Hindawi

Journal of Applied Mathematics

Volume 2017, Article ID 1474052, 14 pages
http://dx.doi.org/10.1155/2017/1474052

Research Article

Some New Volterra-Fredholm-Type Nonlinear
Discrete Inequalities with Two Variables Involving Iterated

Sums and Their Applications

Run Xu

Department of Mathematics, Qufu Normal University, Qufu, Shandong 273165, China

Correspondence should be addressed to Run Xu; xurun_2005@163.com

Received 27 April 2017; Accepted 13 August 2017; Published 27 September 2017

Academic Editor: Samir H. Saker

Copyright © 2017 Run Xu. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Some generalized discrete Volterra-Fredholm-type inequalities were developed, which can be used as effective tools in the quali-

tative analysis of the solution to difference equations.

1. Introduction

In recent years, various forms of inequalities played increas-
ingly important roles in the study of quantitative proper-
ties of solutions of differential and integral equations [1-
15]. Discrete inequalities, especially the discrete Volterra-
Fredholm-type inequalities, have been applied to study the
discrete equations widely. For example, see [1-3, 9-11] and
the references therein. In this paper, some new Volterra-
Fredholm-type discrete inequalities involving four iterated
infinite sums were established. Furthermore, to illustrate
the usefulness of the established results, some examples
were provided for the studying of their solutions on the
boundedness, uniqueness, and continuous dependence.
We design the needed symbols as follows:

(a) N, denotes the set of nonnegative integers and Z
denotes the set of integers, while R denotes the set of
real numbers R, = [0, 00).

(b) Let Q := ([my, M] x [ny, N]) N Z?, where my, n, € Z,
and M, N € Z U {oo} are two constants.

() K; >0 (i = 1,2,3,4) are all constants, and [;,/, € Z
are two constants.

(d) If U is a lattice, then we denote the set of all R—valued
functions on U by @(U) and denote the set of all
R, —valued functions on U by g_ (U).

(e) For a function g € g, (U), we have ZZZIMO gls) =0
provided my, > m;.

We need the following lemmas in the discussions of our
main results.

Lemma 1 (see [4]). Let u(m,n) € . (Q), b(s,t,m,n) €
©.(Q%) be nondecreasing in the third variable; k > 0 is a
constant. For (m,n) € Q, if

m-1 n-1

u(m,n) <k+ Z Zb(s,t,m,n)u(s,t), )

s=my t=n,
then
m—1 n—1
u(m,n)skexp{z Zb(s,t,m,n)]». 2)
s=tmy t=n,

Lemma 2 (see [4]). Let u(m,n),a(m,n),c(m,n) € p,(Q). If
a(m, n) is nondecreasing in the first variable, then, for (m,n) €
Q)

m—1
u(m,n) <a(m,n)+ Zc(s,n)u(s,n), (3)
then
m—1
u(m,n) < a(m,n) H [T+c(s,n)]. (4)

s=m
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Lemma 3 (see [5]). Leta >0, p > q > 0, and p # 0; then,
for any K > 0,

alr < Aapivg PI—) Agcalv. )

2. Main Results

Theorem 4. Suppose that u(m,n),a(m,n),b,(m,n), b,(m,
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Z [¢; (s, t,m,n) u (s,t) + d; (s, t,m,n)
=m,
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1S

i
-
I
=

0
U (s, 1) + e (s, t,m,n)] + b, (m,n)
I, M—1N-1

SN S fi s tomm i (s1)

j=18=myq t=n,

+ g;(stmn)u’ (s,t) +w; (s,t,m, n)] ,

n) € p.(Q), ¢(s,t,m,n), di(s,t,m,n), e;(s,t,m,n), fi(s,t,m, (6)
i’l), gj(sa t,m,n), wj(5> ta m, I’l) € er(Qz)) and p’ qz’rla h])V then,for (m)n) € Q’ we have
are nonnegative constants with p > q; >0, p>1; >0 (i =
S, p2h;>0p>2v;>0( =12...,L) and u (m, n)
G d el,fj,g],w bemgnondecreasmgm the last two varzables,
b (m n) and b,(m, n) are also nondecreasing. If J(M,N) ip (7)
< ia(m,n) +b(m,n) —————C (m,n) ,
1- A (M,N)
uf (m,n) < a(m,n) + b, (m,n) provided that A(M, N) < 1, where
b (m,n) = max {b, (m,n),b, (m,n)}, (8)
m—1 n-1
C(m,n)=exp{z ZB(s,t,m,n)]», 9)
$=1my t=n,
L
B(s,t,m,n) = Z [c (s,t,m, n) pK(q’ /P+d (s, t,m, n) p K P)/P] b(s,t), (10)
i=1
I, m-1 n-1 q P q
](m,n) ZZ Z{C(S,tm,n)[ zK(% P)/Pa(s t)+ P qu!/P]
i=1 $=My t=n,
Ti p(ri=p)/p rilp
+ d; (s,t,m,n) PKZ a(s,t) + K +e; (s, t,m,n)
(11)
L, M-1N-1 h
22 ) {f; (s,t,m,) [ UK s 0+ P Khj“’]
j=15=mq t=n, p
Vj (Vj ] V]/p
+9; (s,t,m,n) [ =K, (s,t)+ —K, +w; (s,t,m,n) ¢,
p p
& e ) Vi v-p)
NCEDIDNDY [f](stm, ’K r p+gj(s,t,m,n);]K4’ ? P]b(s,t)C(s,t). (12)
j=1s=mq t=n,
Proof. Given b(m,n) = max{b, (m, n), b,(m,n)}, for (m,n) € +d; (s, t,m,n)u" (s,t) + €; (s, t,m,n)] + b (m,n)
Q, we have l, M-1N-1
Z Z Z [fj(s,t m,n)u f(s,t)
=1 5=my t=n,
ul (m,n) < a(m,n) +b(m,n) + gj(s,t,m, nmu'i(s,t) + w; (s, t,m, n)] .
I, m-1 n-1 (13)
Z Z ¢ (s,t,mn)ul (s,t)
i=1 57y t=m, Define a function z(m, n) by
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I, m-1 n-1

