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We define a Hofer-type norm for the Hamiltonian map on regular Poisson manifold and prove that it is nondegenerate. We show
that the L"*-norm and the L®-norm coincide for the Hamiltonian map on closed regular Poisson manifold and give some sufficient
conditions for a Hamiltonian path to be a geodesic. The norm between the Hamiltonian map and the induced Hamiltonian map
on the quotient of Poisson manifold (M, {-,-}) by a compact Lie group Hamiltonian action is also compared.

1. Introduction and Main Results

This paper is devoted to establishing an invariant norm for
Hamiltonian maps on the Poisson manifold. When M is
symplectic, a remarkable bi-invariant distance was defined
on Ham(M). This bi-invariant distance was first discovered
by Hofer on the group of compactly supported symplectic
diffeomorphisms of (R*,w,) (where w, is the standard
symplectic form) [1]. Viterbo defined a bi-invariant metric
by generating functions [2], Polterovich generalized Hofer’s
metric to more symplectic manifold [3], and finally Lalonde
and McDuft extended it to the group of compactly supported
Hamiltonian diffeomorphisms on any symplectic manifold
[4]. This norm plays an important role in studying symplectic
topology and has close relationship with symplectic capacity
and symplectic rigidity; many mathematicians have great
work in this field, but there is few work on the Poisson case;
this is because the lack of variational formulation in the
Poisson case, it is not easy to prove the nondegenerate. In
this paper, we define a Hofer-type norm on a class of Poisson
manifolds, that is, regular Poisson manifolds; with the help
of Casimir functions and the decomposition of Poisson
manifold, we can prove the nondegenerate. Let (M, {-,-}) bea
Poisson manifold; that is, there exists a Poisson bracket {-, -}
on the smooth functions C*°(M). For any f, g,h € C*(M) it
satisfies the following:

M {f. gt =g, f}
(2) {f, gh} = g{f. h} + h{f, g}
) {f- g h} +{h{f. g}t +{g. {h, f1} = 0.

Definition 1. A smooth diffecomorphism ¢ : M — M is
called a Poisson diffeomorphism if for all g, h € C*°(M), one

has ¢*{g, h} = {p" (g9), 9" (W)}

Given h € C*°(M), the Hamiltonian vector is defined
by X, = {- h}. Let Cas(M) = {f € C®(M) : {f.g} = 0,
Vg € C*°(M)} be the set of Casimir functions. In this paper,
one considers the time-dependent Hamiltonian functions
C*([0,1] x M, R). If the manifold is compact, or the function
is compactly supported, then the flow of the Hamiltonian
vector globally exists. One denotes by (M), Ham(M) the
set of such Hamiltonian flows and set of time-1 map of such
flows, respectively.

For f € C®(M), define

Il =inf { il | f = fi+ for fo € CasMD}. (1)

If H, is a Hamiltonian flow with some Hamiltonian function
h,(x), one defines its length to be

1
length (H,) = J [, ()] dt; (2
0
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one can generalize the bi-invariant metric on Ham(M) to the
Poisson case.

Definition 2. Now one can define the energy of ¢ € Ham(M),

E(¢) = inf {length (H,) |
(3)
H, is a Hamiltonian flow ended with ¢}.

So one can define d: Ham(M) x Ham(M) — [0, 00)

d(ey)=E(¢ " oy), (4)
for ¢, € Ham(M).

Theorem 3. Let (M, {-,-}) be a regular Poisson manifold; the
function d is a bi-invariant metric; that is, for all ¢,y,0 €
Ham(M) it satisfies the following:

(1) d(o,y) = 0and d(e,y) = 0ifand only if o =y,
(2) d(g,y) < d(,0) +d(6,y) and d(, y) = d(y, ¢),
(3) d(0g, 0y) = d(p,y) = d(¢0, y0).

Here a Poisson manifold is called regular if the rank of
the Poisson manifold is constant for all point. If one replaces
the L"*-norm by the L*-norm, one also gets a norm on
Ham(M). One proves that they are equal on closed regular
Poisson manifold.

