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We discuss a class of new nonlinear weakly singular difference inequality, which is solved by change of variable, discrete Holder
inequality, discrete Jensen inequality, the mean-value theorem for integrals and amplification method, and Gamma function.
Explicit bound for the unknown function is given clearly. Moreover, an example is presented to show the usefulness of our results.

1. Introduction

Being an important tool in the study of qualitative properties
of solutions of differential equations and integral equations,
various generalizations of Gronwall inequalities and their
applications have attracted great interests of many mathe-
maticians (such as [1-21]). Gronwall-Bellman inequality [22,
23] can be stated as follows: if u and f are nonnegative and
continuous functions on an interval [a, b] satisfying

t

u(t)SC+J f(s)u(s)ds,

a

telab], 1
for some constant ¢ > 0, then

u(t) Scexp(th(s)ds>, telab]. @)

a

In 1981, Henry [2] discussed the following linear singular
integral inequality:

ut)<a+b Jt t - )P u(s)ds. 3)
0

In 2007, Ye et al. [20] discussed linear singular integral
inequality:

u®)<a®)+b@) Jt (t — )P 'u(s)ds. (4)
0

In 2011, Abdeldaim and Yakout [21] studied a new integral
inequality of Gronwall-Bellman-Pachpatte type

u(t)SuO+L fs)u(s)

« [u(s) + f h(r)

0

x [u(r) + L:g(f)u(a df] dT] ds.
(5)

On the other hand, many physical problems arising in a
wide variety of applications are governed by finite difference
equations. The theory of difference equations has been devel-
oped as a natural discrete analogue of corresponding theory
of differential equations. Difference inequalities which give
explicit bounds on unknown functions provide a very useful
and important tool in the study of many qualitative as well
as quantitative properties of solutions of nonlinear difference
equations (such as [24-32]). Sugiyama [26] established the
most precise and complete discrete analogue of the Gronwall
inequality in the following form:

n—1
u(m) <ug+ Y f(s)uls). (6)

s=ny
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For instance, Pachpatte [27] considered the following discrete
inequality:

n—1
u@m <ug+ Y f(8)[uls) +h(s)]

s=ny

(7)

n-1 s—1
* Zf(5)< ZQ(T)M(T)>, Vn € N,.

s=nq T=n,
In 2006, Cheung and Ren [29] studied

m-1 n-1

u? (m,n) <c+ Z Za(s,t)uq(s,t)

s=myt=n,

(8)

m-1 n-1

+ Y Y b(shul(sHwu(st).

s=myt=n,

Later, Zheng et al. [31] discussed the following discrete
inequality:

k n-1

um<am+ Y Y f(ns)w;u(s)). 9)

i=1s=0

Motivated by the results given in [2, 20, 21, 32], in this paper,
we discuss a new linear singular integral inequality

u(n) <a(n)+b(n)

n-1 p1
x Z (tn - ts)
s=0

7w, (u(s))
(10)

u(s)+h(s)+

Z(f

- ts >0, SupSEN,OSSSn—l{TS

Trw2 (u (1))

where t, = 0, T, :tS+1 ,s €N} =1,

and lim,, _, . t, =
For the readers convenience, we present some necessary

lemmas.

Lemma 1 (discrete Jensen inequality [28]). Let
A, A, ..., A, be nonnegative real numbers, r > 1 is a
real number, and n is a natural number. Then

(A + A+ +A) <A+ A+ + A7), (1)

Lemma 2 (discrete Holder inequality [30]). Let a;,b, (i =
1,2,...,n) be nonnegative real numbers, and let p, q be positive
numbers such that (1/q) + (1/p) = 1; then

Zab < (Zla >I/P<qu> /q. (12)

Lemma3. Letty,=0,7, =t —
N} = 1, andlim
then

n—-1
>t~
s=0

ts > 0, SUPeN,0<s<n— I{T s€

ooIfﬁe [0,1/2],0 < p < 1/(1-P3),

n— 00 n

Ptn
B-1)_pt, e
)Pﬁ Pt‘rs_mr(l+p( —1)) (13
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where 1+p(S-1) > 0, T(B) := IOOO P e " dr is the well-known
T-function.

