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This paper focuses on the multidirectional associative memory (MAM) neural networks with m fields which is more advanced
to realize associative memory. Based on the Brouwer fixed point theorem and Dini upper right derivative, it is confirmed that the
multidirectional associative memory neural network can have 3' equilibria and 2' equilibria of them are stable, where ! is a parameter
associated with the number of neurons. Furthermore, an example is given to illustrate the effectiveness of the results.

1. Introduction

The Hopfield neural network was introduced by Hopfield in
1982, which introduced the climax of the research on the
neural networks. This network was extended to bidirectional
associative memory (BAM) neural network by Kosko in
1987 [1] and to multidirectional associative memory (MAM)
neural network by Hagiwara in 1990 [2]. They all can
realize associative memory. But by using the MAM neural
networks, one can achieve the many-to-many association
which is a very advanced function of human brain. The
many-to-many association has found wide applications in
image denoising, speech recognition, pattern recognition,
and intelligent information processing [2-6]. For example,
it was shown that today most Indians are derived from the
two-ancestor group gene by DNA analyzing [7]. If we need to
distinguish which category an Indian belongs to, then this is
a many-to-many associative problem.

In the designing of the associative memory neural net-
works to achieve associative memory, it is necessary to ensure
their stability. The stability of Hopfield neural networks
and BAM neural networks is discussed in a lot of recently
published literature works [8-12], but the researchers about
MAM neural networks are mainly focused on learning
algorithms, fault tolerance, and retrieval efficiency of MAM

neural networks [3-6]. To the best of our knowledge, the
research on the theory of MAM neural networks was reported
only in a few papers [13-18]. Chen et al. proved the stability
of some specific types of MAM neural networks in [13, 14].
We studied the existence and global exponential stability of
equilibrium for MAM neural networks with constant delays
or time-varying delaysin [15,16]. We also obtained a sufficient
condition for the global exponential stability of the discrete-
time multidirectional associative memory neural network
with variable delays in [17].

The multistability of a neural network describes coex-
istence of multiple stable patterns such as equilibria or
periodic orbits. In recent years, the multistability issue of
neural networks is discussed in some papers [18-32]. In [18],
we discussed the existence and the exponential stability of
multiple periodic solutions for an MAM neural network.
The neural networks with a class of nondecreasing piecewise
linear activation functions with 2r corner points were inves-
tigated in [19]. It was proposed that the n-neuron dynamical
systems can have and only have (2r + 1)" equilibria under
some conditions, of which (r + 1)" are locally exponentially
stable and others are unstable. A class of neural networks with
Mexican-hat-type activation functions was discussed in [20].
A set of new sufficient conditions were presented to ensure
the multistability of the neural networks. The cellular neural



networks with time-varying unbounded delays (DCNNs)
were discussed in [21]. Under some conditions, it showed
that the DCNNs can exhibit 3" equilibrium points. In [22],
Huang and Cao found that the 2n-dimensional networks can
have 3” equilibria and 2" of them are locally exponentially
stable. In [24], with perturbation techniques and the Floquet
theory, Campbell et al. discussed the multistability and stable
asynchronous periodic oscillations for a network of three
identical neurons with multiple discrete signal transmission
delays. The possible codimension one bifurcations which
occur in the system were determined. In [25], Cheng et al.
presented the existence of 2" stationary solutions for a general
n-dimensional delayed neural network with several classes of
activation functions. It was shown that a two-dimensional
neural network has #” isolated equilibria points which are
locally stable, where the activation function has n segments.
Furthermore, evoked by periodic external input, n* periodic
orbits which are locally exponentially attractive were found
[26]. Some similar results were found on n-neuron Cohen-
Grossberg neural networks (CGNNs) with time-varying
delays and a general class of activation functions [27]. In
[29, 30], the multistability and multiperiodicity issues were
discussed for competitive neural networks and high-order
competitive neural networks. In [31], the stability of multiple
equilibria of neural networks with time-varying delays and
concave-convex characteristics was studied. Some sufficient
conditions were obtained to ensure that an n-neuron neural
network with concave-convex characteristics can have a
fixed point located in the appointed region. By partition-
ing the state space, sufficient conditions were established
which ensure that n-dimensional Cohen-Grossberg neural
networks with k-level discontinuous activation functions can
have k" equilibrium points or k" periodic orbits [32].
Generally, the existence of a globally stable equilibrium
point or periodic solutions is necessary in solving opti-
mization problems, but to achieve many-to-many associative
memory by using MAM neural network, the system which
has a globally stable equilibrium point or a globally stable
periodic solution can only associate less information. So we
should study the multistability of MAM neural network in
order to make it achieve many-to-many associative memory.
It is necessary to explore the existence, stability, and conver-
gence speed of multiple equilibria or periodic solutions of
MAM neural network. Motivated by the above, in this paper,
we study the multistability issue for a delayed MAM neural
network with m fields and #, neurous in the field k as follows:

dxk~
d_tl = ;X (t)
m @
v Dwpaifpy (%5 (¢~ 7)) + T
p=Lp#kj=1
where k = 1,2,...,m,i = 1,2,...,m, x,(t) denotes the

membrane voltage of the ith neuron in the field k at time t,
a; > 0 denotes the decay rate of the ith neuron in the field k,
fp;() is the neuronal activation function of the jth neuron in
the field p, w,,y; is the connection weight from the jth neuron
in the field p to the ith neuron in the field k, I, is the external

Journal of Applied Mathematics

input of the ith neuron in the field k, and 7,; is the time
delay of the synapse from the j neuron in the é)eld pto theith
neuron in the field k.

Set 7 = max{r,;; | wherel < k < m1 < p <
m,p#k,1<i<m,and1l < j< np}. The initial conditions
with (1) are of the forms

X (1) = ¢y () (2)

wherek =1,2,...,m,i =1,2,...
are continuous functions.

This paper is organized as follows. In the next section,
we discuss the existence of multiple equilibria by using the
Brouwer fixed point theorem. In Section 3, we analyze the
exponential stability of every equilibrium. An example is
given to illustrate the effectiveness of our results in Section 4.
Finally, conclusions are given in Section 5.

M and ¢y, ¢ [-7,0] — R

2. Existence of Multiple Equilibria

In this section, we consider the existence of multiple equi-
libria by using the Brouwer fixed point theorem. Since
the existence and stability of stationary patterns for neural
networks certainly depend on the characteristics of activation
functions, we assume the activation functions fi;(-) (1 < i <
1, 1 < k < m) satisty the following condition:

(H1) fi;(-) are continuous, increasing and there exist
My; > 0 such that | fi;(x)] < M; for1 <i<mn,l <

k <m.

For convenience, we give some notations as follows:

M:{m’
m-—1,

Iy ={1,3,5,...,M - 1},

if m is an even number,
if m is an odd number,

i = Ly = min {n, ;. },

; for any i € I, 1, =0,

if M#m,
m
I= Z I;, n= Z”i’
ieTy i=1

ol (B;) = (Br1s - -> B> Bags w2 by o3 Bt by )

(3)
Set
1 LR
‘Ski:a_ Z Z|ijki|ij+|Iki| >
ki | p=1,p#kj=1 @
4

Q = {x = col (x1;) € R" | x}; € [0 O] »

for1<k<m1<i<m}.



Journal of Applied Mathematics

X(k+1)i

(a)

X(k+1)i

=5 0 5

Xki

(b)

FIGURE 1: The configurations of Gy;(y), Gy;(y) and Hpyi (%), Hk+1)z(x)' () Wiiger 1y W nyiki > 0+ () W1y Wrernyini < 0-

Foranyk € I);, 1 <i <[, define

1
H(+k+1)i (xki) = A (wki(k+1)ifki (xki)
+1)i
— [ Whicks )il Mii) + S e 1yio
_ 1
H(k+1)i (xki) = —a(k ) (wki(k+1)ifki (xki)
+1)i

+ lwki(k+1)i| My;) - Okr1yiv

1
GZ,- (x(k+1)i) = a—k (w(k+1)ikif(k+1)i (x(k+1)i)
1

— |waesnyini]l Migerryi) + Oris

_ 1
Gy (x(k+1)i) = o (w(k+1)ikif(k+1)i (x(k+1)i)
1
+ [Wger 1yiki] Mges1yi) = Oi-
(5)