Theorem 4. For ¢ € Ham(M) on a closed regular Poisson
manifold, one has

[].c0 = 9] 5)

Let (M, {-,-}) be a Poisson manifold and let G be a Lie
group acting canonically, freely, and properly on M via the
map®: GxM — MLt 7 : M — M/Agbethe
corresponding optimal momentum map. Then the orbit space
M/G is a Poisson manifold with Poisson bracket {-,~}M/ G
uniquely characterized by the relation

(g™ (rm)) = {f o7, g o 7} () 6)

foranym € M and f,g : M/G — R are arbitrary smooth
functions.

For a G-invariant smooth function on M, the Hamilto-
nian flow H, of X, induces a Hamiltonian flow HtM/ G, 50 one
has a well-defined homomorphism

v Ham(M)G — Ham (%) , 7)

where Ham(M)© denotes the G-invariant Hamiltonian maps.
Now one can give a similar result as stated in [5].

Theorem 5. For a G-invariant Hamiltonian path F, with
Hamiltonian function f(x), if infg6Cas(M)||f - gl =
mfgeCasG(M)”f — 4|, one has

W (F))| < length (F,). (8)

Moreover, if the path is length-minimizing, one has the
following corollary.
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Corollary 6. If the G-invariant Hamiltonian path F, is length-
minimizing, then

¥ (F)]| < [|F]- 9)

Organization of This Paper. The organization is as follows.
First we will introduce the definition of the distance and give
some properties. Next we will show the proofs of Theorems 3
and 4. Then we introduce the Poisson reduction. And last we
give the proof of Theorem 5.

2. The Distance on Ham(M)

In this section, we recall the construction of Hofer-norm on
Ham(M) and give our definition. For h € C*(M), define
Al = max,ph(x) — min,yh(x).

For f € C*(M), we now define

|l =inf{|filo | f=fi+ for fo € Cas@MD}. (10)

Proposition 7. || - || defined above is a pseudonorm.

Proof. We just need to show the triangle inequality holds. Let

f=fi+f,andg= g, + g, suchthat | f < Ifll +€ and
g1l < ligll + € for given € > 0. Then

I+ gl <1+ gl
< Ailleo * 1911l

< [f1+ gl + 2e.
(11)
From the definition we can see that ||h] = 0 when h €

Cas(M), so together with the triangle inequality we get that
if f,g € C®°(M) and satisfies f — g € Cas(M), then || f| =

lgll. U
Proposition 8. The new pseudonorm | - || is Ham(M)-
invariant.

Proof. First, note that | - ||, is Ham(M)-invariant. If f = f, +
f, then f, o ¢, f, o ¢ is a decomposition of f o ¢. So

R VL

< Ailleor

Sollfedl < | fll for any ¢ € Ham(M), and || f| = [| f o po
s <lf -9l

We get that || f o ¢l = || f]|.

Now consider a Hamiltonian function h, € C*([0,1] x
M, R); the length of the Hamiltonian path generated by A, can
be defined as follows:

(12)

1
length (H[O’l]) = I |h, (x)| dt. (13)
0

This length is well defined; that is, it is independent the
choice of the Hamiltonian functions. This is because of our
pseudonorm vanishing on Cas(M). O
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Definition 9. Now one can define the energy of ¢ € Ham(M),
E(¢) = inf {length (H,) |

H, is a Hamiltonian flow ended with ¢}.
(14)

Proposition 10. The energy function E : Ham(M) — R has
the following properties:

(1) E(¢) >0and E(p) =0 & ¢ =id,
(2) E(p) = E(9™"),

(3) E(9997") = E(p),

(4) E(p > y) < E(p) + E(y),

where @,y € Ham(M) and 9 is a Poisson diffeomorphism of
M.

To prove this, we need to investigate the Hamiltonian
functions of the Hamiltonian flows. Similar to the symplectic
case, for the symplectic case, see page 144 of [6].

Definition 11. If h, k are smooth functions in C*° ([0, 1]xM, R)

and 9 € Ham(M) one defines the functions &, h#k and hgy as
follows:

E(t, x)=-h (t, (p;l (x)) ,
(h#k) (1) = h(620) + k(6 (gh) (), (5)
hy(t,x) =h(t97 (x)).

