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CONTENTS

1. Introduction

2. A Combinatorial Identity

3. Outline of the Method

4. Tabulating M by Blocks

5. Computing S1(x; u) and S2(x; u)
References

We describe an elementary method for computing isolated val-

ues of M(x) =Pn�x �(n), where � is the Möbius function.

The complexity of the algorithm isO(x2=3(log logx)1=3) time

and O(x1=3(log logx)2=3) space. Certain values of M(x) forx up to 1016 are listed: for instance, M(1016) = �3195437.

1. INTRODUCTIONM�obius [1832] was the �rst to study the function�(n), de�ned for positive integers n by� �(1) = 1,� �(n) = 0 if n has a squared prime factor;� �(p1 : : : pk) = (�1)k if all the primes p1; : : : ; pkare di�erent.Mertens [1897] introduced the summation functionM(x) =Xn�x�(n);which is de�ned for all real x � 0. He veri�edthat jM(x)j � px for x < 10000, and conjecturedthat this inequality holds for any x. Von Sterneck[1912] veri�ed this up to 500;000. �The RiemannHypothesis implies the weaker conjecture jM(x)j =O(x1=2+") for all " > 0:�However, Odlyzko and te Riele disproved theMertens conjecture when they showed [1985] thatlim infx!+1 M(x)px < �1:009; lim supx!+1 M(x)px > 1:06:Pintz [1987] made this result e�ective, proving thatthere exist values of x < exp(3:21�1064) such thatjM(x)j > px.The �rst value of x for which jM(x)j > px isstill unknown, but Dress [1993] has veri�ed thatit exceeds 1012. He also proposed in his paper ac A K Peters, Ltd.1058-6458/96 $0.50 per page



292 Experimental Mathematics, Vol. 5 (1996), No. 4method for computing an isolated value of M(x),using O(x3=4 log1=2 x) time and O(x1=2) space.Lagarias and Odlyzko [1987] proposed an ana-lytic method for computing �(x) (the number ofprimes not greater than x) in O(x1=2+") time andO(x1=4+") space. They mentioned that their algo-rithm could be adapted for computing M(x). Toour knowledge, nobody has tried to compute �(x)or M(x) using their method yet.In this paper we explain another method forcomputing an isolated value of M(x) usingO(x2=3(log log x)1=3)time and O(x1=3(log log x)2=3) space. Our methodis elementary, and was inspired by [Lehman 1960].We give a table of certain values of M(x) for x upto 1016, and also some computation times.
2. A COMBINATORIAL IDENTITYFor completeness we recall some classical resultsconcerning the M�obius function. Our goal is toobtain Lemma 2.1 below, which is essentially de-rived from [Lehman 1960, p. 314].It follows immediately from the de�nition that�(n) is a multiplicative function. Next, we havethe M�obius inversion formulaXdjn �(d) = n 1 if n = 1,0 otherwise.This is obvious for n = 1. For n > 1, we writen = pa11 � � � pakk with k � 1, and obtainXdjn �(d) = 1+Xi �(pi)+Xi;j �(pipj)+ � � �= 1�k+�k2���k3�+ � � � = (1�1)k = 0:The inversion formula easily implies, for x � 1,that Pn�xM(x=n) = 1. Indeed,Xn�xM�xn� =Xn�xXd� xn �(d) =Xl�x Xdjl �(d) = �(1):

Lemma 2.1. For 1 � u � x we have the combinato-rial identityM(x) =M(u)�Xm�u�(m) Xum<n� xm M� xmn�
Proof. We use the M�obius inversion formula, to-gether with the equality Pn�xM( xn) = 1 with xreplaced by x=m:Xm�u�(m) Xn� xm M� xmn� = Xm�u�(m) =M(u)Xm�u�(m) Xn� um M� xmn� =Xl�u M�xl �Xmjl �(m)=M�x1� =M(x):The result follows by writing M(u)�M(x). �
3. OUTLINE OF THE METHODObserve that the sum in Lemma 2.1 has more thanx terms, but these terms often have the same value.This comes from the general fact that, for y > 0,the sequence (by=nc)n takes at most 2bpyc + 1di�erent values:� the values by=nc for 1 � n � bpyc,� the values 0, 1, : : : , bpyc corresponding to n >bpyc.We apply this idea to split the sum in Lemma 2.1.For 1 � u � px we haveM(x) =M(u)�S1(x; u)�S2(x; u), withS1(x; u) = Xm�u�(m) Xum<n�p xm M� xmn�;S2(x; u) = Xm�u�(m) Xp xm<n� xm M� xmn�:For any y > 0 of the form y = x=m, and anyk � py, it is not di�cult to compute the numberof values of n with py < n � y and by=nc = k.



