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We consider the Cauchy problem for the damped nonlinear hyperbolic equation in n-dimensional space. Under small condition
on the initial value, the global existence and asymptotic behavior of the solution in the corresponding Sobolev spaces are obtained

by the contraction mapping principle.

1. Introduction

We investigate the Cauchy problem for the following damped
nonlinear hyperbolic equation:

wyy + I APu+ APy, = Af (Au) @
with the initial value

t=0:u=uy(x), u, = uy (x). 2)
Here u = u(x,t) is the unknown function of x =
(x1,...,x,) € R"and t > 0,k, > 0 and k, > 0 are constants.
The nonlinear term f(u) = O andBisa positive integer.

Equation (1) is a model in variational form for the neo-
Hookean elastomer rod and describes the motion of a neo-
Hookean elastomer rod with internal damping; for more
detailed physical background, we refer to [1]. In [1], the
authors have studied a general class of abstract evolution
equations

wy + Ajw+ Ayw, + N g(Nw) = f, (3)

where A;, A,, N, and f satisfy certain assumptions. For
quite general conditions on the nonlinear term, global exis-
tence, uniqueness, regularity, and continuous dependence
on the initial value of a generalized solution to (3) in a

bounded domain of R" were obtained. Equation (1) fits the
abstract framework of [1]. The local well-posedness for the
Cauchy problem for (1), (2) in three-dimensional space was
obtained by Chen and Da [2]. More precisely, they proved
local existence and uniqueness of weak solutions to (1), (2)
under the assumption that u, € H(R?), u, € H*(R?).
Local existence and uniqueness of classical solutions to (1),
(2) were also established, provided that u, € H 2(R3),
u, € H 19(®3). Their method is to first establish local-in-
time well-posedness of a periodic version of (1), (2) and
then construc a solution to (1), (2) as a limit of periodic
solutions with divergent periods. This paper also arrived at
some sufficient conditions for blow-up of the solution in
finite time, and an example was given. Song and Yang [3]
studied the existence and nonexistence of global solutions
to the Cauchy problem for (1) in one-dimensional space.
The boundary value problems for (1) are investigated (see
[4, 5]). Equation (1) is a fifth-order wave equation. For more
higher order wave equations, we refer to [6-8] and references
therein.

The main purpose of this paper is to establish global
existence and asymptotic behavior of solutions to (1), (2) by
using the contraction mapping principle. Firstly, we consider
the decay property of the following linear equation:

uy; + kA + kyAu, = 0. (4)



We obtain the following decay estimate of solutions to (4), (2)

”afu @®., < C(1+ t)‘("/8+k/4)

LZ

i)

for(k<s+4),

x (ool + o lge + ool s + o

“aiut (t)"L2 <C1+ t)*(n/8+l/4+1/2)

)
for(I<s).
5)

Based on the above estimates, we define a solution space
with time weighted norms, and then global existence and
asymptotic behavior of solutions to (1), (2) are obtained by
using the contraction mapping principle. More precisely, we
prove global existence and the following decay estimate of
solution to (1), (2):

Josu @)

x (lsolls + e e + oo + [

1> < CEy(1+ 1) /St

(6)
|ou: @) . < CEg(1 + £y~ /e
fork < s+4,1 < s,ands > [n/2] + 1. Here u, €
H**RYNL'R"), u, € H®RNH*(R", and E, =
ol + ||“1||H;2 + [ltag |l o4 + 1141 [l g is assumed to be suitably
small. When n = 3, our result allows for the initial data
u, € HYR?), u; € H*(R?). But in [2], the authors proved
local existence and uniqueness of weak solutions to (1), (2)
under the assumption that u, € H(R?), u, € H*(R?),
so our result improves the regularity of the initial condition
for the time derivative. This improvement is due to the
strong damping term A’y, since the strong damping term
A*u, has stronger dissipative effect than the damping u,. The
stronger dissipative effect has been exhibited in the study of
the strongly damped wave equation and related problems; see,
for instance, [9].

The global existence and asymptotic behavior of solutions
to hyperbolic-type equations have been investigated by many
authors. We refer to [10-15] for hyperbolic equations, [16-21]
for damped wave equation, and [22, 23] for various aspects of
dissipation of the plate equation.