Proposition 12. If h, k are smooth functions the following
formulate hold true:

¢ f oo
Prsk = P Pro (16)
9°(Pil 0‘9_1 = (st’
-1
(9) =9k = 95
where g = h#k = (k - h)(t, (P;!)'

To prove this, we need the following fact.

Lemma13 (see [7]). If¢isa Poisson map, and f € C*([0, 1]x
M, R), then

d(P.Xf“'(P:XfDq)' (17)
Proof. For any function g € C*([0,1] x M, R), we have
Xfp[go9] (@) = dgeg(2)-do(Xy., (2)),
Xs[9l(p(2) = dg(e(2) Xs (¢ (2).
Since ¢ is a Poisson map, we have

Xpo® f={fopgoot={figlee=0"X,f. (19

(18)

So we have

dp(Xj.y (2) = Xpy (2). (20)
0

Proof of Lemma 13. The third formula is just the transition
law of Hamiltonian vector. We know that if ¢ is a Poisson map
then

¢ Xy = X7 (9),

d 1)
¢ P9 =9,X), 097 = X0,

Now we prove the second formula; we abbreviate the notation
and observe that

%fpt =Xpoqs ¢ =id,

p (22)
“ t — X ° t’ 0 — d

SV =Xyl =i

We need to show that ¢’ o y/' is the flow of X4,

t

d ¢ ¢ d ¢ e ooy 4
0oV =gty + (dooy) Ly

= (o' ov) +[d(o) ] >

= X, (¢ o ¥') + Xy (972 ¥)
= Xpsk (‘Pt ° U/t) .

By the property of the Poisson diffeomorphism, we get
that the second term is X 1. This finishes the proof of
the second formula. We can obtain the first formula from the
second. From the first two we can get the last one. O

We are now ready to prove Proposition 10.

Proof of Proposition 10. From Proposition 12 and the Ham-
invariant of our pseudonorm, we get

length ((ptﬁ) = length ((go,tq)_l) , (24)

and thus E(¢) = E(p~"). From

t

9°(Plt,l°1971 290]19) (25)
we find
length(S oq, © 9_1)[0’1] = length(gohe)[o’l], (26)

so the third equality holds.



To prove the last one, we note that ¢;., = ¢}, ° ¢}, and

1
length (¢f%1) = j k] dt

0

1
< | I+ Ik

= length (((ph)[o’l]) + length (((pk)[o’l]) ,
(27)

so we have E(¢y, o) < E(¢,)+E(¢@y), and this implies the last
one. Now we prove the first one; that is, E(¢) = 0 implies ¢ =
id. By definition, E(p) = inf{length(H,) | H, generates ¢}.
Note that regular Poisson manifold is essentially a union
of symplectic manifolds which fit together in a smooth
way, so we denote by P, the symplectic leaf of (M, {-,}).
The Hamiltonian vector field restricted to each leaf is just
the Hamiltonian vector field generated by the restriction of
the Hamiltonian function to the leaf. And the Hamiltonian
flow keeps the symplectic leaf; that is, goi,Pm0 = B, so
we can consider the restriction of ¢ to each leaf. For each
Hamiltonian function h generating ¢, we denote by 7 the
restriction of h on P, ; for any Casimir function g, the
restriction of g on each leaf is constant. Let | - || P, be the

Hofer norm on the symplectic leaf,

[

P, "E -9

Py,
1
- L [gg:h(t,x)—g(t,x)]

— min [A(t,x) - g (t x)] dt (28)

< Jl [r;ﬁ;(h(t,x) - g(t,x)]

0
— min [h(t,x)- gt x)]dt.
Taking the infimum of g, we get
[l = el (29)
and hence

inf
h generats ¢

|

< inf  |A).
P h geilrelrats [ " ” (30)

By the assumption of E(p) = 0, we get that
inf), generats (P||f1|| p, = 0 by the definition of Hofer metric,
¢lp =idandso¢ =id. 0

Now we can define d: Ham(M) x Ham(M) — [0, 00)

d(ey)=E(¢ " o), (31)

for ¢, € Ham(M). This distance has the following proper-
ties.

