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Weak Theories of Concatenation and Arithmetic

Yoshihiro Horihata

Abstract  We define a new theory of concatenation WTC which is much weaker
than Grzegorczyk’s well-known theory TC. We prove that WTC is mutually in-
terpretable with the weak theory of arithmetic R. The latter is, in a technical
sense, much weaker than Robinson’s arithmetic Q, but still essentially undecid-
able. Hence, as a corollary, WTC is also essentially undecidable.

1 Introduction

The study of concatenation theory and arithmetic goes back to Quine [10] and
Tarski [18]. The latter introduced two important axioms for concatenation: associa-
tivity of concatenation and the so-called editor axiom.

In 2005, Grzegorczyk [4] introduced a theory of concatenation TC with only two
distinguished single-letters and studied this theory from the viewpoint of undecid-
ability. In January 2007, Grzegorczyk and Zdanowski [5] proved that TC is essen-
tially undecidable. But they left the following question open: Is Robinson’s arith-
metic Q interpretable in TC? Later in 2007, this question was solved positively; that
is, Q is interpretable in TC. Hence, these two theories are mutually interpretable,
since it is well known that [Aq interprets TC and Q interprets |1Ao (see Héjek and
Pudlék [6] and Nelson [9]).

The interpretability of Q in TC was proved via three different approaches (Sterken
and Visser [12, 21], Ganea [3], and §Vejdar [16]), which we sketch now. The main
difficulty of the interpretability of Q in TC is the translation of the arithmetical prod-
uct. To overcome this difficulty, interpretability is proved indirectly, that is, via an
intermediate theory.

First, we consider the proof by Sterken and Visser. They proved the interpretabil-
ity of Q in TC via the intermediate theory TCq, introduced by Sterken. In her Mas-
ter’s thesis [12], Sterken defined a theory TCq of concatenation which is an analogue
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of Q for concatenation theory, and she proved that TCq interprets Q. Then Visser
proved in [21] that TC and TCq are mutually interpretable.

Another proof is given by Ganea or §Vejdar. They proved the interpretability of
Q in TC via Grzegorczyk’s variant Q™ of Q, whose addition and multiplication can
be nontotal. In Svejdar [15], he proved that Q and Q™ are mutually interpretable by
applying Solovay’s method of shortening of cuts (about this method, developed in an
unpublished letter Solovay [1 1], see [6]). Hence, to interpret Q in TC, it is enough
to interpret Q™ in TC. Subsequently, Ganea [3] and §vejdar [16] constructed this
interpretation.

In this paper, we focus on the very weak arithmetical theory R which was intro-
duced in Tarski et al. [17]. It is known that R cannot interpret Q since R is locally
finitely satisfiable; that is, for any finite subtheory 7" of R, T has a finite model.
Hence, R is much weaker than the Robinson’s arithmetic Q. Nonetheless, R is still
essentially undecidable [17]. Thus, we first define a new weak theory of concatena-
tion WTC. Then we prove that this theory and R are mutually interpretable. This fact
implies that WTC is essentially undecidable.

Here we briefly consider other ways of axiomatizing weak theories of concatena-
tion which are mutually interpretable with R. In fact, in the Appendix A, we show
that the alternative theory WTC' is logically equivalent to WTC. For yet another
axiomatization, we can consider a weak theory of concatenation without the empty
sequence, called WTC™®. We conjecture that WTC™® and WTC (and hence R) are
mutually interpretable. For this conjecture and the definition of WTC™?, see Sec-
tion 4.3 of this article.

By combining the main result of this article (Theorem 4.1) and the result of
Visser [22], we can prove that for each theory 7', WTC interprets 7 if and only if
T is locally finitely satisfiable. Here Visser’s result is the fact that R interprets T if
and only if T is locally finitely satisfiable. In general, it is very difficult to prove that
some theory T does not interpret some theory S. Hence, the Visser’s result men-
tioned above is important. Therefore, our rephrasing of Visser’s result in the context
of the theory of concatenation is significant.

As to a brief overview of the rest of the paper: in Section 2, we introduce the rele-
vant known theories of concatenation and their properties. In Section 3, we introduce
our new theory of concatenation WTC and prove that this theory is X';-complete. In
Section 4, we prove our main theorem; that is, WTC and R are mutually interpretable.
In Subsection 4.1, we provisionally prove that WTC interprets R. The full proof is in
Appendix B. In Subsection 4.2, we prove that R interprets WTC. In Subsection 4.3,
we consider some corollaries of our main theorem and formulate some questions for
future research.

2 The Theories TC, Q, and R
First of all, we define the notion of interpretation.
Definition 2.1 (Interpretation) Let X' and & be recursive languages of first-order
logic. A relative translation T : ¥ — E is a pair (8, F') such that

(1) & isa &-formula with one free variable;
(2) F is a mapping from X to the =-formulas.

We translate X¥'-formulas to = -formulas as follows:
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(1) For each n-ary relation symbol R of X,
(RCx1,+ x0))" = F(R)(x1. -+, Xn);

(2) (@ AY)T 1= @ A YT and likewise for other propositional connectives;

(3) (Vxp(x))" 1= Vx(8(x) = ¢7);

(4) @xe(x)" :=Ix([(x) A @T).
Let S and T be a XY'-theory and a &'-theory, respectively. Then S is interpretable in
T, denoted by T > S, if there exists a translation 7 from X' to & such that for each
axiom ¢ of S, T proves ¢°.

Here we only consider relational languages. If the language has function symbols,
then we first translate it to a relational one, by the usual method for eliminating
function symbols. For a more precise definition of interpretation, see, for example,
Visser [20].

Interpretability has some useful properties.

Proposition 2.2 Suppose T > S.

(1) If T is consistent, then so is S;
(2) if S is essentially undecidable, then so is T.

Hence, to prove that a theory is essentially undecidable, it is enough to show that
the theory interprets another theory which is already known to be essentially unde-
cidable. Similarly, we can use interpretability to prove the relative consistency of
some theories, by interpreting a theory in some consistent theory. We can also see
the notion of interpretability as a measure of the strength of theories. Especially, it
is important that we can compare the strength of some theories whose languages are
different.