z(m,n) = Z Z Z [c (s, t,mm)u®i (s,t) +d; (s, t,m,n) u" (s, 1) +¢; (s, t,m, n)]

i=1 §=My t=n,

(14)
I, M-1N-1
+ Z Z Z [fj (s, t,m,m)u (s,1) + g; (s t,mn)u’ (s,t) + w; (s, t,m, n)] .
j=1 55, t=n,
Then or
u(m,n) < (a(m,n) +b(m,n)z (m,n)"?. (16)
u? (m,n) < a(m,n) +b(m,n) z(m,n), (15) By using Lemma 3, for any K; > 0 (i = 1,2, 3,4), we have
11 m—1 n-1 P
z (m,n) < Z Z {c (s, t,m,n) [q’K(q’ /p(a(s,t)+b(s t)z (s, t)) + pquq,/p]
i=1 =My t=n,
+d; (s, t,m,n) [%Kg"_m/? (a(s,t) +b(s,t)z(s,1)) + I%K;"/p] +e;(s,t,m, n)}
l, M-1N- ho o ~ b
I {fl (s, t,m, 1) [—]K;hf PP (4 (s t) +b(s,8) 2 (5,8)) + Ll th“’] (17)
: 1s=my :n p p
vV y.— v
+ gj(s,t,m,n) [EJK;’ pir (a(s,t) +b(s,t)z (s, t))+ » ]Kj/p] +wj(s,t,m,n)} = R (m,n)
I, m-1 n-1 4 r
+ Z [c,- (s,t,m,n) —‘Kiq"fp)“’ +d; (s,t,m,n) —’Kgr"fp)/P] b(s,t)z(s,t),
i=1 $=Myg t=n, p p
where
& Mo P Vi p)
R (m, m,n)+z Z Z [f](s,tm, imP p+gj(s,t,m,n)E]K4jp p]b(s,t)z(s,t), (18)
j=15=mq t=n,
and J(m,n) is defined in (11). Then, using that R(m,n) is
nondecreasing in every variable, we get
I, m-1 n-1
z (m,n) < R(M,N) +Z Z Z [c (s, t,m,n) p (q' PIP L g (s,t,m,n) pK(r PPN p(s,8) 2 (s,1)
i=1 $=My t=n,
(19)

1
B(s,t,m,n)z (s,t),

0

-1 n

3

= R(M,N) +

S

g

~
Il
S

0

where B(s, t, m, n) is defined in (10).



Since b(m,n) is nondecreasing and ¢(s, t,m,n),d,(s,t,
m,n) are nondecreasing in the last two variables, then
B(s,t,m,n) is also nondecreasing in the last two variables,
and, by Lemma 1 and (19), we get

m—1 n—1

z(m,n) < R(M,N)exp{ Z ZB(s,t,m,n)}
(20)

s=my t=n,

=R(M,N)C (m,n),

where C(m, n) is defined in (9). Considering the definition of
R(m, n) and (20), we have

R(M,N)=](M,N)

I, M-1N-1

+Z Z Z [f](s,tMN) ]K(h -p)/p

j=18=mg t=n,

‘(lvj*P)/P:| b(s,t)Z(S) t) < ](M)

v
+ g;(s,t,M,N) ;]K

N)+R(M,N) (21)

l, M-1N- h
ZZZ fJ(stMN) 1 -p)p

j=15=my t=n,

+g](stMN) (V p)/p]

b(s,t)C(s,t)
=J(M,N)+R(M,N)A(M,N),

where A(m, n) is defined in (12). Then,

J(M,N)
Combining (20) and (22), we deduce
J(M,N)
z (m,n) < mc (m,n), (23)

where C(m, n), A(m, n) are defined in (9) and (12).
Then, combining (16) and (23), we obtain the desired
result. O

Corollary 5. Let ry;(m,n),d,;(m,n),c,;(m,n), e;(mmn) €
P, (Q), G = 1L,2,...,1), flj(m,n), glj(m,n), wlj(m,n),
rzj(m,n) € p,(Q), (G = 1,2,...,1), rli(m,n),rzj(m,n),
b,(m,n) and b,(m,n) be nondecreasing in every variable.
u(m,n), a(m, n), b, (m, n), b,(m, n), p, q,,r,,h v; are defined
as in Theorem 4. If

L
u? (m,n) < a(m,n) + b, (m,n) Zrli (m,n)
i=1

m—-1 n-1
Y Y e (s Ut (s,0) +dy (s, ) (s, 1)
s=mg t=n,
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L
+ ey (s,1)] + b, (m,n) Zij (m, n)

j=1
M-1 N-1
' Z Y [fijstu (st)

+ gl] (Sa t) uvj (5’ t) + wlj (S) t)] >
(24)

then, for (m,n) € Q, we have
u (m,n)

TN

1/p  (25)
1—/\(M,N)C(m’n)} :