Theorem 3 . Let (M, {-,-}) be a Poisson manifold; the function
d is a bi-invariant metric; that is, for all ,y,0 € Ham(M) it
satisfies the following:
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(1) d(p,y) = 0 and d(@,y) = 0 if and only if ¢ =y,
(2) d(g,y) < d(,0) +d(0,y) and d(g,y) = d(y, ¢),
(3) d(6g,0y) = d(g,y) = d(¢0, y0).

Proof. The proof of this theorem is a consequence of Propo-
sition 10. O

Example 14. We consider the trivial Poisson manifold M;
the Poisson bracket {-, -} is always zero. In this situation, any
function on M is Casimir function, the Hamiltonian vector
is always zero and the Hamiltonian diffeomorphism is only
id; the Hofer-norm of the Hamiltonian map is 0. When the
Poisson manifold is symplectic, that is, there is only one leaf,
in this case the Hofer norm is just the one defined by Hofer.

Remark 15. Theorem 3 holds not only for regular manifold,
but also for many other manifolds, for example, when the
rank of the Poisson manifold is not zero, or the symplectic
leaves are always open or always closed.

Next we can get an estimate for the commutators in
Ham(M), denoted by

[p.v] = gyo 'y (32)
Claim 1. E([@,y]) < 2min{E(¢), E(y)} for ¢,y € Ham(M).

Proof. From Proposition 10 we get

E([p.y]) = E(pyo 'y ")

<E(pyp')+E(y") (33)
<2E(y).
Similarly,

Elp.v]) =E(ovo'v")
<E(p)+E(yo 'y ") (34)
<2E (),

so the claim is proved. O

Proposition 16. IfU < M is open and bounded, 9§ ¢
Ham(M) satisfies J(U) NU = 0, then

E([p.y]) <4E(9), (35)
for all o,y € Ham(M) with supports contained in U.

Proof. Define
y =99 ¢ '9 € Ham (M); (36)

since 9(U) N U = 0 and supp(¢) C U, we get that y|, = ¢
Consequently

ooy = yyy Ty (37)
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The above maps equal M. According to Claim 1 and Proposi-
tion 10 we get

E(lp.v]) = E([y-v])

<2E(y)
(38)
<2E(97') +2E(9)
=4E(9).
O

Proposition 17. For a subset A € M, define
e(A) =inf{d (id,$)p(A) N A =0,¢ € Ham(M)}, (39)

the displacement energy of A. Then for any open bounded
nonempty subset A, one has

(1) e(A) #0, if A C B, then e(A) < e(B);
(2) e(¢p(A)) = e(A) for ¢ € Ham(M).

Proof. e(A) #0 is a consequence of above statements and the
monotonicity is by the definition. We just prove the second
one. For ¢,0 € Ham(M), if 0(A) N A = @, then ¢~ $(A) N
B(A) = 0;if Op(A) N P(A) = 0, then ¢ '0p(A) N A = 0.
According to Proposition 10, we have E(9(p9_1) = E(¢); from
the above identities, we get the conclusion. O

Following [8], we now define a new function for a Poisson
map. For a Poisson map ¢ on a closed Poisson manifold
(Ma {') }), deﬁne

r(¢) = sup{E([¢, f]) f € Ham (M)}, (40)

where [¢, f1 = ¢f(¢)”" f'. Similarly, we can define r,(¢)
if we restrict f in the closed ball of radius of & of Ham(M)
centered at id.

Definition 18. A map ¢ on a closed regular Poisson manifold
(M,{-,-}) is bounded if r(¢) < +o0o and unbounded
otherwise.

Proposition 19. For any a € (0,+00], the function r,(¢) is
bi-invariant, assumes the value 0 only at id, and satisfies the
triangle inequality
ra ($9) < 70 () + 74 (9)
1, (¢) < 2a,

for any Poisson map ¢ and « € (0, +00].