Next, we consider the definition of the theory of concatenation with two single-
letters. Before this, we define standard strings. Let a and b be single-letters. We
say that u is a standard string over {a, b} if u is a finite sequence of the elements of
{a,b}. An empty string is denoted by &. Then let {a, b}* be a set of empty string ¢
and all standard strings over {a, b}.

Next, to represent standard strings in theories, we define the name of standard
strings as follows: for each u € {a, b}*, we represent u in theories as u by rewriting
a to o and b to B, and the elements of u associate to the left. Here o and B are
(single-letter) constants of the theory. For example, abbab = (((«f)f)x)p.

The theory TC of concatenation, as defined by Grzegorczyk, is the (7, a, B)-
theory with the following axioms:

(TC1) VxVyVz(x~(y"z) = (x"y)"2);

(TC2) VxVyVuVv[x"y=u"v—>((x =uny=n0v)

VEAw(x"w=uAy=w"v)V(x=u"wAw"y =v))))];

(TC3) VxVy (x"y # a);

(TC4) VxVy (x"y # B);

(TC5) o # B.
This theory has the standard model ({a,b}* \ {¢}; ™, a, b) for texts. The axioms
(TC1) and (TC2) were introduced by Tarski. The latter is called the editor axiom. It
was proved in [5] that TC and its analogue with n’s single-letters, n > 2, are mutually
interpretable. By the previous, all of them are essentially undecidable.
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Another variant of the concatenation theory is the theory TC® with empty string

¢. The latter is the (7, ¢, o, 8)-theory with the following axioms:

(TC?1) Vx (x"e=¢e"x = x);

(TC?2) VxVyVz(x~(y~"z) = (x"y)"2);

(TC®3) VxVyVuVv(x"y=u"v —>
w(x"w=uAry=wv)Vix=u"wAw"y ="1v)));

(TC4) a e AVXVYy(x"y=a—>x=¢eVy=c¢);

(TC:S) B#eAVxVy(x"y=B8—->x=¢eVy=3¢);

(TC%6) o # B.

This theory has the standard model ({a,b}*; ™, «, B, ¢) for texts. It was proved

in [21] that TC® and TC are mutually interpretable.

In what follows, we abbreviate x ™y to xy, and by TC?2, we can omit parenthe-

ses. Let us consider some facts which are (not) provable in TG®. For the proofs of the
following propositions and other properties of TC?, see [3, 4, 5, 16, 21], §vejdar [13],
and Cagié [1].
Definition 2.3 (T, Cin, Ceng) We say that x is a substring of y if there exist z and
z" such that zxz’ = y, denoted by x = y. We say that x is an inifial string of y if
there exists z such that xz = y, denoted by x T y. Similarly, we say that x is an
end string of y if there exists z such that zx = y, denoted by x Ceng ¥.

The proofs of the following proposition may be found in [5] and [16].

Proposition 2.4 TC? proves the following assertions:
(1) Vx (xa # & Aax # ¢).
2) VxVy(xy=e—>x=¢eAy=e¢).
(3) VxVy(xa =yavVax =ay — x = y).
(4) VxVyVz(xy =za —>y =¢eVaCenq y).
(5) VxVy(@Cxy—>aCxVvaly).

In each item, o may be replaced by f.

The following facts express that, even though x C y, we cannot find the exact posi-
tion of x within y. The proof of the following proposition may be found in [13].

Proposition 2.5 TC? cannot prove the following assertions:
(1) VxVyVz(xz=yz—>x=y).
(2) Vx=@y (xy =x Ay #¢)).

Item (2) expresses that TC® cannot refute the statement x is a proper initial string of
itself.

Next we consider some arithmetics and their properties. The well-known Godel
and Rosser’s first incompleteness theorem states that Q is essentially undecidable.
Here Q is Robinson’s arithmetic with language (+, -, 0, S) and axioms as follows.

Q1) VxVy (S(x) =S(y) > x = y);
(Q2) Vx (S(x) # 0);

(Q3) Vx(x #0—Jy(x =S(»)));
(Q4) Vx (x +0 = x);

(Q5) YxVy(x +S(y) =S(x +y));
(Q6) Vx (x-0=0);

Q7)) VxVy(x-S(y) =x-y+ x).
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Here x < y is defined as 3z (x + z = y). In [17], the much weaker arithmetic R is
defined. The arithmetic R is the (+, -, S, 0)-theory with axioms as follows. For all
n,mew,

R4) Vx(x <ii > x=0V---Vx =)

(R5) Vx(x <nvVvn <x).

Here we definex < y = 3z(z+x = y)and0 = Oandn + 1 = S(1). It was proved
in [17] that R is also essentially undecidable. Moreover, it was proved by Cobham
(e.g., Vaught [19]) that if we drop the axiom scheme (RS) from R, the resulting
theory, called Rq in Jones and Shepherdson [7], and R are mutually interpretable.
Hence, Ry is also essentially undecidable.

It is interesting to note that Rq is minimal essentially undecidable in the following
sense: if one omits one of the axiom schemes of Ry, the resulting theory is not
essentially undecidable. See [7] for other minimal arithmetical theories which are
essentially undecidable.

Another important fact is that the theory R is locally finitely satisfiable. Hence,
Q is not interpretable in R, since Q is finitely axiomatizable. In 2009, Visser proved
that R interprets 7 if and only if T is locally finitely satisfiable [22]. We will apply
this very powerful and important theorem to interpret WTC in R. This is the topic of
Section 4.2.

3 The Theory WTC and X'{-Completeness

We now define the notions standard string and name of the standard string over three
single-letters in the same way as for two single-letters. Note that the standard strings
associate to the left.