We give some notations which are used in this paper. Let
F [u] denote the Fourier transform of u defined by

LZ

1© =7l = | e uwads, %

and we denote its inverse transform by %",

For 1 < p < oo, L? = LP(R") denotes the usual Leb-
esgue space with the norm || - [|;». The usual Sobolev space of
s is defined by H = (I — A)"/>L? with the norm || ]|, =

P

II(I—A)S/ZfIILp; the homogeneous Sobolev space of s is
defined by H; = (=A)*L? with the norm ||f||H; =
I(=A)"*f1l, 5 especially H' = HS, H® = Hs. Moreover, we
know that H}, = L” ﬂH; fors > 0.
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Finally, in this paper, we denote every positive constant
by the same symbol C or ¢ without confusion. [-] is the Gauss
symbol.

The paper is organized as follows. In Section 2 we derive
the solution formula of our semilinear problem. We study
the decay property of the solution operators appearing in the
solution formula in Section 3. Then, in Section 4, we discuss
the linear problem and show the decay estimates. Finally, we
prove global existence and asymptotic behavior of solutions
for the Cauchy problem (1), (2) in Section 5.

2. Solution Formula

The aim of this section is to derive the solution formula for the
problem (1), (2). We first investigate (4). Taking the Fourier
transform, we have

Ty + ko[, + Ky €[5 = 0. ®)
The corresponding initial value is given as
t=0:u=1u,(8), a,=i(. )
The characteristic equation of (8) is

A+ kg + kg = 0. (10)

Let A = A, (&) be the corresponding eigenvalues of (10), and
we obtain

—k 4_ 2 k2 4_ k
AL (E) = 28] = & R3JE] -4 L (11)

The solution to the problem (8)-(9) is given in the form
a1t =GE& 0 &) +HEi ©), (12)

where

G 1) = (emot _ e/L(E)t) @)

1
A (@ -A(©)

(A @A @),
(14)

Py 1
HEO =51 ®

We define G(x,t) and H(x,t) by G(x,t) = FUGE D](x)
and H(x,t) = F [HE D](x), respectively, where F1
denotes the inverse Fourier transform. Then, applying %'
to (12), we obtain

u(t) =G () *u + H(t) * u,. (15)

By the Duhamel principle, we obtain the solution formula to
@, ()
u(t) =G(t) *u, + H(t) * u,

¢ (16)
+ J G(t-1)* Af (Au) (1) dT.
0
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3. Decay Property

The aim of this section is to establish decay estimates of the
solution operators G(t) and H(t) appearing in the solution
formula (15).

Lemma 1. The solution of the problem (8), (9) satisfies
(g + E°) [a & o + [, & b

17)
< Ce O (g + |g*) [ ©F + [ ©F)
for& e R" and t > 0, where
[l B=R, .
011" e "

Proof. Multiplying (8) by i, and taking the real part yield
1d (. A ~
S lm ) + o le M@l + k8 =0 (9)
2dt
Multiplying (8) by # and taking the real part, we obtain
1d

oT Uy | @ + 2 Re (72) } + Ky |&] 122 - [22,]” = 0.

(20)
Multiplying both sides of (19) and (20) by 2 and k, |¢|* and

summing up the resulting equation yield

d
~E+F=0, 21
i (21

where

_ 2 Llis =
E =[] +olel'1al” + S[E"1af + ki [¢]" Re (7,2),

(22)
F = k& @l + Ky &[]
A simple computation implies that
CE, < E < CE, (23)
where
Ey = (Jel" + &) 12 + [a " (24)
Note that
Fs {6'5'4(0614 R af), BlR
e Y @ ). =R,

It follows from (23) that
F>cw()E. (26)
Using (21) and (26), we get

d
EE +cw (&) E <0. (27)

Thus
E(& 1) < e “O'E(£,0), (28)

which together with (23) proves the desired estimates (17).
Then we have completed the proof of the lemma. O

Lemma?2. Let G(§,t) and H(E, t) be the fundamental solution
of (4) in the Fourier space, which are given in (13) and (14),
respectively. Then one has the estimates

(g + &) [G & +|G & 0| <ce=®,  (9)

(el + ) [E ol +|E En[ <c (g + ) e

(30)
for& € R" and t > 0, where
"
ok
Proof. If i1y(£) = 0, from (12), we obtain
aEt)=GE @),
(32)

at (€> t) = Gt (E’ t) al (E)

Substituting the equalities into (17) with #,(§) = 0, we get
(29).

In what follows, we consider #, (§) = 0, and it follows from
(12) that

a&t) =HEnm @),
7, (&) = H, (§:6) 7 (§).

