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A Cohen-Grossberg neural network with discrete delays is investigated in this paper. Sufficient conditions for the existence of local
Hopf bifurcation are obtained by analyzing the distribution of roots of characteristic equation. Moreover, the direction and stability
of Hopf bifurcation are obtained by applying the normal form theory and the center manifold theorem. Numerical simulations are

given to illustrate the obtained results.

1. Introduction

In recent years, more and more mathematicians, biologists,
physicists, and computer scientists focus on artificial neural
networks. It is well known that the analysis of the dynamical
behaviors is a necessary step for practical design of neural
networks since their applications heavily depend on the
dynamical behaviors; many important results on dynamical
behaviors of neural networks have been obtained [1-23]. The
neural networks are large-scale and complex systems, and
the dynamical behaviors of neural networks with delays are
more complicated; in order to obtain a deep and clear under-
standing of the dynamics of complicated neural networks
with time delays, researchers have focused on the studying
of simple systems [12-22]. This is indeed very useful since
the complexity found may be carried over to large neural
networks.

The research on dynamical behaviors of neural networks
involves not only the dynamic analysis of equilibrium but also
that of periodic solution, bifurcation, and chaos; especially,
the periodic oscillatory behavior of the neural networks is
of great interest in many applications [2, 3]. Since periodic
oscillatory can arise through the Hopf bifurcation in different
system with or without time delays, it is very important to
discuss the Hopf bifurcation of neural networks.

In 1983, Cohen-Grossberg [1] proposed a kind of neural
networks, which are now called Cohen-Grossberg neural net-
works. The networks have been successfully applied to signal
processing, pattern recognition, optimization, and associa-
tive memories. Recently, some results on the existence and
globally asymptotical stability of periodic Cohen-Grossberg
neural networks have been obtained [7-15]. However, up
to now, to the best of the author’s knowledge, bifurcation
of Hopfield neural networks has been discussed by many
researchers [12-19], but few results on the bifurcation of
Cohen-Grossberg neural networks have been obtained. Zhao
discussed the bifurcation of a two-neuron discrete-time
Cohen-Grossberg neural network in [20] and the bifurcation
of a two-neuron continuous-time Cohen-Grossberg neural
network with distributed delays in which kernel function is
ae ™ in [21]. We discussed the bifurcation of a two-neuron
Cohen-Grossberg neural network with discrete delays in
[22]. The objective of this paper is to study the following n-
neuron continuous-time Cohen-Grossberg neural network
with discrete delays and ring architecture:

%y () = =a; (x; (1) [by (x; (1) = ¢ f (o, (¢ = 7,))]
%y (1) = =ay (x5 (1) [by (3, (1) = & f (3, (£ = 71))]
%3 (1) = —a5 (x5 (1) [bs (%5 (1) = & f5 (3, (£ = 72))] s
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xn () = —a, (xn (t)) [bn (xn (t)) - Cnfn (xn—l (t - Tn—l))] >
€]

where x;(t) denote the state variable of the ith neuron;
a;(-) represent amplification functions which are positive for
R; f;(:) denote the signal functions of the ith neuron; 4;(-) are
appropriately behaved functions; ¢; are connection weights of
the neural networks; discrete delays 7; correspond to the finite
speed of the axonal signal transmission: i = 1,2,...,n,1n > 2.

Ring architectures have been found in variety of neural
structures, and they are investigated to gain insight into the
mechanisms underlying the behaviors of recurrent neural
networks [23].

The rest of this paper is organized as follows. Stability
property and existence of Hopf bifurcation for system (1) are
obtained in Section 2. Based on the normal form method and
the center manifold, the formulas for the direction of Hopf
bifurcation and stability of the bifurcating periodic solutions
are derived in Section 3. An example is given in Section 4
to illustrate the main results, and conclusions are drawn in
Section 5.