(41)

Proof. The proof is a consequence of the definitions of r,, and
the metric. O

Proposition 20. Let (M, {-,-}) be a closed regular Poisson
manifold; if there exists some ¢ unbounded, then the Hofer
metric d does not extend to a bi-invariant metric on the groups
of Poisson maps.

Proof. Assume that we can extend the Hofer metric to the
groups of Poisson maps; we still denote the metric by d; then

E([¢, f1) = E@@f (@) f1) < 2E(¢) for any f € Ham(M).

So we have

r(¢) <2E(¢), (42)
for any ¢, and this is impossible; hence we finish the proof.
O

Now we consider the geodesic under the above norm
in Ham(M). For the standard symplectic manifold, Hofer
proved that, the Hamiltonian flow generated by the time-
independent compactly supported function is a geodesic [6].
Later Bialy and Polterovich gave a sufficient and necessary
condition for a path to be geodesic [9]; last Lalonde and
McDuff extended it to all symplectic manifolds [4]. Now we
consider similar questions on regular Poisson manifold.

Theorem 21. Let ¢; be a Hamiltonian flow with com-
pactly supported time-independent Hamiltonian function h on
(M, {-,-}), and if the maximal and minimal point of h lie in the
same symplectic leaf, then @}, is a geodesic; that is, d(¢},, ¢;) =
(t = s)|hll for |s — t| sufficiently small.

Proof. First, by the definition we have

d (g 0h) = d (g, 5id) < |s—t| k] . (43)

To prove the converse, let P, be the symplectic leaves of the
Poisson manifold; we still denote by h the restriction of h
on P, ; for any compactly supported Hamiltonian function
g generating (p;;s, we have

inf g < inf .
g generats ]~ g Pag g generats ¢;~° g" (44)
So
f—s f—s
"‘Ph 2 "‘Ph P (45)
@xQ

on each leaf, but on each leaf, according to the results
on symplectic manifold mentioned above, the flow go;% is a

geodesic; we thus have II(pTIIIP > |s — t||All for |s — t|
@0
sufficiently small. By the assumption, we have

fagh ()~ i () > magh ) - migh ). (a6)

for some leaf P, . Hence

inf max h(x)-g(x)

max h (x) — min h (x) >
P, g€Cas(M) xeM

x€Py, o

(47)
- minh (%) - g ().

Since h is compactly supported, we have the C*-norm of / is
bounded above by some number T, and moreover,

Al = ||h||c2|pao» (48)

so by Theorem 1.2 of [3], we can choose a constant T' > T
such that o *| > |s — t[|hl] when |s — ¢| < 1/T" and this
finishes the proof. O



For the time-dependent case, we have a similar result.
First we recall the definition of quasiautonomous function.

Definition 22. A function h(t,x) on [0,1] x M is called
quasiautonomous if there exist two points x,,x_ € M such
that max h(t,x) = h(t,x,), min h(t,x) = h(t, x_) for all
te[0,1].

Theorem 23. Let ¢}, be a Hamiltonian flow with compactly
supported Hamiltonian function h on (M, {-,-}); if h is quasiau-
tonomous on each symplectic leaf, and the fixed maximum x,
and fixed minimum x_ of h lie in the same symplectic leaf, then
@), is a geodesic; that is, d((pz,go,l;) = Length((pp[l“’h]) for |la — bl
sufficiently small.

Proof. We first adopt the transformation in [10] to simplify
the problem; for interval [a, b], define §(¢t) = a + t(b — a) and
k(t,x) = (b - a)h(8(t),x) fort € [0,1], x € M. Then the
Hamiltonian flow of k(¢, x) satisfies

o =g o (@f) forte[o,1],

op=id,  p=pno(gp)

1
L ot [maxk (t,x) - g (x) - mink (t,x) - g ()] dt

b
. 1
= L geégls{M) {m;lxh (t,x) - b a ag (x)

—minh (¢, x) - %g(x)}dt
x -a

b

— minh(t,x) - g ()} dt.
(49)

