Hindawi Publishing Corporation
Journal of Applied Mathematics

Volume 2012, Article ID 379785, 12 pages
doi:10.1155/2012/379785

Research Article

A Best Possible Double Inequality for
Power Mean

Yong-Min Li," Bo-Yong Long,? and Yu-Ming Chu’

I Department of Mathematics, Huzhou Teachers College, Huzhou 313000, China
2 School of Mathematics Science, Anhui University, Hefei 230039, China

Correspondence should be addressed to Yu-Ming Chu, chuyuming2005@yahoo.com.cn

Received 29 February 2012; Accepted 9 September 2012

Academic Editor: Huijun Gao

Copyright © 2012 Yong-Min Li et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in

any medium, provided the original work is properly cited.

We answer the question: for any p,q € R with p#q and p# — g, what are the greatest value
A = Mp,q) and the least value u = u(p,q), such that the double inequality M,(a,b) <

\/Mp(a,b)M,(a,b) < M, (a,b) holds for all a,b > 0 with a #b? Where M, (a, b) is the pth power

mean of two positive numbers a and b.

1. Introduction

For p € R, the pth power mean M, (a, b) of two positive numbers a and b is defined by

(aP+bP>1/P 0
My(a,b) = 2 o Prh

Vab, p=0.

(1.1)

It is well known that M,(a,b) is continuous and strictly increasing with respect to
p € R for fixed a, b > 0 with a#b. Many classical means are special case of the power
mean, for example, M_i(a,b) = H(a,b) = 2ab/(a + b), My(a,b) = G(a,b) = Vab, and
M;(a,b) = A(a,b) = (a+ b)/2 are the harmonic, geometric, and arithmetic means of a
and b, respectively. Recently, the power mean has been the subject of intensive research. In
particular, many remarkable inequalities and properties for the power mean can be found in
literature [1-15].
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Let L(a,b) = (a - b)/(loga —logb) and I(a,b) = 1/e(a®/b?)" ") be the logarithmic
and identric means of two positive numbers a and b with a #b, respectively. Then it is well
known that

H(a,b) = M_(a,b) < G(a,b) = My(a,b) < L(a,b) < I(a,b) < A(a,b) = M;(a,b)  (1.2)

for all a,b > 0 with a#b.

In [16-22], the authors presented the sharp power mean bounds for L, I, (I L)l/ 2 and
(L+1)/2 as follows:
MO(a/ b) < L(a/ b) < M1/3([1, b)/ M2/3(a/ b) < I([I, b) < MlogZ(a/ b)/
1 (1.3)
Mo(a,b) <4/L(a,b)I(a,b) < Mi,2(a,b), E(L(a’ b) +1(a,b)) < Mi/2(a,b)
forall a,b > 0with a#b.
Alzer and Qiu [12] proved that the inequality
S (L(a,b) + 1(a,b) > My(a,b) (14)

holds for all a,b > 0 with a#b if and only if p <log2/(1 + log2) = 0.40938....

The following sharp bounds for the sum aA(a,b) + (1 — a)L(a,b), and the products
A%(a,b)L'"*(a,b) and G*(a,b)L'"*(a,b) in terms of power means were proved in [5, 8] as
follows:

MlogZ/(logZ—loga)(a/ b) < [XA([Z, b) + (1 - (X)L([l, b) < M(l+2a)/3(a/ b)/
Moy (a,b) < A*(a,b)L'"*(a,b) < M(1124)/3(a,b), (1.5)
Mo(a,b) < G*(a,b)L"*(a,b) < M1-a3(a,b)
forany a € (0,1) and all a,b > 0 with a#b.

In [2, 7], the authors answered the question: for any a € (0,1), what are the greatest
values P1 = p1 (IX), p2 = pZ(a), pP3 = p3(a), and ps = p4(a), and the least values q =q ((X),
G = g2(a), g3 = g3(a), and g4 = g4(a), such that the inequalities

M, (a,b) < P*(a,b)L'"%(a,b) < My (a,b),
M,,(a,b) < A%(a,b)G"*(a,b) < M,,(a,b),

(1.6)
M,,(a,b) < G"(a, bYH™%(a,b) < Mg, (a,b),

M,,(a,b) < A*(a,b)H"*(a,b) < M,,(a,b)

hold for all a,b > 0 with a#b?
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In [4], the authors presented the greatest value p = p(a, f) and the least value g =
q(a, p) such that the double inequality

M, (a,b) < A%(a,b)GF(a,b)H' P (a,b) < My(a,b) (1.7)

holds forall a,b > 0 witha#band a, f > Owitha + < 1.