< {a (m,n) + b (m,n)

provided that A(M, N) < 1, where

b (m,n) = max {b, (m,n),b, (m,n)},

m—1 n-1
C(m,n) = exp{ Z ZB(s,t,m,n)},

s=my t=n,

P
B(s,t,m,n) = Zrlz (m, n) [Clz (s, 1) ‘11)1 Ka-pir

i=1
+dy (s,1) %KW/P] b(st),

m—1 n-1

J (m,n) = Zrh (m,n) Z Z {ch (s, 1)

S=Mmy t= ny
_ [ % K9 P/Pg (s, 1) + f% K‘gf/f’] +dy; (s,t)

(26)

Ti 1 (ri=p)/p i orilp
[;KZ a(s,t)+ » Kr ]+eh(s,t)]>

M-1 N-1

+Zr21(m n) Z Z {flj(s,t)

S=my t=ny,

hi o —h;
-[;JKQ’” Mragsn+ L K*’f“’] + 950

[IjKV P/Pa(s,t)+ p;VjK:j/P] +w1j(s,t)},

M-1 N-1

A(m,n) = Z"z;(m n) Z Z [flj(s t)—

s=my t=n,

(hj=p)/p

+ (s t) S P)’P] b(s,t)C(s,1).

The proof of Corollary 5 can be completed by setting
(s, t,m,n) = ry;(m,n)cy(s, 1), di(s, t,m,n) = ry;,(m, n)d,;(s,
1), els,t,mn) = ry(mnley(s.t), fi(s,t,mn) = ry(m,
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n)flj(s, 1), gj(s, t,m,n) = rzj(m, n)glj(s, t), wj(s, t,m,n) = Corollary 6. Let u(m, n), a(m, n), b, (m, n), b,(m,n), ¢,(s, t,m,
rzj(m, n)wlj(s, t) in Theorem 4. n),d;(s,t,m,n), e;(s,t,m,n), f]-(s, t,m, n), g]-(s, t,m,n), wj(s,
Letting p = 1, we get the following corollary. t,m,n) be defined as in Theorem 4. If

L m-1 n-1

u(m,n) < a(m,n)+b, (m,n) Z Z Z [ (s, t,mn)u(s,t) +d; (s, t,mn)u(s,t) +e (s, t,mn)]

i=1 S=my t:no

(27)
L, M-1N-1
+ b, (m,n) Z Z Z [f] (st,m,n)u(s,t) +g;(s,t,mn)u(st) +w; (s,t,m,n)] ,
=1 5=my t=n,
then, for (m,n) € Q, we have provided that A(M, N) < 1, where
u(m,n) < a(m,n) +b(m,n) %C(rm, n), (28)
b (m,n) = max {b, (m,n),b, (m,n)},
m—1 n—1
C (m,n) = exp <| Z ZB(s,t,m,n)} ,
s=Mmy t=n,
L
B(s,t,m,n) = Z [¢; (s,t,m,n) +d; (s,t,m,n)] b (s, 1),
i=1
I, m-1 n-1 (29)
J(m,n) = Z Z Z {lc (s, t,mn) +d; (s, t,m,n)] a(s,t) +e; (s, t,m,n)}
i=1 s=1q t=n,
l, M-1N-1
+ Z Z Z {[f] (s, t,m,n) +9; (s,t,m,n)] a(s,t) +w; (s,t,m,n)},
=1 5=my t=n,
L, M-1N-1
A(m,n) = Z Z Z [f] (s,t,m,n) + g; (s,t,m,n)] b(s,t)C(s,t).
15y =,
Theorem 7. Let ¢(m,n) € p,(Q), u(m,n),a(m,n), b(m,n), i (s,t) + g; (s, t,m,n) u'i (s, t) + w; (s,t,m, n)] ,
by(m,n), ¢(s,t,m,n), di(s,t,m,n), e,(s,t,m,n), f;(s,t,m,n), (30)
gj(s,t,m,n),w;(s,t,m,n), p,q;,r;, h;,v; be defined as in The-
orem 4. Assume that a(m,n) is nondecreasing in the first
variable. If then, for (m,n) € Q, we have
m—1
u? (m,n) < a(m,n) + Z ¢ (s;n) uf (s,n) + by, (m,n) u(m,n)
I, m-1 n-1 < {[a(m,n) + b (m,n) Mé(m,n)
Z Z Z [c (s, t,m,m) u® (s,1) 1-A(M,N) (31)
i=1 =My t=ny, 1/p
+d; (s, t,mn)u” (s,t) +e; (s, t,m,n)]| + b, (m,n) @ (m, n)} >
L, M-1N-1

> 2 2 [fitstmn)