2. Stability Analysis and Existence of
Local Bifurcation

Lemma 1 (see [11]). Consider the exponential polynomial

P (A e, e_’h'”)

=A"+ pﬁo))t”*1 +oeee pﬁlofl)t + pflo)
(2)

Ty

(1) yn-1 Q) M7 A
+[p1 AN+t p A+ D, ]e

4o+ [p(lm)/\n_l 4o+ p;(/:liA + pr('lWl)] e_)tfm’

where; > 0 (i = 1,2,...,m) andp;.i) (i=12....mj=
1,2,--- ,n) are constants. Then as (1,,T,, . .., T,,,) vary, the sum

of the order of zeros of p(A,e ™™, ...,e”"™) on the open right
half plane can change only if a zero appears on or across the
imaginary axis.

In the following discussion, for convenience, we denote

Bi=a;0)cf (), a=a,0)5©), y=pp B

(3)
Throughout this paper, we assume that

(H,) b,(0) = 0, £,(0) = 0,and i = 1,2,...,m;

(H,) there exist constants a,, a; such that 0 < g, < g,() <
a; fori=1,2,...,n

From assumption (H,)-(H,) that the origin (0,0, ..., 0) is
an equilibrium of system (1).
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Let

X () =u (t=(m+ 13+ +1,)),

) =u(t-(r5+1,+-+71,)),
(4)

Xn-1 (t) = Up-1 (t - Tn) >
X0 (6) = 1, (1)

System (1) can be transformed into the following equiva-
lent system:

Xy () = —ay (x, (1)) [by (x; 1) - & f (%, (£ = D)]»
%, (t) = —a, (x5 (1)) [by (3, (1) = 6. f (1 (1))],
%3 (1) = —as (x5 (1)) [b3 (x5 () = & f5 (x, (D))], (5)

xn (t) =—a, (xn (t)) [bn (xn (t)) - Cnfn (xn—l (t))] >

wheret =1, + 7, + -+ + 7,
The linear system of system (5) around the equilibrium
(0,0,...,0) is given by

ty () = —aquy (t) + Byu, (t — 1),
i, () = —ayu, (t) + Bouy (1),

i () = —ouy (t) + By, (1), (6)

u, (t) = —a,u, (t) + B,u,_, (t).
The associated characteristic equation of system (5) is
A+a)(A+ay) (A +a,) e =y. (7)

Suppose that A = iw(w > 0) is a root of the characteristic
equation, where i is imaginary unit which satisfies i* = —1.
Substituting iw into (7), then we have

(o +iw) (et +iw) -+ (e, + iw) (cos wT +isinwr) = y. (8)

Separating the real and imaginary parts of (8), we have

y= \/((xf +w?) (a3 + w?) -+ (a2 + w?) cos h (w)

= \jﬁ (o + w?) cosh (w), ©)
=1

sinh (w) = 0,

where
h(w) = Zco‘(1 <ﬁ> + Wt (10)
=1 w

in which cot™' denotes the inverse of the cotangent function.
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Since
H@=3-% " t150 (1)
Sl +w
for w € R" and
whl%h (=0, lim h(w)=+oo. (12)

Hence h(w) : (0,R") — (0,R") is an increasing bijective
function.

We know from the second equation in (9) that h(w) = jn.
Denote w; = h'(jn), j = 1,2,...; then we have from the first
equation in (9) that

Y=yj=(—1)j\j (04,2+w§), j=12,.... (13

I=1

Whenw =0, y =7y, =[], > 0.
Furthermore, from the value y; given above, we have

<Y <P3 <Y <0< <P <Yy (14)

Obviously, if w is a root of equation (7), —w is also the
root of equation (7). This implies that +iw is a pair of purely
imaginary roots of equation (7). On the other hand, we have
from (7) that

(&)
d)/ Y=Y

e((5)

Hence we have

sign @
g dy

Since the roots of the characteristic equation (7) are —«; < 0,
i=1,2,...,nwhen y = 0, so the equilibrium (0,0,...,0) of
system (5) is asymptotically stable. As the parameter y varies
on the open right half plane can change only if a zero appears
on or across the imaginary axis. According to Lemma 1 and
(14), we obtain that the equilibrium (0,0, ..., 0) of system (5)
is asymptotically stable if and only if y € (y;, y)-

When y = y, = []L,, the characteristic equation of
system (5) has a simple root A = 0, and all the other roots
have negative real parts. A pitchfork bifurcation may occur at
the origin in system (5) [16].