We consider the second parameter condition which is
used to establish existence of multiple equilibria for systems

(1).
(H2) For any k € I, the weights w(kﬂ)lk, wk,(kﬂ)l

0, and there exist two points (ukl, u(k+1 ), (ukl, (k+1),)
where uki < uki, such that

@) if wy k+1)z’w(k+1)tkz > 0, then Hk+1)z(”llci) <
Wiy Gl < Uk Flgeeni () > ey
Gl;'(“?kﬂ)i) > ups

(2) if Wyiger1y Wenii < 0, then H@+1)i(“11<i) >
Uggerryi G (i) < i Higeynys () < 1y
G;i(u?kﬂ)i) > up,.

The configuration that motivates (H2) is depicted

in Figure 1. Under the above assumptions, if Wy,
w(kﬂ)lkl > 0, then there are three crossing points (x}(:,xé,;l)i),
(xk,,x(kﬂ)l) and (x,z:r,xkﬂ)l) of the curves x.y

Hi i ()s X = le(x(kJr1 ;), and there are three crossing
points (xkl,x(kﬂ)l) (xkl ,x(kﬂ)l) and (xzi_,x?k_ﬂ)i) of the
curves Xy =  Hyppy(Xg), X Gri(X(er1)) (see
Figure 1(a)), where

1- 1+ 1 2— 2+ 2 3— 3+
Xpi <X < U <Xy < Xy < Upg < Xy < Xpgo

1- 1+ 1 2—
Xr)i < Xier1)i < Yier)i < Xger1)i (6)

2+ 2 3— 3+
< Xer1)i < Uean)i < Xr)i < Xern)ie

If Wyiger1)> Weesyiki < 0, then there are three crossing
points (x,i;,xb;l)i), (xi;r,xé;rl)i), and (xz;,xkﬂ)l) of the
H7c+1)z(xkz) X = Gp(xge)), and
there are three crossing points (xkl ,x(kﬂ)l) (xkl ,x(k+1)l)
and (xki ,x(kﬂ)i) of the curves x(, ;) = Hyyi(xgi)s X =
Gpi(X(k41)i) (see Figure 1(b)), where

curves x(k+1)l =

1- 1+ 1 2- 2+ 2 3- +
Xpi < X < Uy <Xy <Xy < Upg <Xy < Xy

3— 3+ 2 2—
Xr1)i < Xier1)i < Yir)i < Xer1)i

2+ 1 1- +
<Xean)i < Uir)i < Xer)i < Xgern)ic

7)



Furthermore, it is easy to confirm that xf,xkl €

[0ki> Opil, forany 1 <k <m,1 <i<m,and j=1,2,3.

Theorem 1. Under conditions (HI1) and (H2), there are at least
3 equilibria of the multidirectional associative memory neural
network (1).

Proof. Set
Q‘X = {X = col (xki) e I (xki,x(k+1)i) (8)
e Q¥ for ke Iy, 1<i <k},
where a = (0,00, 0505 Qa5 Oy - o
-1y, , ) O = 1,2, 0r 3, and
Qllci = {(xki’x(k+1)i) €R?| (xki’x(k+1)i) € [xli;xllc:r]
X [x(lk_+1)i’x(ll:+l)i]} >
Qii = {(xki’x(kﬂ)i) €R?| (xki’x(kﬂ)i) € [xi;,xi;] )

2+
[x(k+1)1’x(k+1) ”‘
3 - 3
O = {(xki’x(kﬂ)i) eR’| (xki’x(k+1)i) € [xki ’xk:]
[x(k+1)z’x(k+1)z]}
Obviously, they are 3 disjoint closed regions, and Qii c
[_8ki’6ki] X [_6(k+1)i’8(k+l)i] fOr anyk € IM’ 1 < i < lk’
j=1,2,3.

For any fixed o and a given X = col(X};) € QF, we study
this problem on the following two cases.