=1 s=1mq t=n, provided that A(M, N) < 1, where
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m—1
é(m,n) = H [1+9(sn)], (32)
b (m,n) = max {b, (m,n),b, (m,n)}, (33)
¢ (s,t,mn) =c(s,t,mn) (¢ (s, t))qi/p ,
d; (s,t,m,n) = d, (s, t,m,n) (@ (s, t))r/P, i=1,2,....1,
! . (34)
f] (S)tam)n) = f] (S,t,m,n) ((’P((S)t)) ’ p)
g] (S7tam)n) = g] (S)tym)n) ((Fp(s:t))v']/P > _] = 1)2>'- ER SR
s m—1 n-1 _
C(m,n):exp{z ZB(s,t,m,n)]», (35)
s=Mmg t=n,
ll . ~ .
B(s,t,m,n) = Z [5,- (s,t,m,n) %Kiq"*”)/p +d; (s,t,m,n) %Kﬁr*’p)“’] b(s,t), (36)
L m-1 n-1 p
J (m,n) = Z Z Z {c (s, t,m,n) [q'K(q’ P (s,t) + pquq,/P] +d, (s,t,m,n) [I;K(r P)/pa(s,t)+
=1 $=my t=n,
l, M-1N- Ry ~h;
‘K;"/p]+ei(s,t,m,n)} ZZ Z<lf](s,tmn)|: ]K PP s, t)+ K’P] (37)
j=15=My t=n,
v, Y
+§j(s,t,m,n)[—J 2l a(s, t)+ JKJ/P]+wj(s,t,m,n)},
p p
I, M-1N-1 ( )
NCROEDIDNDY [fj(s,t m, n) " gy (s tmm) oK 7 "]b(s HC(st). (38)
Jj=15=Mg t=n,
Proof. Given b(m,n) = max{b,(m,n), b,(m,n)}, for (m,n) € +d; (s, t,m,n)u" (s,t) + ¢; (s,t,m,n)| + b (m,n)
Q, we have
I, M-1N-1 N
m-l N i at) ) i 7t
uf (m,n) < a(m,n)+ z ¢ (s,n)u? (s,n) +b(m,n) j:zlszzmo t=zn:0 [fj (& 5m,m)u (1)
L, m-1 n-1 t 9 (s,t,myn)u’i (s,t) + w; (s, t,m, n)] .
z [c; (s, t,m,m) u® (s, 1) (40)
i=1 S=my t=n,
’Hl >
+d; (s, t,mn)u” (s,t) +¢; (s,t,m,n)] + b (m,n) (39) et
m—1
l, M-1N-1 u? (m,n) <z (m,n) + Z ¢ (s,m)uf (s,n). (41)
355 1 etmn

j=15=mq t=n,

e (s;t) + g; (s, t,m,n) u'i (s,t) + wj (s,t,m, n)] .
Define function Z(m, n) by

zZ (m,n) = a(m,n) + b (m,n)

,_‘

I, m-1 n-1

Z Z ¢ (s,t,mn)ul (s,t)

i=1 S=My t=n,

Clearly z(m, n) is nondecreasing in the first variable. Then, by
Lemma 2, we get

m=1
P (m,n) < Z (m,n) 1+¢(s,n)
u? (m,n zmnsl;lo[ @ (s,m)] )
=z (m,n)p (m,n),

where @(m, n) is defined in (32). Define function
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I, m-1 n-1

v(m,n) = Z Z Z [c (s, t,mn)u®i (s,t) +d; (s, t,m,n) u” (s, 1) + e; (s, t,m, n)]

i=1 $=My t=ny,

I, M-1N-1

(43)

+ Z Z Z [f; (s, t,m,n) ul (s, t) + 9; (s,t,m,n)u’i (s,t) + w; (s, t,m, n)] .

j=1 =My t=n,

From (40), we get

Z(m,n) =a(m,n) +b(m,n)v(m,n). (44)

I, m-1 n-1

Then (42) becomes
u(m,n) < {la(m,n) +b(m,n)v(mn)] g (m, n)}l/p . (45)

By (45) and Lemma 3, from (43), we have

v (m,n) <Z Z Z {c (s,t,m,n) (@ (s, t))q’/P [;1)’ K9P/ (q(5,8) + b (s,£) v (s, 1)) + ququl/p]

i=1 $=My t=n,

+d; (s, t,m,n) (¢ (s, )"/ [};K(T PP (G (s,t) + b (s, 1) v (s, 1) + L

I, M-1N-

+j=zm

j=15=mq t=n,

+ g (s, t,mn) (§ (s, t))V’/‘D[;K(V PP

I, m-1 n-1

! h
{fj (s, t,m,m) (@ (s, )" [ p’K(h PP (4 (5,0) + b (s,t) v (s, 1) + L

(a(s,t) +b(s,t)v(s,t)) +

’KT/P] +e (s,t,m,n)}
p
h
th“’] (46)

]KV]/P:| + w; (s, t,m,n)} = ﬁ(m,l’l)
p

+ZZ Z[c(stmn)q’K(q’ /P+d(stmn) rp/p] (s,t) v (s,t),

i=1 S=My t=n,

where

I, M-1N-1

j=1 5= t=n,

G c?,-, f;,gj and J(m, n) are defined in (34) and (37), respec-
tively.
Similar to the process of (17)-(23), we deduce that

J(M,N)

~—6(m> n) > (48)
1-A(M,N)

v(m,n) <

where C(m, n), A(m, n) are defined in (35) and (38).
Combining (45) and (48), we get the desired result. [

Theorem 8. Let u(m, n), a(m, n), b,(m,n),b,(m,n), ¢(s,t,m,
n), d;(s,t,m,n), e;(s,t,m,n), fj(s, t,m,n), gj(s, t,m, n),wj(s,
t,m,n), p,q; ri,hj,vj be defined as in Theorem 4. Hj,Lj :
QxR, = R, (j =12,...,1,) satisfies 0 < Hj(m,n,u) -
Hj(m,n,v) < Lj(m,n, Vu—-v)foruzv=0.1If

u? (m,n) < a(m,n) + b, (m,n)

-p)lp

- - _ h
R(m)n):](mxn)"'z Z Z fj(s,t,m,n)—] 3

(v -p)/p

g (s,t m, n) b(s,t)v(s,t), (47)

I, m-1 n-1

. Z Z Z [¢; (s, t,m,n) u (s,1)

i=1 5= t=n,
+d; (s, t,myn)u” (s,t) +¢; (s, t,m,n)] + b, (m,n)

