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We obtain some Hermite-Hadamard type inequalities for s-convex functions on the coordinates via Riemann-Liouville integrals.
Some integral inequalities with the right-hand side of the fractional Hermite-Hadamard type inequality are also established.

1. Introduction

If f: I — Risa convex function on the interval I, then,
for any a,b € I with a+b, we have the following double
inequality:

b
f<“+b)gLJf(t)dtsf(“);f(b). M

2 b-al,

This remarkable result is well known in the literature as the
Hermite-Hadamard inequality.

Since then, some refinements of the Hermite-Hadamard
inequality on convex functions have been extensively investi-
gated by a number of authors (e.g., [1-7]).

Definition 1 (see [8]). Let s € (0, 1] be a fixed real number.
A function f : I ¢ [0,00) — [0,00) is said to be s-convex
in the second sense, or that f belongs to the class K2, if the
inequality,

flax+(1-a)y)<a’f)+1-a)f(y), (2
holds for all x, y € I and « € [0, 1].

It can be easily seen that, for s = 1, s-convexity reduces to
ordinary convexity of functions defined on [0, 00).

In [4], Dragomir defined convex functions on the coordi-
nates as follows.

Let us consider the bidimensional interval A := [a, b] X
[c,d] in R* with a < band ¢ < d; a mapping f: A — Ris
said to be convex on A if the inequality,

fAx+ (1 -z Aly+(1-L)w)

<A (x5 y)+(1-1) f(zw),

holds for all (x, y), (z,w) € Aand A € [0, 1].

A function f: A — R is said to be coordinated convex
on A if the partial mappings f,, : [a,b] — R, f,(u) = f(u, y)
and f, : [c,d] — R, f.(v) = f(x,v) are convex for all y €
[c,d] and x € [a,b].

A formal definition for convex functions on the coordi-
nates may be stated as follows.

3)

Definition 2. A function f: A — R is said to be convex on
coordinates on A if the inequality,

fAx+(1 -z ty+(1-Hw)
<AMf(x,y)+ A1 -1) f(x,w)+ (1 -Ntf(z,y) (4)
+(1-01-1) f(zw),
holds for all (x, y), (2, y), (x,w), (z,w) € A,and t,A € [0, 1].

In [4], Dragomir established the following Hadamard-
type inequalities for convex functions on the coordinates in
a rectangle from the plane R”.
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Theorem 3 (see [4]). Supposethat f: A = [a,b]x[c,d] — R
is convex on the coordinates on A. Then one has the inequalities:

a+b c+d 1 b pd
(55 )S(b—axd—c)L J, 7Gxy
- f(a,c)+f(a,d)+f(b,c)+f(b,d)‘

4
©)

The concept of s-convex functions on the coordinates in
the second sense was introduced by Alomari and Darus in
[9].

Let us consider the bidimensional interval A := [a, b] x
[c,d] in R* with @ < band ¢ < d; a mapping f: A — R is
s-convex on A if the inequality,

fAx+ (1 -z Ay +(1-Nw)
<Af(xy)+ (1 -2 f(z,w),

holds for all (x, y), (z,w) € A with A € [0,1] and for some
fixed s € (0, 1].

A function f : A — R is said to be s-convex on the
coordinates on A in the second sense if the partial mappings
f, : [a,b] = R, fy(u) = f(u,y),and f, : [c,d] = R,
fﬁ(v) = f(x,v) are s-convex in the second sense for all y €
[c,d] and x € [a, b] with some fixed s € (0, 1].

A formal definition for convex functions on the coordi-
nates in the second sense may be stated as follows.

(6)

Definition 4. A function f: A — R s said to be s-convex on
coordinates in the second sense on A if the inequality,

fAx+ (1 -Nzty+(1-tw)
SAEf(xy)+ A0 -0 f (x,w) (7)
FU- (2 y) + (1= (1= A f (2ow),

holds for all (x, y), (z, ¥), (x,w), (z,w) € Awitht,A € [0,1]
and some fixed s € (0, 1].

In [10], Alomari and Darus proved the following inequal-
ities based on the above definition.

Theorem 5 (see [10]). Suppose that f : A = [a,b] x [c,d] <
[0,00)*> — [0, 00) is s-convex on the coordinates in the second
sense on A. Then one has the inequalities:

() aaae Lbff(x’y)dydx

<(f(ac)+ f(ad) + f (be)

-1
+f (b)) (s + 1)) .

