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This paper studies the stability of complex-valued nonlinear differential system. The stability criteria of complex-valued nonlinear
autonomous system are established. For the general complex-valued nonlinear non-autonomous system, the comparison principle
in the context of complex fields is given. Those derived stability criteria not only provide a new method to analyze complex-valued
differential system, but also greatly reduce the complexity of analysis and computation.

1. Introduction

The stability of differential system has been studied by
many researchers, for example, [1-6] and references therein.
However, the common setting adopted in aforementioned
works is always in real number fields; namely, the objects
of study are real-valued differential systems. The object of
study in this paper is complex-valued differential system.
Complex-valued differential system has also many poten-
tial applications in science and engineering. For example,
quantum system and complex-valued neural networks are
classical complex-valued differential system [7-10]. In fact,
equations of many other classical systems, such as Ginzburg-
Landau equation [11], Orr-Sommerfeld equation [12], com-
plex Riccati equation [13], and complex Lorenz equation
[14], are considered in the complex number fields. The usual
method analyzing complex-valued system is to separate it
into real part and imaginary part and then recast it into
an equivalent real-valued system (see [14, 15] and references
therein). But this method encounters two problems. One is
that the dimension of the real-valued system is double that
of complex-valued system, which leads to the difficulties on
the analysis. Another is that this method needs an explicit
separation of complex-valued function f(¢,z) into its real
part and imaginary part; however, this separation is not

always expressible in an analytical form. An efficient way
to analyze complex-valued system is to retain the complex
nature of system and consider its properties on C" [16].

To the best of our knowledge, there have been few
reports about the analysis and synthesis of complex-valued
differential system except [9, 17-19], and there is no result
so far about the stability of general complex-valued non-
linear differential system. In this paper, the stability criteria
of complex-valued autonomous system are derived by the
theory of several complex variable functions. Furthermore,
the comparison principle of complex-valued nonautonomous
differential system is given. Those derived stability criteria
not only generalize some known results in literature but also
greatly reduce the complexity of analysis and computation. As
an application, the stability conditions of a class of complex-
valued nonlinear systems are presented. Those problems are
meaningful and challenging.

The remainder of the paper is organized as follows. In
Section 2, the complex-valued system to be dealt with is
formulated and several results about the complex-valued
functions are presented. The stability criteria of complex-
valued autonomous system are established in Section 3.
Moreover, the comparison principle of complex-valued non-
linear system is given in Section 4. Based on the comparison
principle, the stability conditions of a class of complex-valued



systems are also presented in Section 4. The main points of
the paper are illustrated by some examples in the correspond-
ing sections. Finally, some conclusions are drawn in Section 5.

2. Notations and Preliminaries

In this section, we introduce notations, definitions, and
preliminary facts which are used throughout this paper.

Let QO < C" be a neighbourhood of the origin, I =
[ty,+ 00),ty = 0.W(z) € C[Q,R],W(0) =0,V(t,z) € C[Ix
Q,R], V(t,0) = 0. H[Q,C"] denote all holomorphic maps
from Q to C". Let z and z" be the conjugate and conjugate

transpose of z = (zl,zz,...,zn)T € C", respectively, and
Izl = Vz*z, i = V-1.

Definition 1. W(z) is called a complex positive definite
function on Q, if W(z) > 0 forany z € Q, and W(z) = 0
ifand only if z = 0.

Definition 2. V(t,z) is called a positive definite function on
I x Q ifthere exists a complex positive definite function W(z)
such that V(t,z) > W(z) forany z € Q,and V (¢, z) = 0 ifand
onlyifz = 0.

In this paper, we will study the stability of complex-valued
nonlinear differential system described by

dz
— = t,z (1)),
i ftz(®) 0

z(ty) =z, € C",

where t, € R', f I xQ — C"isa complex-
valued continuous map. z : I — C" is a complex-valued
differentiable map. Let z, be an equilibrium point satisfying
f(t,z,) = 0;z(t) = z(t, t,, z,) satisfies system (1).

Definition 3. System (1) is said to be stable at z,, if for all e > 0,
3d(e, t,)) such that ||z, — z,| < & implies
lz(®) - z| <& Vt=t, )

Definition 4. System (1) is said to be asymptotically stable at
z, if it is stable and lim, _, . |z(¢) — 2|l = 0.