I, M-1N-1

DY Y S s tmm Hy (s, 6,4 (5,0))

Y=
+ g; (s, t,m,n) H; (s,t,u” (s, 1)) + w; (s,t,m, n)] ,
(49)
then, for (m,n) € Q, we have
u (m,n)

1/p (50)
< {a(m,n)+b(m,n) E(m,n)} >
1-A(M,N)
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provided that MM, N) < 1, where

b (m,n) = max {b, (m,n),b, (m,n)}, (51)

Cm,n)—expizz (s,t,m,n ]», (52)

— L i r;

B(s,t;mn) = [c,. (s.t,m,n) %Kﬁq"‘f”“’ +d, (s,t,m,n) E’Kﬁf‘f’)“’] b(s,t), (53)
i=1

I, m-1 n-1

T (m,n) = Z Z Z {c (s, t,m,n) [q'Kq' ‘D)/‘Da(s t) + ququ,/p]

i=1 $=My t=n,

r; _
+ di (s,t,m,n) [;ng P)/Pa(s t) + p zKV/P:| +e; (s,t,m,n)}

(54)
L, M-1N-1 b -pip P=h np
+ZZ Z{f](s,tmn)H [s,t ;’K alst)+ , i gl ]
Jj=15=Myg t=n,
1/ - V. v,
’ gJ (S’t)m’n)H I:S)t EJK p/pa(s’t)-'-Pp ]K4]/p] +w] (S’t)m,i’l)})
f hj -ty “h; np
S t,m,n) = J1.(S,t,mn A s, t, — + “12.0,
Sitmm =y tmml;{ st 5K alsn pK] i=12...,1 (55)
Vi o ,
yj(s,t,m,n):gj(s,t,m,n)Lj<5,t,;JKi; p)p als, t)+ ; K /P> s 6
_ L M-IN-1T h , B
A(m,n) = Z Z Z [fj(s,t,m, n) pK(h Ir gj(s,t;m, n) p ( p)/P]b(s,t)C(s,t), (57)
j:lSZmot:no

Proof. Given b(m,n) = max{b,(m,n), b,(m,n)}, for (m,n) € L M-1N-1

Q, we have Z Z Z [fJ (s,t,m, n)H (S’t u? (S’t))

=1 =My t=n,

p
u® (m,n) < a(m,n) +b(m,n)
( ( ( + g;(s,t,mn) H; (s,t,u’ (s,8)) + w; (s,t, m,n)] .
I, m-1 n-1

: Z Z Z [¢; (s, t,m,m) u (s,1) (58)
i=1 5=y t=n

+d; (s, t,mn)u’ (s,t) +e; (s, t,mn)]| +b(m,n) Define function %(m, n) by

I, m-1 n-1

v(m,n) = Z Z Z [¢ (s, t,mm)u (s,t) +d; (s, t, m,n) u” (s,1) +¢; (s, t,m,1)]

i=1 S=My t=n,
(59)
I, M-1N-1

+ Z Z Z [f] (s,t,m,n) H; (s, t,ul (s, t)) + g; (s, t,m,n) Hy (s,t,u"1 (s, 1)) + w; (s,t,m, n)] .

Jj=18=myq t=n,

Then or

uf (m,n) < a(m,n)+bm,n)7v(m,n), (60) u(m,n) < (a(m,n)+bm,n)7(m,n)"?. (61)
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By Lemma 3, we have

I, m-1 n-1

v(m,n) < z Z Z {q (s,t,mn) (a(s,t) + b (s, t) v (s, 1) %P

i=1 $=Mg t=n,
+d; (s, t,m,n) (a(s,t) + b (s, )T (s,1)"P +e; (s, t,m,m)}
I, M-1N-1
+ 3 Y Afi s tmn Hy (s, t, (a(s,t) + b (s, )7 (s, £)"P)
j=15=mq t=n,
+ g;(s,t,m,n) H; (s, t,(a(s,t)+b(s,t)v(s, t))"f/p) +w; (s, t,m, n)}
n-1

Zl Z Z {c,- (s, t,m, 1) [%Kﬁ‘“’)“’ (@(s.t) +b(s,)T(s,1)) + %K;ﬂ“’]

+d,~(s,t,m,n)[I;K(r p)/p(a(s ) +b(s,t)v (s, t))+ ; ’Kr/p] +e,~(s,t,m,n)}

1 N-1

I, M- h
+Z Z {fJ(S t, m’”)[ <5:t E]K(h P/P(a(s,t)+b(s,t)v(s,t)) + Pp Kh/P>
j=1

s=my t=n,

h —h; h —h;
-H. (s t, E]K(h ~Pip (s,t)+ p Kh’/p>+Hj(st ;]K(h’ pip a(s, t)+ 7 Kh/p)] +gj(s,t,m,n)
(62)
K

J

+ H

Vi vi-p)lp pP-v; v/p) < vi-p)lp v/p)
H. (s, , J (a(s,t) +b(s,t)v(s,t)) + —K," |- H. K J a(s, t)+ K
[ p p AN P
J<

Vi ilp
s, t,— (s t)+ JK )]+w-(s,t,m,n)}
P p !

