0 ¢ Ax,
X lies in the interior of a hemisphere. In particular, the diameter of X
is strictly less than 7. Vice versa, if X is a convex spherical polyhedron
with diam(X) < 7, then X lies in the interior of a hemisphere and a
slice can be found.

Proposition 5.10. Let Ay, ¢, be defined as in Proposition 5.6,
Then, Ay, is a slice for the compact, convex spherical polyhedron

Proof. This follows from Lemma 5.5. q.e.d.



116 C. BOHM

5.2. Non-negative directions. We will give the definition of the set
of non-negative directions W* C ¥ and prove that W?* is a compact
and semialgebraic subset of TQM?. Furthermore, for v € W*, we will
provide scalar curvature estimates along =, which yield a first rough
understanding of the asymptotic behavior of the scalar curvature func-
tional.

A direction v € ¥ is called negative if the scalar curvature functional
tends to —oo along v, that is limy_, o sc(7y,(t)) = —oo. This gives rise
to the following definition:

Definition 5.11 (Non-negative directions). Let W?* denote the set
of all v € 3 with the following property: If f is any good decomposition
of 7, then for all (i, 4, k) € {1,...,¢}® we have

5.12 ijkly > 0= v; — v; — Uk + Vmin < 0}.
! J

Note that if (5.12) is true for a single good decomposition f of 7,
then it is true for all good decompositions f of ~,.

If G/H has finite fundamental group, then by Corollary #.17, we
have b; > 0. Therefore, the set W gathers roughly the non-negative
directions of the scalar curvature functional (cf. (4.13)). For instance, all
v € X with limy_ o sc(y,(t)) # —oo belong to W* by Theorem 5.18.

However, W* might still contain negative directions mainly due to
the existence of toral subalgebras. This is an essential problem which
will complicate the investigation of the asymptotic behavior of the scalar
curvature functional considerably (cf. Sections 5.6 and 5.7).

Remark 5.13. In the definition of W¥, it would have been enough
to demand (5.12) to be true for (i,5,k) € {1,...,¢}3 with (i,5,k) &
(IP(f), I8, (), I8 (£))%, 1 < m < £,, where ® denotes cyclic permutation.

For a set X C ToM{, let

A

(5.14) X 1= (Flye) ™ (X)

denote the pre-image of F |J§/[§ L MG = ToM§ — ToM§ (cf. Corollary
#.21). The cubic polynomial F' was defined by F(A,v) = AvA!, where
v=(v1,...,00) € R¢ is considered a diagonal matrix. Abusing nota-
tion slightly, we write F(A,v) = v € TQJV[G. If (Av) € J{/[?, then
Zle dimm; - v; = 0, where f = @/_,m; is the ordered (iso-ordered) de-
composition of m, which corresponds to [A] € F¢. Recall that f = [A]
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is a good decomposition of ~,, that is my, ..., my are eigenspaces of
associated to the eigenvalues vy, ..., vy (cf. Section 4.3).

Proposition 5.15. The set W* C X is a semialgebraic, compact
subset of ToM§'.

Proof. We have
W= = £ n () {lijk] =0} U {UL {oi —vj — v +0; <O},

(4,5,k) €

{1,...,0}3
thus W is a compact, semialgebraic subset of M? By the Theorem of
Tarski-Seidenberg, W* is a semialgebraic subset of ¥ too. Since F' Eve
1

is continuous, the claim follows. q.e.d.

The following lemma is to some extent the starting point for the entire
theory developed in this article.

Lemma 5.16. Let v € W* and let f be a good decomposition of 7.
Then,

(5.17) L () L, (F) L, ()] = 0
for my # mo and 1 < mq,mo < £,. In particular, h & Wy (f) 15 an
f-adapted H-subalgebra.

Proof. This follows from (5.12). q.e.d.

Note that condition (5.17) does not depend on the chosen good de-

composition f of =, (cf. Lemm -I_S-:) Let W*(§) denote the open
d-neighborhood of W* in X.

Theorem 5.18. Let G/H be a compact homogeneous space. Then,
for each 6 > 0 there exists to(6) > 0, such that for t > to(5) and
v € S\W?>(8) we have sc(y,(t)) <0 and limy_ 1 o sc(yy(t)) = —oc.

Proof. We claim that for § > 0 there exists €(d) > 0, such that for
all v € L\W?¥(4) there exists a good decomposition f of 7, with the
following property: There exists (i,7,k) € {1,...,¢}3 with [ijk]; > €(9)
and v; — vj — Uk + Umin > €(d). This is seen as follows: Suppose
no such €(d) > 0 exists. Then, for all @« € N there exists v(a) €
S\W?*(6), such that for all good decompositions f, of Yu(a) the fol-

lowing holds: For all (4,7,k) € {1,...,£}3, we have either lijk]s, < %

or vi(a) — vj(a) — vg() 4+ vmin(a) < 1. By passing to a subsequence
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of (v(a))aen, We may assume v(a) — vo € L\W¥(0) and f,, — foo
where f is a good decomposition of 7, . We obtain either [ijk]; =0
or v° — v?o — v + v, <0, hence vy, € W?*. This is a contradiction

and the above claim is proved. The proof of the theorem follows now
from (F.15) and b; < bg/ g (cf. (4.18)). q.e.d.

Corollary 5.19 ([54]). Let G/H be a compact homogeneous space.
IfW?* =0, then the scalar curvature functional sc : MlG — R s bounded
from above and attains its global mazimum.

A homogeneous space G/H is primitive, that is the only G-invariant
foliations are the foliation by points and the foliation by the whole space

(cf. [26], [57)), if and only if W* = ().

Lemma 5.20 ([54]). Let G/H be a compact homogeneous space. If
W?* =%, then the scalar curvature functional sc : M? — R is bounded
from below by zero. If, in addition, G/H has finite fundamental group
or if G/H is a torus, then sc : MIG — R attains its global minimum.

Notice that also the isotropy irreducible homogeneous spaces G/H
are covered by Corollary 5.1% and Lemma §.20 since here W* = % = ().

5.3. Scalar curvature functional bounded from below or above.
Corollary 5.19 and Lemma 5.2 raise the question for which compact
homogeneous spaces G/H the scalar curvature functional is bounded
from above or below. For homogeneous spaces G/H, for which G and
H are connected, thanks to [54, Theorem 2.1, 2.2, 2.4], this question
has been completely clarified.

Theorem 5.21 ([54]). Let G/H be a compact homogeneous space.
Then, the scalar curvature functional sc : M§ — R is bounded from
below if and only if the following holds: There exists a unique decompo-
sition g = 3(9)®ED;_, 9i of 9, where g; are non-abelian Ad(H)-invariant
subalgebras of g, and a unique decomposition h = @;_, h; of b, where
hi < gi, such that if p; denotes the Q-orthogonal complement of b; in
gi, then p; is an irreducible, isotypical summand of m = 3(g) & P._, pi-

If, in addition, G/H has finite fundamental group, then sc : M? — R
attains its global positive minimum at a uniquely determined Einstein
metric on G/H (cf. [64]). If H is not connected, then dim h; = 0 is pos-
sible, since there exist isotropy irreducible homogeneous spaces which
are not strongly isotropy irreducible (see [56]).
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The proof of the next theorem relies on new scalar curvature esti-
mates.

Theorem 5.22. Let G/H be a compact homogeneous space. Then,
the scalar curvature functional sc : M — R is bounded from above if
and only if there exist no non-toral H-subalgebras. In this case, the
functional sc : M§ — R attains its global mazimum.

Proof. 1f sc : M§ — R is bounded from above, then by Lemma 5.4
there exist no non-toral H-subalgebras. Vice versa, if there exist no non-
toral H-subalgebras, then by Corollaries 5.19 and 5.53 sc : M{ — R is
bounded from above. Since by [10], a maximizing sequence has a conver-
gent subsequence (if G/H is not the torus), it follows that sc : M{ — R
attains its global maximum. q.e.d.

5.4. A stratification of the non-negative directions. In this sec-
tion, we will investigate the non-negative directions W?> in greater
detail. We will obtain a “stratification” of W*> into semialgebraic, con-
tractible subsets W>(£) of W* where £ runs through the set of all H-
subalgebras. These strata obey the inclusion relation for H-subalgebras
in the following manner:

<l o« W) c W)

Definition 5.23 (£-Non-negative directions). For an H-subalgebra
£, let the t-non-negative directions be defined by

W>(8) = {v e W™ [ myyp) =me},
where f is any good decomposition of 7,.

The set W (£) consists of all non-negative directions v € W* whose
eigenspace associated to the smallest eigenvalue equals me.

Next, let M /7 (¢) denote the set of Ad(H (€))-invariant inner products
on mel and let

M) ={a-Qlm L7gla>0, 7€ Mg/up}-
Then, MY (&) is the fixed point set of the isometric action of O(meg, Q|m, ) %
Ad(H(¥)) on the symmetric space Gl(me @ mi)/O(me & my, Q|me@mé),

hence a totally geodesic, symmetric subspace of MY. Notice that we
have 7. (g (t) € MY(€) N M{ for t € R.
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Remark 5.24. If the group H(¥) is compact, then all metrics in
the symmetric space M (€) are submersion metrics with respect to the
fibration H(¢)/H — G/H — G/H(E). In this case, Mg/ p (g can be
identified with the set of G-invariant metrics on G/H (¥).

Let M (£) = MY (£) n M. We claim
W) C WENToME (8) € X8 = 2N ToMF (¢).

This is seen as follows: Let v € W¥(€) and let f be a good decom-
position of ~,. Then, Myv(p) = M Since £ is a subalgebra, we have
Q([me,mpepl,®) = 0 for 2 < ¢ < ¢, By Lemma p.1G, we
conclude [mg, myv(p)] C myv(p), hence myv(p) is Ad(H (¢))-invariant (cf.
Lemma {.25). Note that in general W¥(€) # W N ToM§ (b).

For ¢ > 0 and v € %, let BZ(v) denote the open e-ball in ¥, centered
at v, with respect to (X, L?|x). Let

BX (v) = BE(v) N 24
For notational reasons, we set

X=(8) = WE(e).
For the definition of the negative constant cq, fr, we refer to Lemma 412
We set

1
eG/H = —ECG/H.

Now, we can state a first structure result on the set of £-non-negative
directions W* (k).

Theorem 5.25. Let € be an H-subalgebra. Then, we have:

1. X* (8) is a compact, semialgebraic and star-shaped subset of »t,
2. B= (vean(B)) € XZ(B).

eG;/H
3. BEG/H(—vcan(E)) NnXxX*e) =0.
Proof. By Proposition 5.28, the set W (£) is semialgebraic, and hence
its closure X () as well (cf. [4, Proposition 2.3.7]). Next, B (Vean(£))

7 _ ) fc/H
C X*(¥) by Corollary 5.30. With the help of Lemma 5.2, we conclude
that BE  (—vean(£))NX>(€) = 0 and that X*(¢) is star-shaped. q.e.d.

€G/H
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We call a decomposition f of m a £-decomposition of m, if there exists
a partition

L(HU- UL (f)={1,....0}

of {1,...,¢}, such that Mye(p) = Mp, Wye(g) I Ad(H (¢))-invariant and

Ad(H (8))-irreducible for i € {2,...,l¢}.

Proposition 5.26. Let £ be an H-subalgebra. Then, W>(E) is a

semialgebraic subset of ToM§ (k).
|4 [

Proof. Let mel = @fi‘épf denote an Ad(H (¥))-isotypical splitting of
my. Setting p§ = mg, we obtain an “O(mg, Q|m,) x Ad(H (t))-isotypical
splitting” of m. As in Section 'fl._l:,_ we can define a parameterization
FE\MIG (e Of T oM (€) (cf. Corollary ¥.211). Next, for any £-decomposition

fe=me® @, m! of m into O(me, Qlm,) x Ad(H (€))-irreducible sum-
mands, let us define structure constants [ijk]f, as in Section 4.2. As in
Section 4.3, we can lift these structure constants. The corresponding

functions [ﬁ]e : MY (€) — R are semialgebraic and compatible with
[ijk]f, as described in Corollary £.21. As in Proposition §5.15, we con-
clude that W* N ToM§ (€) is semialgebraic. Since mg is an iso-typical
summand of m = my @ mEL, the constraint Myw(f) = Mg comes from a
linear inequality between the first eigenvalue and the other ones. q.e.d.