Wheny =y, = —\¢H7:1(<x,-2+w%), w, = h™(n), the

characteristic equation of system (3) has a pair of purely
imaginary roots *iw, and all the other roots have negative real
parts. Note that h(w) > Tw due to H(w)>7 according to (11),
s0,w < 7r/7;thatis, w, € (0,77/7). We also know from (17) that

LA |
:bj<r+zal+iw'>, (15)

I=1 J

where

} = sign {yj} = (-1)/, j=0,1,2,.... (17)
Y=Y

(d)t/dy)l},:yl < 0. System (3)undergoes a Hopf bifurcation
which occurs at the origin when y = y,.

From the above discusses, Lemma 1, and the Hopf bifur-
cation theorem in [24] for functional differential equations,
we have the following results.

Theorem 2. Under assumptions (H,)-(H,), we have the fol-
lowing:

(1) ify € (y1,yo), the equilibrium (0,0, . .., 0) of system (1)
is asymptotically stable;

(2) ify ¢ [y1>yol, the equilibrium (0,0, ...,0) of system (1)
is unstable;

(3) if y = vy, a Hopf bifurcation occurs at the origin in
system (1),

where

n

Yo = H“i> h= _\]H (of + i) (18)
i=1

I=1

in which w;, € (0,7/1) and satisfies the equation m =
Yot N (e/w) + T, TET H Tyt T,

3. Direction and Stability of Hopf Bifurcation
for the Network

In this section, we will derive explicit formulas for determin-
ing the properties of the Hopf bifurcation at critical y = y,
by using the normal form theory and the center manifold
theorem [25], and we always make y = f,5,:-- B, Bi =
T, a;(0)¢; ﬂ(O) vary with a parameter and the other 3n — 1
ones are fixed.

We still discuss system (5). For the sake of generality, let
u(s) = u(st). Denote yu = y and t = s, dropping the bars for
simplification of notation; then system (5) can be written as
functional differential equation in C = C([-1, 0], R") as

u(t) =L, (u)+F(mu), (19)

where u(t) = (u,(t), u,(t),..., un(t))T, u,(0) = u(t +0), and
L P C — R,F:RxC — Rare given, respectively, by

L,(¢) = B¢ (0)+ B¢ (-1), (20)



4
where
~4, 0 0 0 -~ 0 0 0
B, —a, 0 0O 0 0 0
B = 0 B -a; 0 0 0 0 )
0 0 0 0 -+ By —a,, O
0 0 0 0 - 0 B, -a,
00 0 0 0 0 B
00 00 --0 0 0
Bzzrooo.('). 00 0 |
00 0 0 0 0 0
00 0 0 0 0 0
n T
F () = 7(FV (¢),F? (¢),....F” (¢))
(21
where
b” n
FY(9) = - (7 +ab ) 9 (O + f7¢> (=)
+ayc, fry (0) ¢, (<1)
b”l b” aII
—(all?+a{7l+71b{>¢f(0)
n "
raa g (1) + el g 06 (1)
all
!
+ 7161 f142 (0) ¢, (1) + hoo.t.,
" n (22)
(i) _ bi 140 2 fi—l 2
FY(¢) =- ai7+aibi ¢; (0)+aici7¢i—l (0)
+a/6.f] 1 $i-1 (0) ¢ (0)
bIH b" 61"
L AN SR S
(a,- c +a 5 + 5 b,>¢, (0)
f‘”’ ‘II
+ aicil;l ?—1 0) + ‘11',51‘_71 ; (0) ‘/’1'2—1 (0)
6 2
a’
+ jc,» ! ¢1 (0)¢7 (0) + hoot.
in which
a; = a; (0), ai':ai'(O), ai"zai"(O),
b=b(0), b=b(0), b =40,
bim :bi/n (0), fz :fi(o)’ fil :fil (0)) (23)
_fi" :_fi” (0)’ filll :fiHI (0)’
i=1,2,...,n

From the discussions in Section 2, we know that if 4 = y,,
system (19) undergoes a Hopf bifurcation at the equilibrium
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(0,0,...,0), and the associated characteristic equation of
system (19) has a pair simple imaginary roots +iw;.