Lemma 5 (see [20]). Letg € C[R" x R",R], m € C[R",R"],
and Dm(t) < g(t,m(t)), for all t € [ty,+00) \ S, where S
is a countable subset of [ty,00) and D is any one of the Dini
derivatives. Suppose that the maximal solution r(t) of

u(t) =g tu(t),

exists on [ty, 00) and m(t,) < uy. Then m(t) < r(t), t > t,,.

u(ty) =uy =0, tyeR"  (3)

Lemma 6. For any positive definite continuous function W(z)
onQ =1{z € C"| |zl £ H}, H > 0, there exist two K class
functions a(-) and b(-) such that

a(llzl) < W(z) <b(|lzl). (4)

The proof of Lemma 6 is similar to the case of positive
definition functions defined in the real fields [21].
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3. Stability Criteria of Complex-Valued
Autonomous System

In this section, we will study the stability of complex-valued
autonomous system described by

dz
i f(2), -
z(t) =2y €C",

where f(z) = (f,(2),..., f,(2), z, € C, fo(2) : Q — C,
f(z,)=0,a=1,...,n.

By the substitutions of z, = x, + iy, and f,(z) =
U, (x, y)+iv,(x, y), system (5) can be recast into the following
real-valued system:

x=u(xy),
. (6)
y=v(xy),

where x = (x},...,%,) 5 ¥ = (Vo y) o = (uys. .o u,) T,

and v = (vl,...,vn)T. The homomorphism between the
complex-valued system (5) and the real-valued system (6)
allows us to employ the existing methods to analyze the
stability of the complex system (5). We linearize system (6):

Grnf) o

where

O(Upyee oy Uy VyseesVy)

(8)
a(xl’ --‘)xwyl’--"yn) ](xe,ye)

J (%0 ) = [

is the Jacobi matrix of (uy,...,u,,v;,...,v,) evaluated at z, =
X, +1y,. Therefore, judging the stability of a nonlinear system
is reduced to the problem of finding the eigenvalues of its
related Jacobi matrix. The evaluation of J (x,, ¥,) needs an
explicit separation of the complex functions f,(z) into its
real part and imaginary part. This separation is not always
expressible in an analytical form. We can evaluate J(x,, y,)
by manipulating f(z) directly without resorting to its real and
imaginary parts. Next we will discuss two cases.

Case 1. f(z) is holomorphic map, namely, f(z) € H[Q,C"].
In this case, since f,(z) is analytic function, f,(z) satisfies
Cauchy-Riemann equation, and the following equalities hold
fora, j=1,2,...,m

Oy _ Qo Oy _ Vg
ox; 9y, ’ 9y; axj’

©)

of,  Ou, . 0V,
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Denote
ou , 0(up...uy,) Aa(ul,.. JU,,)
ox  0(xp...rx,) By Oy r )
v, a(vl,...,vn)’ L0y, n), (10)
ox  0(xp,...,x,) 8)/ S0y )
of L 9(fio-ensfi)

0z 0(zpp....2,)

It follows from (9) that

(11)
of _ou v
0z 0x Ox
Thus
1[I, i, I, I,
5[1 il ]](xe’ye)[zl 11]
ou_ o v _ oy
_1|ox oy ox oy [In In]
"3 o ou o ov| Lif,
Lox 0y oOx Oy
ou_u v v ou_ou_ v v
_l]ox dy ox ody ox oy "ox Jy
Talou ou v v ou oy v
Lox dy Ox Oy ox | dy Ox Oy
Z_u+i§_v 0
- | ox X
- ou_ov | =)
ox ox
(12)
where J(x,, y,) can be rewritten by
ou dv
0x 0x
](xe’ye): a_u @ >
9 0y
13
of (13)
= 0
0z
CJ (z.) = <af>
0 -
0z

The equality (12) means that J(x,, y,) and CJ(z,) are similar
matrices; thus they have the same eigenvalues. Moreover,
we notice that if A is an eigenvalue of df/0z, then A is

an eigenvalue of 0f /0z. It turns out that the eigenvalues of
J (x> y,) are merely the eigenvalues of [0f /dz], if we do not
consider the multiplicity of the eigenvalues. Therefore, the

stability of (7) can be easily checked by examining whether
the real part of the eigenvalues of

a(fl"' fn
J(z) = [a(zl,...,z)]e (14)

is negative. We conclude the following results.