Let f be a decomposition of m, such that £ is f-adapted. Recall that
we have already defined the index set IT(f) C {1,...,¢} by Mye(p) = Mg
Since the intersection of the totally geodesic subspaces M (f) and
ME(€) of MY, denoted by MY(f,€), is a totally geodesic subspace of
the maximal flat MY(f), we have:

Lemma 5.27. Let £ be an H-subalgebra and let f be a decomposition
of m, such that ¢ is f-adapted. Then, there exist index sets I8(f),. ..,
18 (F) © {1 BNIECE) with (AT = 0 for 1< ik <
Ce(f) and j # k, such that we have:

MG(f7 E) = {,‘)/U17"'7U€§(f)(1) ’ (Ul,. .. 7v£?(f)) E Rzé(f)}

where
(5.28) Yoty sy () =" Q| J_---J_et”fe(f)Q‘mIE

. .
15 b ()P
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If we require in Equation (5.28), in addition, Zf"‘:({ ) dpepy - vi =0,
then we obtain an (¢¢(f) — 1)-dimensional family of G-invariant metrics
of volume one, the flat M$(f,€) = M (f) N M (€) of ME (k).

We set W(f,8) = ToM§ (f)NW*(€) and again for notational reasons

XE(f,0) =WE(1,0)
(that is replacing W by X means taking the closure).

Lemma 5.29. Let t be an H-subalgebra, let f be a decomposition
of m, such that ¢ is f-adapted, and let C(f, ) = {v € TQMG(f, ) |
v=(Yo,... We(f))/(o)’ such that (1) and (2) hold}, where

(1) v <w; for2 <i < Ly(f).
2) NI > 0= v —vj —vp+ 01 <0

fO’/’ (ivjv k) € {17 s 7€E(f)}3'
Then, W>(f,€) = C(f,8) N Y. Furthermore, W>(f,€) and X>(f,¥)
are convex spherical polyhedra, and X>(f,€) does not contain antipodal
points.

Proof. We show WX=(f, &) = C(f,€)NX. For “2”: This is obvious.
For “C”: Let v € ToM§ (f) N W=(8) € ToMF (f) N ToM%(8) NS, By
Lemma 5.27, v, can be written as in (5.28). Since mg = m 1t(p)> condition
(1) in the definition of C(f,€) holds true. With the help of (5.12), we
conclude that condition (2) is satisfied as well.

Since C'(f,¥) is a cone containing the geodesic ray {tvcan () | t > 0},
so is ToM§'(f,€) N C(f,€). Hence, W>(f,€) and X>(f,t) are convex
spherical polyhedra (cf. end of Section §.1).

Finally, suppose w, —w € X>(f,€). Then If(f) C I(f) N I;“(f).
On the other hand, I{*(f) N I;7“(f) = 0. q.e.d.

Corollary 5.30. We have B (Vean (€)) € W (8) for every H -sub-

€G/H
algebra €.

Proof. If £y = 2, then mi- is Ad(H (¢))-irreducible. Tt follows that
ME(8) = {Vuewn (9(t) | t € R} and we obtain the claim. Suppose now
lp > 2. Let v € X% and let f be a £-decomposition with v € ToM{ (f).
Since v € ToM$ (f,€), 7» can be written as in (5.28) and we have
1 = (v,v) = Zf;l dimmye ) 2.

2. Let v° = v — Ucan (£) and suppose

<v5,v5>% <e€q/H = —%Cg/H. Then, |vf| < —%CG/H. We will prove that
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all such v € Xt satisfy condition (1) and (2) in the definition of the
cone C(f,8). Let i € {2,...,0¢}. Then, v; —v; < 0 is equivalent to
vi —v§ < va(E) — v1(k). Since va(€) — v1(€) > —2cq,/y, condition (1)
is fulfilled. In case ¢,j,k > 2, it follows that v; —v; — v +v1 < 0is
equivalent to vf — v§ — v + vf < v2(E) — v1(E), hence condition (2) is
satisfied in this case. Since by Lemma i5.27 [If(f)[;(f)[,g(f)]f =0, for

J # k, the claim follows from Remark 5.13. q.e.d.

Note that W (£) = {vean (£)} C {Fvcan (£)} = B¢ € M () for £ = 2.

After having finished the proof of Theorem 5.23, let us now investigate
how W*(€) and W>(¥) are related for distinct H-subalgebras £ and €.
For H-subalgebras £1,...,¢,, let

(r,.... ) = [ {elt<gand & <Etforall 1 <i<p}

denote the subalgebra of g generated by €,...,€,. If (¢1,...,8¢) < g,
then (¢,...,¢,) is an H-subalgebra. If (¢;,...,8,) = g, let us define
W*(g) = 0.

Theorem 5.31. Let € and ¥ be H-subalgebras. Then, we have:

1. Ife#£ ¥, then WE(E) NWE(E) = 0.

2. Ift < ¥, then XZ(¥) C XZ(E\WZ(¥).
3. XT(E) N XE() = XZ((E, ¥)).

Proof.

For 1: This follows from Definition 5.23.

For 2: We have X*(&) N W>(€) = () by € < & and the definition of
WZ(¥). Vice versa, let v € W=(¥). Let f be a good ¥-decomposition of
Yo- Since & < ¥, we may assume, that € is an f-adapted H-subalgebra.
Set Iy := I¥(f), I := I¥ (F)\I}(f) and I; := I¥ (f) for 2 < i < fp. By
means of these index sets, we can consider v as v = (vo, v1,v2,...,vs,)
satisfying the following conditions: vy = vy, v1 < v; for j = 2,... ly,
Sy ds, v =0 and Yy dr, - vf = ol = 1.

Finally, let v, := min{v; | j = 2,...,fg}. For € € (0, (vx —v1)dp,),
set 0¢ := (vg — i,vl + i,vg,...,we,) and v¢ := 0¢/||v¢||. We are left
proving v¢ € W¥(¥); that is for (i,5,k) € {0,1,...,0p}>, we need to
show, that

(532)  {[LLIr > 0= of —vf —vf+ 05 <0}
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holds true. Suppose that 0 € {i,4,k}, say i = 0. If j = 0 and k£ > 0,
then [lolol;]; = 0, since € is a subalgebra. If j = 1 and k& > 1, then
Iol 1]y = 0, since ¢ < ¢ and ¥ is a subalgebra. If j,k > 2 with
j # k, then by Lemma 5.27 [IoI;I;]; = 0. Hence, if i = 0, then the
only structure constants which possibly are not zero are [Iol,, 1] for
0 < m < lp. Therefore, (5.32) holds true in this case.

Suppose, now, that 1 € {i,7,k}, but 0 ¢ {i,j,k}. Again, the only
structure constants which possibly are not zero are (L1 Ip1p)r where
1 <m < ly. Since € < (v, —v1)dy,, (9.32) is fulfilled. Finally, suppose
i,j,k > 2. By means of v € W=, (5.32) holds true again. We conclude
W(¥) C X*(¢) and the claim follows.

For 3: The inclusion “2” follows from 2. For “C”: Let v, € X>(£)N
X*#) c W* and let f be a good decomposition of ~,_. By Lemma
518, [=ho Myves 5y is an H-subalgebra. Thus, v € W=(I). Since
Voo € XZ(£) N XZ(E'), we have £ € < [, hence (£, #) < [. With the help
of 2, we conclude vy, € X=(I) C XZ((,¥)). q.e.d.

In Section 5.7, the following extension of Theorem §.31 will be crucial.

Corollary 5.33. Let £ be an H-subalgebra and let f be a decomposi-
tion of m, such that € is f-adapted. Then, for each face F of X*(f,¥)
one of the following two possibilities occurs:

1. There exists an f-adapted H-subalgebra [ with € < [, such that
F C XE(f,0).

2. Forv = (’yyl,___,%(f))/(O)eintF we have vy < v, 1€ {2,...,0(f)},
and for v € F, there exists (ig, jo, ko) € {2,...,Le(f)}> with

[IE (A (O (F)ly >0 and vy — vjy — vy +v1 = 0.

Proof. Let F be a face of X>(f,t). If dimF = 0, then F = {v}.
If I¥(f) € IY(f), then v € X=(f,[) for an f-adapted H-subalgebra [
with € < [ If If(f) = IV(f), then at least one of the inequalities in
condition (2) in the definition of C(f,€) gets sharp. By Remark 5.13,
there exists (io,jo, ko) € {1, () I\ {(m,m, 1)° | 1 < m < te(f)}
with [I5 ()1}, ()L (f)l; > 0 and vy, — vj, — vk, +v1 = 0. With the
help of Lemma p.27, we obtain ig, jo, ko > 2.

If dimF > 0, then let v € int F. Suppose v € X*(f,[) for an
f-adapted H-subalgebra [ with ¢ < [. Then, for each v € F, we
have I{(f) C IV(f) since the corresponding inequalities in condition
(1) of the definition of C(f,€) get equalities on F. Thus, F C X>(f,1).
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If for all v € int F' we have If(f) = I?(f), then the claim follows as
above. q.e.d.

5.5. The essential part of t-non-negative directions. The essen-
tial part X3 (€) of the closure X*(€) of the £-non-negative directions
WZ(¥) is by definition the spherical cone of Ug{ X>(I) over vean (£) in
Y. We will construct a strong deformation retraction from X () to
X* () using the fact, that both X*(¢) and X7 (€) are compact and
semialgebraic subsets of ¥. In Section 6.2, this result will be used to de-
termine the homotopy type of the non-toral directions for homogeneous
spaces of finite type.

By Theorem 5.25, vean () and v € X>() can be joined by a unique
unit speed geodesic ¢! in X% with ¢! (0) = vean (£). Let

(5.34) s = d” (Van (£),0)
denote the spherical distance from v to vean (£). We have cf(s,) = v.
Furthermore, there exists
(5.35) s € legym. ™ — eaym)
with cf(s) € X¥(€) for 0 < 5 < 52 and cf(s) & X>(€) for s < s < 7.
Let
(5.36) me 2 X (8)\{vean (8)} — X (0)\{vean (O)}; v = ci(s])
denote the radial projection of X (&) onto the radial boundary
Brad X7 (8) = me( X7 (8)\ {vean ()})

of X*(¥). If £p = 2, then X*(£) = {vean (£)} and we set Opaq X (£) = 0.

Now, let €, [ be H-subalgebras with ¢ < . Then, XE(1) C Oraa X (8)
(cf. Corollary 5.33). Note that in general Ugo; X (I) # 0,aq X > (£). For
R,S C %, let conv*(R,S) denote the convex hull of R and S in the

round sphere (3, L?|y)). If S = (), then we set conv *(R,()) = R (for R
convex).

Definition 5.37. Let £ be an H-subalgebra. For a subset S of
Oraa X (1), let

C*(¢,S) = conv *(vean (), S).
Furthermore, let
XT() = C(6,Ue; X=(I)) and WZ(E) = X>=(£)\XT(¢).
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We have
WZ(8) € WH(8) = X*()\ Uect X7(0).
Note that W (€) = 0 is possible even if £; > 2. The essential part X7 (€)
of X*(8) is non-empty and star-shaped. We have X (£) = {vcan (£)} if
and only if € not contained properly in an H-subalgebra [.

Lemma 5.38. Let € be an H-subalgebra. Then, the essential part
X*(B) of X*(8) is a compact, semialgebraic subset of X*(E).

Proof. If Upc; X*(I) = 0, then X% () = {vean (£)} and the claim fol-
lows. If ) # Ugo; X (1), then Ugo; X (1) is a compact, semialgebraic sub-
set of X% (see below) having positive distance to —vean (£) (see Theorem
5.28). Hence, conv ¥ (vean (B), Up< XZ(I)) is a compact, semialgebraic
subset of ToM{ (£) not containing the origin (cf. [B1, Example 1.5]).
Consequently, 75 (conv # (vean (£), Up< X*(I))) = X3 () is compact and
semialgebraic, since the map 7y, is continuous and semialgebraic.

Recall that in Proposition 5.20, we have defined the parametrization
FE|J§/£§(E) M () — ToMY (€), the structure constants [ijk]f, and their
lifts [ijk]® : MS (€) — R. Let I € {1,...,0¢} with 1 € I and 2 < |I] < £
and let P denote the set of all such subsets. Furthermore, for I € P

let
Gi(Av) = Z Z [ijk]fA,v)’

i,jel kel
where 1€ = {1,...,£e}\I. We claim
(Félmg(e))_l(Uerz([)) = (FE\MIG(E))_I(XZ(?)) N

U{EH70 0 N fom<vd 0 ) {vm=vw}}

IeP; mel nel€ m,m/ €l
For “C”: This is obvious. For “>”: Let (A4,v) € (F"']M?(E))*l(XE(E)).
By Theorem §.31, we have FE|M?(E) (A,v) € WX(I) for an H-subalgebra
[ with € < [. Since there exists I € P with

(Av) € ﬂ {vm <wvp,} N ﬂ {vm = v },
melnclC m,m’€l

we obtain € < [. q.e.d.