This implies that ||k| = [k]; by the assumption, h(t, x) is
quasiautonomous on each symplectic leaf and so is k; by
Theorem 1.2 of [11, 12], we know that (p,tc is a minimum
geodesic on each leaf provided that |a — b| sufficiently small;
that is,

d(gp o) By " I&llp, - (50)

Because the fixed maximum x, and fixed minimum x_ of h
lie in the same symplectic leaf, we may assume that this leaf
is P, . We have

1
J max h (t, x) — min h (t, x) dt
0 X€Py, x€Py,

(51)

1
> J max h (t, x) — min h (¢, x) dt.
0 XeM xeM
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So,

1
J max h (t, x) — min h (t, x) dt
XE

0 xEPao L)

zjl inf {maxh(t,x)—g(x)

0 geCas(M) | xeM (52)
- minh (t,%) - g(x)} dt
= ||l

By Theorem 3, we have ||A|| = ||k|| = d((Pg,(Pi) = d(¢p, ‘Pﬁ)-
O

Remark 24. If the Poisson manifold is symplectic, then
Theorems 21-23 reduce to the results in [4, 6, 9]. If we make
more assumptions on the Hamiltonian functions, we can get
similar results about the minimizing geodesics.

Theorem 25. Let g;, g be a sequence of smooth Hamiltonians
on a closed Poisson manifold M; suppose that

(1) g; — ginthe Co—topology,
(2) gbtgi - </>tg in the C°-topology, t € [0, 1].

Ifall ¢; are minimizing, then (/5; is also minimizing.

Proof. We employ the method of Oh in [13] to prove it; for
reader’s convenience, we write it here. Suppose that gb; is not

minimizing, then we choose a function f, such that | f|| <
llgll; choose & > 0 such that

I£1 < llgll - o (53)

then

é
171 < lal - 2. 54

when i is sufficiently large. Define

fi=gi-a(sh)+£(#(8,)")- (55)

By simply computations as we know that (/)} = ¢;_, £l <

lfil -8/2and f; — finthe Co-topology, so for any Casmir
function h, we have f; —h — f — h, and thus

Jim £l = 171 (56)
This is a contraction and we finish the proof. O

Theorem 26. Assume that ¢; and ¢ € Ham(M), and vy is a
homeomorphism of M. If

1) d(¢i¢) — O,
(2) lim; _, o = ¥, locally uniformly,

then ¢ = y.
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Proof. We assume that ¢ = id, and by the assumption we have
E(¢) — 0 and lim; , ¢; = w. We restrict them to each
leaf and adapt the same notations and arguments in Propo-
sition 10; we have E((/)IP%) — 0and limi_mo(pilpa0 = I/JIP%.
By Theorem 6 page 169 in [6], we know that y/| Py = id; this
holds on each leaf, so ¢ = y. 0

Corollary 27. If ), € Ham(M) and y is a homeomorphism
of M satisfying
(1) h; — huniformly, h, € Cas(M)
(2) lim
theny =

v, locally uniformly

l—>00¢1

If one replaces the L"*°-norm by the L®-norm, one also
gets a pseudonorm on Ham(M).

For a Hamiltonian function & € C*°([0, 1] x M, R), define
the pseudolength of the Hamiltonian path generated by & as
follows:

length (H [0’1]) = max A, (0] - (57)

Similarly, one can define the energy and the pseudometric.

Definition 28. The energy of ¢ € Ham(M),
E(¢) = inf {length (H,) |

H, is a Hamiltonian flow ended with ¢}.
(58)

Define d: Ham(M) x Ham(M) —
d(o.y)=E(p " oy), (59)

for @,y € Ham(M). This d is also a bi-invariant metric. One
denotesby || - I} oo, I - llo the induced L _norm and the L*°-
norm, respectively.

Recall that in the symplectic case, Polterovich proved
that the L"*-norm and the L®-norm coincide on closed
symplectic manifolds [14]. We now give a similar result in the
Poisson case.

[0, 00)

Theorem 4 . For ¢ € Ham(M) on a closed Poisson manifold,
one has

[0 = I¢]o- (60)

We first show the following results which will be useful in
the proof.

Proposition 29. Cas(M) is closed in the C°-topology.