It is the aim of this paper to answer the question: for any p, g € Rwithp#gandp# —g,
what are the greatest value A = A(p, q) and the least value p = u(p, q), such that the double
inequality

M, (a,b) < \/Mp(a, b)M,(a,b) < M,(a,b) (1.8)

holds for all a,b > 0 with a#b?

2. Main Result
In order to establish our main result, we need a lemma which we present in this section.

Lemma 2.1. Let p, q#0, p#qand x > 1. Then
My (x, 1)My(x,1) < M3, ) 15(x, 1) (2.1)
forp+qg>0,and
M, (x,1)My(x,1) > Mﬁm) 1o(x,1) (2.2)
forp+q<0.
Proof. From (1.1), we have

log [M,,(x, 1) M4 (x,1)] - log M? (x,1)

(p+q)/2

I - TP S R 1 4 x(P+a)/2 (2.3)

- p 8 2 q 08 2 p+q & 2

Let
1 1+xF 1 1+ x4 4 1 + xP+a)/2
f(x) = Elog 5 -1 5~ 7+ g log 5 , (2.4)
then simple computations lead to
f(1) =0, (2.5)
— P+ /2 (xP/2 _ xa/2)?

fila) = LZE T ) (2.6)

x(1+xP)(1+x9) (1 + xPr/2)
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Equation (2.6) implies that
f'(x) <0 (2.7)
forp+4g >0, and
fl(x)>0 (2.8)

forp+4q<0.

Therefore, inequality (2.1) follows from (2.3)—(2.5) and inequality (2.7), and inequality
(2.2) follows from (2.3)—(2.5) and inequality (2.8).

Let

Eo={(r.q) eR:p=q},  Ey={(p.q) eR*:p=—q},
Ei={(pa) €’ :p,q>0,p>q}, E={(pg) R :pq>0,p<q},
E={(pq)e®:pq<0,p>q}, E={(pa)eR:pq<0p<q},

E4={(p,q)GRZ:p>0,q<O,p+q>0, E, = (p,q)eRZ:p<O,q>O,p+q>O},
E5:{(p,q)eR2:p:0,q<0, E; = (p,q)eRZ:p<0,q=0},

} {
| {
Ev={(pq) €R?:p>0,q=0}, Ej={(pq) €R?: p=0,4>0},
| {
| {
} {

E6={(p,q)eR2:p>O,q<O,p+q<0 , E, = (p,q)eRZ:p<0,q>O,p+q<O}.
(2.9)

Then we clearly see that R? = S, E; U2, E;, and it is not difficult to verify that the
identity \/Mp(a, b)M,(a,b) = Mp.q)/2(a,b) holds for all a, b > 0if (p,q) € Eg UEj. Let

( 2pq
(r+9)

A=4 (p+
P29 (p,q) e EUEUEUE UEUE,

L0, (p,q) e EsUE,UE,UE],
2pq
(p+a)

H= + ' ' '
(pz—q)/ (P/Q)EE1UE1UE3uE3UE4UE4;

0, (p.q) € EsUE;UEs UE, -

(p,q) e E1UE;,

(2.10)
(p.q) € EEUE,,

Then we have Theorem 2.2 as follows.
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Theorem 2.2. The double inequality

M, (a,b) < \/Mp(a, b)M,(a,b) < M,(a,b)

(2.11)

holds for all a, b > 0 with a#b, and M, (a,b) and M,(a,b) are the best possible lower and upper

power mean bounds for the geometric mean of My (a,b) and Mgy(a,b).

Proof. From (1.1), we clearly see that M,(a,b) is symmetric and homogenous of degree 1.
Without loss of generality, we assume that b =1, a = x > 1 and p > gq. We divide the proof of

inequality (2.11) into three cases.

Case 1. (p,q) € E1 U E;. Then from Lemma 2.1, we clearly see that

\/Mp(x/ 1)Mq(x/ 1) < M(p+q)/2(x/ 1)

for (p,q) € E1, and

\/Mp(x, 1M, (x,1) > Mpig)/2(x, 1)

for (p,q) € E,.
From (1.1), we get

log[M,(x,1)M4(x,1)] - log Mgpq Jpr) 1)

1, 1+xP 1. 1+x7 p+q. 1+x%97/F
+ g - log
2 q 2 pq 2

Let

Lex? 1, 1+x7 p+q 1+ x2Pa/(p+a)

2 qog 2 pq 8% 2 !