Theorem 7. For system (5) such that f(z) is holomorphic,

(i) if all of the eigenvalues of J(z,) lie on the left half com-
plex plane, system (5) is exponentially asymptotically
stable at z,;

(ii) if there exists an eigenvalue of J(z,) lying on the right
half complex plane, system (5) is not stable at z,;

(iii) if there is no eigenvalue of J(z,) lying on the right half
complex plane, and there are a pair of eigenvalues lying
on the imaginary axis at least, the stability of system (5)
at z, is not clear.

Corollary 8. For system (5) such that n = 1 and f(z) is
holomorphic,

(i) if the real part of f'(z,) < 0, system (5) is exponentially
asymptotically stable at z,;

(ii) if the real part of f'(z,) > 0, system (5) is not stable at
Z,

(iii) if the real part off'(ze) = 0, the stability of system (5)
at z, is not clear.

Case 2. f(z) is not holomorphic. In particular, we consider
the case that f(z) = g(z,z), where g(-,-) € H[Q x Q,C*"].

The motivation discussing this case is that some well-
known complex-valued systems, such as complex Lorenz
system [14], complex Chen system [15] and complex Li
system [15], belong to this case. For the details see Example 13.
In this case, since f(z) is not holomorphic in z, f,(z) does
not satisfy Cauchy-Riemann equation again. But we have the
following equalities:

4o (67) = 5 [0, (57 + 7, (2.2,

v (57) = =5 (0,29 -7, (2.9,

0 0 dJg dg
%_%[&+&+&+ %],

axj 8zj 8Zj azj 8Zj
Ouy _ i (090 _09s  09s 09, (15)
dy; B oz; 0z; 0z; 0z



From (15), we have Pilf(xe, ¥,)P = f(ze), where
. 1 @i-11, il,
2lG-11, I,

—il, -1,
P= [—(1+i)In (1+i)1n]’

o(up,...,u,) 0(up,...,u,)

_ o(xp,..0x,) 0(xp,...,%,)

](xe’ ye) = 1 1 , (16)
o(vyyeesv,) 0(vhensvy)
OV ¥n) Ooym) Ly
0(gi>--29n) 0(d1>--->90)

_ o(zy,..0vz,)  0(Z15---52,)

J@)=| __  _ _
ia(gl""’gn) a(gl""’gn)
0(2z15...52,) 0(Zp,...»2,) 1,

e

Hence, f(xe, y,) and T(Ze) are similar matrices; they have the
same eigenvalues. We conclude the following:

Theorem 9. For system (5) with f(z) = g(z, z),

(i) if all of eigenvalues of J(z,) lie on the left half complex
plane, then system (5) is exponentially asymptotically
stable at z,;

(ii) if there exists an eigenvalue of J(z,) lying on the right
half complex plane, then system (5) is not stable at z,;

(iii) if there is no eigenvalue of J(z,) lying on the right half
complex plane, and there are a pair of eigenvalues lying

on the imaginary axis at least, then the stability of
system (5) at z, is not clear.

Remark 10. Theorems 7 and 9 provide a new method to
analyze complex-valued differential system.

Remark 11. Corollary 8 is the existing results in [9].

Example 12. Consider the stability of the trivial solution of a
class complex-valued Riccati equation defined by

dz -
—=Zn—Pn,lzn 1+"'+Plz’ (17)
dt

where n is a positive integer, p; € C, j=1,...,n.

In this example, f(z) = 2" — pn_lz"_l +ot P12, f'(O) =
py; by Corollary 8, if the real part of p, is negative, system (17)
is exponentially asymptotically stable at z, = 0; if the real part
of p, is positive, system (17) is not stable at z, = 0.

Example 13. Consider the following system:
z, = zf -1z, + 25,
t, =-2z, - 2,, (18)

z(0) =z, €C.
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System (18) has two equilibrium points P,(0,0) and P, (2 +
i,—4 — 2i), and

e)=(54) re=(t ) o

The eigenvalues of J(0,0) and J (2 + i,—4 — 2i) are A, =
—432/1331 — 899/467i, A, = -899/1331 + 432/467i and
A; = 1575/439 + 1313/1195i, A, = —841/1431 — 118/1195i,
respectively. By Theorem 7, system (18) is exponentially
asymptotically stable at P, and not stable at P,.