Proof. We just show that this is true on each symplectic
leaf, but in the symplectic case, the Casimir functions are
constants; this finishes the proof. O

Proposition 30. Let F, be a flow generated by a Hamiltonian
function f on a closed Poisson manifold. Then there exists an
arbitrary small loop H, such that the Hamiltonian function k,
of the flow H; 'F, satisfies {k(t),} #0 for every t.

Proof. First, by Proposition 12 we know that the Hamiltonian
function of Ht_lFt can be given by k(t,x) = f(t,Hx) -
h(t, H,x). We now just show that {k(t), -} # 0 for all ¢. Take a
function g € C*([0,1] x M, R) such that Iol g(t,x)dt = 0
for every x € M. Then define H,(¢) € Ham(M) as the time-
€ map of the Hamiltonian flow generated by Iot g(s, x)ds. Let

h(t, €, x) be the Hamiltonian function of the loop H,(¢), then
we need the following proposition of Banyaga. O

Proposition 31 (Banyaga, cf. Proposition 3.1.5 [15]). Let h,
be a 2-family smooth parameters of diffeomorphisms on a
smooth manifold M such that hy, = id. Let X;,Y,, be the
families of vectors on M defined by

d
Xg, (x) = —hg, (h} (x)),
(61)
d
Xst(x) st(hst (X))
then
0X,, 0Y,,
st _ s 62
= =+ (X Ye,] - (62)
By the above proposition, we now compute
(0/0€)| _oh(t, €, x). By definition
Xe={"heot
Yy = {ohgets
0X, . - { oh (t, e x) }
a€ =0 B ’ a€ =0 (63)
oh(t, e x) }
=, =02 X, Y,
{ at oo [ t,e ]
={,gtx)}.

So (9/0€)|._oh(t, €, x) = g(t, x) up to a Casimir function.
Now we define
Ht(el""’ek)thl (e1)° "OHtk(ek)' (64)
Here every H' is constructed with the help of g’ as
above; we know that the partial derivative of the Hamiltonian
h(t, e, x) with respect to ¢; at € = 0 equals g’.
Fixed a regular point y € M, let N be the symplectic leaf
though y, consider the linear space E = TN < T, M. Choose

2n smooth closed curves o (f),...,0,,(t) (where t € sh

satistying the following conditions:

() [, o()dt = 0 forall j = 1,...,2nm;

(2) the vectors «(t),...,a,,(t) are linearly indepen-
dent for every t. The existence of such system of
curves is shown in [14]; for example, choose a basis
Uy, Vys...5 U, v, in E and take the curves of the form

u;jcos 2t + v; sin 27rt and —u; sin 27t + v;cos 27t.



Now choose (), g;() such that

(1) g;(t) ¢ Cas(M) for every t;

(2) [ g;(t. x)dt = 0 for every x € M;
(3) £ 9;O}) = ).

Take the corresponding 2n-parameter variation H,(e) of

the constant loop as above. Consider the map I' : S' x
R*(e,,...,€,,) — E defined by
t.e) = {- fi ()} (¥). (65)

It follows that I is a submersion in some neighbourhood U of
the circle {€ = 0}. Indeed from our construction we have

0
—| T(te)=«a;(t). (66)
O€; /
e=0

But these vectors generates the whole E. Denote by T
the restriction of T to S' x U. Since T is a submersion, the
set T71(0) is a one-dimensional submanifold of S' x U, so
there exist arbitrary small values of the parameter € such that
{» f = h,(e)}(y) # 0 for all ¢. This completes the argument.