By the Riesz representation theorem, there exists a
bounded variation function #(0, u) for 0 € [-1, 0] such that

0
Lo = L dn(0.u)$@) forgeC.  (24)

In fact, we can choose
7 (0, 4) = B;6(0) - B,d (0 +1), (25)

0, 0+0,

where §(0) is the Dirac delta function and §(0) = { L 6o

For ¢ € C'([~1,0], R"), define

%, 0 €[-1,0),
AWe=1 , (26)
| dan(w9ee. o-o
_ |0, 0 € [-1,0),
R(M)‘P—‘[P(%(p)’ 00 (27)

The system (19) can be transformed into the following
operator equation form:

u,=A (P‘) u, +R (P‘) Uy, (28)

where u, = u(t + 0) for 0 € [-1,0].
Denote

App, = Aps Ryey = Ry, F(u, ¢),,:yl =F,(¢),

H="
L,y =Lo,  7(6,00=1(0).
(29)
For y € C'([0,1], (R")*), define
—%, s€(0,1],
A () =1 (30)
dn" (t,0)y (-t), s=0.

For ¢ € C'([-1,0l,R") and v € C'([0,1],(R")*), we
define a bilinear form

0

0
(V.4 ©@)=FOsO0 | | FE-0dm®9@©dE
G

Then A, and A} are adjoint operators. We know that +iw,
are eigenvalues of A, so +iw, T are also eigenvalues of Ay,

Now we compute the eigenvectors of A, and A} corre-
sponding to iw,; T and —iw, T.
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iw, 70

Suppose that g(0) = qge is the eigenvector of A
corresponding to iw,T; then A,q(0) = iw,79(0). From (25)
and (26), we know

1
d;
&, +iw,
dyd;
(o +iw,) (a5 + iw;)
9 = :
dydy---d,
(o +iewy) (o3 + iy ) -+~ (00, + iew,, ;)
dyd,---d,
(“2 + iwl) (“3 + iwl) ot ((xn + iwn)
(32)
Similarly, we know that g* (s) = Dg; '™ with
1
o —iw;
d;
(o) —iew;) (o0, — iwy)
* dyd
9 = . (33)
(o —iwy) (0 —iwy) -+~ (o0, — iewy)
dydy---d,
(o — iewy) (o = ewy) -+~ (e, — ;)
dyds---d,

ands € [0, 1) is the eigenvector of A} corresponding to —iw, 7,
where

; -1
D = (a; +iw) |:Z ! +T:| . (34)

So;t+iw

Moreover, {(q*,q) = 1and (g*,q) = 0.
Using the same notations as Hassard et al. [25], we
construct the coordinates to describe the center manifold C,

aty =7y
Define
z()={q"u),
(35)
w(t,0)=u,—2Re{z (t)q(0)}.
On the center manifold C,,, we have
w(t,0) =w(zz0), (36)

where

2 =2
W (2,7,0) = wyy (6) -+ wyy (0)2Z + wey ) 7+,

(37)

z and z are local coordinates for the center manifold C, in
the direction of g* and g*. Note that w is real if u, is real. We
only consider real solutions.

For solution u, € C, of (19), since u = b;, we have

z(t) = itz + (g7 (0), F, (w (2,2, 0) + 2Re {29 (0)}))

iw, 7z + q* (0) Fy (w(z,Z,0) + 2 Re {zq (0)})

itz + 7 (0)Gy (2,2) .

(38)
We rewrite this as
z(t) =iw, 1z (t) + g (2,2) (39)
with
— z z
g(z,2) =q* (0)G, (2,2) = i + 912z + 9o
(40)
va ZF
9 > .