1
F(x)=-1lo
p &

then simple computations lead to

F(1)=0,

x91G(x)
x(1+xP)(1+x9) (1 + x4/ p+a))

F'(x) =

where

G(x) = xP™9 — x4 =)/ p+a) 4 pxp _ 324/ (P+a) _ 2xap=0)/(p+a) 4 1,

G(1) =0,

G (x) = xPa-0-P-9/ P+ [ (x),

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
(2.19)

(2.20)
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where
oy 2pq+p* - 4/
H(x)=(p- q)xp(zﬂ a)/(p+q) _ Txp + sz(P +q°)/ (p+q)
(2.21)
29, 2‘1(P“1)/
P+tq pPtq
2(p— )2
H(1) = (r-9) ) (2.22)
pP+tq
H'(x) = P %P 1(x), (2.23)
P+tq
where
I(x) = (p- q)zx—2pq/(r’+q) " 2<P2 i q2>x—q(rﬂ—q)/(p+q) —2Px P _2pg—p? + 2, (2.24)
11)=2(p-9q)°, (2.25)
29(P=4) (p-pg-p-
I'(x) = S T x@pap-a/p+a) (), (2.26)
pPtq
where
J(x) = =p(p = q)x"T+q(p + q)x PPV —p2 g2, (227)
J1) =-2p(p—9q), (2.28)
J'(x) = pap - q)x17 (1 - x 07200/ @00, (229)

If (p, ) € Ey, then (2.15), (2.18), (2.21), (2.22), (2.24), (2.25), (2.27), and (2.28) lead to

lim F(x) =0,

X — +00

lim G(x) = oo,
X — +0o0o

lim H(x) = —oo,
X —+00

H(1) >0,

lim I(x) = -2pq —p2 + q2 <0,

1(1) > 0,

i 1=~ ) <0

J(1) <O0.

(2.30)
(2.31)
(2.32)
(2.33)
(2.34)
(2.35)
(2.36)

(2.37)
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We divide the discussion into two subcases.

Subcase 1.1. (p,q) € Eq. Then (2.26) and (2.29) together with inequalities (2.36) and (2.37)
imply that I(x) is strictly decreasing in [1,+o0). In fact, if (¢° — p* + 2pq)/(p + q) > 0, then
(2.29) and inequality (2.37) imply that J(x) < 0 for x € [1,+o0). If (§> — p* +2pq)/(p + q) <0,
then (2.29) and inequality (2.36) lead to the conclusion that J(x) < 0 for x € [1, +o0).

From inequalities (2.34) and (2.35) together with the monotonicity of I(x), we know
that there exists Ay > 1 such that I(x) > 0 for x € [1,1;) and I(x) < 0 for x € (A1, +o0). Then
(2.23) leads to the conclusion that H (x) is strictly increasing in [1, A;] and strictly decreasing
in [J\l, +OO).

It follows from (2.32) and (2.33) together with the piecewise monotonicity of H(x)
that there exists 1, > A; > 1 such that H(x) > 0 for [1, ;] and H(x) < 0 for (A;,+o0). Then
(2.20) leads to the conclusion that G(x) is strictly increasing in [1, 1,] and strictly decreasing
in [./\2, +OO).

From (2.17), (2.19) and (2.31) together with the piecewise monotonicity of G(x), we
clearly see that there exists A3 > 1, > 1 such that F(x) is strictly increasing in [1, 3] and
strictly decreasing in [A3, +o0).

Therefore, \/Mp (2, 1)My(x,1) > Mopg/(p+q)(x,1) follows from (2.14)-(2.16) and (2.30)
together with the piecewise monotonicity of F(x).

Subcase 1.2. (p,q) € E. Then (2.30) and (2.35) again hold, and (2.18), (2.21), (2.22), and (2.28)
lead to

xl_i)rEOOG(x) = +o0, (2.38)
lim H(x) = +oo, (2.39)
H(1) <0, (2.40)
J(1) > 0. (2.41)

It follows from (2.29) and inequalities (g° - p*+2pq)/ (p+q) < 0 and (2.41) that J(x) > 0
for x € [1,+00). Then (2.26) and inequality (2.35) lead to the conclusion that I(x) > 0 for
x € [1,+o0). Therefore, H(x) is strictly increasing in [1, +o0) follows from (2.23).