Definition 3.1 The (7, ¢,a, B, y)-theory WTC has the following axioms. For

eachu € {a, b, c}*,

(WTC1l) VxCu(x"e=¢&"x =x);

(WTC2) VxVyVz[(x"y)"zEuVvx~(y"2)CEu) > @"y)"z=x"("2)

(WTC3) VxVyVsVi[(x"y=s"tAXx"yCu)—
w(x"w=sAy=w"tH))Vx=sTwAw"y=1t))];

(WTC4) a#eAVxVy(x"y=a—>x=eVy=c¢);

(WTC5) B#eAVxVy(x"y=B—->x=¢eVy=c¢);

(WTC6) y #eAVxVy(x"y=y—>x=¢eVy=c¢),

(WICT) a#PAP#yAy#o.

Here, since within the system WTC, the associative law does not hold for every triple

of strings, we define the relation symbols C, Cjy;, and Ceng as follows:

xCy=x=yVvIkAk x=yvxIl=yvk ™ x)"Il=yVvk (x"1)=y],
XChiy=x=yvi(x"Il=y),
XCengy=x=yVvik(k"x=y).

Remark 3.2 There are different ways to axiomatize weak theories of concatena-

tion. In Appendix A, we consider another axiomatization WTC' of weak theory of
concatenation. Our reasons for our choice of the axioms of WTC are the following:
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(1) The theory WTC is a naturally weaker version of TC® in the following sense:
the axioms (WTC1), (WTC2), and (WTC3) of WTC are weaker versions of
the axioms (TC?1), (TC®2), and (TC?3) of TC?, respectively. The other
axioms of WTC are similar to the axioms (TC?4), (TC?5), and (TC?6) of
TC?.

(2) While the statement

Vx(x Cu < \/ X =0)
vCu
is an axiom of WTC/, it is provable in WTC; that is, we do not need to add

this statement to the axioms of WTC.

Remark 3.3 Here we have to define the theory WTC as a theory with three single-
letters. As we will prove in Section 4.3, any two theories WTC,, (n > 2) are mutually
interpretable (see Theorem 4.13). Our choice of WTC makes the proof of the main
theorem, Theorem 4.8, as clear as possible.

In WTC, the constant string associates to the left. As such, WTC proves the identity
of all strings which only differ up to positions of parentheses.

Example 3.4  WTC proves a((fa)x) = (af)(aw).
Proof Letu € {a,b,c}* be abaa. Thenu = ((ef)a)a. By (WTC2),

u = (af)(aa). (1)
Since (¢f)a T u, by (WTC2), (¢f)a = a(Ba). Hence, u = (a(Ba))a. By

(WTC2), (e(Ba))x = a((Ba)x). Therefore,
u=a((fa)a). ()
Then, by (T) and (f), a((Ba)a) = (af)(ae). O

The theory WTC is much weaker than TC, but WTC still proves the following state-
ments.

Proposition 3.5 WTC proves the following assertions:

(1) Vx (xa # & Aax # €). The same for B and y.
(2) VxVy(xy=e—>x=cAy=z¢).

Proof = We reason in WTC. We prove (1) by contradiction. To do this, let us assume
that xao = ¢ holds (the same argument holds for the other case). Then, by (WTC1),
B(xa) = B. Then, by (WTC2),

(Bx)e=p. (1)
Then, by (WTC5), Bx = € or « = &. Then, by (WTC4), Bx = ¢ holds. Then, by
(1), B = (Bx)a = e = «. This contradicts (WTC7).

For part (2), let us assume that xy = ¢ holds. Then (xy)a = «. By (WTC2),
x(ya) = a. By (WTC4), x = g or ya = ¢. But by |, x = ¢ holds. Also, from the
assumption, «(xy) = « holds. Then we can prove y = ¢ by the same arguments as
above. O

Next we define the notion good string.
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Definition 3.6 (Good string) ~ We define the formula Good(x) as follows:
Good(x) = ID(x) A AS(x) A EA(x),

where

(1) IDx)=VsCx(s"e=¢"s5 =3);
(i) AS(x) = Vso Vs1 Vsa[[so™ (517 52) E x V (507 851) 752 E x]
— 507 (51782) = (507 51) 782
(iii) EA(x) = Vso Vs1 Vo V1 [(s0“s1 =1t NS Ex) —>
Jw ((so”w = tgAsy = Wt )V (s = to " wAW ™51 = 11))].

If Good(x) holds, then we say that x is a good string.
The set of good strings contains all standard texts.
Proposition 3.7  Foreachu € {a,b,c}*, WTC - Good(u).

Proof For each u € {a,b,c}*, since u C u holds inside WTC, we can apply for
u the axioms (WTC1), (WTC2), and (WTC3) of WTC. Thus Good(u) holds within
WTC. O

We can prove that, if we limit the relation C to substrings of good strings, the defi-
nition of C inside WTC is equivalent to the definition inside TC. Then we can prove
that the good strings are closed under substrings.

Proposition 3.8 WTC proves the following assertions:

(1) Vx (Good(x) = Vy (y CE x < k3l [(ky)] = x]));
(2) Vx (Good(x) — TR(x)), where

TRe(x) =VyVz(yExAzEy >z Ex),;
(3) VYx (Good(x) — Yy C x Good(y)).

Proof = We reason in WTC. For part (1), let x be a good string. For each y, by the
definition of T within WTC, the direction “<-" is trivial. We prove the converse by
cases in the definition of =. Let us assume that y C x.

(i) f y = x,thenput k = ¢ and [ = &. Then, ID(x) and y T x implies

ye =¢y = y. Thus, (ky)l = (ey)l = yl = ye = y holds.

(i) If there exist k and / such that (ky)/ = x, then there is nothing to prove.

(iii) If there exist k and [/ such that k(yl) = x, then k(y/) C x and AS(x) imply
(ky)l = k(yl) = x.

(iv) If there exists k such that ky = x, then put/ = &. Then ky C x and ID(x)
imply (ky)! = (ky)e = ky = x.

(v) If there exists [ such that y/ = x, then we can give an argument analogous
to the one used in case (iv).