From (29), (36), and (39), we have

W=, -2q+2q
Aw - 2Re {g7 (0) Fyq (0)}, 6 € [-1,0),
= (41)

Aw -2Re {g7 (0) Fyq (0)} + F), 6=0,

def

= Aw+ H (z,z,9),
where
Z* z
H (z,z,0) = Hy, (0) 5 + Hy, (0)zz + Hy, (0) 5 +oeee
(42)
Since
9(2.2) = 9" (0)G, (2,Z) = Dqy F, (2,2)
(43)

. * n T
= D1q; (F(l) (), F? (1,),..., F' )(ut)) ,
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where —& (o —iwy) - (g — ;)
+D T
Z d,---d,
(1) b A f” 2 " 10
FV (u,)=- (‘1171 + a1b1> uy, (0) + alcljnum (-1) X [— (a,-bi + 2aibi) +aic f, 1‘11 .
+ aiclfriult (0) uyy (1) +2“ Gli- 1‘11% ] >
bHI II " , 5
(611? +a 1? + —lbl) uy, (0) g = DT[ (alb + 2“1b ) + alclf 919,
" " +a'c fl q e—iwl‘r +q eiwl‘r
+a1c1f6 . (= 1)+alc1f2 uy, (0) unt( 1) i "( ! " )]
n . .
" — (g —iw,) -+ (g —iw;)
a +D T
+ %clf;ui (0) u,, (1) + h.o.t, Z dy---d;
. b " —(ab" "WNaag +act a g
g (u,) = - <ai§ + ai’bi’) uizt (0) + a f’2 1 ué b (0) X [ (azbi +2a;b; ) 9i49; + 4G Ji-19i-19i1
+a G +
+ag il—lu(i—l)t (0) 1, (0) S0 (41 + G 1‘11)]
n 1 " =2 12w‘r
_<aibi_+ailll+a;‘bil>u?t(0) gOZ—DT[ (alb +2a1b)+a1c1f
6 2 2
f'l” 1 +2“i a leqnelm]
+ aici%u?i_l)t (0) + Q;Ci%”it (0) ”(2i—1)t (0)

= (o —iwy) - (o) —iw;)
+DZ 4 d, T

1

a.
+ jci il—lu(i—l)t (0) ul.zt (0) + h.o.t.

(44) [ (ab +2ab) +aGf\a

in which 4, = 2 Re{z(t)q(0)} + w(t,0) = w(z,Z,0) + zq(0) + +2a,6,f 13,14,
zq(0),i=2,3,...,n
Denote the ith element of g(0) by g; and the ith element = " 11 (1) (1) "
of w(z,Z,6) by 9 Y4 g = Dt [— (albl + 2a1b1) (wzo (0) + 2wy, (O)) +ac f,
x (G "Wl (<1) + 2q,e w7} (-1))

(1) (i) %
,Z2,0) = W. W (45) -
W (2,20 =WIZ s w2z + .. vdof! (q @00 (0) + 29,6 w (0)

(n) 1)
Then if follows that +wy, (-1) + 2w11 (= 1))

‘ (alb'" + 3ab, +3a1b)
u; (0) =W (2,2,0) + 2q; +ZG,, i=1,2,...,n-1,

) ) ) tac f’”q qze—iwlr
u, (1) = W (2,Z,-1) + zg,e ™ + zq,e"". 1 n Andn
(46) ) i _
vayd f, (g +24,3,)
Substitute (46) into (43) and comparing the coefficients in +a, ¢ f, (_ T 4 2g,e ""17)]
(40) with those in (43), we have
—& (o —iwy) - (o — iw
N Dz( 1 16)1 (dt—l l)r
Ga = Dt [ (alb +2ab, ) tacflq e T i=2 27

+2a{c1friqne_iw‘r] X [— (aibi” + Zai’bil) (%w% (0) + 2%“’511) (0))
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!

1 1
+ a;c; ,"_1 (wzo )(O) qi- 1+2w11 )(0) qi- )

+ac i— l(wzo (0)% 1+2w11) (0)%

+wis? (0)g; + 2wV (0) q;)

n

+(ab]" +3a/b]" +34]'b]) 4/q,
+ad; £ G0\
+ac i 1(q1 14 2519 1)
+a,'llci i’71 (Q?qi + 2qiqi71qi)] '

(47)

where g; is ith element of g(0) shown in (32).
Since there are w,,(0) and w,,(0) in g,,, we still need to
figure them out. Note that on the center manifold C,, we have

W= w,z + w,z. (48)