It follows from (2.20) and (2.39) together with inequality (2.40) and the monotonicity
of H(x) that there exists 1 > 1 such that G(x) is strictly decreasing in [1, y1] and strictly
increasing in [p1, +o0).

From (2.17), (2.19) and (2.38) together with the piecewise monotonicity of G(x), we
clearly see that there exists p» > p1 > 1 such that F(x) is strictly decreasing in [1, u,] and
strictly increasing in [po, +00).

Therefore, \/Mp (x,1)My(x,1) < Mopg/(p+q)(x,1) follows from (2.14)-(2.16) and (2.30)
together with the piecewise monotonicity of F(x).

Case 2. (p,q) € Es|UEs. Clearly, we have My(x,1) < \/Mp(x,l)Mq(x,l) for (p,q) € E; and
Mop(x,1) > \/Mp(x, 1)M,(x,1) for (p,q) € Es. Therefore, we need only to prove that

VMo(x, DM, (x, 1) < M, /2(x,1) (242)
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forr >0, and

VMo(x, DM, (x, 1) > M, /2(x,1) (2.43)

for r <0.
From (1.1), one has

1+x" 4 1+ x"/2

1 1
- 2 = - - 2.44
log[Mo(x, 1) M, (x,1)] —log M; ,(x,1) 5 log x + p log > p log 5 (2.44)

Let
(x) = S logx + L log L _ 4 L+ (2.45)
fla)=glogx+log == - Slog—5— '
then simple computations lead to

f1)=0, (2.46)

r/2 _ 1 3
flx) =~ x ) . (2.47)

2x(1+x7)(1+x7/2)

If r > 0 (or r < 0, resp.), then (2.47) leads to the conclusion that f(x) is strictly
decreasing (or increasing, resp.) in [1, +oo). Therefore, inequalities (2.42) and (2.43) follow
from (2.44)—(2.46) and the monotonicity of f(x).

Case 3. (p,q) € E4UEs Then from Lemma 2.1, we clearly see that My.q),2(x,1) >
\/Mp(x,l)Mq(x,l) for (p,q) € E4 and \/Mp(x,l)Mq(x,l) > Mpig/2(x,1) for (p,q) € Es.
Therefore, we need only to prove that

\/Mp(x, 1)M, (x,1) > My(x,1) (2.48)

for (p,q) € E4, and

\/Mp(x, 1) M, (x,1) < Mo(x,1) (2.49)

for (p/ ‘J) € E¢.
From (1.1), we get

1+ x19
2

1+ xP
2

log[M,(x,1)M4(x,1)] - log Mj(x,1) = % log + % log —log x. (2.50)

Let

+ x1
+ p log — - log x, (2.51)
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then simple computations lead to

f(@) =0, (2.52)

S i
FO = armas

(2.53)

If (p,q) € E4 (or Eg, resp.), then (2.53) implies that f(x) is strictly increasing (or
decreasing, resp.) in [1,+o0). Therefore, inequalities (2.48) and (2.49) follow from (2.50)—
(2.52) and the monotonicity of f(x).

Next, we prove that M,(a,b) and M,(a,b) are the best possible lower and upper
power mean bounds for the geometric mean of M, (a,b) and My(a,b). We divide the proof
into six cases.

Case A. (p,q) € E1. Then for any € € (0, (p + q)/2) and x > 0, from (1.1), one has

M,(1+x,1)M,(1+x,1) - M%p+q)/2_€(1 +x,1)
T+ +20PTYP 1+ @+ 2079 [1+ (1 +x)Pr0/2e a2l (2.54)
T2 [T - 2 ’
2
im Mapa/prayee D — e(p+a)*/pal2pare(p+a)] 5, 1. (2.55)
x—>+ooMp(x, l)Mq(x, 1)

Letting x — 0 and making use of Taylor expansion, we get

[1 +(1+x)? Uprq 4 1 +x)q]1/q [1 +(1 +x)(p+q)/26]4/(p+q_ze)
’ ’ ? (2.56)
_€2 >
= 7% o(x¥).