For part (2), let x be a good string and let y and z be strings such that y C x and
z C y. By part (1), the condition y C x is equivalent to (ky)! = x for some k and /.
We prove (2) by cases in the definition of z = y as for (1).

(i) If y = x, then there is nothing to prove.
(ii) If there exist k&’ and !’ such that (k’y)!’ = x, then we can prove this case as
follows:
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x = [k((k'2)I)]I
=

k(' (zI')]! (by (k'z)]’ C x and AS(x))
= [(kk")(zI")]! (by k(k'(zI")) E x and AS(x))
= (kk"[(zI")]] (by (kk’)(zI") E x and AS(x))
= (kk"[z(I'])] (by (zI")] © x and AS(x))

Hence, by the definition of C, z T x holds.
(ii1), (iv), and (v) can be proved by a similar argument in (ii).
For part (3), let x be a good string and let y be a substring of x. Then, by part (2),
TRc(x) holds. Then this property provides that ID(x), AS(x), and EA(x) imply
ID(y), AS(y), and EA(y), respectively. Hence Good(y) holds. O

Proposition 3.9 The theory WTC proves the following assertions:
(1) VxVy (((Good(xax) A xa = yar) V (Good(aex) Aax = ay)) = x = y).
The same for B and y.
(2) VxVyVz ((Good(xy) Axy =za) = (y =&V a Ceng ¥)).
The same for B and y.
(3) VxVyVz((Good(xy) Axy =az) > (x =eVaLCpyx)).
The same for B and y.

Proof  We reason in WTC. For part (1), let us assume that Good(xo) A xa = ya.
The other case is similar. By EA(x«), there exists w such that
w=yAa=wa)V (X =ywAwe = ).

In both cases, w = ¢ holds by (WTC4). Hence, x = y holds by ID(x«).
For part (2), let us assume that Good(xy) A xy = za. Then, by EA(xy), the
following assertion holds: there exists w such that

(xw=zAy=wa)V((x=zwAwy =a).

Assume that the first clause holds; then, by y = wo, ¢ Eeng ¥ holds. This is
what we want to prove. Assume that the second clause holds; then, by wy = «,
w =&V Yy = ¢holds. If y = ¢, then there is nothing to prove. If w = ¢, then
y = wa = « and this implies that @ Ceng .

Finally, part (3) follows in the same way as part (2). O

Lemma 3.10 For eachu,v € {a,b, c}*,
(1) u =vifand only if WTC - u = v;
(2) u # vifand only if WTC F u # v.
Proof  This is proved via (meta-)induction on the length of v € {a, b, c}*. O
Lemma 3.11 For eachu € {a, b, c}*, WTC proves
Vx(x Cu < \/x:y).
vCu

Proof By the definition of C inside WTC, the direction “<«-" is easy. Thus we

only need to prove the converse. This is proved via (meta-)induction on the length
ofu € {a,b,c}*.
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First, let u be an empty string for the base step of the induction. We reason in
WTC. Since u is an empty string, ¥ = ¢. We can easily prove that for all x, if x E ¢,
then x = ¢. Thus, this lemma holds in this case.

Next, we assume the following: for some u € {a, b, c}*,

Vx(x Cu— \/xzy).

vCu

Then we have to prove that Vx(x T uo — \/,,, X = v) (the same discussion
holds for uf and uy). To prove this, let us take x such that x C ua. Since ua
is a good string, the statement x T ua« is equivalent to 3k3/((kx)! = uw). Then
EA((kx)!) implies that there exists w such that

(kx)w =u Al =wa) VvV (kx = uw A wl = a).

Assume that the first clause (kx)w = u Al = wa holds. Then the induction
hypothesis implies that x = v for some v & u. It is trivial that this v is also a
substring of ua. This implies that the induction step holds for this case.

Assume that the second clause kx = uw A wl = « holds. Then w/ = « im-
pliesw = e vl = ¢. If w = ¢ holds, then, by kx = uw, x T u holds, which
implies the desired condition. If / = ¢ holds, then kx = ua. If x = ¢, then there is
nothing to prove. Thus we assume that x # e. By Proposition 3.9(2), this assump-
tion and kx = uc« imply that x = x’a for some x’. Then, by Proposition 3.9(1),
(kx")a = uo implies kx’ = u. By the induction hypothesis, since x’ C u, there
exists v C u such that x’ = v. Then (kv)o = uw holds. Since u« is a standard
string, the associative law implies k(va) = ue. Thus, vae C u«. Since x = x’o and
x" = v, x = va. Hence, x = va holds where va is a substring of ua. O

Lemma 3.12 For eachu,v € {a,b,c}*,

(1) u T vifandonly if WTCFu C v;
(2) ~u T vifandonly if WTC F —u C v.

Proof  This is proved via induction on the length of v € {a, b, c}*. O

Next we consider the X'i-completeness of WTC. Here a X;-formula is defined as
follows: ¢ is a Xp-formula if the all quantifiers occurring in ¢ are bounded, that is,
are the form Vx C ¢ or 3x T ¢ where ¢ is a term which does not contain x. Then ¢
is a X';-formula if ¢ is a Xy-formula or the form 3x; ---Ix, O(xq,--- , x,) where 6
is a Yo-formulaand n > 1.

Theorem 3.13 (X -completeness of WTC) The theory WTC is X\ -complete; that
is, for each Xy-formula ¢, if {a, b, c}* E ¢, then WTC + ¢.

Proof It is enough to prove this statement for Xy-formulas. The theorem follows

from Lemmas 3.10, 3.11, 3.12. ]

4 The Theories WTC and R Are Mutually Interpretable

In this section and Appendix B, we prove our main theorem.

Theorem 4.1 The theories WTC and R are mutually interpretable.
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In Subsection 4.1, we show that WTC can interpret R. This is proved in Appendix B,
because the proof is complicated and the reader does not need to know the details to
understand the rest of this section. In Subsection 4.2, we prove that R interprets WTC
by applying Visser’s result in [22]. In Subsection 4.3, we consider some corollaries
and some open questions.