We have from (41), (42), and (48) that

(A = 2iw,T) wyy (0) = —H,q (0), Aw,, (0) = -Hy, (0).
(49)
Equations (39) and (41) mean
H(2,z,0) = -gq(6) - 99 (0) (50)
for 0 € [-1,0).
Comparing the coeflicients with (42), we have
Hy, (0) = 9509 (0) — 9,9 (), (51)
Hy; 0) = -9119(0) - 9,,9(0) .
From (26), (49), and (50), we can obtain
y (0) = 2iwyTw,g (0) + 9209 (0) + Gy,q (0) . (52)
So
Wy, (0) _gz()q (0) ezwl‘re —iw, 76
(53)
+ EleZiwl‘rG

7
and similarly
i iw, 70 i —iw, 70
wy () = ——— 0) ™ + — 0)e ™ +E,,
11 (6) wnguq( ) wl‘l‘g“q( ) 2
(54)
where E, = (", E®,.., E")E, = (B, ED?, .., E{")T
Rn

In the following, we focus on the computation of E, and
E,. From (26) and (49), we know

0
L 1 (0) wyy (0) = 2iw, Ty, (0) — Hyy (0),  (55)

0
| dn®w, =, 0 56)
in which #(0) = #(0, 0).
We know from (41) and (43) that
hy
— h2
Hy (0) = =929 (0) = gpoq () + 7| . (57)
h,
in which
h, =- (“1171” +2ab| ) +ac fr qhe T
+2a;c fogae T,
h = () —iw;) -+ (0 —iw;)
i d,---d,
X [— (aibi” + zai,bi,) %2 +aGfl (58)
+2ailcifi’—1qiqi—1] » 2sisn
I,
I 12
Hy, (0) =-9119(0) =g, (0) + 7| .
ln
in which

I, = (alb +2a1b)+a1d f 4.9,

! ! - T | — i T
+ alclfn (qne + qne ) >

I = (“1 - iwl)"'(‘xi—l - iwl)

. 59
i d,--d, (59)

Ui 141 — 1 —_
X [— (a,»bi +2a;b; ) q:9; + a6 fi_19:.19,_,

+ai,difil—1 (91 +qz’—1qz')] , 2<i<n
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Substituting (53) and (57) into (55), we have

2iw, + &, 0 0 0 -+ 0 0 -B
B, 2iwta, 0 0 - 0 0 0 hy
0 B, 2w tay 0 -+ 0 0 0 b h'z ' (60)
e e e 1
0 0 0 0 - =B, 2iw +a, 0 h
0 0 0 0 -~ 0 -B, 2w, +a, "
Solving this we can obtain E, = (Eﬁl), Eﬁz), ceo E(I”))T. Similarly, we can obtain E, = (Egl), Egz), e E;”))T from
« 0 0 0 - 0 0 -B
B, &, 0 0 -~ 0 0 0 51
— . 2
SO SRR PR Sl (61
0 0 0 0 By &, O l'n
0 0 0 0 0 -8B, «,

Based on the above analysis, we can see that each gij in Re{C,(0)} < 0 (Re{C,(0)} > 0); then the Hopf Bifurcation is
(47) is determined by the parameters and delays for (1). Thus,  supercritical (subcritical), the bifurcating periodic solutions
we can compute the following quantities: exist for y < v, and the bifurcating periodic solutions are

stable (unstable). T, determines the period of the bifurcating
periodic solutions: the period increases (decreases) if T, >

2
_ i 2 90"\ | 9a 0 (T, < 0).
€ (0= 2w,T <920911 B 2|g11| T3 ) + 7 Under some conditions, the equilibrium (0,0,...,0) of
system (1) is globally asymptotically stable. The following
Re{C, (0)} result can be directly obtained from Corollary 2 in [5].
[/t = _—’
* Re{d (p)} (62)

Theorem 3. Under assumptions (H,)-(H;), the equilibrium
B, = 2Re{C, (0)}, (0,0,...,0) of system (1) is globally asymptotically stable if the
following conditions hold.

!
_Im {Ci @} + 4 Im {/\ (Yl)} (H;) There exist constants b, such that bi'(-) > b, > 0 for

2 = .