Substituting the equalities into (17) with ; (§) = 0, we get the
desired estimate (30). The lemma is proved. O

(33)

Lemma 3. Let k and j be nonnegative integer. Then one has

[5G () » @], < C(1 + ¢y srksrirer)

34)
X ||¢||Hl’i + Ce_““afck“‘)+¢ o
”a};H (t) = |, < CU1+ gy /I
[~k (35)
<ol eIl
"aaI:Gt (£) * ¢ 2 <C(1+ t)—(n/8+k/4+j/4)
(36)
x|l +Ce 0k .
"al;Ht (t) * ¢||L2 <C(l+ t)’(”/8+k/4+j/4+1/2)
(37)
o P Ce o ¢ ..
"ai(G (t) * Ag 1 < C(1+ t)—(n/8+k/4)
(38)
x|\gll + Ce“*”a)(Ck—Z)+ g,
||aI;Gt (t) * Ag 2 <C(+ t)—("/8+k/4+1/2)
x (39)
ol + e

Here (k—4), = max{0, k—4} in (34) and (k-2), = max{0, k—2}
in (38).



Proof. By the Plancherel theorem and (29), Hausdorft-Young
inequality, we obtain

[ @ « ¢,

-], G Enflpol e
[§1<Ry
2lkl| = 2~ 12
' jIEIzR0 4l |G(£’ t)| |¢ (f)| dé

<| e g
IEI<R,

e [ ) ol e

< J- |El2k-4+21'e—clfl“t|E|—2j|$(5)'26% (40)
[€I<R,

2

+ Ce o4,

< C"|£|_1$ (E)"im L§|SR |£|2k_4+2je—clf|“td5
2

+ Ce o4,

<C+ t)—(n/4+k/2+j/271)”(_A)—j/z(p“il

(k-4), 4|12
9, ¢

—ct
+ Ce e

Here (k — 4), = max{0, k — 4} and R, is a small positive con-
stant in Lemma 1. Thus (34) follows.

Similarly, using (29) and (30), respectively, we can prove
(35)-(37).

In what follows, we prove (38). By the Plancherel theorem,
(29), and Hausdorft-Young inequality, we have

2
12

losG @) « Ag

- | e E ol ©F
|E|<R,

2k| =~ , 2014 Zd

" JIEIZRO [€[*|G & o lel*1g ©) g

SJ [£[*e |3 (&) aE
[EI<R, (41)

et | ) o

<Cla®li. | lee " ag

[EI<R,
2

+ Ce‘“||a§f‘2’+ 9|

2

<C(1+ t)_("/4+k/2) ||g||i1 +Ce 2

(k-2),
9, g
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where R is a small positive constant in Lemma 1. Thus (38)
follows. Similarly, we can prove (39). Thus we have completed
the proof of the lemma. O

4. Decay Estimate of Solutions to (4), (2)

Theorem 4. Assume that u, € H**(R")(L'(R"), u, €
H*(R™) ﬂH;Z(R")(s > [n/2] + 1). Then the classical solution
u(x,t) to (4), (2), which is given by the formula (15), satisfies
the decay estimate

[EXT6)

L<C+ )~/ k1)

< (lsoll: + ot + Bt s + s 1)

for(k<s+4),
(42)

"aﬁcut (t)"LZ <C(l+ t)—(ﬂ/8+l/4+1/2)

i)

for(I<s),
(43)

3 () e U P 7 e 2

”ail” (f)“Loo <C(l+ t)—(ﬂ/4+h/4)

(ol + Tl + Ptolps + sl

for(hSS—[g]+3).

(44)

Proof. Firstly, we prove (42). Using (34) and (35), for k < s+4,
we obtain

losu @

L2

< [5G (&) * wy, + ClosH (8) * uo,

< C(+ 0 (g |+ a2

(45)

+Ce ™ (o

g+ )

< C(1 + )" /8HKID)

.

x (llsolls + ot + ot +

For | < s, it follows from (36) and (37) that

[ )

LZ

< ||acht (t) * uy

et C“ath (t) * u,

L2
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< COU+ £y D (gl a2

+Ce ™ ([l

g+ )

< C(l + t)—(n/8+l/4+1/2)

.

(46)

x (lutolle + ot + Dol +

Equation (44) follows from (42) and Gagliardo-Nirenberg
inequality. The lemma is proved. O

5. Global Existence and Asymptotic Behavior

The purpose of this section is to prove global existence and
asymptotic behavior of solutions to the Cauchy problem (1),
(2). We need the following lemma, which comes from [24]
(see also [25]).