Proof. By the definition of integration and the conditions in
Lemma 3, we have

n—1 t,
Z (t, - t)F Pettr, < J (t, - )PP PePds.  (14)
s=0 0

Using a change of variables 7 = ¢, — s and & = pr, we have the
estimation

g (B-1) 0 1
J (t,— )PP Velds = - J PPV gPlu=pT g
0

t,

n

tVl
= et J PP D P gy
0

(15)
Pt

= plp(B-D J g Vet
Pt

Since0 < B <1/2,p < 1/(1-p), 1+ p(f-1) > 0,and
I'(1+ p(B-1)) € R, from (14) and (15), we have the relation
(13). ]

2. Main Result

In this section, we give the estimation of unknown function
in (10). Let N := {0, 1, 2,...}. For function z(n), its difference
is defined by Az = z(n + 1) — z(n). Obviously, the linear
difference equation Az(n) = b(n) with the initial condition
z(n,) = 0 has the solution z(n) = Z?;& b(s). For convenience,
in the sequel we complementarily define that Zs_:lo b(s)=0

Theorem 4. Suppose that 0 < f3 1/2 is a constant,
a(n), b(n) are nonnegative and nondecreasing functions defined
on N, w, (u), wz(u)/wl(u),wg(ul/q)/(uw‘f(ul/q)) are nonneg-
ative, nondecreasing, and continuous functions defined on R,
ty = 0, 7, = to —tg > 0, SUP(N g<san 11T S € N} = 7, and
lim, , t, = co. Ifu(t) satisfies (10), then

u(n) < (HH [H 0 )]}, waeN,, (6)
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where

n—1
U (n) := H, (HZ (Hl (27'am) + f (n) Y K (s) e‘%>
s=0

n—1 n—-1
+f () Ze‘%) rgn) Y e,
s=0 s=0

17)
Y ds
Hl (u) = JCI u)?(Tq), u>0, ¢ > 0, (18)
¥ o ds
H, (u) = L H ) u>0, ¢ >0, (19)
[ H (1 ) wf (15 (7 )™
H; (u) = ,
3 wi ((H* (H7 (90)"7)
u>0, >0,
(20)
f(n) = 64*1(19 (n))qTq(Pfl)/P
(21)

Pt q/p
|t
alp

P
g(n)—r“““’(plﬂ,(ﬂ 5 (1+p(/3—1))) (22

andp=1+q=1+1/5N,:=1{0,1,2,...
largest integer number such that

, K.} Ky is the

U(Kl)eDom(H;I), H;' (U(Kl))eDom(HZ_I),

H,' (Hy' (U (K,))) € Dom (H;").

(23)
Proof. From (10), we have
u(n) <an) +bn)
2 )P e, u(s)
cfu@+h©+ ¥ -t r wio) |,
o
Vn € N.

(24)

Applying Lemma2 with p = 1+ 3,9 = 1 + 1/ to (24), we
obtain that

n—-1 1/p
u(n) <a(n)+b(n) T(pl)/p[ Y (t, -t )" ePtsTs]

s=0

n—1
X [ Ze_qt‘w’f (u(s)
s=0

s—1 al/a
x |:u (s)+h(s)+ Z(ts - ta)ﬁ*l-rgw2 (u (a))] ] ,
Uzo (25)

where 7, < 7 is used. Applying Lemma 3, we have

P e
u(n) <am)+bn) T(pl)/p[plfp(ﬁl) T(1+p(B- 1))]
n—-1
x [Ze_qt’w? (u(s))
s=0

s—1 7 /a
x [u(s) +h(s) + Y (t, - tg)ﬁlrawz(u(o))] ] .
o=0 (26)