Case 1 (1 <i < 1;.). Consider the following equations:

— O X + w(k+1)ikif(k+1)i (X(k+1)i) - w(k+1)ikif(k+1)i (55(k+1)i)

m n,
Z prjkifpj (’?pj) +1; =0,
p=lp#kj=1
(10)

Ak+1)iX(k+1)i T wki(k+1)if ki (xki) - wki(k+1)if ki (fki)

Z Z%;(ku ifoi (%

p=lp+kj=1

(11)
i)+ Ty = 0.

It follows from (10) that

1
Xpi & —
i

w(k+1)ikif(k+l)i (x(k+1)i)

iy

+ Z 'w(k+1)jki|M(k+1)j+|Iki|
j=Lj#i

t- Z Z 'ijkt' M,

aklp Lp#k, j=1
p#k+l
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1
= [w(k+1)ikif(k+l)i (x(k+1)i)
ak-

1

= |wekes kil Mgy + [Tl

to Z Z |prk1|M

aklp Lp#kj=1

1
o [w(k+1)ikif (k+1)i (x(k+1)i)

ki

- |w(k+1)iki| M(k+1)i] + Oy

Glti (x(kﬂ)i) .
(12)

Similarly, from (10), we also can obtain that

1
— [w(k+1)ikif(k+1)i (x(k+1)i)
ki (13)

=Gy (x(k+1)i)°

Xiei >

+ | w1y Mgeryi] = O

So the curve of (10) is between the curves of x;
and Xki = G]:i(X(kJrl)i).

Under similar analysis we can obtain that the curve of (11)
is between the curves of x,1); = Hypy(x) and xge,qy =
Hp.,1)(xg;). So we can affirm that there are at least three
solutions of (10) and (11); each solution lies separately in
le, le, and in. Get one that is in QZ;‘", and denote it by
(xkz’ k+1)z)

= G (%(esnyi)

Case 2(I, +1 <i <m). Let

1 noo2
K= D Dwyfp () L |- (14)

Ui | p=1,p#kj=1
Then
o
|Eki| < a— Z Z 'ijkifpj (xp].)' + Iki

ki | p=Lp#kj=1
_ (15)

1 mo %

= g 2 2 wpi] My + 1l | = 0

i p=l,p#kj=1

From the two cases above, we can obtain x;; € Q* for any
given X € Q% Set x = col(x};). It is obvious that x € Q. Set
mapping F* : QO — Q% as follows:

F* (%) =x. (16)

Because f;(-) are continuous mappings, so F* is continuous
mapping. By the Brouwer fixed point theorem, there is
at least one fixed point of F*, that is, zero point of (1)
in QY Therefore, there are at least 3' equilibria of the
multidirectional associative memory neural network (1). [
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3. Stability Analysis

In this section, the stability of the equilibria is considered. Set

¥ = {¢ = col (¢y;) € C([-7,0],R") | =8f; < ¢y (5) < Oy

for1<k<m1<i<n},

n= (’711>~--’71111”731’--~>’7313’---”’I(M—1)1> ~-”7(M—1)ZM,1) >
17)
with ; = 1 or 1g; = 3.
We consider the following 2' subsets of ¥:
WV = {¢ = col (¢g;) € ¥ | (Pris Presnyi) € Yo' a8)

forkely,1<i<},
where
¥y, = {(¢kis¢(k+1)i) eC ([—T, 0],R
for p=k,k+1},
Wy, = {(¢ki’¢(k+1)i) € C([—T, 0], R?

for p=k,k+1}.

) Lpi () € [ x5 ]

) Vi (9) € [ x5]

(19)

Lemma 2. Under assumptions (H1) and (H2), each V" is a
positive invariant set with respect to the solution flow generated
by system (1).

Proof. Forany given #7and any initial condition ¢ = col(¢;) €
W let x(t; ¢p) = col(xy;(t; ¢)) be the solution of (1) with initial
condition ¢ € Y.

Foranyl <k <m,1 <i<mn,andanyt > 0, from (1), we
obtain that

dx; ()

it + agxy; (6¢) < a0 (20)

—a;0p; <

Multiplying both sides of (20) by e, we have

dxki (t; ¢) ™’

it
dt < aki5kieak . (21)

akl(skl it =
Integrating (21) over [0, t], we obtain

—8i (e = 1) < x5 (55:6) €™ — ¢y (0) < &y, (™' — 1).
(22)

Hence it follows that, for t > 0,

i (5 0)] < e (|; (0)]

Therefore, for any given initial condition ¢ € WP, we have, for
t>0,

= 8);) + Oy (23)

|xii (6 9)| < O (24)
That is, x(t,¢) € W fort > 0.