Now, we turn to the main result of this section.
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Theorem 5.39. For an H-subalgebra €, there exists a strong defor-
mation retraction from the closure X*(&) of the €-non-negative direc-
tions W= (€) to the essential part XT () of X*(t).

Proof. If X*(&) = X (&), then there is nothing to show. This covers,
in particular, the case £y = 2. If £y > 2 and X% (£) = {vcan (£)}, then the
claim follows from Theorem 5.25. Hence, we may assume that fp > 2
and 0 C Upc( X (1) © Oraa X (8).

It follows from Theorem 1 of [21] (see also [2Z, III, Theorem 1.1])
that there exists an open semialgebraic neighborhood U of X¥ (&) in
X*(&) and a semialgebraic, continuous map G : [0,1] x U — U, such
that the restriction G| 0,1]xu Yields a strong deformation retraction from
U to X7 (¥).

Let A = {0} x X*(£) U (0,1] x U. Then, A is a closed, semial-
gebraic subset of [0,1] x X*(£). We extend G to a map from A to
X*(8) by G(0,v) = v for all v € X*(£). Denote this map again by G.
Then, G is continuous and the graph of GG is a semialgebraic subset of
A x X*(€). Thus, G is a continuous and semialgebraic map, and hence
by [22, I, Proposition 3.13], semialgebraic in their terminology. Since
X*(¥) is contractible, by Theorem 3 of [21], the map G can be extended
to a continuous, semialgebraic map from [0, 1] x X*(€) to X*(€), again
denoted by G.

Since both X*(€) and X (t) are star-shaped with respect to the
base point vcay (€), there exists a strong deformation retraction F' from
X*(€) to a compact neighborhood K of X¥ () with K C U. Then,
H:[0,1]x X*(8) — X*(8); (,v) — G,(F,(v)) is a strong deformation
retraction from X*(€) to X (¢). q.e.d.

5.6. Extended non-toral directions. In this section, we define the
set of toral directions X;* C W*, the set of non-toral directions X2, C
W™ and the set of extended non-toral directions X2, D X2;. All these

ent
sets are compact and semialgebraic. We will prove that there exists a

strong deformation retraction from X2, to X2.

The extended non-toral directions X2, are obtained from the non-
negative directions W* by removing (inductively) certain toral direc-
tions. For the toral directions removed, that is for v € W\ X2, we
will provide then in Section 5.7 scalar curvature estimates along ~,,
which are crucial ingredients for the variational methods described in

Section 8.
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Before we define the above mentioned sets, let us consider the follow-
ing explicit example.

Example 5.40 (Aloff-Wallach spaces). Let G/H = SU(3)/Uj 4(1)
for generic k,q € Z. We have dim ¥ = 2. Let t = s(u(1) @ u(l) & u(1)).

=

Then, W> = X>(t) = W=(t).
VUcan (ES) - fUcan(ES)

Ucan(el) . ’Ucan(kl)
() = W / XZ,

VUcan (EQ) ‘ Ucan(E2)

Figure 1. Non-negative and extended non-toral direc-
tions for the Aloff-Wallach spaces.

In fact, it is easy to check that W is a spherical triangle with bary-
centre vean (t). The vertices of this triangle are precisely the three canon-
ical directions, associated to the three non-toral H-subalgebras £, &9,
g3 of type 5(u(2) @ u(1)). They constitute the non-toral directions X.

The extended non-toral directions X2, consist of a compact neigh-
borhood of X2 in the essential part XT(t) of X*(t). Notice that the
extended non-toral directions (up to homotopy) can be obtained from
the non-negative directions W* by removing a propeller from W?* with
center vean (t).

We call a non-toral H-subalgebra £ minimal non-toral if an H-subal-
gebra [ with [ < € must be toral. We call a toral H-subalgebra t minimal
toral if [ <t implies [ = t for all H-subalgebras [. Let

W= U WE®) and WP = U w>e.
£ minimal non—toral £ minimal toral
Definition 5.41 (Non-toral and toral directions). The non-toral di-
rections X2 and the toral directions X;* are defined by X2, = W and
X = W}, respectively.
Notice that the set of toral directions X;* will, in general, contain
also non-toral directions v € W¥ as defined in Section iL.



HOMOGENEOUS EINSTEIN METRICS 129

Lemma 5.42. We have
x> = U X)) and X = U x%.
£ minimal non—toral £ minimal toral

Proof. Let v € X, € W¥ and let (v(a))aen be a sequence in Wy
converging to v with v(a) € W*(¢(a)). By passing to a subsequence,
we may assume that €(a)) converges to an H-subalgebra [. Since [ is not
toral (cf. [1{]), there exists a minimal non-toral H-subalgebra ¢ with
¢ < . By Theorem 5.31, we conclude v € X>(I) C X*(£) and obtain
the first claim.

The proof of the second claim follows as above since a convergent
sequence (¥(a))qen of toral H-subalgebras has to converge to a toral
H-subalgebra. q.e.d.

Let us turn to the definition of the extended non-toral directions. For
the definition of the semialgebraic parameterization F' : 3\7[? — TQM?
of ToM{, we refer to (5.14). Recall that the pre-image of W*, 3 has
been denotgd\ by WE, f], respectively. For the definition of the structure
constants [ijk], see Section .3.

For a non-empty, proper subset I C {1,... ¢} let

GroMF =Ry (Av) = Y [ijklan+ Y [kl

i,j€l keIC ij,kel
The functions G are semialgebraic and continuous. For re{1,... /—1},
let
Xr(r) = U {VT/Z N (GO N () {vm < o)
Ic{1,....0},|I|=r mel,nelC
N ﬂ {vm = vm/}}.
m,m/ el

The semialgebraic and compact set th (r) parameterizes the set
Xy (r) = F(X{(r) € W,

the (possibly infinite) union of X*(t)’s where t = h @ m; @ --- G m, is
a toral subalgebra and the m;’s are irreducible for all i.

Let the semialgebraic set W2=(r) be defined as X”(r), by replacing
the term {v,, < vy} by {vm < vp}. Then, W2 (r) parameterizes W= (r),
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the union of W*(t)’s with t as above. Below, we will show
WtE(T) = th("")

In order to do so, note that W=(r) = X*(r) is possible. However, if
W=(r) € X;*(r), then let

04 X7 (r) = X7 (r)\ W (r)

denote the essential radial boundary of X;*(r) (the set 94 X}(r) is in
general a proper subset of the boundary of X*(r)). The set 0, X;"(r)
parameterizes the essential-radial boundary

04 X7 (r) = F(0:. X[ (1)

of X7 (r).

We claim that W7 (r) is relatively open in X;*(r) in order to show that
9. X" (r) is a compact and semialgebraic set. To this end, let (A,v) €
W2(r). Then, F(A,v) € W¥(¢), where £ is a toral H-subalgebra. Note
that mg = m;, @ --- ® m;,, where f = @lemi is the decomposition of
m which corresponds to [4]. Now let (A4,7) € XZ=(r)\WZ(r). Then,
F(A, %) € W¥(I) for an H-subalgebra [. We have m; =m;, & --- & m,.,
with 7 > r, where f = @leﬁii is the decomposition of m, which corre-
sponds to [A]. Since the summands m; and f; are irreducible and since
7> r, WE(r) is relatively open in X (r).

Next, we claim

WE(r+1) C o, X2 (r).

To this end, let (A,v) € WZ(r 4+ 1). Then, F(A,v) € W>(¢), where
t is a toral H-subalgebra. Note that me¢ = m;; ® --- ® m;_,, where
f = ®{_,m; is the decomposition of m which corresponds to [A]. Since &
is toral, my is an abelian subalgebra of mg, hence m;, &---®&m;, = m; as
well. Thus, [ = § & myis a toral H-subalgebra with [ < . We conclude
F(A,v) € X>(I) by Theorem 5.3T, hence (A4,v) € X>(r).

Another consequence of Theorem 5.31' is that W>(r) = X (r). This
implies

XFr+1)cXFr)c---c XF).

Therefore, U'_L X7 (r) = X7(1) = F~'(X}"). Consequently, X;° is a
compact and semialgebraic subset of the non-negative directions W>.
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Remark 5.43. The elements (A,v) € W>(r) € W> are charac-
terized as follows: If F(A,v) € W¥(E), then ¢ is toral and there ex-
ists a flag t; < --- < t, = £ of toral H-subalgebras of length r, such
that vean (t;) € F(W2(i)) for i = 1,...,r, but there exists no flag
] <--- <., = tof toral H-subalgebras.

The elements (4’,v') € 9, X;"(r) are characterized as follows: There
exists (A,v) € WZ(r), such that F(A,v) = vean (£), where £ is a toral
H-subalgebra, and an H-subalgebra [ with ¢ < [, such that F'(A’,v) €
W*(I) ¢ X*(¢). The H-subalgebra [ can be either toral or non-toral.

Notice that for the Aloff-Wallach spaces (discussed above), we have
X (1) = X>(1), Wi(1) = WP(t) = X ()\{vean (81), vean (2), vean (3)}
and 04 X (1) = {vean (81), Vean (82), Vean (€3)}-

Before we define the extended non-toral directions, we have to in-
troduce further subsets of W*. For a non-empty, proper subset I C
{1, - ,f} and t1,ty € R let U](tl,tg) € R! be defined by U[(tl,tg)i =1t
for i € I and vy(t1,t2); =to for j € I€. Let

PP(r) = WP(r) n | {(Av) € X[ 3(t1,t2) € R® 1w = vy(t1, t2)}

denote the soul of W=(r). By the Theorem of Tarski-Seidenberg P (r)
is a semialgebraic subset of ¥ (cf. [d, p. 60-62], [17, p. 268-269]). Notice
that

Ptz(r) = F(ptz("”))

equals the set of canonical directions in W;=(r).

In the next step, we show that the soul P=(r) of W2 (r) is compact.
Since P7(r) € X(r), we are left proving that P”(r) is closed. Let
(A(),v(a))aen be a sequence in PZ(r) with lima_o0(A(a),v(a)) =
(A(c0),v(0)) € XZ(r). With the help of Lemma 4,12, we conclude
that the two eigenvalues of canonical directions are bounded away from
zero, thus F/((A(c0),v(00)) = Vcan (£), where € is a toral H-subalgebra.
We obtain the claim by Remark p.43.

Now, consider the map vmin : RY — R; v +— min{vy,...,v}. Let
i€ {1,...,0}. Then {v € RY | v; — vmin(v) = 0} is a semialgebraic
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subset of RY. For r € {1,...,0 —1} with 9, X>(r) # 0, let

fti(r)
= {((Avv)v (A, 0") € BY(r) x 0, X7 (r) | {[F(A,0), F(A',v))] = 0}

A{ViE{L,. 0} v — vmin(v) = 0} = {V} — vpin(v)) = 0}}}.

Then, jtZJr(r) C ¥ x ¥ is semialgebraic. For ((4,v),(A",v')) € jta(r),
we have F'(A,v) = vcan (£) for a toral subalgebra ¢ = hdm; @- - -dm, and
F(A' V') € X*(®)\W=(#); that is, F(A’,v') is contained in the radial
boundary of the essential part X (£) of X*(£). We claim that jta(r) is
compact. Let ((A(a),v(a)), (A" (), v’ (0)))aen be a sequence in j,§+(r)
converging to ((A(o0), v(0)), (4’ (c0),v'(c0))) € PE(r) x 8. X (r). By
the very definition of jt2+ (r), the endomorphisms F((A(a),v(a))) and
F((A'(«),v'())) commute. Thus, the same is true for F'((A(c0),v(00)))
and F((A'(c0),v'(00))). Since the two eigenvalues of canonical direc-
tions are bounded away from zero, the claim follows.