By discrete Jensen inequality (11) with n = 2,r = g, from (26)
we obtain that

ul (n) < 27" (a () + 277 (b (n)) 1P/
ebtn alp
<[t 04 2= )]
n—1
x Y el (s)
s=0

s—1 q
x [u(s) vh(s)+ Y (1~ 1) rw, (u (0))] .
=0 (27)



Again using discrete Jensen inequality (11) withn = 3,r = g,
from (27) we obtain that

uwl(n) <27 a(m)?+27' (b (n))qTq(Pfl)/P

alp

<[t e p5-1)

n—1
x Zefqtsw? (u(s))

= (28)
x [ﬂluq (s) + 37 h (5) + 377

s—1 q
x [ Z(ts - to)ﬁ_l‘[awz (u (0))] :| >
=0

Vn € N.

For [fo;lo(ts - ta)ﬁ_lrawz(u(a))]q in (28), applying Lemma 2
with p =1+ 5,9 =1+ 1/f3, we obtain that

s—1 1
[ Nt -1, o, (a))]

o=0

s—1 qa/p
-1 —p pt
< 7P )/P(Z(ts - tU)Pﬁ PP "Ta>
o=0

s—1
x Y e Tow] (u(0) (29)
o=0

< b 1>/p( r(1+p(B- 1))>q/p

p1+p(ﬁ 1)
s—1
x Y twl (u(0);
o=0
here Lemma 3 is used. Substituting (29) into (28), we have
ul (n) < 27" (a () + 277 (b (n)) 11D/

q/pn-1

ePtn _
X [mf(l +p(B- 1))] Zoe Tw] (u (5))

X [3q_1uq (s) + 317"l (5) + 3971 1P7DIP

(et pis-1)

s—1
x Y e owd (u (0)):|

o=0
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n—1

=2 a M)+ f () Y e " wl (u(s))
s=0

s—1
x [ul(s)+hl(s)+ g (s) ) e Towd (u(0))

=0

n—1
=27 @)+ f () Y H(s) e wi (u(9))
s=0
n—-1
+f () Y e ull ()
s=0

s—1
x | ul (s)+ g (s) Zefqt"wg (w@) |,
o=0
Vn € N,
(30)

where f(n) and g(n) are defined by (21) and (22), respectively.
Let v(n) := ul(n); from (30) we have

v(n) <27 @m)? + f (n) th (s) e " w] (v (s))

n—1
+ f (n) Ze_qtsw? (vl/q (s))
s=0

(31)

s—1
x [v(s)+g(s) Ze_qt“wg (vl/q (0)) ,

o=0

Vn € N.

Since f(n), g(n) are nondecreasing functions, from (31) we
have

n—-1

v(n) <277 @ (K)T+ £ (K) Y h (s) e Tw] (v (s))

s=0

+f(K) Ze %l (v (5)) )

s—1

x [v(s)+g(K) Ze Toyd ( Ya (a))

=0

Vn e [0,K]NN,

where K € N, K < K| is chosen arbitrarily.

Let z,(t) denote the function on the right-hand side
of (32), which is a positive and nondecreasing function on
[0, K] N N. From (32), we have

2, (0)=2""a((K)1,  v(n) <z (n), Vnel0,KINN.

(33)
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Using Az, (n) = z;(n + 1) — z,(n) and (33), we obtain

Azy () = f (K) KT (n) e T w] (v'/9 (n))
()

[(m+gK)Ze%w(1mw»]

+ f(K) e "w

=0 (34)
< fFK) K (n) e T wl (219 (n))

w! (zi/q (n))

x [zl (n) +g(K Ze a (z:/q (0))],

foralln € [0, K] N N.
Let

+f(K)e™

n—-1
y(n) =z, (n) + g (K) Y e P wi (2 (0)),
=0 (35)

Vn € [0,K] NN.
Then
)’(0) =2z (0),

From (35), we have

Ay (n) = Az, () + g (K) e ™ (2,7 ()

z;(m)<ym), VYnel[0,K]NN. (36)