Tw, i=1,2,...,n

(H,) There exist positive constants L; such that Ifi'(-)l <L
It is known that p, determines the direction of the Hopf fori=1,2,...,n
bifurcation and 3, determines the stability of the bifurcating (Hs) The following matrix A is an M-matrix:

periodic solutions. Since Re{A'(y,)} < 0, we know if

b, 0 0 0 - 0 0 —|g|L,
“lelt, B, 0 0 0 o0
" 0 —lg|Ls by O -- 0 0 0 (63)
0 0 0 0 —lepi| Loy b, 0
0 0 0 0 0 —le L, b,

Note that the conditions in Theorem 3 have more restric- we have |A| > 0 [26]; that is, ]_[?:lbi > H:;llciLi|; it
tions than those in Theorem 2. Since A is an M-matrix,  yields []7,4;(0)b; > []~,la;(0)c.L;|, which, together with
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FIGURE 1: Phase plot in space (x;, x,, x;) for system (64) with ¢, =
0.8.

conditions (H;) and (H,), implies that |y| < y,; moreover,
y € (=y1»¥,) due to |y;| > y,. Hence, conditions (H;)-(Hs)
imply that the condition y € (-y;,%,) in Theorem 2 holds.

4. A Numerical Example

Example 1. Consider the following Cohen-Grossberg neural
network with discrete delays:

x; (t) = —[0.6x, (t) — ¢, tanh (x5 (£ — 3))],
X; (t) = = (2 + cos (x, (1)) [x, (t) — 0.8 tanh (x, (t - 2))],

% (t) = — (2 + cos (x5 (1)) [x5 () + tanh (x, (t — 2))] .
(64)

We can obtain that w; = 0.3423 and furthermore we obtain
that y; = —6.2979 in view of bisection method by using
MATLAB. It is easy to know y, = 5.4. We also know from
(3) that y = —=7.2¢,.

According to Theorem 2, the zero solution of system (64)
is asymptotically stable when y € (-6.2979, 5.4), and when
y = y,, the Hopf bifurcation occurs at the origin.

Casel. Letc, =0.8.y =-7.2 x 0.8 =-5.66 € (-6.2979, 5.4);
then the zero solution of system (64) is asymptotically stable.
Figure 1 shows the dynamic behaviors of system (64) with
initial condition (0.1, 0.2,0.1).

Case 2. Let ¢, = 09,andy = =72 x 0.9 = -648 < y,.
We know from Theorem 2 that the Hopf bifurcation occur at
the origin; furthermore, we can obtain Re{C,(0)} = —4.031,
so the bifurcating periodic solutions are supercritical and
asymptotically stable. Figures 2 and 3 show the dynamic
behaviors of system (64) with initial conditions (0.1, 0.2,0.1)
and (0.5, 1, 0.5), respectively.

The presented numerical simulations illustrate the theo-
retical results.

FIGURE 2: Phase plot in space (x;, x,, x;) for system (64) with ¢, =
0.9.
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FIGURE 3: Phase plot in space (x,, x,, x;) for system (64) with ¢, =
0.9.

5. Conclusions

An n-neuron Cohen-Grossberg neural network with discrete
delays and ring architecture is analyzed in this paper. By using
y = [1L.B = [1L,a,(0)c £/ (0) as a bifurcation parameter,
we show that this system undergoes a Hopf bifurcations at a
critical parameter:

n n
Yo = H“b Y1=- H (af +w}), (65)
=1 I=1

where w, € (0,7/7) and satisfies the equation 7 =
Y cot N(y/w) + wT, T = T, + T, + - - + 7. The direction of
Hopf bifurcation and the stability of the bifurcating periodic
solutions are investigated by applying the normal form theory
and the center manifold theorem for continuous time system.
The phenomena of bifurcating periodic solutions for Cohen-
Grossberg neural networks coincide with the fact that learn-
ing usually requires repetition [2], and periodic sequences of
neural impulse are also of fundamental significance for the
control of dynamic functions of the body such as heart beat
which occurs with great regularity and breathing [19]. In this
paper, we extend the results about the existence of local Hopf
bifurcation in [22] to the case of a discrete-time n-neuron
Cohen-Grossberg system with discrete delays. In the future,
the problem for the existence of global Hopf bifurcation will
be expected to be solved.
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