3
L
3
i
h

{c,. (s, t,m, 1) [%Ki%“’)“’ (@(s,t) +b(s,0)V(s,1)) + %K?/P]

“

In
DM

-
Il
S

1

0 0

+d(s,tmn)[p (r ‘D)/P(a(s t)+b(s,t)v(s,t))+ , 'Kr/‘o]+e(s,tmn)}

I, M-1N-1

h; ~h
' _Zmz{fl(s’tm’”)[ (s,tEKhJP)/P (s, t)+ . Kh/p)

Jj=15=Mq t=n,
i n-p)lp hj h-prp —hi nip -pip
EK hj b(s,t)v (s, )+ H;| st EK a(s, t)+ » K +9; (st m,n)[ (s,t ;K Vi a(s,t)

Vi o\ Vi (p Vi - _
+—pp JK;“’) ;JKi’ PPy (5,6) 7 (s,t) + Hj<s,t,;JKi’ PIPa s t)+pp K]/p>]+wj(s,t,m,n)} = R(m,n)

m—1 n—-1

0

ll
+z [c (s, t,m,n) q'K(q’ p)/P+d (s, t, m,n) K(T P)/p]b(s,t)v(s,t)

i=1 $=Myq

where
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I, M-1N-1

_ _ _ h: .-
R(m,n)=](m,n)+z Z Z fj(s,t,m,n)ngghj p)/p+g](s t,m, n) p pip b(s,t)v(s,t), (63)

j=15=mg t=n,

and J(m, n),?j(s, t,m,n), g j(s, t,m,n) are defined in (54)- Combining (61) and (64), we get the desired result. [

(56).
Similar to the process of (17)-(23), we get Theorem 9. Let ¢(m,n) € ©,(Q), u(m,n), a(m,n), b(m,n),
b,(m,n), ¢(s,t,m,n), d;(s,t,m,n), e;(s,t,m,n), fj(s, t,m,n),

7 (M,N) gj(s,t,m,n),w;(s,t,m,n), p,q;,r;, hj,v; be defined as in The-

v(m,n) < m (m,n), (64)  orem 4. Assume that a(m,n) is nondecreasing in the first
’ variable. Hj, Lj (j = 1,2,...,1,) are defined as in Theorem 7.
where C(m, n), A(m, n) are defined in (52) and (57). If
m—1
uf (m,n) < a(m,n) + Z @ (s,n) uf (s,n)

I, m-1 n-1

+b, (m,n) Z Z Z (¢ (s, t,mm)u (s,8) + d; (s,t, m,n) U (s,t) +¢; (s, t,m,1)] (65)

i=1 S=My t=n,

I, M-1N-1

+b, (m,n) Z Z Z [f] (s,t,m,n) H; (s, t,ul (s, t)) +9g; (s, t,m,n) H; (s,t,u" (s, 1)) + w; (s,t,m, n)] ,

j=1 5=y t=n,

then, for (m,n) € Q, we have provided that )AL(M, N) < 1, where

u(m,n)

1/p (66)
< {a(m,n)+b(m n)&(’?\(m,n)}> )
1-A(M,N)

m—1

@ (m,n) = H [1+@(s,m)],

s=my

b (m,n) = max {b, (m,n),b, (m,n)},

m—1 n—-1
C(m,n) = exp{ Z Zﬁ(s,t,m,n)},

s=my t=n,

ll
—~ . ,— -~ 1. o
B(s,t,mn) = ). [E,- (s,t,m, ) %Kiq* PP 4 d, (s, t,m, m) ;;K;“ P)/P] b(s.t),
i=1

I, m-1 n-1

T (m, ”)_Z Z Z {c (s, t,m, n)[q'Kq' PIPg (s, t)+ppq'Kq’/P]

i=1 $=My t=n,

+ 6?:»(3, t,m,n) [%Ké”il’)/l’a (s,t) + 5 zKT/P

+e; (s, t,m, n)}
I, M-1N-1 h h
335 {reman oot (a0

=1 $=My t=n,

+g;(s,t,mn) H; [s,t,((ﬁ(S,t))VJ/P<pK(V ~Plp als, t)+ - KV/P>

+w; (s,t,m,n)} R
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I, M-1N-1

1

Amm =YY ¥ fj(stmn) K +§j(s,t,m,n)%Kivj_P)/P]b(s,t)@(s,t),

Jj=15=My t=n,

¢ (s,t,mn) =c(s,t,mn) (¢ (s, t))qi/P ,

d; (s.t,m,n) = d; (s,t,m,m) (§ (s, 0)P, i=1,2,....1,,

A . h,
Fis.tomm) = £ (s, tomm) (@ (s,0)" L [s,t, ((ﬁ(s,t))hj/P<EJK§h’ Pleg (6 + 2o 5 K )]

Vi
G (s.t.mn) = g; (s, t,m,m) (§(s.0)""P L [s, t((s,1)P (;’Kf1 i

The proof for Theorem 9 is similar to the combination of
Theorems 7 and 8, and we omit the details here.

3. Applications

In this section, we will present some applications for the
established results to study boundedness, uniqueness, and
continuous dependence of solutions of certain difference
equations.

Consider the following Volterra-Fredholm sum-differ-
ence equations:

m—1 n-1

uf (m,n) = a(m,n) + Z Z [C (s, t,m,n,u(s,t))

s=1my t=n,
+ D (s, t,m,n,u(s,t)) + E (s, t,m,n)]

(68)
M-1N-1

+ S;ﬂ t:Z [F(s,t,m,n,u(s,1))

+G (s, t,myn,u(s,t)) + W (s, t,m,n)],

where u(m, n),a(m,n) € p(Q), p > 1is an odd number,
C,D,F,G: Q*xR — R, E,W € p(Q?).