We claim that x(t,¢) remains in ¥" for any ¢t > 0. If
it is not true, there exist k € I, and 1 < i < [ that
(ki (), X (1e11)i (1)) firstly (or one of the first) escapes from ‘I’Z:‘

Case 1 (wki(k+1)i, w(k+1)iki > 0) If Mki = 1, then exists tO > 0,

such that (xy; (%), x +1)l(to)) is on the edges of ‘I’Zf", and for
1- 1

any t < ty, x5, < x(t) < x;7, x(kH) < Xieanyi(t) < Xy I

1+
xii(t) = Xpi > X(re1yi(f) € [x(k+1)z’x(k+1)i]’ then

dxki (t)

dt ~ Oy Xki (tO Z pr]ktfp]
t=ty p=1,p#k j=1
x (2 (to = Tpjaa)) + L

1+ 1+
< =Xy + Wik f e (x(k+1)i)

— |weesyinil Mgsry;

m n,
Z Z |ijki| My + | I

p=lp#kj=l

1 1
o [w(k+1)ikif(k+1)i (x(]:+1)i)

ki

1+
= T 1 Xk T
- |w(k+1)iki| M(k+1)i] - 6ki}

= T [xkl sz( X(k+1)i )] =0.
(25)

Therefore, (x;;(t), X141 (t)) cannot escape from ¥/ through
1+ 1- 1+

the edge of x;;(t) = x5 X)) € [Xnym Xl

With similar proof, we can obtain that (x;;(t), X(.1)(£))

cannot escape from ¥} through the other three edges. Hence

(i ()s X(k11)i () cannot escape from ¥,.. We can also prove

that (x;;(£), X(x41):(f)) cannot escape from ‘I’,fi.

Case 2 (Wjger1)> Wikr1)iki < 0). The proof is similar to that of
Case 1.
This completes the proof. O

We give the criterions concerning the stability for the
multiple equilibria of system (1).

(H3) There exist constants L; > 0 (1 < k < mand
1 <i < ny) such that

| fii () = fis )] < L |x = 5] (26)
for each x, y in a subset R; € R, where Ry, is defined
as follows:

Rk‘ =

1

[kaxk,]u[kaxkz]’ for1<k<M,1<i<],
AR for1<k<m, L+1<i<m.
(27)

(H4) Forany 1 < k <m, 1 <i < ny, it is satisfied that

m n,
> |ijki| Ly > 0. (28)
p=Lp+kj=1



Theorem 3. There are 2' exponential stability equilibria of the
multidirectional associative memory neural network (1), if the
conditions (HI1)-(H4) hold.

Proof. According to Theorem 1, for any «, the multidi-
rectional associative memory neural network (1) has an
equilibrium in Q%; let it be X. According to Lemma 2, for
any #, the solution x(t, ¢) of the multidirectional associative
memory neural network (1) is in ¥ under initial condition
¢ € . Let

y (£) = col {y; (O} = x(t,¢) - %. (29)

System (1) becomes

av..
J/Z_,t(f) = =0y Vi (t)
m n,
) prjki { o 73 (£ = 7yjaa) + 5]
p=Lp#kj=1

-/, pi (Epj)} >
(30)

forl <k <m,1<i<mn.
According to condition (H4), there exists 4 > 0 such that

m "p
g — Y- Z Z 'ijki' L€ > 0. (31)
p=lp#kj=1

Define that u;(t) = e*|y;;(t)], for 1 <k <mand1<i<n.
It is obvious that u,(t) > 0. Denote

Q= max { sup |xy; (0)—Eki|}. (32)

1<k<m,1<i<m fe(-1,0]