< £ (K) W (n) e ! ( 1/ (n))
+ (K e P wl (21 (m) y ()
+ g (K) e wd (21 (n) (37)

< fF(K) KT (n) e T w] (" (n))

+ (K e w] (9 () y (n)
+ g (K)e ™uwi (y(n)).
It implies that, for all # € [0, K] NN,
;;?fiéég%zgj < fK) R () e ™ + f(K)e Ty (n)
o w%zi (y"a (n)). (38)
wi (¥4 (n))

On the other hand, by the mean-value theorem for integrals,
for arbitrarily given integers n,n + 1 € [0, K] NN, there exists
& in the open interval (y(n), y(n + 1)) such that

y(n+1) d
H, (y (n+1)) - H, (y () = L( : W;/q)
n 1
_ Ay(n) - Ay (n)
wi (§9) ~ wi (yV1(m)’
(39)

for alln € [0, K] N N, where H, is defined by (18). From (38)
and (39), we have

H,(y(n+1)-H,(y(n) < f (K)h (n)e ™

+ f(K)e ™y (n)

wl (5" ()

w! (y'4 ()’
(40)

+g(K)e

Taking n = s in (40) and summing up over s from 0 ton — 1,
from (40) we obtain

n-1
Hy(y(m) < H, (y(0)) + Zf (K) B (s) e
s=0

n—1
+ Y FK) ey (s)
s=0

o (M)
K 7qts 2
* 290 o)

K-1 (41)
<H (y(0)+ ) f(K) K (s)e™
s=0

n—1
+ Y f(K)e ™y (s)
s=0

w! (yl/q (s))
wi (ya(s))’

Vn € [0,K] NN.

n—-1
+ Z g(K)e ¥
s=0

Let z,(t) denote the function on the right-hand side of (41),
which is a positive and nondecreasing function on [0, K] NN.
From (41), we have

K-1

2,(0) = H, (y(0) + Y f(K)h (s)e”™,
s=0

(42)
y(n) < H1_1 (z, (),
Vn € [0,K] N N.
Using Az,(n) = z,(n + 1) — z,(n) and (42), we obtain
—qt, —qt ( a (11 )
Az, (n) = f (K)e Ty (n) + g (K)e T (T ()
< f(K)e ™" H{" (2, (n))
(43)
—at wZ(( H 2(”)))1/q>
+g(K)e ™ e
w ((H;! (2, ())"7)

Vn € [0, K] NN.



From (43), we have
Az, (n)
Hy' (2, (m))
< f(K)e ¥
wf (17 (22 00))"")

H (2, () o ((H; (2, )™’
(44)

+g(K) e I

for all n € [0, K] N N. Again by the mean-value theorem for
integrals, for arbitrarily given integers n,n+ 1 € [0,K] NN,
there exists & in the open interval (z,(n), z,(n + 1)) such that

z,(n+1) ds

H, (z, (n+1)) - H,y (2, (1)) = J w  H1(s)
z,(n 1

_ Az () Az, (n)

CHN ) T H' (5, ()
(45)

where H, is defined by (19). From (44) and (45), we have
H, (z, (n+ 1)) — H, (2, (n))
< f(K)e ™+ g(K)e o

wf ((H7" (2 )"

H; (2, ) wi ((H; (2, 00))")

(46)

Taking n = s in (46) and summing up over s from 0 ton — 1,
from (46) we obtain

H, (Zz (”))

n—1
< H,(z,(0)+ ) f(K)e™™
s=0

w! <(H;1 (2, )" )
H; (2, () w] ((H (2, ()

<H,(2,(0)+ ) f(K)e™

s=0

n-1
+ Y gKye ™
s=0

wf (7 (22 )™

H; (2, (9) wi (' (22, 9)'™)
(47)

n—1
+ Z g(K)e
s=0
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forall n € [0, K] N N. Let

K-1
2, (n) = H, (2,(0) + Y f (K)e™®
s=0

w (17 (2 0)) ™)

H (2 (9) wf (B (2 9)7)
(48)

n—1
+ Z g(K)e ¥
s=0

Then

K-1
23 (0) = H, (2, (0)) + Zf (K) e,
s=0 (49)

z,(n) < H,' (23 ().