Theorem 10. Assume that functions C, D, E, F,G,W in equa-
tion (68) satisfy the following conditions:

|C (s, t,m,muy)| < ¢ (s, 6,m,m) [ud],
|D (s, t,m,n,uy)| < d (s,t,m,n) [u}],

|E (s, t,m,n)| < e, (s,t,m,n),
(69)
|F (s,t,m,nuy)| < f, (s,t,m,m |u1',

|G (s, t,m,n,uy)| < gy (s, t,m,m) |uy],
[W (s, t,m,n)| < w, (s,t,m,n)

for (m,n) € Q, u, € R, where q,r,h, v are nonnegative con-
stants satisfyingp>q >0, p>r>0, p>h>0, p>v>0,

a(s, t)+

Pt

c,dy,eps fis 9w, € ,(QF) which are nondecreasing in the
last two variables; then one has

|u (m, n)

]1 (M’N)

1/p (70)
T, o, N ! (m’”)} :

< {la(m,n)l +

provided that A, (M, N) < 1, where

m—1 n-1
C, (m,n) = exp <| Z ZBl (s,t,m,n)]» ,

s=my t=n,

1 Ki‘”’)“’

B, (s,t,m,n) = ¢, (s,t,m,n) +d, (s,t,m,n)

r _
. —K;r P)/P,
p
m-1 n-1

Z Z ‘[C1 (s, t,m,n)

s=my t=n,

]1 (m,n) =

. [ﬂKiq_P)/P |a(s,t)| + P_quli/P]
p p

+d, (s, t,m,n) [pK(r PIP g (s,1)] LT K”P]
M-1N-1
+e (s,t,m,n)} z Z {fl (s, t,m,n)
s=my t=n,
. [th PIP g (5. 0)] + hKh/p]
p
" (v-p)lp v/p
g: (s, t,m,n) pK la (s, t)| + K

+w; (s, t,m, n)} R
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M-1 N-1

Ay (m,n) = Z Z[fl(stmn) K(hp

s=my t=n,

+ g, (s, t,m,n) %Kiv_p)/p] C,(st).

(71)
Proof. Using conditions (69) to (68), we have

|u? (m,n)| < |a (m,n)|
m—1 n—1
+ Y Y UC (s tommu (s, D)l
S=my t=n,
+|D (s, t,m,n,u(s,t))| + |E (s, t, m,n)|]
M-1 N-1

¥ Z Z [|F (s,t,m,n,u(s,t))]

P
+|G (s, t,mn,u (s, £)| + W (s, t,mn)|] < la(m, (72)
m=1 n-1
n)| + SZ tz le; (s, t,m,m) [ul (s, 1))
o (o)
+d, (s,t,mn) |u” (s,1)| + e, (s,t,m,n)]
M-1N-1

+ Z Z [fl (s,t,m,n)'uh (s,t)|

s=my t=n,
+g, (s t,mn) [u’ (s,1)] + wy (s,,m, n)] )

Then a suitable application of Theorem 4 (with [, =1, = 1) to
(72) yields the desired result.

The following theorem deals with the uniqueness of the
solutions of (68).

Theorem 11. Supposing that

|C (s, t,m,muy) = C(s,t,mym,u,)|
< ¢ (s,t,m,n) |u1 - u2|
|F (s,t,m,n,u;) = F (s,t,m,n,u,)|
< f, (s, t,m,n) |uf - u§| )
(73)
|D (s, t,m,n,u;) = D (s, t,m,n,u,)|
<d, (s,t,m,n) |u1 - uz'

|G (s,t,m,n,uy) = G (s, t,m,m, 1)

< g, (s, t,m,n) |u1 - u2|

Journal of Applied Mathematics

hold for u,,u, € R, where c,dy, f,g, € ©.(Q%) are

nondecreasing in the last two variables,

A(M,N)
M-1N-1
= Y Y [fi(&t,M,N) + g, (s,t, M,N)] C (s, t)
s=1mg t=n,
<1, (74)
B(s,t,m,n) = ¢, (s, t,m,n) +d, (s,t,m,n),
m—1 n-1
C(s,t) = exp { Z ZB(s,t,m,n)} ,
s=my t=n,

then (68) has at most one solution.

Proof. Assume that u(m, n), u(m, n) are two solutions of (68).
Then

|up (m,n) —uf (m, n)|
-1 n-1
< Z UC (s, t,m,nu(s,t)) —C(s,t,m,n,u(st))|
S=My t=ny,

+ |D (s, t,m,n,u(s,t)) — D (s, t,m,n,u(s,t))|]

M-1N-1
+ ) Y UF(stmmu(st) - F(st,mni(st)
s=my t=n,
(75)

+ |G (s, t,mmu (s, 1) — G (s, t,m,n,u (s, 1))]
< Z Z ¢ (s,t,m,n) +d, (s,t,m,n)] |uf (s, 1)

M-1 N-1
—uf (s, 0]+ Y Y [fi(st,mn) + g, (s,t,m,n)]

S=my t=n,

. |up (s,t) —uf (s, t)|.

Treat |u? (im, n) — u? (m, n)| as one variable, and a suitable
application of Corollary 6 yields |u (m,n) — uf(m,n)| < 0
which implies that u?(m,n) = u”(m,n). Since p is an odd
number, then we have uf (m,n) = uf (m,n), and the proof is
complete. O

Finally we study the continuous dependence of the
solutions of (68) on functions a, C, D, E, F, G, W. For this, we
consider the following variation of (68):

m—1 n—1

i (m,n) = a(m,n) + Z Z [é(s,t,m,n,ﬁ(s,t))

s=y t=n,

+D(s,t,m,n @i (s, 1)) + E (s, t,m, n)]

(76)
M-1N-1

+ Z Z [ﬁ(s,t,m,n,ﬁ(s,t))

s=my t=n,

+G (s, t,mn i (s,1) + W (s,t,m,m)] ,
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where C,D,F,G: Q* xR — R, E,W € p(Q*) and p > 1is
an odd number.