Lemma 5. Let s and 0 be positive integers, § > 0, p, q, t €
[1,00] satisfy 1/r = 1/p + 1/r, and let k € {0,1,2,...,s}.
Assume that F(v) is class of C° and satisfies

AF ()| < Cuslv™™, M <8, 0<l<s, 1<O+1,

AF (V)| <Cp <8, I<s 0+1<L.
(47)

Ifve LN whd (L® and |Vl <, then for |«| < k one has

6-1
IE Wllwer < Calvilwea VIl IVl ze s
(48)

[0SF )], < Crgll0Sv] allvie v -

Lemma 6. Let s and 0 be positive integers, let § > 0, p, g, r €
[1,00] satisfy 1/r = 1/p + 1/r, and let k € {0,1,2,...,s}. Let
F(v) be a function that satisfies the assumptions of Lemma 5.
Moreover, assume that

|0F (v1) = 0,F ()|

max{0-s,0

< Cy(|vi] +|v2]) Ny =l (49)
lvi] <6, |n| <6

Ifv, v, € LPﬂWk’q L™ and |vill ;0 <6, V5l < 8, then
for |la| < k, one has

105 (F (v1) = F (vl
< Creo {05y [l + 1952 ll o) 11 = vall

(il + vl ) 105 (1 = v2)ll o}

6-1

50)

X (il + Ivallie)

Based on the estimates (42)-(44) of solutions to the linear
problem (4), (2), one defines the following solution space:

X = {u € C([O, o0); H™™ (IR”))
(51)
M€ (10,00)s H* (R") : ullx < o0},

5
where
lull = sup{ Y @+ @),

120 k<s+a

(52)
+Z(1 + t)n/8+l/4+1/2'|aiut (t) Lt
I<s

For R > 0, one defines

Xgp={ueX:|ulyx <R}, (53)

where R depends on the initial value, which is chosen in the
proof of main result.

For h < s—[n/2]+3, using Gagliardo-Nirenberg inequality,
one obtains

[%u ®)] o < CO+ ) Pl (54)
Theorem 7. Assume that u, € H"™*(R")(L'(R"), u, €

H (R™) (N H*(R") (s > [g] + 1>, and integer 0 > 1. f(u)

satisfies the assumptions of Lemmas 5 and 6. Put

Ey = [luof + "”IHH;Z + ol oss + s (55)
IfE,, is suitably small, the Cauchy problem (1)-(2) has a unique

global classical solution u(x, t) satisfying

u € C([0,00); H (R")),
(56)
u, € C([0,00); H* (R")).

Moreover, the solution satisfies the decay estimate

“aiu @) , < CEy(1 + 1) /8K,

LZ

2 < CEO(I + t)*(”/8+l/4+1/2)

(57)
“aiut (1)

fork <s+4andl<s.

Proof. Define the mapping

T(u)=G(t) *u; + H(t) * u,

t (58)
+ J G(t—-1)* Af (Au(r))dr.
0

Using (34)-(35), (38), Lemma 5, and (54), for k < s + 4, we
obtain

|57 @),
< ClakG (t) # |, + C|okH (&) * up,
+C r |05G (¢ - 1) % Af (Mu (). d=
0




< CL+ )y + Ce o

LZ

F O+ £y O |+ Ce [

L2

t/2
e[t
0

el avenlots @, e
t/2

t
+C L e D "83(!‘_2)*]‘ (Aw)| .dt
< CC1+ 1) (g o+ ]2 )

+Ce™ ([Jug

Hs+4 + ”ul Hs)

t/2
e j (1+ £ — 7)) A2, | Aul dr
0

t
+C j 1+t -7 2 Aul 2
t/2

x [0 Aul| N Aul s de

+C jt e <t ||8(k_2)* Au
X
0

0
o |Aull;dt

< C(1 +¢) 8 (”“O"L1 + ””1"1"1;2)

+Ce™ ([lug

Hs+4 + ”ul Hs)

t2
+ CRO* J (1 41— 1) O8] 4 py-il4eD
0

(n/4+1/2)(6-1) 4

X(1+1) T

t
+ CRO J (1 4+t — 1) "8 12(1 4 ) (/4K
12

(n/4+1/2)(0-1) 4

X(1+1) T

t

+ CRO* J U (] 4 gy (IBH(E=2),42)/4)
0

x (1 + 1) /4128 g1

< C(1 + ) /K1

(ol + sl + Tt + e

Thus

(1+ )" 8T (), < CE, + CR™.