Equations (2.54) and (2.56) together with inequality (2.55) imply that for any
e € (0,p+q/2), there exist 61 = 6:1(e) > 0 and X; = Xi(p,q,€) > 1 such that

\/Mp(l +x, 1)Mz(1+x,1) > Mg 2-(1 +x,1) for x € (0,61) and \/Mp(xrl)Mq(x,l) <
Mopg/(prg)+e(x,1) for x € (X1, +00).

Case B. (p,q) € E,. Then for € € (0,—(p + q)/2) and x > 0, making use of (1.1) and Taylor
expansion, we have

M2, (14 2,1) = Mp(1+ 2, 1)M,(1+x,1) = sz +o(x?) (x—0), (2.57)
im MP (x/ 1)M‘7 (x/ 1) _ Ze(p+q)2/pq[2pq—e(p+q)] >1
x>4o0 M2 (x,1) ' (2.58)
2pq/ (prq)-e*™’
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Equation (2.57) and inequality (2.58) imply that for any e € (0,-(p + g)/2), there
exist 0 = 0O2(e) > 0 and Xo = Xz(p,q,e) > 1 such that Mg /2e(1 + x,1) >

\/Mp(1+x,1)Mq(1+x,1) for x € (0,6,) and \/Mp(x,l)Mq(x,l) > Mapg/(peg)-e(x,1) for
x € (X3, +00).

Case C. (p,q) € E3. Thenfore € (0,p/2) and x > 0, making use of (1.1) and Taylor expansion,
we have

€
Mp(1+2,1)Mo(1+x,1) = Mp 5 (1+x,1) = 727 + o(x2> (x — 0),

. Mg(x, 1) (2.59)
lim

x—+eo M, (x, )Mo (x,1)

+0o0.

Equation (2.59) leads to the conclusion that for any € € (0,p/2), there exist 63 = 63(€) >
0 and X3 = X3(p, €) > 1 such that \/Mp(l +x,1)Mo(1+x,1) > Mp/>(1 +x,1) for x € (0,063)

and M.(x,1) > \/Mp(x, 1)My(x, 1) for x € (X, +00).

Case D. (p,q) € E4. Then for e € (0,(p + 9)/2) and x > 0, making use of (1.1) and Taylor
expansion, we have

€
ML+ x, DMy +x,1) = M, o (14x,1) = 22 +0(x*)  (x —0),
oMy (2.60)
xve My (6 DM (1)~

Equation (2.60) implies that for any € € (0, (p + q)/2), there exist 64 = 64(¢) > 0 and
X4 = X4(p,q,€) > 1 such that M(,.4)/2-¢(1 +x,1) < \/Mp(l +x,1)My(1+x,1) for x € (0,04)
and M,(x,1) > \/Mp(x, 1)My(x, 1) for x € (X4, +c0).

Case E. (p,q) € Es. Then for any € € (0,—g/2) and x > 0, making use of (1.1) and
Taylor expansion, one has

MZ

2 ie(142,1) = My(1+x,1)M,(1+x,1) = sz +o(x?)  (x—0),

(2.61)

MO(x/ 1)Mq(x/ 1)
m = 400
x—+00 Mge(x, 1)

Equation (2.61) leads to the conclusion that for any e € (0,-gq/2), there exist 65 =
65(e) > 0 and X5 = X5(q,€) > 1 such that My 2.¢(1 + x,1) > \/Mo(l +x,1)My(1+x,1) for

x €(0,05) and M_.(x,1) < \/Mo(x,l)Mq(x, 1) for x € (X5, +o0).




Journal of Applied Mathematics 11

Case F. (p,q) € E¢. Then for any € € (0,—(p + g)/2) and x > 0, making use of (1.1) and Taylor
expansion, one has

M2

€
ey /2142 1) = My(L+x, My(1+x,1) = 22 + o(x?) (x—0),

M,(x, 1)M,(x,1) (2.62)

m
X — 400 MEE(X, 1)

+00.

Equation (2.62) shows that for any € € (0,-(p + q)/2), there exist 6¢ = 6¢(¢) > 0 and
Xo = X(p,q,€) > 1 such that Mp,g2.c(1 +x,1) > \/Mpu +x,1)M,(1 + x,1) for x € (0, 86)

and \/Mp(x,l)Mq(x,l) > M2,(x,1) for x € (X, +o0). O
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