From (48) and (49), we have

H; ' (H5 (25 60)) wd ((H (H3 (25 9)) ™) Az, (0

w (7 (Hy* (2 (m))"7)
< g(K)e o,

(50)

Using the mean-value theorem for integrals, from (50) we
have

n—-1
Hy (2 (n) < Hy (2,(0)) + Y g (K)e ™, (51)
s=0

where Hj; is defined by (20). From (36), (42), (49), and (51),
we have

z () < y () < H;' (2, () < H' (H;" (25 ()

n—1
< H;' {H;l [H;l (H3 (25 (0)) + Zg(K) e‘qts)] }
s=0

K-1
= H,' ‘|H21 |:Hsl (Hs (Hz (2,(0)) + Zf (K) e%)
s=0

n-1
+Zg (K) e_qts )] }
s=0
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=H;'
X {H;l [H;l <H3 <H2 <Hl (2, (0))
K-1
+Y FE) K (s) e‘%)
s=0
K-1
+Y f(K) e‘ffs>
s=0
n—-1
+).9(K) eq>” :
s=0
vn e [0, K] NN.
(52)

Using v(n) := u?(n) and (33), from (52) we obtain that

u(n)

=1 (n) <2/ (n)

= ‘IHII {Hz_l [H;I <H3 (Hz <H1 (2, (0))

K-1
+) f(K) e—%)
s=0

n-1 1/q
s=0

Vn € [0,K] N N.

(53)

Since K is chosen arbitrarily, from (53) we have

u(n)

s{H#%ﬂ{H?(m<m<Hdam»

n—-1
+Y () h(s) e‘%>
s=0

n-1
+Zf (n) e_qt‘>
s=0

n-1 l/q
+Zg(n)e_qt5 ) ] } } ,
s=0

Vn € N;.

(54)

This is our required estimation (16) of unknown function in
(10). O
3. Application

In this section, we apply our results to discuss the bound-
edness of solutions of an iterative difference equation with a

weakly singular kernel.

Example 5. Suppose that u(n) satisfies the difference equation

n—-1
x(m) =1+ (t,~t) " x,
s=0

7=0

s—1
« [w) # 3t - t,) P x @) (Ingx (o)

Vn € N,
(55)

where ty = 0, 7, =t = ;> 0, SUP N g<ocp 1 T8 € N} = 7,

t, = 0o. Then we have

n—oo"'n

and lim

n—1
x(n)] <1+ Z(tn - tS)_2/3Ts
s=0

s—1

x| |x (s)] + Z(ts - tT)_Z/3 (56)

=0

<z, 1x (@) (Injx (@) |,

forallm € N. Leta(n) = b(n) = 1, h(n) = 0, = 1/3,p =
4/3,9 = 4,w,(u) = L,w,(u) = u(ln u4)1/4. From (18) to (20)
we obtain that

H, (u) = juds =u,

0

u>0, H, (00) = oo,
H;l(u)zu,
“ds
Hz(u):zj- —=Inu, u>0, H, (00) = 00,
1 S
H;' (u) =€,
H; (u) ::J é:lnu, u>0, H, (00) = 00, (57)
1 S

H;' (u) =€,
o RNE 1 3
fn):=6 r[—(4/3)1/9r(§)] ,

RN 1 3
g(l’l) = T(Wr<§>) .



Using Theorem 4, we get

u(n)
oltnl3 1 3
< {CXP [eXp ( In <ln8 + 63T[Wf (§>:|
n—1
xZe_%)
s=0
R 1 3
' T( (4/3)“9r<5>>
n-1 1/q
xZe_%)]} , VneN,
s=0

which is an upper bound of |x(#n)| in (55).

(58)
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