An alternative, but tedious, approach to the problem is to
separate (18) into real and imaginary parts and rewrite it as

(6):
.2 2
X=X +txX+ Y1 =)V
Xy = =2Xx] — Xy,

(20)
Y1 =2%1 ) — X+ Yo

Yo =21 = s

The equilibrium points of system (20) are P;(0,0,0,0) and
P,(2,-4,1,-2). To judge the stability of those equilibrium
points, we have to compute the eigenvalue of Jacobi matrix:

2x; 1 1-2y 0
-2 -1 0 0

T =1 221 0 24 1 @)

0 0 -2 -1

By calculating, it can be found that P, are stable and P, are
not stable; it is not contradictory; in fact, P, is just the point
(0,0) and P, is just (2 + i, —4 — 2i) on C*.

Remark 14. The common method to analyze the complex-
valued systems is very tedious and complex. Theorem 7
not only generalizes some known results in the literature
[9], but also greatly reduces the complexity of analysis and
computation.

Example 15. In 2007, Mahmoud presented complex-valued
Chen system [15] described by

z =a(z-z),
2= (y-a)z; - 2123 + ¥z, (22)
. 1, _
SR (12, + 212,) - Pz,
where «, 3, and y are positive real parameters; z;, z, € C
are complex state variables; and z; € R is real state variables.

Obviously, f(z) = (a(z, — z,), (Y — @)z, — 2,25 + Y25, (2,2, +
z,2,)/2 - Bz;) is not holomorphic because of the existence of



Journal of Applied Mathematics

z, and z,. For simplicity, we discuss only the stability of the
origin. According to (16), we have

J(0) = [Ig g] ,  where A =

-a a 0

y-ay 0 |. (23
0 0 -B

By Theorem 9, it is easy to conclude that the origin of system

(22) is exponentially asymptotically stable when o > 2y.

Remark 16. It is not necessary to analyze the stability of
system (22) by decoupling it into real and imaginary parts
just like [15]. The conclusion in Example 15 is just the existing
resultin [15]. Similarly, the stability of complex-valued Lorenz
system and Lii system can be derived by Theorem 9.

4, Stability of Complex-Valued
Nonautonomous System

In this section, the comparison principle of system (1) is
presented.

Theorem 17. Assume that there exists a positive definite
function V(t,z) € C[I x Q,R"] such that V(t,z) is locally
Lipschitzian in z, and

D+V(t,z(t))|(1) <gt,V(t,z(®)), telI\S (24)

where I = [t,,+00), S is a countable subset of I, g € C|[I x
R",R], and Q < C" is a neighbourhood of the origin. Then the
stability properties of the trivial solution of (3) with g(t,0) =
0 imply the corresponding stability properties of the trivial
solution of (1) such that f(t,0) = 0.

Proof. We just prove the case that the trivial solution of
system (3) is stable.

Since V(t, z) is a positive definite function, by Lemma 6,
there exists a K class function a(-) such that

Vi(t.z) za(lzl). (25)

Considering the stability of the trivial solution of (3), for
alle > 0, 38" (e, ty), when 0 < u, < &%, the solution of (3)
satisfies

u(t,ty,up) <ale). (26)

Considering the continuity of V(t, z) and the fact V(¢,0) = 0,
30(e, ty), when |lzyll < &, we have 0 < V(ty,2,) =V, <y, <
0" Let z(¢) = z(t, t,, zy) be the solution of system (1), then

D*V|(l) <gtVv), tel\sS,
(27)
V (tg,zo) = V-
By Lemma 5, we have

a(lz®) <V (tz®) <u(btypu) <ale),  (28)

s0 [lz(¢)|| < &; thus the trivial solution of (1) is stable. The proof
is completed. O

Example 18. Consider the stability of the trivial solution of
the following system:

z; = (-3 +8sint) z; + (sint) z,,
z, = (cost) z; + (=3 + 8sint) z,, (29)
z(0)=z, ¢ c.
Let V(t,2) = (1/2)(Iz, > + Iz, ]), then

av
dt

(29)