(8)

It is remarkable that Sarikaya et al. [11] proved the

following interesting inequalities of Hermite-Hadamard type
involving Riemann-Liouville fractional integrals.
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Theorem 6 (see [11]). Let f : [a,b] — R be a positive fun-
ction witha < band f € L,[a,b]. If f is a convex function
on [a, b], then the following inequalities for fractional integrals
hold

a+tb\ T(a+l) 4 3 F@+fb)
f( 2 ) < Z(b_a)(x []a+f(b)+]b,f(a)] < f,

)

with o > 0.

We remark that the symbol J7, and J;- f denote the left-
sided and right-sided Riemann-Liouville fractional integrals
of the order & > 0 with a > 0 which are defined by

I (%) = ﬁ J -t f @B dt, x> a

(10)

o 1 b a—-1
I f (x) = m L (t-x)""f(@)dt, x<b,

respectively. Here, I'(«) is the Gamma function defined by

() = [, et "dt.

Definition 7 (see [12]). Let f € L,[a, b]x[c,d]. The Riemann-

Liouville fractional integrals ]:CQ'BCH ]:lﬁdf, Z‘lﬁc . and ]Zj/3 4 of

order , 3 > 0 with a, ¢ > 0 are defined by
P f (%)

_; 7 el _ B-1
T T(@T(p) J J (x=)"(y-s)" f(ts)dsdt,

x>a, y>c

]:;,ﬁdff(x’)’)
1 x pd . .
S T@TI(p) J L (x =" (s= )" f (t,)dsdt,

x>a, y<d,

TeE (%, y)

_ 1 by o .
- mj J (t=x)"(y=9)" f(ts)dsdt,

x<b, y>q

B £ (%)

1 b (d . o
T T()T(p) L Jy t-x)"(s=y)" [ dsdt,
x < b, , ¥ < d.

(1)

In [12], Sarikaya proposed the following Hermite-
Hadamard-type inequalities for Riemann-Liouville frac-
tional integrals by using convex functions of two variables on
the coordinates.
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Theorem 8 (see [12]). Let f : A <€ R®> — R be convex

functions on the coordinates on A = [a,b] x [¢,d] in R? with
0<a<b0<c<dandf e L(A). Then one has the
inequalities:

f<a+b,c+d>s Fa+1)T(B+1)

22 4b-a)d-cf
< [158. Fo.d) + 158 (.0
f(ad)+ f(ac)]
f@orf@d+ fl.q+fl.d)
4

(12)

In [12], Sarikaya established some Hermite-Hadamard
inequalities for convex functions on the coordinates in the
second sense via fractional integrals based on the following
lemma.

Lemma 9 (see [12]). Let f : A C R> > R be a partial
differentiable mapping on A := [a,b] x [c,d] in R* with
0<a<b0<c<dIfd*f/otds € L(A), then the following
equality holds:

f(a,c)+ f(a,d)+ f(bc)+ f(bd) . Fa+1)T(B+1)
4 4(b - a)*(d - o)

<[ f )+ J3E f 0.0+ T f (ad)

It f @0)] -

_(b-a)(d-o)
- 4

1 aZf
X ” t*sP =L (ta+ (1 -t)b,sc + (1 —s)d) dsdt
0 0t0s

-[lia-ero5

X (ta+ (1—t)b,sc+ (1 —s)d)dsdt

” £ - S)ﬁat&{

x(ta+(1—-t)b,sc+(1-s)d)dsdt

[lla-era-03g

x(ta+ (1 —t)b,sc+ (1 —s)d)dsdt},
(13)

3
where
r(B+1)
- m [fﬁf(a,d)ﬂfif(b, d) +If,f(a,c)
+ 18 f .0 »
r 1 o . .
! ﬁ []“+f(b’c) + 1 f (b,d) + ], f (a,¢)

+]y-f (a,d)].

In this paper, we establish some Hermite-Hadamard type
inequalities for s-convex functions on the coordinates func-
tions via Riemann-Liouville integrals. Some integral inequal-
ities with the right-hand side of the fractional Hermite-
Hadamard type inequality are also given.

2. Fractional Inequalities for s-Convex
Functions on the Coordinates

Theorem 10. Suppose that f: A = [a,b]x][c,d] < [0, 00)*
[0, 00) is s-convex function on the coordinates in the second
sense on A. Then one has the inequalities:

b c+d
451 a+ >
(et

B T+ 1T (B+1)
T 4(b-a)*d-o)f

< IS8 fo.d)+ IS5, f (0,0)+ 1% f (ad)
+ % £ (@.0)] 15)
- f(a,c)+ f(ad)+ f(bc)+ f(bd)

4

X( ! + 1B(,/3,s+l)+ !