L2

|t T (e,

HS) +R9+1} )
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It follows from (58) that

T(w), = G, (t) * uy + H, (t) * uy

t (61)
+ J G, (t - 1) * Af (Au(1))dT.
0

Using (36)-(37), (39), Lemma 5, and (54), for [ < s, we have

LZ
< C"aiGt (t) * uy |, + c||ath (t) * g,
+C r [0LG. (¢ - ) * Af (Au (D). de
0

<C(1+ t)—(n/8+l/4+1/2) “”IHH;Z " Ce_Ct"aiul

LZ

+C(1+ t)*(n/8+l/4+1/2) “u()"Ll + Ce—ct|'al+4uo||L2

t/2
O[Tt D £ () e
0

el e ], de
t/2

t
—c(t-1)||xl+2
+C [ N f () e

< C(l + t)—(n/8+l/4+1/2)

x (luoll: + ot + Bt + s )

t2
iC J (14 £ = 1) DY A2 1A 0 g
0

2 6-1
o |Aull;w dt

t
vCf - s
t/2

1+4
o, u

t
iC J £t |AulCeud
0

ol

< C(l + t)—(n/8+l/4+1/2)

X (Jlutols + ez + et g + otz )
t/2

+ CR! J (1 4+ ¢ — ) O/SHIAR2 (] | y=(n/+)
0

« (14 1) ADOD) g
t

+ CRO! J (141 — 1) O8I (] 4 gy~ issdizen
t2

™ (1 + T)—(n/4+1/2)(0—1)d_[

t

+ CRO J <UD () 4 gy (/8009
0
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x (1 + 1) /4126 41

< C(l + t)—(n/8+l/4+1/2)

HS) n R0+l} )

(62)

o ({2 e A Py 7 ey 2

Thus
(1+ )2 T(w), |, < CEy + CR™. (63)

Combining (60), (63) and taking R = 2CE, and E,, suitably
small yield

IT @)lx < 2CE,. (64)

For i1, u € Xy, by using (58), we have

t
T(@) -T @) =J G(t—1)  A[f (Al) - f (AD)] dr. (65)

0

Exploiting (65), (38) Lemma 6, and (54), for k < s + 4, we
obtain

s (T @) - T @)

L2

< Lt 0G (¢ - 1) = A [ (a7) - £ (a)]

47
t/2
<C j (1+t =) "SI (£ (A7) - f (Aw)|de
0
vl ave-nmfok (s @m - f aa), e
t/2

e Lt ek (£ (A7) - f (8T)

der
t/2 B
<C L 1+t — 1) "D Az 2+ AT 2)

- ~ N
X A @ — )|l 2 (1Al oo + | AT oo ) ‘dr

t
+CJ (1+¢—7) "2
t/2

(o

+ [0

L) 1A @ =)l

i)

LZ

+ (1A%l 2 + 1A%l 2 ) |02 A (7 - )

7
~ — 6-1
X (AT oo + | AT ) dT
t
+C J e <t
0
(k=2)4 A~ (k=2)4 A ~
X {(||ax Adl| , + ||ax At L2)
X |IA (@ = W) oo + (AT oo + | AT o)
(k*2)+ 77 — 77
X ||ax A (i —1u) LZ}
~ — 6-1
X (AT o + | AT ) dT
0 t/2 k,
< ROl - 7l J (141t 1) @I+
0
% (1 + T)—(n/4+1+(n/4+1/2)(9—1))dT
0 t
+ CR|li - 1)l J (1+¢t-7)"/812
t/2
x (1 + T)—(n/4+k/4+1/2+(n/4+1/2)(971)) dr
0 t
+ CR|li1 - 1)l J e D
0
% (1 + T)—(n/8+((k—2)++2)/4+(n/4+1/2)9)dT
< CRO(1 + ) 37 _ g,
(66)

which implies

(1+ 6y ag (T @) - T @)

L SCRla -y (67)
Similarly for I < s, from (61), (39), and (54), we have

|os (T @) - T o),

LZ

< [ 16t~ el am - o)

L2dr

t/2
=C J (L+t = 1) WD (£ (Aw) - f (AW))||dT

o R R AV )

+C re‘f“‘” o (f (Am) - f (Am))
0

der

< CRe(l N t)—(n/8+l/4+1/2)”iz —ly
(68)

which implies

(1 + t)n/8+l/4+1/2 'lai(-l]— (ﬁ) -T (a))t

By~ —
2 < CRY||u = ul| .
(69)



Noting R = 2CE,, by using (67), (69) and taking E, suitably
small, yields

IT @ - T @l < 517 - 7. (70)

From (64) and (70), we know that T is strictly contracting
mapping. Consequently, we conclude that there exists a fixed
point u € X of the mapping T, which is a classical solution
to (1), (2). We have completed the proof of Theorem 7. O
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