With the help of the above defined sets we now define subsets of the
non-negative directions W* in order to give the inductive definition of
the extended non-toral directions Xz . For p € [0, 1], we denote by

ent*

X = ({01 = RF(A0) + kF(A V) |

r € (1], (4,0), (4',0)) € JF,(r)})

the p-essential part of X;°(r), where s : ToM{\{0} — 5 v = v/|[v]]
is the radial projection in TQJ\/ElG onto the unit sphere ¥. It follows
that the set XE ', (1), is compact and semialgebraic and that we have
X7 (r)y € X C W*. Notice

XiZp (r)o = {XZ (1) | vean (1) € B (1)}
The elements mx((1 — k)F(A,v) + kF(A’,v')) in X", (r)o determine
uniquely s, (A,v) and (A’,v") if k # 0,1. )
To see this, let ((4,v),(4",v),((4,9),(A,7)) € JZ (r) and let
K,k € [0,1]. We claim that if
s ((1 — R)F(A,v) + kF (A v’)) = 5, ((1 — R)F(A, %) + RF (A, 17’))

then k = &, (1—k)F(A,v) = (1—k)F(A, ) and kF(A,v') = &kF(A', ).
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We have F(A,v) = vean (t), F(A, D) = vVcan (~) for toral H-subalgebras
t, t. Furthermore, F(A’,v') € XE( ) and F(A',%') € X*(1) for H-subal-
gebras [, [ with t < [ and T < [. If the intersection of the two spher-
ical geodesic segments F(A,v)F(A’,v") and F(A,o)F(A’,#') contains
an interior point (of one of the segments), then t = t and F(A4’,v') =
F([l’ ,0'). If this intersection does not contain interior points, then
F(A,v) = F(A,0) or F(A',v') = F(A',#) and the above claim follows.
Hence, if (m5((1 — k(a))F(A(a),v(a)) + k(a) F(A (), v (@))))aen is
a sequence in XtE,Jr('r)o converging to mx((1 — k(00))F(A(c0),v(00)) +
K(00)F(A'(00),v'(00))), then we have
(5.44) k(a) — K(00),
(5.45) (1~ K{a) F(A(), o(@)) — (1 5(o0))F(A(o0), (o)),

(5.46) k(a)F(A'(a),v'(a)) — K(o0)F(A'(c0),v' (00)).

The next lemma guarantees that we can remove from the 0-essential
part XEJF(T)O of X;*(r) a small neighborhood of the soul PZ(r) of
WZ(r) € X7(r) in X7, (r)o controlling both the homotopy type of
the complement and its distance to P (r). Recall that eg JH = —%CG /H
with c¢g/p as in Lemma 412

Lemma 5.47. Forr € {1,... { — 1}, there exists ¢, > 0, such that
the following holds true: If v € Xi* (r)o\X7, (r)e,, then there exist a

toral H -subalgebra t, such that v € BEG/H (Vcan ().

Proof. Suppose that such an ¢, > 0 does not exist. Then, we ob-
tain a sequence ( (a))aen in X7, (r)o with v(a) € X7, (r)o\ X7, (r)1 N

W2(t(« ))\BEt (Vean (t(x))), where t(«a) is a toral H-subalgebra. Since

€G/H
X7, (r)o is compact, we may assume v(a) — Vs € XEJF(T)O. We con-
clude vy, € PF(r), that is vs = Vean (t) for a toral H-subalgebra t.
Contradiction. q.e.d.

Finally, we define the extended non-toral directions X2, and the
strong deformation retraction from X2, to the non-toral directions X2;.

Let € := min {eq,..., €1, %}
Step 1. If there exists no toral H-subalgebra, then we set X2, =
=W>.
nt

If X (1) # 0, but X(1) N X2 = 0, then X7(1) is a connected
component of VVZ In this case, we set X2, = WX\ X7(1) = X2 If

ent -
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X (1) N X2 # 0, then 0, X;°(1) N X2, # () by Theorem 5.3T. Let
H(1) :[0,1] x X7 (1)e = X7 (D) 5
(5,72 (1 = K)F(A,v) + kF (A", V)
= Ty ((1 - h(57 H))F(A,’U) + h(su R)F(Alavl)) 5
where h(s, k) = s+k—sk. The map H(1) is well-defined and continuous,
since (.44), (9.45) and (5.48) hold true. We obtain a continuous, strong
deformation retraction from X, (1), to XE+(1)1 =0, X;°(1). Now, let
Xeznt(l) = th,+(1)e U ngt‘
Since H(1)|[0,1]x(XE+(1)EmX§t) = id, the map H(1) can be extended to a
continuous, semialgebraic map
H(1): [0,1] x X5 (1) — X& (1),
with H(1)|[O,1]XX% = id. Let (1) = H(1); denote the corresponding
strong deformation retraction from X2, (1) to 9, X;°(1) U X2. Since
H(1) is semialgebraic, so is 7(1).

Step 2: In case X[°(2) = 0, we set X2, = X5.(1). If X;*(2) # 0,
but X;°(2) N X2, = (), then (7(1))~(X*(2)) is a connected component
of XZ,(1). In this case, we set X5, = X2 (D)\(7(1))" (X7 (2)). If
XF(2)NXE # 0, then 9, X7 (2) N X2 # 0.

Next, let the map H(2,2) : [0,1] x X", (2)e — X (2)c be defined
as above. We obtain a strong deformation retraction from XE ' (2)e to
X7 (2)1 = 04 X7(2). Let

XE

ent

(2.2) = X7, (2). UXE.
As above, the map H(2,2) can be extended to a continuous, semialge-
braic map

H(2,2):[0,1] x X2

ent
Let w(2) = H(2,2
traction from X2,
Let

(2,2) — X

ent

(2,2).

)1 denote the corresponding strong deformation re-
(2,2) to 04 X(2) U X2 Then 7(2) is semialgebraic.

XE

ent

(2) = 7(1) 7 (X5 (2,2)) -

Since (1) is continuous and semialgebraic, X2 (2) is compact and semi-

algebraic (see [, Exercise 2.3.9]). With the help of H(1) and H(2,2),
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we obtain a continuous map
H(2): [0,1] x X5:(2) = X5 (2),

which yields a strong deformation retraction from X2,
X

By induction, we obtain both the definition of the extended non-
toral directions X2, and a strong deformation retraction from X2, to
the non-toral directions X..

(2) to 01 X;*(2)U

Theorem 5.48. The set of non-toral directions XEt 18 compact, semi-
algebraic and a strong deformation retract of the set of extended non-
toral directions X2, .

Now, let us give a characterization of non-negative directions v € W*
which are not extended non-toral directions. Recall that we write
F(Av) =v e ToM§. Let v € WE\XZ5,. Then, v C W¥(t;) for a toral
H-subalgebra t;. Either v is contained in BEC:;H (Vean (1)) U WZ(ty) or it
is not (where W(t;) = X¥(t;)\ X7 (t1)). In the latter case, there exists
an H-subalgebra £ with € > t;, such that 7, (v) € X*(€2) where my,
denotes the radial projection defined in (5.36). Proceeding inductively,
we obtain toral H-subalgebras ti,...,t,, such that either

w=(my, 0 omy)w) € BE" (vean (tm)) U W (tm),

€G/H
or there exists a non-toral H-subalgebra £,,,1, such that
(7Ttm O---0 th)(’l)) S XZ(Em+1).

Corollary 5.49. For every direction v € W¥\ X3, , there ezists a
flag 1 < -+ < t, of toral H-subalgebras, such that either

(5.50) v € conv = (vean (tm) + 2, Vean (1), - - - » Vean (£1)),

where Vean (tn) + x € BEC:;RH(UCM (tm)), € ToMY and ||z|| < €G/H =
1

—5CG/H, OT

(5.51) v € conv Z(Z, Vean (bmn—1); -+ + ; Vean (t1)),

where & € W (t,) = X= (ty) \ X (tn).

Proof. From Lemma 5.47 and the definition of X2, it follows that if

(7, © - o7y )(v) € XZ (1), then there exists 1 < i < m — 1 with
g
(my 0+ omy)(v) € BGZG/? (Vean (tix1))- q.e.d.
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5.7. Scalar curvature estimates. In this section, we investigate,
which directions in W are not positive, that is, we examine for which
v € W¥ sc(y,(t)) does not tend to +oo for t — +o0. The scalar cur-
vature estimates provided below are quite involved. The key result is
Proposition 5.58. There, we are able to relate a priori independent
structure constants to each other.

We begin with the main results of this section. Recall that the non-
positive number —bg,y is nothing, but the trace of the Killing form.
Let UZ,(6) denote the open d-neighborhood of the extended non-toral

directions X2, in .

Theorem 5.52. For § > 0 there exists to(d) > 0, such that for all
v € L\UZ,(8) we have sc(v,(t)) < %bg/H for allt > to(5). Furthermore,

limy—, 4 o0 8C(70 (t)) <0.

Proof. Suppose, there exists § > 0 and a sequence (v(a),t())aen
with v(a) € S\UZ(9), t(a) > a and sc(yyq) (t(@))) > %bG/H. Let f,
be a good decomposition of v,,). We may assume v(a) — v € ¥ and
fa — f where f is a good decomposition of 7,. From Theorem 5.18, it
follows v € W*. Hence, v € Wz\ UZ.(8). By Corollary 5.49, we are in
position to apply Theorem §.54. This yields a contradiction. q.e.d.

Corollary 5.53. Let G/H be a compact homogeneous space. If G/H
admits no non-toral H-subalgebras, then the scalar curvature functional
sc : M§ — R is bounded from above.

The following theorem is our main result towards scalar curvature
estimates for homogeneous metrics on compact homogeneous spaces.

Theorem 5.54. Let G/H be a compact homogeneous space. Let
t < - <ty be a flag of toral H-subalgebras. Let v € W and suppose,
that either (5.50) or (p.5I) hold true. Furthermore, let (v(c))aen be a
sequence in X converging to v. Let fo be a good decomposition of vy (q)
Suppose that (fo)aen converges to a good decomposition f of ~,. Then,
there exists to > 0, such that sc(Vy(a)(t)) < %bg/H for allt >ty and all
but finitely many o.. Furthermore, lim;_ | o sc(7Vy(a) (1)) < 0 for a large.

Proof.

Case 1: Let v € conv® (Vean (tm) + 2, Vean (bm—1); - - - , Vean(t1)) Where
x € ToMY with ||z|| < eg/mr (cf. (. '5()')) As in the proof of Lemma 5.5,
it follows that (vean(tm) + &, Vean(tm—1),- - ., Ucan(t1)) are linearly mde—
pendent. It follows that the convex hull convE (Vean (tm)+2, « -+, Vean (t1))
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of the vectors vean (tm) + @, ... ,Vcan (1) € TQM? is a slice for
conv™ (Vean (tm) + T, ..., Vean(t1)) (cf. Proposition 5.10). Hence, v =
75, (vF) where
m—1
v = A (Vean (tm) + 2) + Y Ajvean (t) € ToMT\{0}
j=1

=y

with 0 < A; < 1and 77, A\; = 1. By induction over the length of the
toral flags t; < --- < t,,, we may assume A,; > 0. Another induction
shows that my  and mtn equal direct sums of eigenspaces of v. Since
A > 0 and vean (tn) +2 € W>(t,,), we conclude that the eigenvalues of
V|m,,, are strictly less than the eigenvalues of v|,,1 (cf. Proposition 5.6).
Thus, t,, is f-adapted for the good decomp0s1t10n f of Yo glven above.
Let I = Iy"(f) and I¢ = {1,...,£}\I. We obtain vf < vF for k € I
and j € I°.

Let vF(a) = vF 4+ w(a) with w(a) € ToM§ and 7s(vF(a)) = v(a).
In particular vF(a) # 0. Since v(a) — v, we may assume w(a) — 0.
By vk < v ,kel,jeI® we are in position to apply Lemma 5.55.
This ylelds

Z d;b;et (—=Am (V2 () +2:) =272 Ao () i (o)

’LEIC

SC(FYvE (a)

for t > to and « large, where w;(a) — 0. Since va(ty,) + 2 > eg g, we
get

1 1 1
sc(Yua (t)) < 3 Z dibie'"2e/i) < QbG/H
i€l
for t >ty and « large.
Case 2: Let v € conv (%, Vean (tm_1), - - -, Vean(t1)) With & € W>(t,,)
(cf. (5.51)). We may assume that 7 ¢ BGZC:;HH (Vean (tm)), since otherwise
we are covered by case 1. Let

2=, (%) € Opaa X (b)) N W= (tn)

(see Section 5.5). Consequently, v € conv > (x, Vean(tm), - - -, Vean(t1))
with # € WZ(t,,). As in the proof of Lemma &.5, it follows that
(2, Vean (tm)s Vean (tm—1), - - - , Ucan (t1)) are linearly independent. We get
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v = mx(v¥) where

’UE = )\m+1x + Z )\jvcan(tj) € TQM?\{O}
j=1

with 0 < \; <1, ZT:JEI Aj =1 and A\p41 > 0. As in case 1, it follows
that t,, is f-adapted for the good decomposition f of v, given above.
Hence, f is a good decomposition of v, (y,)- This implies that f is a

good decomposition of 4, as well. Let I and I¢ be defined as above.
We get o, < xjfork €l and j € I, and hence, v,f < vf for k € I and
jel’.