(a+s)(B+s) a+1 B+1

X B(oc,s+1)+B(/3,s+1)B(¢x,s+1)).

Proof. From (7), withx =tja+ (1 —t,)b, y = (1 - t)a + t,b,
z=tec+(1-t)d,w=(1-t)c+t,d,andt = A = 1/2, we
get

a+b c+d 1
(55594

[f (ta+ (1
+f(tia+(1-t)b,(1-ty)c+t,d)
+f((1-1 ~t,)d)

+f((1-t)a+t;b, (1 —t,) c+t,d)].
(16)

—t)btye+(1-t,)d)

)a+tbtye+ (1



Multiplying both sides of above inequality by t‘l"fltf ! then
integrating the resulting inequality with respect to ¢, f, over
[0,1] x [0, 1], we obtain

a+b c+d
f( 2’ 2)

5
%[” 2T (fa+ (1-1,) botye

+(1-t,)d)dt,dt,

1
. ” B (fat (1-1) b, (1- 1) ¢
0

+ t,d) dt, dt, (17)

1
+ U T (1t a+ b tye
0

+(1-t,)d)dt,dt,
! 1
+ J-J. T (1=t a+ b, (1-t,)c
0
+t,d) dt, dt,
Using the change of the variable, we get
1 (a +b c+ d)
af 272

b d o
[J b-x)""d-y)"" f(xy)dydx

a Jc

|
+ﬁd(b Ny =) f (% y)dydx (1)
J _lf (x, y)dydx

+ bj (x—a)™ y)ﬁ
L r<x a)* ' (y =) f (= y)dydx |,

by which the first inequality is proved. For the proof of the
second inequality, we note that f is s-convex on coordinates,
then

ftia+(1-t)btyc+(1-t,)d)
st f @) +5(1-6)'f (a.d)
+(1-t,) 65 B0 +(1-t,)(1-1,)f(bd),
f(ta+(1-1)b,(1
<ti(1-1)’f (@,0) + 115 f (a,d)
+(1-t)(1-,) fbo)+(1-t,)tf (b,d),

—t,)c+t,d)
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f((1-t)a+tbtyc+(1-t,)d)
<(-t)65f @) +(1-1,)'(1-1) f (a.d)
+ 565 f (bo) +6(1-1,) f (b,d),
f((1=t)a+tb(1
<(1-t,)(1-t,)f(ac)+(1-1,)’t; f (a,d)
+£5(1=1,) f (b,c) + £ f (b,d) .

—t,)c+t,d)

(19)
Multiplying both sides of above inequalities by ¢~ ltﬁ , then

integrating the resulting inequality with respect to ¢, t, over
[0,1] x [0, 1], we obtain

ﬂlt‘;—ltf-l [F(tia+(1=t,) b tye+ (1-1,)d)
+ f(tja+(1-t)b,(1-t,)c+t,d)
+f((1-t)a+t;bty,c+(1-1t,)d)

+f((1-t)a

+4,b,(1-t,)c+t,d)]|dt,dt,

<[f@co)+ f(ad)+ f(bc)+ f(bd)]
! a—1,B-17[,s,s s s S.s
x ”Otl o [BE+ (1 -1) + (1-1)

+(1-t)(1-
=[f(@c)+ f(ad) + f(b)+ f(b,d)]

t,)’] dt, dt,

1
((oc+s)(ﬁ+s) (ﬂs+1)

1
+ mB(a,s+ 1) +B(B,s+ 1) B(a,s + 1) )

(20)
Here, using the change of the variable, we have

Fa+1)T(B+1)

LFed) I,
(b-a)*d-of Uitcc 0+ ] 0
P f@d) +]F f(a0)
s[f(a,c)+f<a,d)+f(b,c)+f(b,d)]
1
((oc+s)(ﬁ+s) B(ﬁs+1)
1
+ﬁ+lB(oc,s+1)+B(/3,s+1)B((x,s+1)>.
(21)
The proof is completed. O