Proof of Theorem 4. For ¢ € Ham(M), clearly we have
I8l oo < Il Now we prove the converse. Fix a positive
number €, choose a path F, € Ham(M) such that F, = id, F, =
¢ with Hamiltonian functions f, and fol I felldt < Il o, + €.
By Proposition 30 we can assume that [|f,|| > 0 for all ¢
since the manifold is good manifold. Here this pseudonorm
is defined in Proposition 7. Define a(t) as the inverse of

AL
=2 ,

[y If:0 et
where t € [0,1]. Note that the Hamiltonian of F,, can be

generated by [ = a'(t)f(a(t),x), where a'(t) denotes the
derivative with respect to ¢. Note that

, .
max Ja' ) £ @0, )] = max .= -

b(t) (67)

1
J, I @

we get that max,¢ (g IIa'(t)f(a(t),x)II < 14l o + €. Approx-
imating a in the C'-topology by a smooth one, we get a

Hamiltonian denoted by f; we have max;(o fll+2e. Since e
is arbitrary, we conclude that [|§], < [§l, .- This completes
the proof. O

Corollary 32. For f € C*([0,1] X M, R), one has
971,00 = 167l = inf {1f =l 161 =i} (69)

Proof. Let (/5; be another Hamiltonian flow with Hamiltonian
g(t, x) and satisty gb; = (/5]1(, then there exists a Hamiltonian
function h(t, x) such that qb; = ¢} o (/5;( and ¢ = ¢, = id. On
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the other hand, for each loop ¢}, the time one map of the flow
¢, o qS} is also (/)}, by Proposition 12 its Hamiltonian can be

gtx)=ht,x)+ f(6(4) x). (70)
Note that h = —h(t, ¢}, x) generates loop (¢,’;)71, S0

|67, = inf {If =Pl 1 &5 = id} 7
O

3. Poisson Reduction

In this section, we briefly introduce the Poisson reduction. Let
G be a Lie group acting canonically on M; if the action is free
and proper, we know that the orbit space M/G is a smooth
manifold and the canonical projection w : M — M/G is
a smooth surjective submersion. Let .7 : M — M/A[; be
the corresponding optimal momentum map. The orbit space
M/G is a Poisson manifold with Poisson bracket {-,-}M/ G
uniquely characterized by the relation

(g™ (wm) = {fom, g o} (m), (72)

foranym € M and f,g : M/G — R are arbitrary smooth
functions.

The Poisson structure induced by the bracket {:, -}
M /G is the only one for which the projection 7 : (M, {-,-}) —
(M/G, {, -}M/G) is a Poisson map. Let h € C®(M)° be a G-
invariant Hamiltonian flow F, of X} commutes with the G-
action, so it induces a flow FtM/ @ on M/G characterized by

M/G on

moF, =M%, (73)

The flow FtM/G is Hamiltonian on (M/G, {-, '}M/G) for the
reduced Hamiltonian function i € C*°(M/G) defined by

hom=h. (74)

The vector fields X}, and X, are rr-related.
So we have a well-defined homomorphism

¥ : Ham(M)° — Ham (A—g) ) (75)

where Ham(M)© denotes the G-invariant Hamiltonian maps.
More details can be found in [16].

4. Proof of Theorem 5

Now we can give the proof of Theorem 5.

!
Theorem 5. For a G-invariant Hamiltonian path F,
with Hamiltonian function f, if infccianllf — gl =
mfgeCasG(M) I f — gll, one has

¥ (F)| < length (F,). (76)
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Proof. From the above discussion, we know that For any G-
invariant Hamiltonian path F,, it induces a Hamiltonian path
W(F) on (M/G, {, 1*%).

Let f € C®(M)°, f € C®(M/G) be the Hamiltonian
of the Hamiltonian path F,, and the induced path ¥(F,). We
have

foT[:_f. (77)

By the definition of the norm, we have

sup % —
xeM/G

Gm < ;Sclel]\l:/’If (%) - igz\f/[f (x),  (78)

inf
xeM/
and note that
inf -g|l= inf -4q|.
yeint L=l gec‘ic(M)”f ql (79)

According to the above discussions, we have

"\P (F1)" < length (¥ (F,))

= ek 1l
(80)
< inf |f-g]
geCas” (M)
<If @l
SO
¥ (F,)] < length (). (81)

Moreover, if the path is length-minimizing, that is,
Length(F,) = ||F,|| then we have Corollary 6. O

Remark 33. 1f the Poisson manifold is symplectic, then the
pseudonorm is the Hofer norm. Give a Hamiltonian G-
action; then we can get the results in the symplectic case as
in [5].
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