(zlz1 + 212 + 2,2, + zzzz)

N | —

= (-3 +8sint) (2] + |z")

+ (sint + cost) Re (z,z,)

IA

(=3 +8sint) (|2 | + |z]”)

30
+2]z2) (30)

IA

(-3 +8sint) (o[ + =)
+al + =)
= (2+8sint) (|| + |=2l")
=2(-2+8sint)V 2 g(t,V).
Since the solution of system

tu=g(tu)=2(-2+8sint)u,
(31)
u(0)=u, eR

is u(t) = uyexp{—16 — 4t — 16 cost}, the trivial solution of
system (29) is also asymptotically stable by Theorem 17.

Remark 19. Just as Example 13, we can separate (29) into real
and imaginary parts and rewrite it as a 4-dimension real
time-varying system and then use the comparison principle
in the context of real fields to judge the stability of (29),
but the computation is more complex and lengthy. In fact,
Theorem 17 is the generalization of the real comparison
principle in the complex fields, we can judge directly the
stability properties of complex-valued differential system by
Theorem 17.

Generally speaking, the construction of the complex
positive definite function V(t,z) is more difficult than the
case of real system. Next we will give the constructing method
of complex Lyapunov function of a class complex-valued
system defined by

z=G(tz2)[h(2)+g(t2)], (32)
where G € C[I x Q,R"], g € C[I x Q,C], I = [t,, +00),

t, = 0, Q € Cis a neighbourhood of the origin, h € H[Q, C],
H'(0) #0, and h(0) = 0 if and onlyifz = 0.



System (32) has been discussed to study the asymptotic
stability of complex-valued Riccati equation

z=qtz)-pt) 2 (33)

in [18]. Next we will give the exponentially asymptotic
stability condition of system (32) by Theorem 17. Let

!
Zh(ZOZ—(_Z)h(Z), z€Q, z#0,

= 34
f@=1 o (34)

W (0)

It can be verified that r(z) is analytic function in 3, so we can
take

w(z) = zexp {Jz r (t) dt]» (35)
0

and V(z) = |lw(z)||, then when h(z) #0,

dvie) . 2 [w@ o]
= 2Re[w (2) w (2)2] (36)
=2Re{w(@w () [z +r(2)z]}
=2V* (2)Re[H (0)h7 (2) 2],
thus
Ive o =V @R[H @1 @)2]

=G(t,z2)V(z)

xRe W' (0)h™' (2) [h(2) + g (1, 2)]}

_G(t2)V (2)Re {h' (0) [1 + gh(?: ] }('37)

By Theorem 17, when V(2)| 35 < —cV(2), ¢ > 0, namely,

G (t,2) Re {h' 0) [1 + gh(z’zj) ” < (38)

the trivial solution of system (32) is exponentially asymptoti-
cally stable. So we have the following result.

Theorem 20. The trivial solution of system (32) is exponen-
tially asymptotically stable if 3¢ > 0 such that the inequality
(38) holds for almost everywhere (t,z) € I x Q.

Example 21. Consider complex-valued Riccati equation
defined by

dZ__—t 2
i [(p+t)z+z], (39)

z(0) =z, €C,
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wheret > 0and [ z|| < p, p > 0.In this example, G(¢, z) = e’

h(z) = -z* - pz, g(t,z) = —zt, and when h(z) #0

cvofr] 53

e R
+z_p

So the trivial solution of (39) is exponentially asymptotically
stable.

p+Rez
<-pRe 1+P tr <-—p.

lp+ 2l
(40)

Remark 22. The asymptotic stability of system (39) can not be
judged by Theorem 3.2 of the paper [18], because condition
(3.13) of the theorem can not be satisfied, so our stability
criterion is more effective.

5. Conclusion

This paper has discussed the stability of complex-valued
differential system. The stability criteria of complex-valued
autonomous system has been established. For the general
complex-valued non-autonomous system, the comparison
principle in the context of complex fields have been derived.
Those derived stability criteria not only provide a new
method to analyze complex-valued differential system, but
also greatly reduce the complexity of analysis and computa-
tion. Based on the new results, the stability conditions of a
class complex-valued nonlinear system have been presented.
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