Let 8 > 1 be an arbitrary real number. For any 6 € (-7, 0],
1 <k <m,1 <i<mn,itis easy to obtain that u,(t) < Q0.
We shall prove that

u; (1) < Q0, (33)

for1 <k <m,1 <i < mn,andanyt > 0. Suppose this is
not the case; then there exist k = g, i = r, and a time ¢, such
that u,;(t) < QS fort € (-1,t)],1 < k <mand 1l <i <
M, ”qr(to) =QJ, and D*uqr(to) > 0. From (30), we derive
that

D" 'yqr (tO). = g | Vgr (to)'

n

m P
2D |wiar | Lol 751 (f0 = Tiar)| -

p=lp#qj=1
(34)
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Hence, from (31) and (34),

D+ .uqr (t0)|

< ‘ueﬂto |yqr (t0)| + eﬂto

X

- aqr yqr (t())' +

1p

m
Z ' Wojgr

p=lp#qj=1

Ly |ypj (tO - ijqr)

== (aqr - H) e#to Yar (t0)|

n

m
+ Z |ijqr

p=Lp#qj=1

o

.M piar
L i€

Upj (tO - ijqr)

< - (aq, - y) Uy, (to)

M1

m
HTpjgr
) . [Wpjar| L™ | sup w1y (6)
p=Lp#qj=1 Oe[ty-T.t |
m p
- — - ) eMTpiar
<\ ag-u- Y Z|wwqr Lpjerr Q0
p=Lp#qj=1
<0,
(35)

which is contradicting D" u,,(t,) > 0. Hence the inequality
(33) holds. Since § > 1 is arbitrary, by allowing § — 1+, we
have uy;(t) < Q. Therefore, x(t, ¢) is exponentially convergent
to Xx. O

Remark 4. The dynamic system (1) studied in this paper is
different from the system in [18]. First, the coefficients of
system (1) are constants, which are T-periodic functions in
[18]. Second, the delays of system (1) are constant delays while
they are distributed delays in [18]. Above all, our conclusions
in this paper are different from those in [18], and the proof
methods are different. In [18], we obtained the existence
of 2™/ exponentially stable T-periodic solutions, where
n, = min{n;,n,,...,n,} if m is an even number or n, =
min{n,n,,...,n,,_,}ifmisan odd number. But we obtain the
existence of 3' equilibria by Theorem 1 and the exponential
stability of 2' equilibria of them by Theorem 3. Because
I, = min{n,n,}, sony, = min{l, | k € I} It follows
that | = Y, I > nylm/2]. Therefore, the number of
equilibria obtained in this paper is more than that of [18] if the
conclusions of [18] are used to the constant coefficient system

(D).
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FIGURE 2: The exponential stability of 4 equilibria of the MAM neural network (36).

4. Numerical Example

In this section, a numerical example is given to illustrate the
validity of results. Consider an MAM neural network with
three fields as follows:

dxk 3 &
d_tl = — Ok X (t) + Z pr]ktfp]
p=Lp#kj=1 (36)

X (xpj (t - ijki)) + I,

where k = 1,2,3, n; = n, = 2,n; = 1, the neuronal signal
decay rates a;; = a;, = a,; = a,, = a3, = 1, the external

inputI,, = 0.1,1,, = —0.4, I,; = 0.2, I,, = =02, I5, = 0.4, the
connection weights

0 0wy Wy Wi
0 0 wyp Wy Wiy
Wypp Wi 0 0 wyy
Wiy Wi 0 0wy,
W3 Wiz Wayz Wys 0
(37)
0 0 -2 03 0.2
0 0 04 3 0.1
= -3 =05 0 0 0.1 )
03 2 0 0 -01
1 2 1 -1 0



p <3, 1< j<n,)are continuous, increasing, and bounded
functions, and there are M,; = 1 > 0 such that | fpj(x)l <
M,,;. Hence condition (H1) is satisfied.

Obviously, n = 5, M = 2,1, = I, = 2,and [ = 2. Through
calculations, we have

H3, (x11) = =3fy1 (%11) £0.8,
GTI (le) =-2fy (le) + 0.6,
Hziz (x12) = 25 (x1,) £ 0.6,

GTZ (%22) = 3£ (x55) £0.9.