Journal of Applied Mathematics 5

Remark 11. Applying Theorem 10 for s = 1, we get Theorem 8. + “1(1 _y )oct;;
We note that the Beta functions is defined by 12
X rf
B(x,y) = I (11—t 't d, x>0, y>0.  (22) ot 0t,
. . . ) x (tya+(1—t)b,tye+ (1 —t,)d) |dt, dt,
3. Inequalities for Differentiable Functions
Theorem 12. Let f: A = [a,b] x [¢,d] < [0, 00)? = [0,00) " Hlt“(l _t )B
be a partial differentiable mapping with0 < a < b,0 <c < d.If 0! ?
|0? f/0t,0t,| is s-convex on the coordinates in the second sense 3 ¥
on A for some fixed s € (0, 1]. Then one has the inequalities: X557
191,
; .d b, bd) T nr 1
f@arf@drfbarfbd + @+ DI(B+1) x (tya+ (1 -t)b,tyc+ (1 -t,)d)|dt,dt,
4 Ab - a)*(d - c)f
« 1
x [15F () d)+] +f (o) +U (1-1,)%(1-1,)°
0
f (ad)+] f (a,¢) ‘ 0
- X atlaftz(tla+( t,) b tyc
:(b—a)(d—c)[ ! +B(s+1,(x+1)]
4 oat+s+1 +(1-t,)d) dtzdtl}.
x[ﬁ+i+l+B(s+l,ﬂ+l)] (24)
o’ f of
X 3t.ot (a,0)| + 5.0t (b,c) Because |82f/auav| is s-convex function on the coordinates
12 12 on A, we obtain
2 2
oL (a,d)‘ : ’ﬁ (b,d)H ,
0t,0t, 0t,0t, f(ac)+ f(ad) + f (bc)+ f (b,d)

(23) y

where A is as given in Lemma 9. M

P f ,d) + J2F L f (b,0)

4(b-a)*(d -
Proof. From Lemma 9, we obtain
e fad e f @] -4
fac)+fad+ fbe)+ f(bd)
4 _b-a)d-0
B 4

—r(“”)r(ﬁ” [ f o)+ %, £ (B,0) 1
4(b - a)*(d - X ” [t + (1 -1 + 5 (1 - 1)
0

o
I (a,d) H1-1)"(1-1)"]

+]b“,’/)3d,f(a, c)] - AI

2
X 3,01, (ta+ (1-t)) b tye+ (1 -t,)d)|dt, dt,
< (b-a)d-o
o -ad-9
’ B 4

1
X {” £
0

of
—— (tja+(1-1,)b,t,c 1
0t,0t, x H (6585 + (1= 1) + 5 (1 - 1,)°
0

+(1-1t,)d)|dt,dt, +(1—t1)a(1—t2)ﬁ]




S,.S azf S.s azf
X <[t1t2 391, (a,0)|+(1-1,)t T (b,c)
s N aZ
+1(1-t,) —atlaftz (a,d)l
azf

+ (1~ tl)s(l - tz)s

_(b—a)(d—c)[ 1
- 4

b,d)|t dt, dt
3eor. )H vt

+B(s+1,oc+1)]
a+s+1

x[ﬁ+t+l+B(s+l,ﬁ+l)]

Journal of Applied Mathematics

*f o f
ol b)
8 [ oo, @ d‘* oo, 0
2
d b,d
" lar0t, atz (@ )’ ot atz( )H

(25)
which completes the proof. O
Theorem 13. Let f: A = [a,b] x [¢,d] € [0,00)* — [0, 00)

be a partial differentiable mapping with0 < a < b,0 < c < d.If
|0? f/ouov|? is s-convex on the coordinates in the second sense
on A for some fixed s € (0,1] and q > 1. Then, one has the
inequalities:

Ta+1)T(B+1)

f(a,c)+ f(a,d)+ f (bc)+ f(b,d) N

4 40 -a)*d - c)f

< [t o)+ 58, 00+ T2 f )

+ R f(a,C)] ‘

(26)
(b-a)(d-o)
[(ap + 1) (Bp+ 1))
/
) |(°f/3t,08,) (@) + (3 /at,08,) (b, 0| +|(°F /38,08, (@ )| +|(3*F/3t,08,) B )|\
(s + 1) '
where (1/p) + (1/q) = 1 and A are as given in Lemma 9. N Hltclx(l 3 tz)ﬁ
Proof. From Lemma 9, we obtain ’ 52
« atlaftz (ta+ (1= t,)btye (1 - 1,) )| dt, dt,
f(a,c)+f(a,d)+f(b,c)+f(b,d)+F(a+1)r(ﬁ+l) 1 ;
4 Ab - a)*(d - o) +”0(1—f1) (1-t,)
x [1:;@ fl.d) + I f 6.0+ 1% f (a,d) |
at, 01,
+ ]ij;d,f(a,c)] - AI
(b-a)d—o x (tya+(1—t)) b tye+(1—t,)d)|dt, dtl} .
S S
! @7)
e
0 , By using the well-known Hélder’s inequality for double
y (tia+ (1-1,)b,tye+(1 - 1)) d)| dt, dt, integrals, then one has
at, o1,
1 « f(a,c)+ f(a,d)+ f(bc)+ f(b,d)
+ ”0(1 — )% .
*f F(a-fl)r(ﬁ—fl)
X atlatzc(t1a+ (1-t,)b, tyc+(1 - t,)d)|dt, dt, 4(b D d—of