Let vF(a) = vF 4+ w(a) with w(a) € ToM§ and 7x(vF(a)) = v(a).
Since v(a) — v, we may assume w(a) — 0. Suppose 1 € I¥(f) = I and
im + 1€ IZ(f) C IC. Since x € 0paa X = (ty) and xp, < x5, k€ I, j € I
holds true, by Corollary §.33, there exists (io, jo, ko) € {I°}* with

[’iojok‘o]f >0 and Tiy — Tjg — Tho + Tipp4+1 = Tip+1 — T1 > 0.

By of < UJ-E, kel,jelI we can apply Lemma .55 and obtain

4-sc(y,p(t))
<y 9d;b; et (- XTm1 252 () = A 12— i (a)
i€l
_ Z [ijk]faet(*ET:ijz(tj)+>\m+1(xﬁwj*xk)ﬂbi(a)*@j(a)*lﬂk(a))
i,j,k€l€
< ot 002 () +F Am 41 iy, 1)

>0

—_——
- ( 3 2dbietOm1 (i = Ti 1))

i€l

— linjoko], €O+ o 10415 @) =it ()i, (a)))

< TN () Am 12 1) | ( ™ 2yl ()
i€l®

— linjoko], €O+ o 10415 @) =it ()i, (a)))
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for t >ty and « large, where w;(«) — 0. Since the structure constants
[ijk]f depend continuously on f and since fo, — f, we get sc(vu, (t)) <0
for t >ty and « large. q.e.d.

Lemma 5.55. Let t be a toral H-subalgebra, v € X and let f be

a good decomposition of v,. Suppose t is f-adapted. Let I = I(f),

€= {1,...,00\I and (v())aen be a sequence in ¥ with v(a) — wv.

Let fo be a good decomposition of V() and suppose fo — f. If for all

kel andjeIC v, < v; holds true, then there exists tg > 0, such that
for all t > tg and for all, but finitely many, o € N, we have

s¢(Vu, (1))
(5.56) < % Z dibiet(*vi(a)) _ i Z [ijk]faet(vi(a)*vj(a)*vk(a)).
ielC ijkeIC

Proof. By Lemma {.16, we have d;b; = 2dic; + 3_; e qrelijkls, for
1 <4 < /(. Since tis a toral H-subalgebra, we have m; < mg, hence my
is almost trivial. For ¢ € I, we conclude

dibi:Zij + 2 Z lijk] s, + Z [ijk] .,
Jkel jel kel® j,keIC

With the help of (4.14) we obtain

SC(’Yv(a) (t))
—V; (& 1 P Vi (X)—Vj &)=V (O
S ) LS i )
ieluI® i,j,k€IUIC
1
_ —Ze ~i(a)) { > liHs, (1 _ Eetwj(a)—vk(a)))
el kel
1
£ iy (2 ~ §€t<vk(a>—vj<a>>>
jel kel®
1
Y liHly. (1_5 (5 (@)= vp () _Qet(vm)—w(a)))
j,kel€

_ Z [i7K] (v (@) —vi(a))
jel kel®
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1 S [ikls et@vi(a)vj(a)vk(a))}
2 «@

J,kel®
1 | 1 y (@) (0)—
g 2 dibie ) 2 S [ g, ),
= i,j,k€I€

Note that it is enough to control the first term by the second. By as-
sumption, there exists € > 0, such that vy (a) —v;(a) > € for o large and
j eI, kel Now,suppose that there exists a positive constant C with

(5.57) Zzgk <C- Z lijk] .

J.kel jel kel
for : € I and o € N. Then

vy 1 Vi () =V (O . . 1 v (a)—v; (a
> [igkls, <1— iet( ()~ >>) + 3 lijkly. (2_ 5et( (@)= ( >>)

J.kel jelkel®
< Z[ij']fa + Z [igk] (2_ 56t6>
j,kel jeI kel
1
< > gy, (c+2— §et€>
jel kelC

and the desired estimate follows.

It remains to prove the estimate (p.57). Recall m¢ < mg. Since mg
is a compact subalgebra of g (Lemma {1.27) and since by definition mg
sums up almost trivial, isotypical summands of m, (5.57) can be con-
sidered an estimate for a sequence of Ad(H )-invariant decompositions
(fa)aen of mg. By the very definition of [ijk]f,, (9.57) is nothing but
an estimate for a sequence (é1(q),. .., €dim m(@))aecn of @-orthonormal
bases of mg converging to a Q- orthonormal basis (el, -+, €dim mg) Of M.

Consequently, we obtain the claim by Proposition &. 58-} q.e.d.

The following Lojasiewicz inequality is the key estimate for the proof
of Theorem 5.524. Note that standard estimates cannot be applied to
the above situation (cf. [4, Proposition 2.3.11]).

Proposition 5.58. Let G' be a compact, connected Lie group. Let
Q' be a biinvariant metric on G’ and let (€é1,...,€qim ¢) denote a Q'-
orthonormal basis of g'. Furthermore, let I C {1,... dim g’} and I¢ =
{1,...,dim g'}\I with 1 € 1. If ®;cr(é;) is an abelian subalgebra of ¢



HOMOGENEOUS EINSTEIN METRICS 141

and if (é1(c),. .., €dim ¢ (Q))aen is a sequence of Q'-orthonormal bases

of g’ converging to (é1,...,€dim o), then there exists C > 0, such that
Y- Q)¢ (@)’ <0 Y Qé(w) (@), w(@)?
j.kel jelkel®

for all but finitely many .

Proof. First, note that if I¢ = (), then g’ is abelian and the above
claim is obviously true. Hence, we may assume that I¢ # () and that
g’ is not abelian. Now, suppose that such a constant C' > 0 does not
exist. (In what follows, we will not distinguish between the original
sequence and its subsequences in order to make notation as simple as
possible. Furthermore, we will pass, whenever convenient, to a subse-
quence, without mentioning this explicitly.) We get

(5.59) > Q([e1(@), é5()], éx(a))?

j.kel

> Y Q). g(a)] én(@)? - gla)

jel kelC

where g : R — R with lim,—. g(a) = +00.

Suppose é1(a) € t(a), where t(a) denotes a maximal abelian sub-
algebra of g’. The subalgebras t(a) converge to a maximal abelian
subalgebra t(oo) of g’. Since maximal abelian subalgebras of g’ are con-
jugate, there exists a sequence (g,)aen of group elements in G’ with
Ad(g,)(t(e)) = t(oo) and lim,—oo g, — e. We gain a sequence of
Q'-orthonormal bases of g’ converging to (é1,...,€4im ¢) With é(a) €
t(oo) for a € N, again denoted by (é1(a),...,éqdim ¢(®))aen. Since
(5.59) is Ad(G’)-invariant, this sequence satisfies (5.59) as well.

Step 1: Let j € I. Since é1(a) € t(o0), we have

Er(a). (@] = > apla)r(@) +Zi(a) € too),
kel\{1,5}

where Zj(a) € ®pero(ém(a)) = (Bmer(ém(a)))t. From (5.59), it
follows |I| > 3. Now, suppose {2,3} C I. Then, we may assume
lags(a)| > laji(a)] for j,k € I and o € N. From (5.53), we get

lags(a)] > 0. Thus, limy—eo E;I;Em € [0,1]. Note that |agg(a)| is

bounded and that lim,—, o a23(c) = 0, since EBLI:H(éZ) is abelian. Again,
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by (5.59), we may assume that for all j € I\{1}, there exists k € I with

limg o0 (22 > 0,
a23(c
Step 2: For j € I\{1}, there exists k(j) € I\{1,j} with |a;;) ()] >
lajr(a)| for k € I and o € N. Since limaﬁm%&)g‘)' > 0, we have

lajk(j)(a)| > 0 for @ € N. We obtain

(5.60) [é1(a), ()] = ajp(j)(a) - (Ej(a) + X;(@)) € t(oo)™,
with

() = 7ajk(a) ér (o an (v :7Zj(a)
EJ( ) Z ) k( ) d X]( ) ajk(j)(a)-

rentiy %k (@

From (5.59), we deduce limg,—~ X;(a) = 0 and since EBLI:'2<éi> is abelian,

we get limg o0 ajp(j)(a) = 0. Let ¢(é1) < ¢’ denote the centralizer of
é1. Then, we obtain t(oc) C t(oc0) @ (é2,...,€) C c(é1). Since
(5.61) lim E;(a) =: Ej(o0) € ¢(é1) Nt(c0)t,
Qa—00 N——
#0
we conclude
(5.62) t(oo) C t(co) @ (E2,...,€7) C c(é1).

Step 3: We will show t(co) C ¢(t(oc0)), which is clearly impossible. To
see this, let us decompose é;(«) and é;(«), j € I\{1}, in the following
manner: é1(a) = d(a)-é; +7%(a), where r?(a) € t(c0), r?(a) L é1, and
éj(a) = tj(a)—i—u?(oz)—FYjQ(a) where t;(a) € t(00), u?(a) € c(é1)Nt(c0)*
and Y]?(a) € c(é1)*. We obtain

[1(a), &j(a)] = [rf(a),uj ()] + [e1(), V(o))

Ec(é1)Nt(co)L ec(ér)t

and from (5.60), we deduce

13 (), uf ()] = aji(y (@) - Preey) (Bj(a) + X)) € c(é1) Nt(00)

::E‘?(a)

Equation (9.61) implies limgy_ o0 E?(a) = FEj(o0) # 0 and we deduce
r?(a) # 0 for a € N.
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Set é3(a) = | ig LA Then, limg o é3(a) = & € t(o0) with & L &

and ||é?| = 1. Next, for j € I\{1} let ej(a) = t;(a) —|—u?(oz) € c(é1).
Note that by (5.62), it follows limg e é? (a) = éj. We obtain

(5.63) [¢3(a), &2(@)] = a2y (@) - (B3(@) + X2(a)) € c(ér) N (o)
where

B} () = prgin o, (F7(0)) € c(én),

X3(0) = B i s oy (B2 (@) € (@)

and a]k(j)( ) = i 2(()()”). Since limg— o0 EJQ( ) = Ej(c0) € ‘Z‘2<€z>

we get limgy—oo X 2( ) = 0, and since EB',Q(eZ) is abelian, it follows
limy— 00 a]k(])( @) = 0. This yields t(co) C ¢(00) ® (€2, ..., €)) C c(&3).
Since
(5.64) lim E7(a) = Ej(00) € ¢(é1) Nt(o0)™

a—00 jT)_/

we conclude with the help of (p.62)
(5.65)  t(00) S t(00) @ (Ea,...,é)y) C c(ér) Ne(éD).

By induction, we obtain the claim. q.e.d.

6. Homogeneous spaces of finite type

The scalar curvature estimates provided in Theorem 5.52 show that
W\ X2, does not contain positive directions. Since the extended non-
toral directions X2, and the non-toral directions X2, are homotopy
equivalent, we restrict our attention to positive directions in Xn . The
homotopy type of such directions and a Lie theoretical description of
it is of great interest, since this yields further Lie theoretically defined
invariants of compact homogeneous spaces guaranteeing existence of
homogeneous Einstein metrics.

We are not pursuing this here in full generality, but turn to homo-
geneous spaces G /H of finite type to whom we associate a simplicial

complex Ag}f}{ This simplicial complex is homeomorphic to the nerve
X > G/H of G/H, defined in Section il, and moreover, homotopy equivalent
to the non-toral directions X2, (Theorem f.10).
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For homogeneous spaces admitting at most finitely many non-toral
H-subalgebras, we will also introduce the extended simplicial complex
Ag};‘}{ of G/H. The simplicial complexes Ag}l}{ and Ag}l}{ are homotopy
equivalent, but in general not homeomorphic.

Definition 6.1 (Homogeneous spaces of finite type). We call a com-
pact homogeneous space G/H a homogeneous space of finite type, if
there exist at most finitely many minimal non-toral H-subalgebras.

The most elementary examples of homogeneous spaces of finite type
are homogeneous spaces GG/H admitting only one (iso-ordered) decom-
position f of m. Obviously, these spaces admit only finitely many
H-subalgebras. Examples are homogeneous spaces G/H of equal rank,
that is rk G = rk H. But there exist also many homogeneous spaces of
finite type which admit infinitely many decompositions f of m.

Lemma 6.2. Let G/H be a compact homogeneous space. If the nor-
malizer n(h) of b is contained in b, then G/H is of finite type.