Theorem 12. Consider (68) and (76). If

|C (s,t,m,n,uy (s,1)) = C(s,t,m,n,uy (s, 1))]
< (s, t,m,n) |u1 - uz'
|D (s, t,m,n,uy (s,1)) = D (s, t,m, n,u, (s, 1))
<d, (s, t,m,n) .u‘f —u§| )
(77)
|F (s, t,m,mu, (s,1)) = F (s,t,m,n,u, (s, 1))]
< f1 (s, t,m,n) |u1 - u2|

|G (s, t,m,m,uy (s,1)) = G (s, t,m,m,uy (5, 1))

< g, (s, t,m,n) 'ul - uz'

hold for u;,u, € R, where ¢;,d,, f1,g, € g.(Q%), and are
nondecreasing in the last two variables, furthermore, for all
solution i of (76), the following conditions hold for (m, n) € Q:

la (m,m) =@ m, )| < 2,
m—1 n—1 _
Z Z 'E(s,t,m,n) —E(s,t,m,n)' < -,
s=my t=n,
M-1N-1
Z Z 'W(s,t m,n) — W (s, t, m,n)' -,
s=my t=n,
m—1 n—1 _
F(s,t,m,n,ui) — F(s,t,m,n,1)| < —,
22! <% o
M-1N-1
Z Z 'C(s,t m,n, i) — C (s, t,m, n, u)' -,
s=my t=n,
m—1 n-1 _
Y Y D tmni) -D(s,tmni)| < <,
S=my t=n,
M-1N-1 B
Z Z |G(s,t,m,n,ﬁ) —G(s,t,m,n,ﬁ)' < -,
S=my t=ny
where € > 0 is an arbitrary constant. Then
[u? (m,n) — &P (m,n)|
M,N (79)
1+ Ja( ) C, (mn)|,

<e& —_—
1- A, (M,N)
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where A,(M,N) < 1, and

m—1 n—1
C, (m,n) = exp <| Z ZBZ (s,t,m,n)]» ,

s=my t=n,

B, (s,t,m,n) = [¢, (s,t,m,n) +d; (s,t,m,n)],

A, (m,n)

M-1 N-1

= Z Z [fi (s,t,myn) + g, (s,t,m,n)| C, (s, 1),

s=My t=n,

]2 (I’I’l, 1’1)

m-1 n-1

Z Z ¢ (s,t,myn) +d, (s,t,m,n)]

s=My t=n,

M-1 N-1

£y Y lfistmn+g (stmmn)

s=my t=n,

for (m,n) € Q. That is, uf depends continuously on the
functions a,C, D, E,F,G,W.

Proof. Let u(m,n) and #i(m, n) be solutions of (68) and (76),
respectively. Then u(m, n) satisfies (68) and #i(m, n) satisfies
(76). Hence

|t (m,n) @ (m,n)| < |a (m,n) - a(m,n)|
m—1 n-1
+ Z Z HC(s,t,m,n,u(s,t))—5(5,t,m,n,ﬁ(s,t))|

+|D (s, t,mmu(s,1)) = D (s,t,m, m, i (s, 1))

+|E(s,t,m,n)—E(s,t,m,n)”
M-1N-1
+ Z Z ['F(s,t,m,n,u(s,t))—F(s,t,m,n,ﬁ(s)t))'

S=my t=n,

+ |G (s, t,m,mu (s, 1)) — G (s, t,m,n, i (s, t))'

+ 'W (s,t,m,n) — W (s, t, m,n)H <l|a(m,n) —a(m,

n)l
m—1 n-1

+ ) Y [ICstmnu(s,t) - C(s,t,mmn i (s 1))
S=my t=ny

+|Cls.tymn @i (s, 1) = C (s t,m,m i (s, 1))

+|D (s, t,m,n,u(s,t)) — D (s, t,m,n, i (s,t))|

+|D (s, t,m n, @i (s5,6)) = D (s, t,m,m, 7 (s, 1))

+ |E (s, t,m,n) — E(s,t,m,n)”
M-1N-1

+ Y Y IF(st,mmnu(st) = F (s t,mnii(s1)|
S=my t=n,

+|F(s,tymndi(s,0) = F (s,t,myn, i (s, )|
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+|G (s, t,m,n,u(s,t)) — G (s, t,m,n,i(s,t))|
+|G (s, tm,n i (s,6) = G (s,t,mm, 1 (s,1))|

+ |W(s,t,m,n) —W(s,t,m,n)'] <e

m—=1 n-1

+ z Z [c, (s, t,m,n) + d, (s,t,m, )] [uf — 7]
s=my t=n,
M-1N-1

+ Z z [fi (s t,mn) + g, (s, t,m,m)] |uf —@F|.
s=mq t=n,

(81)

Treat |uf(m,n) — ¥ (m,n)| as one variable, and a suitable
application of Corollary 6 (with [; = [, = 1) yields the desired
result (79). Hence uf depends continuously on a,C, D, E,
F,G,W. ]

4. Conclusions

The author carried out some new Volterra-Fredholm-type
discrete inequalities involving four iterated infinite sums
and their corresponding applications. The results are more
effective to qualitative analysis of solutions for sum-difference
equations, such as the boundedness, uniqueness, and contin-
uous dependence on solutions.
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