Journal of Applied Mathematics

< s a1 r o

+ 12 f@d) + I f (a, c)] ~A

_ _ 1 1/p
< W {(”Ot{’“tg’ﬁdtz dt1>
1 1/p
+ (” (1 -1, dt, dt1>
0

1 1/p
+ (JJ'Otf“(l —t,)"at, dt1>

+<”;(1 9P - 5)PPdt, dt1>l/P}

(ha+(1—1t)b,tyc

q 1/q
dt, dt1> )

o f
ot,0t,

(I,

+(1-t,)d)

(28)

Because |0* f/0t,0t,| is s-convex function on the coordinates
on A, by (8), we have

1 aZf q
”0 3091, (tha+ (1-t)) b tye+ (1 -t,)d)| dt,dt,
(29)
_|@f10u00) @ o +[(@f/0106,) G0+ (9% 1/000t) @ ) +|(@F/01,08,) (b, )]
- (s+ 1) ’
So
f(a, o)+ f(a,d)+ f (o) + f(bd) . T+ 1T (B+1)
4 4(b - a)*(d - o)
<UE fl.dy+ I f 0+ TP f@d) + 1P f(a)] - A
(b-a)(d-o) (30)
[(ap+1) (Bp+1)]""
|(22/0t,0t, ) (a, 0| + |(32 £ /0t,08,) (b 0)|" + |(02 £ /ot,0t, ) (a, )| + |(9 f /01,01, (b, ) a
8 (s +1)? '
which completes the proof. O where (1/p) + (1/g) = 1 and A is as given in Lemma 9.
p p p q g

Theorem 14. Let f : A = [a,b] x [¢,d] < [0, 00)* = [0,00)
be a partial differentiable mapping with0 < a < b, 0 < ¢ < d.
If |07 f/ouov|? is s-concave on the coordinates in the second
sense on A for some fixed s € (0,1] and q > 1, then one has the
inequalities:

If(a,c) + f(a,d)+ f(b,c)+ f(bd) . T+ 1T (B+1)
4 4(b - a)*(d - c)f
< [Jeh f oud)+ T3E, f (b.o)

2B f @ d) + P f (@) - A’

(b-a)(d-o)

[(ep + 1) (Bp+ )]
_ f (a+b c+d
(s-1)/q

x4 atlatz( 27 2 >‘

(31)

Proof. Similarly as in Theorem 13, we obtain

f(a,c)+ f(a,d)+ f(b,c)+ f (b,d)
4

Ta+1)T(B+1)
+—
4(b - a)*(d - c)f

< [JoE f o.d) +J2E f (b,o)

e f @) I @.0)] - 4

Lb-a)d-o
4

1 1/p
X «{ (Jjotf“tfﬁdtz dt1>

1 1/p
+ (” (1 -t dt, dt1>
0



1/p

(“:tf“(l —t,)Pdt, dt1>

(”(2(1 —1)P*(1 - s)PPdt, dt, )Up}

(Il e
0

ot,0t,

+
+

(tia+ (1-t))btyc

q 1/q
dt, dtl) .

+(1-t,)d)

(32)

Because |0? f/ot,0t,] is s-concave function on the coordi-
nates on A, by the reversed direction of (8), then one has

1 aZf q
”O 301, (ta+(1—t)btye+ (1 -t,)d)| dt,dt,
(33)
| 9f <a+b c+d>q
ot,ot, \ 2~ 2
Then
If(a,c)+f(a,d)+f(b,c)+f(b,d) JT@+DT(B+1)
4 4b - a)*(d - o
< 1S5, f 0.d)+ I, £ (b,0)
+2E fad)+ IR f (@, 0)] —A‘
bt > b,d >
(b-a)d-c)
[(ap+1) (Bp+ 1))
X4(571)/q 62f <a+b C+d)
otot, \ 2 7 2 )|
(34)
We get the desired results. O

4. Conclusion

In this paper, we obtain some Hermite-Hadamard type
inequalities for coordinated s-convex functions via Riemann-
Liouville integrals. An interesting topic is whether we can
use the methods in this paper to establish the Hermite-
Hadamard inequalities for other kinds of convex functions
on the coordinates via Riemann-Liouville integrals.
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