4.1 The theory WTC interprets R In this subsection, we prove the interpretability
of R in WTC. For details of this interpretation, consult Appendix B. Since R and
Ro are mutually interpretable, to interpret R in WTGC, it is sufficient to interpret Ry,
whose axioms are the first four schemes of R. The difficult part of this interpretation
is to translate the multiplication of Ry. The essential idea of this interpretation is
from [16]. The translation from Ry to WTC, excluding the product,

-0= ¢

-S(x) = x"w;

-X+ty=z=—Xx"y=z.
Then, in WTC, we can prove the interpreted (R1), (R3), and (R4) by Lemma 3.10
and Lemma 3.11.

In what follows, we will prove some propositions to construct the translation of

the product. The key result of this subsection (and this article) is Theorem 4.8.

Lemma 4.2 The theory WTC proves
VxVy ((Good(xy) Ao Exy) > (@ ExVaLlCy)).
The same is true for B and y.

Proof  We reason in WTC. Let us assume that xy is good and « is a substring
of xy. Then, by Proposition 3.8(1), « T xy is equivalent to 3kl (ka)! = xy. Then,
by EA(xy), there exists w such that
(ko) w =x Al =wy) V (ka = xw Awl = y).
If the first clause holds, then (ka)w = x implies @ C x. If the second clause holds,
by Proposition 3.9(2), ka = xw implies w = € or « Cgng w. If w = ¢, then
ka = x implies & T x. If @ Ceng w, then there exists w’ such that w'a = w and
y = wl = (w'a)l. This means that « is a substring of y. O
Definition 4.3 (Number string) We define the formula Num(x) as follows:
Num(x) =Vy ((y Ex Ay #¢&) > & Eeng ¥)-
If Num(x) holds, then we say that x is a number string.
Proposition 4.4  Foreachu € {a}*, WTC - Num(u).

Proof  This is proved via induction on the length of u € {a}*. O

Proposition 4.5 The theory WTC proves the following assertions:

(1) VYx ((Good(x) A Num(x)) = Vy C x Num(y));
(2) Vx Vy ((Good(xy) A Num(x) A Num(y)) — Num(xy)).

Proof = We reason in WTC. For part (1), let us assume that x is good and Num(x)
holds. Let y be any substring of x. If y = ¢, then there is nothing to prove. If y # &,
then let z be a substring of y and assume that z # ¢. By TRe(x), z E x holds, and
by Num(x), & Ceng z holds. This implies Num(y).
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For part (2), let x, y be number strings which satisfy Good(xy). To prove that xy
is a number string, let z be a nonempty substring of xy. Then kz/ = xy for some k
and /. Then, by EA(xy), applying the editor axiom to k(z!), there exists w such that

(kw=xAzl =wy)Vv(k =xwAwzl =y).

If w = ¢, thenz C y. Since y is a number string, « Tgng z holds. So let us assume
that w # e. Then, if kw = x A zI = wy, then, by Proposition 3.8(3), wy is also a
good string. Hence, by EA(wy), there exists # which satisfies

zh=wAl=hy)Vv(z=whAhl =y).

If h = ¢, then z C x or z C y and thus there is nothing to prove. So let us assume
that & # e. The first clause implies z C x and then o Cepg z since x is a number
string. The second clause implies # © y. Since h # &, h = h'a for some A’'.
Because z = wh, we find that z = wh'«. Finally, if k¥ = xw A wzl = y, then
z C y holds. Then, since y is a number string, & Seng z holds. This completes the
proof of this proposition. O

The next lemma states that we can treat the string between f’s as a block.

Lemma 4.6 The theory WTC proves the following assertions:
(1) for all x,y,s and t, if xBs is good, xBs = yPt, and s and t have no
occurrences of B, then x = y and s = t.
(2) forall x,y,s,t and p, if xBsBp is good, xBsPp = yPtP, and s and t have
no occurrences of B, then either
(a) there exists w such that xBsfw = yp and wtp = p, or
(b) x=y,s=t,and p = e.

(a) p# ¢ (b)p=e

Proof  For part (1), let us assume that Good(xfs) A (xB)s = (yB)t holds. Then,
by EA(xfs), there exists w such that

(xB)w =yBAs=wt) VvV (xp=Bw A ws =1).
We only consider the first case. In the other case, we can prove similarly. If w # ¢,
then, by Proposition 3.9(2), w = w’f for some w’. Then s = wt = (w’B)t holds,
and this implies that 8 T s. But this contradicts =(8 C s). Hence, w = ¢ and
xB = yB must hold, and by Proposition 3.9(1), x = y holds. Finally, by s = wt,
we have s = ¢.
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For part (2), let us assume that Good(xBsBp) A xBsBp = yBtp holds. Then, by
the editor axiom for (xB8sB)p = (yB)(tB), there exists w such that

((xBsp)w = yB A p =wtf) Vv (xBsp = ypw Awp =1p).
The first case is immediate. In the second case, if w = ¢, then there is nothing to

prove. Let us assume that w # &. Then, by Proposition 3.9(2), (xfs)8 = (yf)w
implies that w = w’B for some w’. Then

p=wp=uwpp. (1)
Now we prove p = & by contradiction. Assume that p # &; then, by Proposi-
tion 3.9(2), () implies p = p’B for some p’. Then, by Proposition 3.9(1), (t)
implies t = w’Bp’ and this contradicts —(8 C t). Thus p = ¢ holds.
Therefore, (1) implies that w = tf8. Hence, xBsf = yBw = yBtB. By Propo-
sition 3.9(1), xBs = yBt holds. By (1) of this lemma, x = y and s = ¢ hold. This
completes the proof of this lemma. O

To interpret the multiplication of R, we define a witnessing string for the product.