(39)
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FIGURE 3: The phase of the MAM neural network (36).
and the delays There exist four points(u),,uy,) = (-0.8,1), (u3,,u3,)
(0.9,-1.2), (uj,, ub)) = (-1,-0.9), and (u2,,u2,) = (1.1,0.9),
0 0 T Ton Tn h 1 2 1 2 h th
0 0 Tup Ton T where u;, < uj;, U;, < Uj,,such that
T2t Tizar 0 0 Ty
e T 00 T Hy, (1) = 11921 > 1, G}, (u,) = —0.9232 < 0.8,
T T T, T, 0
M3 s T R Gs)  Hy(ul)=-13489<-12, Gy (u3)=0.9673 > 09,
0 0 1 212 . .
0 0 04115 Hy, (uy,) = —0.9232 < =09, G, (u,) = -1.2489 < -1,
= 1 04 0 008 5
2 2 0 007 Hy, (u7,) = 1.0010 > 0.9, Gy, (u3,) = 1.2489 > 1.1.
121 1 20 (40)
The neuronal activation functions f,,;(x) = tanh(x) (1 < yopce condition (H2) holds. The curves x,, = H; (xy;),

x;; = Gy (xy) have three crossing points (x];,x37) =
(-2.5979,3.7669),  (x3F,x%)) = (0.5198,0.6327),
and (x‘;’f,ng = (1.2886,-1.7763), and the curves
Xy = H;(x11), x;1 = Gy (x,) have three crossing

points (xn,x21) = (~1.2886,1.7763), (x>7, x2) = (-0.5198,
0.6327), and (xn,xm) = (2.5979,-3.7669). The curves
Xy = 22(x12) x;; = Gj,(xy,) have three crossing
points (x13,x33) = (=1.6517,-1.2582), (x3,,%5,) =
(~0.6830,-0.5869), and (x>}, x3}) = (3.8670,2.5982), and
the curves x,, = 22(xlz) X, = Gp,(x,,) have three
crossing points (x12’x22) = (-3.8670,-2.5982), (x12> 22) =
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(0.6830,0.5869), and (x3,,%5,) =
(27), we obtain the subsets

(1.6517,1.2582). From

R, = [-2.2579,-1.2886] U [1.2886,2.2579]

R, = [-3.7669,-1.7763] U [1.7763,3.7669] ,

R,, = [-3.8670,-1.6517] U [1.6571,3.8670],  (41)
R,, = [~2.5982,-1.2582] U [1.2582,2.5982],

Ry, = [-54,54].

Because the activation functions fpj(x) = tanh(x) are
differentiable, we can let Ly = max{f;j(x) | x € Rpj} > 0;
then L, = 0.2625,L,, = 0.1083, L,, = 0.1368, L,, = 0.2765,
and L;; = 1. By Lagrange’s mean value theorem, condition
(H3) holds. Through calculations we have

1-2L,, —0.3Ly, +0.2L;; = 0.4434 > 0,
1-04L,, —3L,, +0.1L;, = 0.0158 > 0,
1-3L,, —05L,,+0.1L,; =0.0583 >0,  (42)
1-03L,, +2L,, +0.1L;, = 0.6047 > 0,
1-L, 2L, — Ly, — Ly, = 0.1076 > 0.

Hence condition (H4) holds. Then by Theorems 1 and 3, the
MAM neural network (36) has 3' = 9 equilibria, and 2l =24
of these equilibria are exponentially stable.

The dynamics of the MAM neural network system (36)
are illustrated in Figures 2 and 3. Evolutions of sixty initial
conditions of the MAM neural network system (36) have
been tracked in Figure 2, which clearly displays that there
exist four stable equilibria of the dynamical system, as
confirmed by our theorems. Figure 3 shows the phases of the
evolutions from time 5 to time 60 with sixty initial conditions,
which shows that each evolution has converged to one of the
four stable equilibria at time 60.

5. Conclusions

In this paper, the multistability has been studied for MAM
neural networks. Sufficient conditions are obtained which
ensure the existence of 3' equilibria. It is proved that 2/
of the equilibria are exponentially stable. In [18], we have
discussed the existence and the exponential stability of
multiple periodic solutions for an MAM neural network.
Furthermore, the coexistence of multiple stable equilibria
and periodic solutions of an MAM neural network is an
interesting topic. It will be investigated in the near future.
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