Proof. Recall that Go/Hy is a finite covering space of G/H. By [10],
there exist at most finitely many Hg-subalgebras, hence at most finitely
many H-subalgebras. q.e.d.

Homogeneous spaces of finite type, e.g., triple products of Aloff—
Wallach spaces, may admit infinitely many non-toral H-subalgebras.
Furthermore, note that the product of two homogeneous spaces of fi-
nite type does not have to be of finite type anymore, for instance
SU(2) x SU(2)/{e} is not of finite type.

6.1. The simplicial complex of homogeneous spaces of finite
type. To every compact homogeneous spaces G/H of finite type, we
will associate a simplicial complex Ag}% We show that there exists a

realization Xq, g C TQMlG of ABI% homeomorphic to the nerve X g IH

G/H
of G/H.
Let {¢},... € } denote the minimal non-toral H-subalgebras of g and
consider the finite set

V.= {El,... ,EN}
of H-subalgebras, generated by these subalgebras, i.e. £; = <{%;k1, e ,Efp),

where 1 <41 < --- <4, < m. The set V is partially ordered by the
inclusion relation. We will call flags ¢;, < --- < &;, with €; C &1 of such
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H-subalgebras H-flags. Notice that not every flag of H-subalgebras is
an H-flag.
The set of H-flags itself is ordered in the following manner:

b, <<, C ty <"'<Ei§n/

if and only if for all j € {1,...,m} there exists an index j' € {1,...,m'}
with &, = Ei;/. The simplicial complex Ag}l}{ of a compact homo-
geneous space G/H of finite type is the corresponding flag complex
(cf. (18, p. 28], [46]).

Definition 6.3. For an H-flage =¢;, <--- <§,  let

Ae = Ay, b, = conv & (vean (8, - -+, Vean (85,,)),
AY = 7x(A).
Recall that mx(v) = v/||v||. Furthermore, let
Fo g = {e| e maximal H-flag}
denote the set of maximal H-flags and let

Xg/H = U Ae and X(X;:/H:WZ (Xg/H)

6€Fg/H

The nerve X, (Z; JH of G/H is a subset of the non-toral directions X2:.

Proposition 6.4. Let G/H be a compact homogeneous space of finite

type. Then, Xq/g is a simplicial complex isomorphic to Ag}r}{

Proof. Let e = &, < --- < &, be an H-flag. Since, by Lemma 5.5,
the vertices of A, are linearly independent, e and A, are isometric as
simplices. Let ¢ = by < .-+ <ty bea second H-flag. We have to
show Ac N Ay = Agrr. "

Let v € A¢ and let f be a good decomposition of «,. Then, by Corol-
lary 5.8, we have myyy) = &, for j € {1,...,m}. As a consequence,
A, N Ay =0 if and only if eNe’ = (). Furthermore, A.ner C Ae N Ay
We claim that the other inclusion holds as well. To see this, let wy €
AN Ag. Since wy € A, there exists a good decomposition f of vy,
such that h & m g = [; is an H-subalgebra. As explained above, we
have [} = &, = Ei;d for ky € {1,...,m} and ¥ € {1,...,m'}. Next,
let e! = Eikl < Eilirl < e and ¢! = Ez;/ < Ei;c/+1 < e < EZ:n’
Then, we have w; € A, N Ao by Corollary 5.8 If w1 = vean (I1),
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then w; € Agner follows. If wy # vean (I1), then &' = b <<t
and &' = Ei2/+1 < e < Pi;n , are non-empty H-flags. The half ray
{Vcan (1) + s(w1 — vean (1)) | s > 0} intersects Az and Ay, say in wy
and w), respectively. If wy # wh, then we may assume, that ws lies in
the interior of the segment conv ¥ (vean (I),wh). But this is impossible
by Corollary 5.8. Thus wy = w). Inductively, we obtain an H-flag
e = Eikl <0 < Eik* Cene with w; € Agr. q.e.d.

Proposition 6.5. Let G/H be a compact homogeneous space of finite
type. Then, the simplicial complex Xq g and the nerve X(Z;/H of G/H
are homeomorphic.

Proof. Recall that by Proposition 5.10}, for a flag e of H-subalgebras,
the simplex A, is a slice for m(A.). In particular, 75 : A, — mn(A)
is injective. In order to show that 7y : Xq/p — X(Z;/H is injective as
well, suppose that there exist two maximal H-flagse =€, <--- < ¥,
and e = by <o < by with wy € A, and ajw; € Ay for ap # 1.
Since wy € A, there exists a good decomposition f of vy, , such that
h® mywy oy = ho myeren gy = [; is an H-subalgebra. By Corollary 5.8,
we have [ = Eikl = E"Z/' If wi = vean (l1) Or Qw1 = Vean (I1), then
a1 = 1 would follow. Contradiction.

Now, let the H-flags é! and &'! be defined as in Proposition §.4. Then,
we have w; € conv ©(vean (I1), Az1) and ajw; € conv ®(vean (1), Agn).
The half ray {vean (1) + s(w1 — vean (1)) | s > 0} and the half ray
{Vcan (1) + s(@1wi — vean (1)) | s > 0} intersect Az and Az, say
in wy and w), respectively. If wy and w) are linearly independent,
then we may assume that there exists as # 1, such that aswsy lies in
the interior of the segment conv ¥ (vean (1), w}). By Corollary 5.8, we
obtain a contradiction. Hence, wh = aowsy for as # 1 and wy € Aa,
aswy € Agi. By induction, we obtain the claim. q.e.d.

6.2. The strong deformation retraction. We turn to the main re-
sult of this section. For compact homogeneous spaces of finite type, we
will construct an explicit strong deformation retraction from the non-
toral directions X, to the nerve Xg/H of G/H.

Recall that the partially ordered set V of vertices of the simplicial
complex Ag}rj{ consists of H-flags of length one. It is convenient to
define the set of s-minimal vertices of V', s > 1: Let Vi denote the
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set of minimal elements in V, that is the set of minimal non-toral
H-subalgebras, let V5 denote the minimal elements in V'\V} and so on.

Remark 6.6. Let £ € V; be an s-minimal vertex of Ag%‘q Then,

there exists m > s and a maximal H-flage =&, <--- <#¥, € Fg/pg
with ¢ = ¢;,,. Furthermore, there exist no e € Fg JH with ¢ = € for
§ > s+ 1. Note, however, that there might exist e € Fig gz with £ =&,
for § < s — 1. For instance, if G/H = SO(7)/SO(2) x SO(2) x SO(2),
then the H-flag s0(2) @ s0(2) & s50(3) < s0(2) & s0(5) and the H-flag
50(2) ®u(2) < so0(2) ®so(4) < s0(2) ®so(5) are maximal.

Let us now write the set Vy of s-minimal vertices in V' as a disjoint
union:

Vs = Vi(max) U Vy(ext),

where V;(max) denotes the set of those vertices in Vs which are maximal
inV. For ¢ eV, let

st(t) ={eeFgple=1t, <---<t<---<t,}

denote the set of H-flags containing the vertex £, that is st() is the
simplicial neighborhood of the vertex ¢ (the star of the vertex £). Let

Mg/ (s) = Urev, (max)st(8), Xg/m () = Ueeng, y(s)Ae and
X(Z}/H(S) = m(Xa/u(s))-

Then, we have

N
(6.7) Xem = U XGus)

s=1
Next, for £ € V(ext) let
Fg(E) = {e:?il <”’<Eim EFg/H|
dj e {2,. .. ,m} (EC Eij and Ei]’—l S Uizlvr}.

For fixed e € F%(£), the index j is uniquely determined, but j may vary
as e varies. We introduce the following notation for ¢ € Vi(ext) and
e € F&(8):

(6.8) tle) =¥

ij-
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There are three possibilities: £(e) € Vsii1(max), t(e) € Vipi(ext) or
tle) € UN_ V. Let Fg, (8), FS,(8) and F§S+2(E) denote the corre-
sponding subsets of F'%(£). Then,

FE(8) = Fir(8) U FG,(8) U FS,5(8),
Furthermore, for ¢ € V(ext), let

V23+1(E) = U {E/ € VJ | t Cax ?/},
j>s+1

C¥(Vagr1(®) = €% (vean (B), Urers,, o X=(¥))

(cf. Definition §.37). Here, € Cpax € means, that € C € and that there
exists no vertex ¢ € Ag}f}{ with € C e C ¥.

More generally, for an H-flag e =&, <--- <, <--- <¥, and for
7 >2, let

C*(e, ;) = C”(vean (£,), C¥ (..., C™ (vean (&,_, ), X7 (8;)) ...)).
For j =1, we set C¥(e, &;,) = X (&;,). If we consider v € C*(e, ¥;,) as
an endomorphism «,, then the eigenspace corresponding to the smallest
eigenvalue of «, is either m for an arbitrary H-subalgebra [ with [ > ¢;,
(see Theorem p.31) or given by mg, for m e {1,...,j — 1}.

Lemma 6.9. Let e, =&, <--- <&, _,,e=e <l ande, = by <
o<ty ¢/ = ¢, <ty be H-flags. Then, we have:

J J

1. If <Eij,éi/.,> <4, EZ‘]., Ei’,, € UfYZSVT and Eij—l’ Ei’,, ) € Ui;%‘/}, then
J J 3=
Cz(ev Eij) N Cz(elv Ei’.,) = 02(6* N 6; < <Eij7Ei’.,>7 <Eig'7?i’.,>);
J J J
2. If (¢, 6 ) = g, then C>(e,t;,) N C¥(e/ by ) = AZ
J J

exNel. *

Proof.
For 1: The inclusion “D” is obvious. For “C”: Let v € C*(e, ;) N

C* (e, £ ). Then, there exists a good decomposition f of 7,, such that
h o mIi)(Jf) = [ is an H-subalgebra. If EZ-;/ < I, then v € XE(Ei;_,)
by Theorem 5.31. Since Ei;, e ULV, and &,_, € USZ1V;, we cannot
have I; = ¢, for m € {1,...,j —1}. Hence, [; > £ and we conclude
v e XZ(&].). By Theorem 5.311, we get v € XZ((EZ-J.,EZ-;/>).

We are left with the case [; = ¢;,, = ¢  form € {1,...,j — 1}
and m' € {1,...,5/ —1}. If v = vean (), then we are done as well. If
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U & Vean (11), then by the very definition of C*(e, ;) and C*(¢/, €y ),
J
we have mp, (v) € C¥(e, ;) N C¥(¢’, b ) where m, denotes the radial
R J

projection as defined in (p.3G). By induction over the dimension of [y,
we obtain the claim.

For 2: The inclusion “D” is again obvious. For “C”: Let v €

C*(e,t;;) N C*(¢, &y ). Then, there exists a good decomposition f of
J

v, such that b & myp = b is an H -subalgebra. It is easy to see that

we cannot have Ei]. < I;. Thus, we are left with the case [} =¢; =€ )

forme{1,...,j—1} and m' € {1,...,7 — 1} and the claim follows as
above. q.e.d.

Before we give the proof of the main theorem in this section, let us
explain why canonical directions veay (€), € not being contained in V,
are (first of all) not important for determining the homotopy type of
the non-toral directions X..

Ucan(<E17E/1>) = XE(<E17E/1>)
XE(El) ° 'Ucan(kl)

Ucan (E2)

® Ucan (Ell) XE(E’l)

Figure 2.

In Figure 2, we assume that only four H-subalgebras exist all be-
ing non-toral: £, ¥ are minimal non-toral H-subalgebras, ¢ C ¢ and
(81, €)) is a maximal H-subalgebra of g with X ((€1, ) = vean ((£1, 8))).
We have W* = X2 = X>(&)UX>(¥)) since there are no toral H-subal-
gebras. Obviously, the homotopy type of the non-toral directions X2 is
already determined by considering the flag complex of all H-flags, that
is, we do not have to take care of the H-subalgebra £. But we also see
that in this special case, we might consider all flags of H-subalgebras in
order to describe the homotopy type of X2;.
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Theorem 6.10. Let G/H be a compact homogeneous space of finite
type. Then, the nerve Xg/H of G/H is a strong deformation retract of

the non-toral directions X>;.

Proof. We will proceed by induction over s > 1 in order to show, that
there exists a strong deformation retraction from X to

K = U Xaml) v VL(J ){02<e,e<e>>reeF9<e>}.
J= € Vs (ext

Then, by (b.7), the claim follows.