Definition 4.7 We define the formula PWitn(x, y, w) which means “w is a wit-
ness of the product of x and y” as follows:
(1) Num(x) A Num(y) A Good(w);
(i) Byp Cini w;
(iii) 3z (Num(z) A Byyzp Eend w);
(iv) ¥p ¥z ((Num(z) A pByyzp = w)—Vz' (Num(z') > —(Byyz'B E pB)));
(V) YpVqVsy Vip [(Num(s2) A Num(i2) A pBsaytafpg = w A p # €)
— (3s1 ;1 (Num(s;) ANum(#1) Asy = 51 Aty = t1x ABs1Yt1 Ceng )]s
(vi) VpVq VsVt ((Num(s) A Num(z) A pBsytBg = w A q # &)
— saytxp Cini q).

In this way, we can construct a standard witnessing string for the product of standard
numbers. Moreover, we can prove the uniqueness of the witnessing by applying the
condition (iv) of PWitn. Thus, we can prove the following theorem.

Theorem 4.8  Foreachu,v € {a}*, there exists w € {a, b, c}* such that
WTC F PWitn(u, v, w) A Yw' (PWitn(u, v, w') — w = w’).

For the proof of this theorem, see Appendix B. With this theorem, we can define the
translation of the product x -y = z in R by formula (1) and prove that this translation
is well-defined.

M(x, y,z) = ('w PWitn(x, y, w) A Jw (PWitn(x, y, w) A yzB Ceng w))
V [(=3'w PWitn(x, y,w)) Az =0]. (1)
In this way, we obtain the following corollary.

Corollary 4.9 The theory WTC interprets R.

4.2 The theory R interprets WTC To interpret WTC in R, we apply Visser’s result
22, Theorem 5.1]; that is, for each theory T, it is locally finitely satisfiable if and
only if R> T'. Thus, we obtain the following theorem.

Theorem 4.10 The theory R interprets WTC.
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Proof  One can easily check that WTC is locally finitely satisfiable. By Theorem
5.1in [22], R interprets WTC. O

Therefore, by Corollary 4.9 and the above theorem, we obtain our main theorem,
Theorem 4.1.

4.3 Conclusion and remarks In this section, we consider some corollaries of our
main theorem. First, we consider the following assertions.

Corollary 4.11
(1) The theory WTC is essentially undecidable.
(2) The theory WTC cannot interpret TC.
(3) For the notion “Good”, WTC cannot prove that Good is closed under con-
catenation.

Proof  For (1), since R is essentially undecidable, the interpretability of R in WTC
implies the essential undecidability of WTC. Since R cannot interpret Q and Q and
TC are mutually interpretable, (2) holds. If WTC would prove that Good(x) is closed
under concatenation, then WTC can interpret TC relative to Good(x). Thus (3) holds.

O

By combining Theorem 4.1 and Visser’s result in [22], we obtain the following.

Corollary 4.12 For each theory T, WTC interprets T if and only if T is locally
finitely satisfiable.

Proof By [22, Theorem 5.1], the following conditions are equivalent:

(1) Rinterprets T';

(2) T is locally finitely satisfiable.
Then, by Theorem 4.1, we obtain that WTC interprets 7" if and only if T is locally
finitely satisfiable. O

Theorem 4.13 Let WTC,, (n > 2) be weak theories of concatenation WTC with
n’s single-letters (by exchanging some axioms of WTC or adding some axioms to
WTC). Any two theories WTC,, (n > 2) are mutually interpretable.

Proof Itis enough to prove that for each n > 3, WTC, interprets WTC,,. We prove
this by the following two steps:

(1) foreach n > 3, R interprets WTC,;;
(2) WTGC, interprets R.

For part (1), we can easily check that all theories WTC,,, n > 3, are locally finitely
satisfiable. Then, by Visser’s result [22], R interprets WTC,,, n > 3.
For part (2), we can prove this as follows. We can prove Theorem 4.8 in the case
of WTC, by replacing B and y which appear in the proof of Theorem 4.8, by 88
and B, respectively. This is because we can prove the following facts, which are the
modified statements of Lemma 4.6:
(1) Vx Vy Vs Vi [(Good(xpBs) A(xpB)s = (yBB)t A—=(BB T s)A—(BB E 1))
- (x=yAs=1)].
(2) VxVyVsViVp[(Good(xppspkppp) A xppspkpBp = yBBIBIEAA
“BESHA=BEHNA~BEK)A=(BE))
— (Qw (xBsppkpw = yp A wipplp = p))
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Vix=yAs=trk=I1Ap=¢g))
Then, by the transitivity of interpretations, WTC, interprets WTC,, for each n > 3.
Thus, any two theories WTC,, (n > 2) are mutually interpretable. O

Finally, we formulate some questions. First, we consider an alternative weak theory
of concatenation WTC ™. The language is (—, «, 8, ¥) and the axioms are as follows.

Definition 4.14 (The theory WTC™?) Foreachu € {a,b,c}* \ {¢},

(WIC™*1) VxVyVz[[x~(y"2) Suv (x"y) "z C ul
—>x"(y7Tz) = ("y)"z;

(WTC™%2) VxVyVsVi[(x"y=s"tAX"yCu —
(x=y)viw(x"w=sAy=w"t)Vvix=s"wAw"y =1)))];

(WTC™¢3) VxVy(x"y # a);

(WTC™84) VxVy (x~y # B);

(WTC™®5) Vx ¥y (x"y # y)

(WIC™®6) a#pAPFy Ay #a.

We believe the following question can be answered positively.

(Q1) Are WTC and WTC™? mutually interpretable?

Next we consider our results from the point of view of the Tarski degree theory

(for the latter, see Friedman [2], évejdar [14], or Chapter 7 of Lindstrém [8]). An

important goal in this theory is to find meaningful theories whose Tarski degree is

different from or equal to the known theories. Here, “meaningful” means that the
statements of the axioms of the theory are natural.

(Q2) Is there some meaningful theory 7" such that TC> 7 >WTC, but WTC ¢ T
and T ¢ TC?
With regard to this question, the second referee of this paper formulated a theory
which is strictly between TC and WTC, with respect to interpretability. However,
the theory in question is not very natural. Moreover, the second referee also stated
several theories 7' such that

(i) TC>T and T ¥ TC, and
(i) T and WTC are incompatible, with respect to interpretability.
One example is the theory of one successor, called S. It is easy to see that S is

interpretable in TC. Since S has no finite model, WTC cannot interpret S by Corol-
lary 4.12. Since S is decidable, S cannot interpret WTC.