Deléglise and Rivat: Computing the Summation of the Möbius Function 293For both S1(x; u) and S2(x; u) the number ofterms in the sum is at mostXm�upx=m = O(pxu):This summation will be done using a table ofvalues of �(n) for 1 � n � u and a table of valuesof M(n) for 1 � n � x=u.We will see later that it is possible to build thesetables in O�(x=u) log log(x=u)� time. By choosingu = x1=3(log log x)2=3, we get a total time ofO�xu log log x+pxu� = O(x2=3(log log x)1=3):The tabulation of �(n) for n � u costs O(u)space, which is acceptable. Unfortunately the tab-ulation of M would need O(x=u) = O(x2=3) space,which is not available on current computers whenx � 1015. Hence we have to work by blocks of sizeL � u, as we will explain now.
4. TABULATING M BY BLOCKSWe suppose L � u � x1=3 and we want to tabulateM for a � n < b = a + L. Since we have M(n) =M(n� 1) +�(n), it su�ces to know M(a� 1) andhave a table of �(n) for a � n < b in order to builda table of M(n) for a � n < b. The additional cost(from � to M) is O(L) time.Hence it su�ces to be able to tabulate �(n) fora � n < b. This must be achieved without the helpof a table of primes up to b, which would be toobig. The following algorithm uses only a table ofprimes up to pb:
Algorithm 4.1 (Tabulation of �).

Input: bounds b > a > 0.
Output: a table t(n) of values of �(n) for a � n < b.
1. for each n 2 [a; b), set t(n) = 1.
2. for each prime number p 2 �2;pb �, do:{ for each multiplem 2 [a; b) of p2, set t(m) = 0.{ for each multiplem 2 [a; b) of p, multiply t(m)by �p.

3. for each n 2 [a; b) such that t(n) 6= 0, do:{ if jt(n)j < n, multiply t(n) by �1.{ if t(n) > 0, set t(n) = 1.{ if t(n) < 0, set t(n) = �1.In order to use this algorithm for tabulating M byblocks up to x=u, we need a table of the primenumbers up to px=u. Such a table is easy tobuild using Eratosthenes' sieve, a process that re-quires O(px=u) space. The �nished table takesO�px=u� log(x=u)� space, by Chebyshev's Theo-rem. Sincepx=u � L, the space cost of tabulatingM by blocks is O(L). For each block a � n < bthe number of operations we do isO�L+Xp�pb�1+ Lp2+Lp �� = O� pblog b+L log log b�;which is O�px=u+ L log log(x=u)�.Hence the total cost for tabulating M by blocksof size L up to x=u is O�(x=u) log log(x=u)� timeand O(L) space.
5. COMPUTING S1(x; u) AND S2(x; u)For 1 � a � b we havea � xmn < b () xmb < n � xma:We suppose we have tabulated M(n) for an in-terval of size L, namely for ak � n < ak+1 withak = 1+ kL, for some k � x=(uL). The number ofterms of the sum over m and n corresponding tothis block isXm�u�min�� xmak�;�r xm���max�� xmak+1�;� um���:The total number of terms we have to sum is ob-tained by summing the preceding expression overk � x=(uL). Reversing the order of summationshows that the total equals the sum over m � u ofXk� xuL�min�� xmak�;�r xm���max�� xmak+1�;� um���:



294 Experimental Mathematics, Vol. 5 (1996), No. 4n 10 11 12 13 14 15M(1�10n) �33722 �87856 62366 599582 �875575 �3216373M(2�10n) 48723 �19075 �308413 127543 2639241 1011871M(3�10n) 42411 133609 190563 �759205 �2344314 5334755M(4�10n) �25295 202631 174209 �403700 �3810264 �6036592M(5�10n) 54591 56804 �435920 �320046 4865646 11792892M(6�10n) �56841 �43099 268107 1101442 �4004298 �14685733M(7�10n) 7917 111011 �4252 �2877017 �2605256 4195668M(8�10n) �1428 �268434 �438208 �99222 3425855 6528429M(9�10n) �5554 10991 290186 1164981 7542952 �12589671
TABLE 1. Values of M(k � 10n).The sequence (bx=(mak)c)k forms a subdivisionof the interval bu=m;px=mc such that the abovesum over k is at most px=m. Hence the costof computing S1(x; u) is O(pxu) time and O(L)space.Turning now to S2(x; u), we start by de�ningl(y; k) = #fn : py < n � y; by=nc = kg. Thecomputation of l(y; k) clearly needs O(1) time. WehaveS2(x; u) = Xm�u�(m) Xk�p xm M(k) l� xm; k�= Xk�pxM(k) Xm�min(u;x=k2)�(m) l� xm; k�:This last sum is appropriate for use in a tabulationof M done by blocks of size L without any addi-tional cost. Hence the computation of S2(x; u) canbe achieved in O(pxu) time and O(L) space.We therefore get a total time cost ofO�(x=u) log log x+pxu�= O(x2=3(log log x)1=3);by choosing u = x1=3(log log x)2=3:The total space cost is O(L) with L � u. In ourprogram we chose L = 4u. (Our program is writ-ten in C++, compiled with GNU C/C++, and is270 lines long. For more information, contact thesecond author.)Tables 1 and 2 show some of the values obtained.

x M(x) time (s)106 212 0:06107 1037 0:28108 1928 1:36109 �222 6:741010 �33722 32:741011 �87856 160:991012 62366 878:371013 599582 4927:231014 �875575 24048:911015 �3216373 115614:871016 �3195437 555276:59
TABLE 2. Values ofM(10n) and computation timeson a 64-bit DEC Alpha 3000 Model 300 with 96Mbytes of memory.
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