Step 1: Let s = 1 and ¢, € Vj(max). By Theorem 5.31, X*(¢;,) is
a connected component of X2 and by Theorem §.25, X*>(¢;,) is con-
tractible. Hence, there exists a strong deformation retraction from X2
to Xg/H(l) U{X>(t;,) | &, € Vi(ext)}.

Next, let &, € Vi(ext). Since C*(V>o(t;,)) is the spherical cone
of the compact semialgebraic set Upers, +1(gi1)X > (¢') over the vertex
Vcan (8, ) it follows, as in the proof of Theorem p.33, that there exists a

strong deformation retraction from X>(&;,) to C*(V>a(€;,)). For any
;€ Vi(ext)\{t, }, we obtain in the same manner a strong deforma-

tion retraction from X* (k) to CZ(VZQ(EZ‘/l )). Since by Theorem §5.31
XE(t,) N X* (by) = XZ((EZ-NEZ-Q), both these deformation retractions
can be extended to a continuous, strong deformation retraction from
X*(8,) U XZ(Pifl) to C*(Vaa(t;,)) U CE(VEQ(E%)). Proceeding induc-
tively, we obtain a continuous, strong deformation retraction from X
to X P / (D).

Now, let s > 2 and suppose that we have already constructed a strong
deformation retraction from X2, to XE/H(S —1).

Step 2: Let &, € Vs(max). By Theorem &.25, there exists a strong
deformation retraction from X*(£;,) to vean(8.). Let e € st(&,) be a
maximal H-flag. We obtain in a canonical manner a strong deformation
retraction from C*(e, €;,) to A € Xg/H(s).

Note that for two H-subalgebras £, with €, < & the radial pro-
jection my, from C= (81, X (€2))\{vean (£1)} to X*(E2) C X', given by
e, (v) = ¢ (s9), is continuous (for the definition of s, and s see (5.34)

v

and (5.38)). Hence, any continuous map H(2) : [0, 1] x X¥(€2) — X *(£2)
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can be extended in a canonical manner to a map

H(1):[0,1] x C=(1, X (b)) — CZ (b, X ¥ (k2)) ;
e Sy | o0
(1,0) { i o) (B H @m0 0 # ean(8)

Vcan (El)a U = VUcan (El)
Since the maps s,s?, H(2) and % are continuous, so is H(1). We de-
fine the above mentioned deformation retraction and the corresponding
homotopy now inductively.

For any €’ € st(&;,)\{e}, we obtain in the same manner a strong defor-
mation retraction from C*(¢,¢,) to A%. By Lemma 6.9, 1. this yields
a strong deformation retraction from UeESt(EZ.S)CZ(e, £;.) to UeESt(EZ.S)AeZ.
As a consequence, there exists a strong deformation retraction from
Ueest (e, )C’E(e,éig) t0 Ueest(e, ) Qe for any & € Vi(max). Since we have
(&, , & ; = g for &, # &, bys Lemma .9, 2. this yields a strong defor-
mation retraction from

{Cz(e £) | €€ Vy(max), e € st(E)}
{Cz (e, 8(e)) | € € Vi_y(ext), e € anax(é)}
6

to XG/H( s) (see (6.8) for the definition of £(e)), and from XG/H(s —1)
to

U XZ, () U {Cz(e,é(e)) € V,_i(ext), e € FS,(£) U FZ%H(E)}

Step 3: Let &, € Vi(ext). As above, we obtain a strong deformation
retraction from X>(¢;_) to C*(V>s41(8,)) and from Ue@t(gis)CE(e, £.)
to

{C™(e,8) | €€ Vo (), e € st(€) Nst(e;,)].

For any & € Vi(ext)\{t,}, we obtain in the same manner a corre-
sponding strong deformation retraction. We have either (¢;,,€;) = g or
(6, ;) € UM V. In the latter case, there exist £ € Vszy1(E;,) and

S VZSH(E/S) with (&,,¢,) > € and (Ezg,k ) > ¥. By Lemma 6.9, we
obtain a strong deformation retraction from

{C’Z(e,E(e)) e € V_y(ext), e € Fext(é)}
- {02(6,9) | € Vy(ext), e € st(E)}
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to B = Uy, J€Va(ext) {C¥(e,8) | € € Vauqu(ty,), e €st(t) Nst(l,)} and as
above from XG/H( —1) to

Ui 1XG/H( )UBUC,

where C = {C*(e,t(e)) | € € Vi_1(ext), e € F>S+1( )}. It remains to
show that

A= |J {cPetie)] e Fr)}=BUC
€, €V (ext)
We clearly have BUC' C A. For “A C BUC™: Lete =&;; <--- <¥t;,_,
b.(e) <---<¥, €F%(&,) for &, € Vy(ext). By definition, eis C (e ).
If ¢;,_, € Vi, then we have C*(e, ¥, (e)) C B, since &, , Cmax &, (€). If
k., € USZ1V;, then we have C*(e, &, (e)) C C. q.e.d.

6.3. The extended simplicial complex. Let G/H be a compact ho-
mogeneous space, such that there exist at most finitely many non-toral
H-subalgebras. Then G/H is a compact homogeneous space of finite
type. Recall that the converse in not true. The set of non-toral H-sub-
algebras is partially ordered by the inclusion relation. The extended
simplicial complex Am;r}{ of G/H is the corresponding flag complex.

Certainly, we have Amy}{ C Amyl but equality does not hold in gen-
eral: For instance, let G = SO(9) and H = (SO(3) - U(1)) x SO(3),
where SO(3) - U(1) < U(3) < SO(6). Then, ¢ = u(3) ® so(3) and
ty = 50(6) @ s0(3) are the only H-subalgebras of g (cf. [45]).

As in Definition p.3, we can now define a simplicial complex XG JH-
It follows as in Section p.1!, that Ag%‘q and X /p are isometric and that

Xg/H and X(Z;/H = WZ(Xg/H) are homeomorphic.

Proposition 6.11. Let G/H be a compact homogeneous space. If
there exist at most finitely many non-toral H-subalgebras, then XG/H ]

a strong deformation retract of X
Proof. The proof is the same as in Theorem §.10. The only difference

is that the set V, of s-minimal vertices is now a subset of the set of all
non-toral H-subalgebras of g. q.e.d.



HOMOGENEOUS EINSTEIN METRICS 153

Corollary 6.12. Let G/H be a compact homogeneous space, such
that there exist at most finitely many non-toral H-subalgebras. Then,
Am;r}{ and AG/H are homotopy equivalent.

This result is a purely Lie theoretical fact about H-subalgebras. Note
that the extended simplicial complex is sometimes more convenient to
work with, since we do not have to check, whether or not a non-toral
H-subalgebra is generated by minimal non-toral H-subalgebras.

7. The simplicial complex of arbitrary homogeneous spaces

If G/H is a compact homogeneous space, such that the normalizer
n(h) of f) in g equals b, then G/H is of finite type (Lemma b, 2) and in

min

Section 6.1 we have assigned to G//H a simplicial complex AZ H

If b is a proper subalgebra of n(h), then there exists a compact com-
plement mg of h in n(h). Let T" denote a maximal torus of the compact,
connected Lie group with Lie algebra my. We call an H-subalgebra £
T-adapted if £ is invariant under the adjoint action of T. A non-toral
T-adapted H-subalgebra £ is called 7T-minimal non-toral if a T-adapted
H-subalgebra ¢ with € < £ must be toral. The set of T-adapted non-
toral H-subalgebras, generated by T-minimal non-toral H-subalgebras,
is finite and partially ordered by the inclusion relation. The simplicial
complex Ag JH attached to G/H and T is the corresponding flag com-

plex (cf. Section B.1 or Section 1}). Vertices correspond to flags of length
one, edges to flags of length two and so on. Notice that if n(h) = b, the
above definitions make also sense for 7' = {e}. In this case, we have, of
course AG JH T Ag}r}{

Let G/H be a compact homogeneous space. Since in case h = n(h) all
the results stated subsequently are trivial, we may assume h < n(h). In
this case, there exists a compact subalgebra mg of g (cf. Lemma {.27),
such that n(h) = h ®mg (cf. Lemma 1.28). Let T be a maximal torus
of the compact, connected Lie group with Lie algebra my.

Suppose that H is connected. Let t < mg denote the Lie algebra of
T. Then, we have m = t&® (t- Nmo) @ my. The Lie groups H and T act
via the adjoint action on these three summands of m in the following
manner: H and T act trivially on t, H acts trivially on t- N'mg, but T
does not and H does not act trivially on m(J)-. We obtain

t=homiomiom)
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for each T-adapted H-subalgebra £, where m% ct, m% C t- Nmy and
m3 C my-.

Lemma 7.1. Let G/H be a compact homogeneous space with both
G and H connected. Suppose that G/H has finite fundamental group.

Then, T-minimal non-toral H-subalgebras are in one-to-one correspon-
dence with minimal non-toral T H -subalgebras of G/TH.

Proof. Since n(h @ t) = h @ t, there exist at most finitely many 7 H-
subalgebras of g, all being non-toral (cf. Lemma6.2). Let h®tdmidms
be a minimal non-toral T H-subalgebra and let m¢ = [m§, m§]@[m§, m§];.
Then, &€ = h & m} @ m§ © m§ is a T-minimal non-toral H-subalgebra.

Vice versa, let £ = h @ mé & mb @ m} < g be a T-minimal non-toral
H-subalgebra. Then, hHtd mg @mg is a subalgebra of g invariant under
the adjoint action of both 7" and H. Since G/H has finite fundamental
group, this subalgebra is a proper subalgebra of g, and hence, a minimal
non-toral T'H-subalgebra (cf. proof of Proposition i7.5). q.e.d.

It is necessary to assume that G/H has finite fundamental group, as
the homogeneous space S x §3/{e} shows.

Corollary 7.2. Let G/H be a compact homogeneous space. Then,
there exist at most finitely many T-minimal non-toral H -subalgebras.

The set of H-subalgebras, generated by the T-minimal non-toral
H-subalgebras is finite and partially ordered by the inclusion relation.
We will call flags of such H-subalgebras T-adapted H-flags. The sim-
plicial complex Ag /H attached to G/H and T is the corresponding flag
complex.

If H is connected, then the simplicial complex Ag JH does not depend
on the choice of T, since the maximal tori of the compact, connected
subgroup of Ng(H) with Lie algebra mg are all conjugate to each other.
In Section ii, we have defined the simplicial complex Ag JH = Ag /H of

G/H and the simplicial complex Ag/rp = Ag/}TH = AE%H of G/TH.

Proposition 7.3. Let G/H be a compact homogeneous space with
both G and H connected. Suppose that G/H has finite fundamental
group. Then Ag g = Ag/TH-

Proof. We have to show Ag/H = Ag%H By Lemma 7.1, the T-
minimal non-toral H-subalgebras and the minimal non-toral T'H-sub-

algebras of G/T H are in one-to-one correspondence. More generally, to
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any T H-subalgebra & = h @ tEB m2 &) m3, we can assign a T-adapted
H-subalgebra ¢ = h @ m¢ @ m2 ® m3, where m¢ = [mé, m], @ [m§, m§].

Next, let ' = h ot m2 &) m3 be a further T'H-subalgebra and let
[ = h@mﬁ @mé @mé denote the corresponding T-adapted H-subalgebra.
Let 8 = ¢t and [' = [ @ ;. Since £ and [ are invariant under the
adjoint action of T'H, we obtain [¢4,['] C &+ 1+ [e,1] C (¢ [). Proceeding
inductively yields (,[) &t = (€', ['). Therefore, (¢',[') corresponds to
(€, 1) via the above assignment.

We conclude that Ag};nT y can be considered a subcomplex of Ag JH

Since G/H has finite fundamental group, there exists no T-adapted
H-subalgebra, generated by T-minimal non-toral H-subalgebras, which
corresponds to g, thus AG%H = AE/H q.e.d.

For compact homogeneous spaces M™ = G/H with finite fundamen-
tal group the connected component of the semisimple part of G, which
contains the identity, acts transitively on M™. If M™ is simply con-
nected then the isotropy group of this action is connected. Hence,

=G /H where G is semisimple and H is connected. By the very
deﬁmtlon of the simplicial complex of such homogeneous spaces, we have
Aa = Aga i where H, denotes the semisimple part of H.

Remark 7.4. The dimension of a compact, connected, simply con-
nected, semisimple Lie group G acting almost effectively on M™ is
bounded between n and %n(n—k 1). Hence, there exist only finitely many
such groups acting transitively on M™. For each of these Lie groups,
there exist (up to conjugation) at most finitely many connected, semi-
simple Lie subgroups. Therefore, it is a finite task to compute these
simplicial complexes up to a fixed dimension.