Appendix A

We define the weak theory WTC' of concatenation as follows. The language of WTC’
is the same as that of WTC and the axioms of WTC’ are as follows.

Definition 4.15 (The theory WTC') For each ug, uq,usz,u3 € {a,b,c}*,
(WTC’1) Up "€ =& Uy = Uo;
(WTC'2) (g~ 1) "tz = 1y~ (1 " a);
(WTC'3) up " u; = Uy "us —
Jw (o~ w =up Aup = w uz) vV (Uo = Up” W AW UL = U3));
(WTC'4) a#eAVXVy(x"y=a—>x=¢eVy=e);
(WTC’S) B#eAVxVy(x"y=B—>x=¢eVy=c¢);
(WTC’6) y#eAVxVy(x"y=y—>x=¢eVy=c¢),
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WTCT) a#BABFy Ay #a;
(WTC’8) Vx(x Eug — \/UEqu =v).

The axioms (WTC’1), (WTC’2), and (WTC’3) of WTC' are the standard version of
the axioms (TC?1), (TC?2), and (TC?3) of TC?, respectively. The axiom (WTC’8) of
WTC' corresponds to the axiom (R4) of R. The other axioms of WTC' are the same
with the corresponding axioms of WTC. The definitions of the relations =, Ty, and
Ceng are same with the one of WTC.

It follows that WTC and WTC' are logically equivalent; that is, WTC proves the
axioms of WTC', denoted by WTC + WTC’, and vice versa. In fact, to prove
WTC F WTC/, it suffices to prove WTC  (WTC’8), but this is already done in
Lemma 3.11. To prove WTC' = WTGC, it is enough to show that WTC' - (WTCx)
where * = 1,2, 3. Butin WTC’, we can prove (WTCx) from (WTC’x), by applying
(WTC'8) to the antecedent of (WTCx).

Appendix B
In this appendix, we prove Theorem 4.8. This is done in two steps.

Step 1 (Existence of the witness) For each u, v € {a}*, there exists w € {a, b, c}*
such that WTC F PWitn(u, v, w).

Proof of Step 1 We prove this fact by the induction on the length of v € {a}*.
First, we prove this fact when v is the empty string. In this case, we put w := bcb.
Then, for this w, we prove that PWitn(u, &, w) holds in WTC by proving each condi-
tion of the definition of PWitn. We can easily prove (i), (ii), and (iii) of the definition
of PWitn.

For part (iv), let us assume that pByyzB = ByB (= w). Then we can easily
prove that p = ¢ holds. Then, for any z’, we can prove that Syyz’'$ T pf never
holds, and this implies that (iv) holds. To prove (v), it is enough to prove that for
each p,q,s, and ¢, if Num(s) A Num(¢) and pBsytBq = w, then p = ¢ holds. We
assume this antecedent. Then

pBsytBqg = Byp. (1)

To prove p = & by contradiction, assume that p # ¢. Then, by Lemma 4.6(2),

3h (pBsytBh = B A q = hyB), or
P=ENSYt =Yy ANqg =¢.

The second case implies p = &, which contradicts the assumption. We consider the
first case. Since pfsytBh = B for some h, pf = e or sytfh = ¢. If pf = ¢
holds, then, by Proposition 3.5(2), B = ¢ holds, which contradicts (WTCS5). Hence
sytBh = g holds. Then, by Proposition 3.5(2), sy = ¢ and tfh = e. Thus, both
of them yield a contradiction. Therefore, p = ¢ holds, and hence (v) is proved.
For part (vi), let us assume that for some p,q,s, and ¢, Num(s) A Num(¢) and
pBsytBq = ByB (= w) hold. We can prove ¢ = ¢ by the same discussion in (v),
and this implies that (vi) holds.

Secondly, we prove the induction step. To prove this, let us assume that for some
v € {a}*, for each u € {a}*, there exists w € {a, b, c}* such that

WTC F PWitn(u, v, w).
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We have to prove the above for ve. Fix u € {a}* and let w € {a, b, c}* be such
that PWitn(u, v, w) holds by the induction hypothesis. Then, by (iii) of the defini-
tion of PWitn(u, v, w), there exist zg and wo such that w = woBvyzef. Then let
w € {a,b,c}* be

W = wobvczobvaczoub (= wvaczoub).

In what follows, we prove that this w satisfies PWitn(u, v, W) by proving each
condition of the definition of PWitn.

We can easily prove (i), (ii), and (iii) of the PWitn. For part (iv), for each p
and number string z, let us assume the antecedent of (iv); that is, pfvayzff =
wvayzouP. Since zfB and zouf have no y, by Lemma 4.6(1), pfva = w vo.
Since w = woBvyzoB, pPra = woBvyzoBva. Since va has no B, by
Lemma 4.6(1), p = woBvyze and hence pf = w. Thus, to prove the conse-
quent of (iv), it is enough to show

Vz' = (Buayz’ B C w).

We prove this by contradiction. For this, assume that kBvayz’ 8l = w for some
k.l and z’. Then, since kBvayz'Bl = woBvyzoB, Lemma 4.6(2) implies that there
exists /& such that

(*) kBvayz'Bh = wof Al = hvyzoB, or
(x%) k = wo ANvayz' =vyzo Al = e.

For case (), we can prove k # ¢ as follows: If k = ¢, then, w = Bvayz’ Bhvyzof
holds. But, By Cin Bvayz’Bhvyzof never happens. Thus, k # &.

Then, by (v) of the definition of PWitn(u, v, w), there exist number strings s and
t such that vae = sa, z/ = tu, and Bsyt Ceng k. Then, va = s implies v = s, and
Bsyt Ceng k implies k = k’Bsyt for some k’. Hence, k = k’Bvyt holds. Thus,
by (%), woB = (k'Bvyt)Bvayz’Bh holds. This implies that Bvytf E wef. This
contradicts (iv) for the witness w. For case (x*), vayz’ = vy implies va = v. But
this is impossible since, by finitely many applications of Proposition 3.9(1) (in fact,
by metainduction), v = v implies @ = . For parts (v) and (vi), these steps are
probably at least as complicated as step (iv). This completes the proof of step 1. [

In the next step, we prove the uniqueness of the witness. In the following, we fix
u,v € {a}* and w € {a, b, c}* such that WTC F PWitn(u, v, w).

Step 2 (Uniqueness of the witness) WTC F Vw’ (PWitn(u, v, w') - w = w').
To prove step 2, we first prove the following two lemmas. Note that each witness-
ing string is a good string.

Lemma 4.16
(1) Foreachk,l € {a}*, WTC proves
Yw' [PWitn(u, v, w') — Vp (pBkylf S w — pBkylf Ci w)].
(2) The theory WTC proves Yw' [PWitn(u, v, w') — w Sy w’].

Proof  For part (1), we prove this by the induction on the length of k € {a}*. If
k = &, we can easily check that pBkylf Ti w implies p = ¢ and [ = ¢. Thus, by
(i1) in the definition of PWitn(u, v, w’), we have pBkylf Ci w'.
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To prove the induction step, we assume that for some k € {a}*, we have, for each
I € {a}*,

WTC = Vp(pBkylB Ein w — pBkylp Sin w'). (%)

For ka, assume that pfkaylf Ci, w for some [ € {a}*. By (ii) of the definition
of PWitn, it is easy to show that p # &. Then, by (iv) of PWitn, there exist number
strings s and ¢ such that ko = sa AL = tu A Bsyt Ciy p. Hence, p = p’BsytB
for some p’. By assumption,

p'BsytBkaylf Cnw (1)

holds. Thus p’BsytB Ciy w and therefore, p’Skytf Cin w. Then, by the induction
hypothesis, it follows that p’BkytB8 Cin w’. Hence, p’BkytBq = w' for some q.

Here we can prove that ¢ # ¢ as follows. If ¢ = ¢, then, by Lemma 4.6(2), we
can show that k = v. Then this contradicts the assumption pBkaylf T w, (V)
and (iv). Hence, ¢ # ¢. Then we can prove (1) as follows: by (vi) of the definition
of PWitn, we can easily prove p’SkytBkaytuf Ty w’. Since [ = tu, we have
proved (x). This completes the proof of (1) of this lemma.

For part (2), we can easily prove it as a corollary of (1). In fact, since
PWitn(u, v, w) holds, there exists some number string z such that fvyzf Ceng w.
Then w = pBvyzp for some p. Then, since z £ w, z = u; for some u, € {a}*,
and hence w = pBuvyu.pB. Then, since pfvyu;B Ciy w, by part (1) of this lemma,

pBuyuzpf Cini w'. This means that w Cin w'. O
The second lemma, provable in WTC, is as follows.

Lemma 4.17 For each w' with PWitn(u, v, w'),

(1) YxVyVpVq ((Num(x) ANum(y) A pBxyyBg = w' Aq # &) —
3z (Num(z) A BuyzB Eeng Bq));

(2) VxVyVpVYq((Num(x) A Num(y) A pBxyyBq =w' Anq # &) —
Vz' (Num(z’) — —(Bvyz'B C pBxyyB))).

Proof We reason in WTC. For part (1), let p and ¢ be such that pBxyyBq = w’
and g # ¢ hold. By (iii) of the definition of PWitn(u, v, w’), there exists z such
that Num(z) A BuyzB Ceng w’ holds. Thus, w’ = w”BvyzB for some w”. Then,
by assumption, pSxyyBg = w”BvyzpB holds. Then, by Lemma 4.6(2) and ¢ # &,
there exists / such that

pBxyyBh = w"B and q = hvyzp.
Here, if h = ¢, then ¢ = vyzf. Hence, Bg = Pvyzpf and this implies
BvyzB Cena Bq. If b # &, then, by pBxyyBh = w”pB, there exists &’ such
that h = h'B. Since ¢ = W' BvyzB, Bqg = Bh' Bvyzp holds. Thus, Bvyzf Ceng Bq
holds.

For part (2), let p and ¢ be such that pBxyyBq = w’ and g # ¢ hold. Then, by
(1) of this lemma, there exist ¢’ and a number string z such that

Baq =q'Buyzp. (i1)

Hence, w’ = pBxyyq’Bvyzp holds. Now fix some number string z’. To prove (2),
we have to prove the following assertion:

=(Buyz'B C pBxyyp). (xx)
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Now, by (iv) of the definition of PWitn(u, v, w’), the following assertion holds:

=(Buyz'B C pBxyyq'B). (t11)

Here, if ¢’ = ¢, then =(Bvyz’8 T pBxyypB) holds, which means () holds. If

q' # e, then by (1), ¢’ = Bq” for some ¢”. Thus, (} T 1) implies —(Bvyz'B
C pBxyyBq”B). Hence, (%) holds. O

Now we prove step 2 and complete the proof of Theorem 4.8. Recall the statement
of step 2:

WTC F VYw’ (PWitn(u, v, w') — w = w’).

Proof of Step 2 We reason in WTC. Fix w’ such that PWitn(u, v, w’) holds. Then,
by Lemma 4.16(2), w Ci; w’ holds. Here w’ = wgq for some ¢q. To prove
w = w’ by way of contradiction, assume that ¢ # ¢. Since w is a witness for
the product of u and v, there exists a number string zo such that fvyzof Ceng w.
Thus, pBvyzoB = w for some p. Hence, pBvyzoBg = w’. Since g # ¢, by
Lemma 4.17(2), =(Bvyz'S C pBvyzop) for each number string z’. This is a con-
tradiction. Hence, ¢ = ¢. Thus, w = w’ holds. This completes the proof of
step 2. O

Then, by step 1 and step 2, Theorem 4.8 is proved, and this completes the proof of
Corollary 4.9.
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