By contrast, recall that in dimension seven and each dimension greater
than or equal to nine, there exist infinitely many homotopy types of sim-
ply connected compact homogeneous spaces (cf. [35]).

Finally, we turn to simply criteria, which imply that the simplicial
complex Ag JH of a compact homogeneous space is contractible.

Proposition 7.5. Let G/H be a compact homogeneous space. If
G/H has infinite fundamental group, then either A(T;/H s contractible

or AE/H =0 and G/H is a torus.
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Proof. If g is abelian, then AE/H =( and G/H = T"™. So, suppose
that g is not abelian. Let T" be a maximal torus of the compact, con-
nected Lie group with Lie algebra mg: Since by assumption G/H has
infinite fundamental group, g = a ® ¢/, where a is an abelian, Ad(TH)-
invariant subalgebra of g, and g’ is a non-toral H-subalgebra of g con-
taining b, which is invariant under the adjoint action of T'. We conclude
Ag JH # (). Furthermore, all T-minimal non-toral H-subalgebras of g
are contained in g’. It follows that the subalgebra g” generated by all
T-minimal non-toral H-subalgebras is T-adapted and a proper subal-
gebra of g, hence an H-subalgebra. This implies that Ag JH is a cone
over g”. q.e.d.

Corollary 7.6. Let G/H be a compact homogeneous space. If there
exists an H-subalgebra g’ containing all T-minimal non-toral H -sub-
algebras of g, then Ag/H is contractible.

8. Variational methods

In this section, we apply variational methods to the scalar curvature
functional sc : MlG — R of compact homogeneous spaces G/H, admit-
ting a non-contractible simplicial complex Ag JH in order to prove the
existence of a critical point. More precisely, we show that there exists a
critical point g, such that the augmented coindex of the scalar curvature
functional at g is bounded from below by the homological dimension of
Ag H Finally, we indicate how Lyusternik—Schnirelmann-theory can
be applied.

The following theorem is our main existence result on compact homo-
geneous Kinstein manifolds. Recall that the empty simplicial complex
Ag JH is non-contractible.

Theorem 8.1. Let G/H be a compact homogeneous space. If a sim-
plicial complex AE/H of G/H is not contractible, then G/H admits a
G-invariant Einstein metric.

Proof. First, we consider the case n(h) = h. Then, G/H is a homo-
geneous space of finite type and Ag o= Ag%‘q If Ag o= (), then the
claim follows from Tl}(forem 5.22. Now, suppose AL JH # (. With the
help of Proposition .5, we conclude that G/H has finite fundamental
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group. By Lemma 5.20, we may assume that the set of extended non-
toral directions Xz, is a proper subset of the unit sphere ¥ in T, QM?.
Since X, is a compact, semialgebraic subset of ¥ (Theorem 5.48), by
Theorem 1 in [2], there exists an open neighborhood U* of X2 in %,
such that X2, is a strong deformation retraction of U*. Let § > 0, such
that the open §-neighborhood U2, (8) of X2, in ¥ is contained in U™.

We define the open truncated cone
C(U= t0(6)) := {7(t) | v € U=, t > t5(8)} C ToM§

over U* with to(6) > 0 as in Theorem 5.52. Hence, for all directions
v € B\UZ(6) D X\U*, we have sc(7,(t)) < (1/2)bg/y for all ¢ > to(0).
This implies that there exists a positive constant scy > 2sc(Q) > 0,
such that {sc >scy} € C(U,tp(0)).

Since the nerve X, g IH of G/H is compact, by Proposition .G, there
exists Ty > to(d), such that for all ¢t > T and all v € Xg/H we have

sc(Vu(t)) > scy. We define the cycle
(8:2) Bi= {n(To) | v € XZ,1} € fsc > se4} € CUZ, to(8))
and the contractible cone

A= {n()|ve X§/H, 0<t<Tp}

over B. By Proposition 5.6, we have sc(p) > 0 for all p € A. Since A is
compact, there exists e > 0 with A C {sc > €}.

We claim that B is not contractible in C(U*,t0(5)). To this end,
recall that Ag JH and Xg /i are homeomorphic (Proposition 6.5), and
that we have the following inclusion chain:

X C Xop C Xy C Uz (6) U™,

ent

There exist strong deformation retractions from U> to X2, (by choice of
U%) from X2

2t to X2 (Theorem 5.48) and from X2 to X /i (Theorem
.10). If B would be contractible in C(U*,#0(6)), then X(Z;/H would be
contractible in U*. This would imply that X g JH is contractible and we
would obtain a contradiction.

By [10], the set Z = {g € MY | (Vz2sc), = 0} of critical points is
compact. Hence, there exists a smooth positive function ¥ on MlG with

U =1 ClOSG to Z, Wlth )\ (g) = m far away fI'OIl’l A and Wlth
L
1 G -
U < TV a5 Here, || - ||; denotes the norm on T,M{ induced by the
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L%-metric. We obtain a smooth vector field X (g) = ¥ (g) - (V2s¢), on
M§ with | X|| < 1.

Let g(t) be an integral curve of X. Since (M{, L?) is complete and
||.X || is bounded, g(t) is defined for all ¢ > 0. We have

d

2 selg(t)) = ¥ (g(t)) - [V 1250)g(9 30 2 0

Let ® denote the flow of X. Since ®,(B) C {sc >sc} C C(U*,ty(d))
for all u > 0, there exists p, € A with sc(®,(p,)) < scy for all u > 0;
otherwise, there would exist ug > 0, such that ®,,(A) C {sc > sc4} C
C(U*,t0(8)) and we would obtain an explicit contraction of ®,,,(B) in
C(U*,t(9)).

Next, let (p;);en subconverge to ps, € A. We have sc(®;(pss)) < st
for all j € N and it follows

J
/0 W (@4(poo)) - (T 225¢)a (o [,y 5 < 564 — 5C(Po(poc).

This yields a Palais—Smale sequence of sc : M{' — R, hence by [i{] the
existence of a G-invariant Einstein metric on G/H.

Now, suppose h < n(h), where n(h) = h ® mg. Let T be a maxi-
mal torus of the compact, connected Lie group with Lie algebra my. We
consider the restriction of the scalar curvature functional to the subspace
(MF)T € M of metrics which are invariant under the adjoint action
of both H and T (see Lemma #.28). Note that an H-subalgebra ¢ is
T-adapted if and only if the canonical direction veay, (£) of £ is contained
in T Q(MIG)T. All results provided in Sections & and 6 can be applied
to sc : (MP)T — R, since there exist only finitely many 7-minimal
non-toral H-subalgebras (Corollary i.2). Therefore, the simplicial com-
plex Ag JH associated to G/H and T provides information about high

energy levels of the scalar curvature functional restricted to (M$)7. The
claim follows now as above, since (M{)7 is invariant under the Ricci
flow. q.e.d.

For the compact homogeneous space G/H = SU(4)/U(2), where
U(2) € SO(4) NSp(2), Figure 3 shows the graph of the scalar curvature
functional sc : M{' — R.
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Figure 3. Scalar curvature functional on SU(4)/U(2).

In this case, the set B consists of three points g1, g2, g3, such that
(sc(g1),91), (sc(g2),92) and (sc(gs),gs) are located on the three con-
nected components of the highest energy level visible. The base point
(sc(@), Q) is a point on a lower energy level (say below the lower saddle
point) and the cone A would correspond to a union of three curves join-
ing (sc(®), Q) with (sc(gi), i), i = 1,2,3. Then, applying the gradient
flow ® to the cone A, the points p, € ®,(A) having the lowest energy
among all p € ®,(A), will converge for u — +oo to the lower saddle
point.

The coindex (augmented coindex) of a critical point g € M§ is by
definition the dimension of the maximal subspace of T,M{ on which
the Hessian of sc : M{ — R is positive definite (semi-definite).

Lemma 8.3. Let G/H be a compact homggeneous space. Suppose
that for a field F and for ¢ € Ny, we have Hq(Ag/H,IF) % 0. Then,

G/H carries an FEinstein metric g € M? whose augmented coindex is
greater or equal than g+ 1.

Proof. Suppose n(h) = h. We will invoke Theorem (5) in [25]. Let
B be as in the proof of Theorem 8.1 and let o’ be a non-trivial class in
Hy(B) = Hy(AL / 7). Since MY is contractible, there exists an isomor-
phism j, : Hy41(M$, B) — H,(B). Consequently, o := (j.)~!(/) is a
non-trivial class in H,11(M{, B). For A c M{ with B C A, leti: A —
M§" denote the inclusion map and let i, : Hyi1(A, B) — b 41(M§, B)
denote the corresponding map in homology. Following [25], we define
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the homological family
Fla) = {A c MY | A compact, B C A and o € Im(i,.)}

of dimension ¢+ 1 with boundary B. We have F(«) # (), since A € F(a),
for A defined as in the proof of Theorem 8.1. Next, let
c= sup inf {sc(z) |z € A}
AeTF ()

From the proof of Theorem 8.1, we deduce ¢ > 0. Moreover, ¢ < sc..
Otherwise, there exists A C F(a) with A C {sc > sc,} € C(U%,t0(6))
such that o = i,(&) for & € Hyyi(A, B). Let i' : A — C(U”,t(6))
and i? : C(U”,t(0)) — M§ denote inclusion maps. Then, we have
i, = i20il. But since C(U¥,ty(d)) and B are homotopy equivalent, we
conclude H,11(C(U%,t0(6)), B) = 0. Contradiction.

Now, let F := {sc < c}. Then, F is closed and F'N B = () (see (8.2)).
By the very definition of F' and ¢, the closed subsets F' and B are linked
via F(a), that is o ¢ Tm(l.) where I, : Hyy i (M$\F, B) — H,11(M$, B)
is induced by the inclusion map I : M\ F — M§. By Theorem (5) in
[25], we obtain the claim. In case n(h) > b, the claim follows in the
same manner. q.e.d.

We turn now to the question, when existence of more than one crit-
ical point can be guaranteed. Since the corresponding Lyusternik—
Schnirelmann-theory is well known, we present this part quite briefly
essentially following [3].

Lemma 8.4. Let G/H be a compact homogeneous space. Then, the
scalar curvature functional has at least cuplength(Ag / ) critical points.

Proof. We repeat the proof described in [:3] on p. 255-256 up to one
minor modification. Consider

F: (MF, L) = R; g — —sc(g)

(to adjust notation) and the continuous deformation ® : M x R — M’
with @ as in the proof of Theorem 8.I. Then, we have F(®;(p)) < F(p)
for p € M{ and t > 0. By [10], we obtain conclusion (x) in [§] (the
Palais-Smale condition C) for £ < 0. We define the subsets Y = M
and Z = {F < —sc; — 1} of M{. Both Y and Z are invariant under
the deformation ®.

Next, let h € H. (AL / ) be non-zero. We think of h as a non-trivial
class in H,(Z). Therefore, h corresponds to a non-trivial relative class
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in H,(Y, Z), again denoted by h. Conclusion (1.2) on page 255 follows
as in [§], since there exists a cycle z in h, such that |z| C {F < 0}
(cf. proof of Theorem 8.1). Now, let hy, he € H.(Y, Z) be non-zero, and
suppose that there exists a cohomology class w € H=1(Y, Z), such that
w N hy = hy. We say, that h; is subordinate to hy. (Here, we have
to consider relative cohomology classes, since Y is contractible.) The
claim follows now as in [8]. q.e.d.

Note that, in general, the above lemma does not imply that these
distinct critical points are non-isometric.

Corollary 8.5. Let G/H be a compact homogeneous space. Suppose
that there exist at most finitely many G-invariant metrics of volume
one in (M$)T, which are solutions to the Einstein equation. Then,
G/H admits at least cuplength(AL / 1) non-isometric Einstein metrics.

There exist homogeneous spaces G/H, such that infinitely many G-
invariant metrics of volume one are solutions to the Einstein equation.
However, for homogeneous spaces G/H with rk G = rk H, it has been
conjectured in [1Q] that this is impossible. Notice, furthermore, that
there exist compact homogeneous spaces G/H admitting many non-
isometric, G-invariant Einstein metrics, for instance SO(n), n > 12,
admits at least n non-isometric Einstein metrics.

Let us conclude this section with the following important question:

Question 8.6. Does there exist an “algebraic” proof of Palais—Smale
condition C for the Hilbert action, restricted to the space of G-invariant
metrics of volume one with scalar curvature bounded from below by a
positive constant?

The proof given in [10] is based on the deep theory on spaces with
Ricci curvature bounded from below, developed by J. Cheeger and T.H.
Colding (18], [19].
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