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We give new lower bound and upper bound for Papenfuss-Bach inequality and improve Ruehr-
Shafer inequality by providing a new lower bound.

1. Introduction
Papenfuss [1] proposes an open problem described as follows.

Theorem 1.1. Let 0 < x < o /2. Then

2.3

xsec’x —tanx < 87[—362 (1.1)
(or2 — 4x2)
Bach [2] prove Theorem 1.1 and obtain a further result.
Theorem 1.2. Let 0 < x < /2. Then

2 2 3

xsec’x — tan x < ix—Z (1.2)
3 (o2 — 4x2)

Ge gives a lower bound of the above inequality in [3] as follows.
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Theorem 1.3. Let 0 < x < ar /2. Then

64x° 9 20t x°
< xsec’x —tanx < T

(2 — 4x2)? (2 — 4x2)? )

Furthermore, 64 and 2or* /3 are the best constants in (1.3).

Besides, Bach [2] obtain the improvement of the Papenfuss-Bach inequality as another
one.

Theorem 1.4. Let 0 < x < /2. Then

2772 (tan x —
xsec’x — tanx < M. (1.4)
a2 —4x?

In this note, we firstly obtain better bounds for Papenfuss-Bach inequality as in the
following statement.

Theorem 1.5. Let 0 < x < /2. Then

(27t /3)x® + ((87*/15) —16a%/3)x°

(2 — 4x2)?
4 3 2 2 5 (15)
27%/3)x” + ((256 - (513/511) — (8x=/3
<xsec2x—tanx<(ﬂ-/)x (( /]r) ( 2/ ) (Jr/))x‘
(o2 — 4x2)
And then we give the refinement of the Ruehr-Shafer inequality as follows.
Theorem 1.6. Let 0 < x < ar/2. Then
10182 (tan x — x) ) 272 (tan x — x)
- - 1.
ST <xsec’x —tanx < o (1.6)

Remark 1.7. Since (256/7%)-(513/511)—(8x%/3) = -0.2792 < 0, we know that the upper bound
in the inequality (1.5) is better than the one in (1.3). At the same time, we find that the lower
estimate in (1.5) is larger than the one in (1.3) on the interval (0, 1.169880805) meanwhile the
lower estimate in (1.3) is larger than the one in (1.5) on (1.169880805, 7r/2).

2. Lemmas

Lemma 2.1 (see [4-7]). Let By, be the even-indexed Bernoulli numbers. Then

22n)! 1 202n)! 1
2n T < | Ban| < 2n 1-2n"
(2r) 1-2 (2or) 1-2

=1,2,3,.... (2.1)
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Lemma 2.2 (see [7-9]). Let |x| < /2. Then

0 22n (2211 ) 0 22n (22n 1)
1 n—lB B 2n— 1,
tanx < (2 )' ( ) an E (2 )| | nlx
2.2
0 22n (22n 1) ( )
tanx —x = > ———=|By|x*" L.
n=2 (2 )'

Lemma 2.3. Let F(x) = (% — 4x?)(x sec’x — tan x) and |x| < /2. Then

22n+2 (22n+2 1)

22n 22n -1
F(x) = —x +Z[27r —2)!n|B2n+2|_4¥

2n)! (2n - 2)|an|:| 2 (2.3)

Proof. By using Lemma 2.2, we have

o) 2211 22n
sec’x = (tanx)' = D —————~ ( D) (21 = 1)|Bon|x® 2, |x| < z
~  (2n)! 2
, (2.4)
o0 22n 22n _1q . T
xsec’x —tan x = ni%@n = 2)[Ba ", x| < 5

We calculate

<.71'2 - 4x2> (xsech —tan x>

o 22n (2271 _ 1) 0 2271 (2271 _ 1)

= xznzzw (2n = 2)| By |x® 1 - 471:2 ) (21 = 2) | Boy x>
- %239 Jrz:s —22” (é:'_ D) (2n - 2)| By, |x** ! - 4:2—22" ((i:)'_ D (21 — 2)| By |®™!
= ZTJl-zx3 + ng%(znn&mﬂxzm - 4:222"((222771)!_1) (21 — 2)| By | x>
- 2_”2x3 + :2 [2 2%,1@@ - 42271((22#(2;1 - 2)|B2n|] XL
(2.5)
The proof of Lemma 2.3 is completed. O

Lemma 2.4. Let |x| <o /2. Then

1 1 o] 2 2n )
n=l
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3. The Proof of Theorem 1.5

The proof of Theorem 1.5 is completed when proving the truth of the following double
inequality:

(27*/3)x3 + (8x*/15 —16x%/3)x°
a2 —4x?

< (]Z'z - 4x2> <x sec’x — tan x) (3.1)

(274/3)x% + ((256/ %) - (513/511) — (872/3))
- 2 - 4x? '

We firstly process the left-hand side of the above inequality. We compute that

4 3 4 2 5
2 4.2 2 ~ (27 /3)x® + (8% /15 - 16o2/3)x
<.n' 4x ) (x sec”x — tan x> = e
2 [e9) 22n+2 (22n+2 _ 1) 22,, (22” _ 1)

27" 4 2 2n+1
=+ Y |2m? 2 n|Byya| - 4——————>(2n - 2)|B nt
3 X +n_2[ T T 2nt2)! |Bansl (2n)! (2n-2)] 2"|]x

272, 2222 o [8x2 16\ 5 [8x2 16\& 22,
‘[T" M == G i A e D I S

=) 22n+2 22n+2 -1 22n 2211 -1
= [2ar2¥n|32m2| EE D, 2>|an|] 2"
n=.

g (2n +2)! (2n)!
_ 7—_71'2 i 222 2 8_71'2 16 i 224 2+
3 ~ ﬂ-Zn—Z 15 3 ~ 71-271—4
= azx” + asx’ + Zanxz’”l,
n=5
(3.2)
where
22n+2 (22n+2 _ 1) 2271 (2211 _ 1) 2.7['2 22n—2 8.71'2 16 22n—4
o2l T B4t (23-2)|Bon|- - (ZZ 2
W =27 oy Bl A i ==l W T W b
(3.3)

forn>3and n e N*.
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We calculate az = 0.0100 > 0 and a4 = 0.0049 > 0. For n > 5, by using Lemma 2.1, we
can estimate a,, as follows:

22n+2 (22n+2 _ 1) ; 2(211 + 2)!
(2n+2)! (20r)*™2 (1 — 2-21-2)

221 (22 —1)( ne2) 2(2n)! 2222 [8x? 16\ 22t
(2n)! Qr)?"(1-21-27) 3 g2 15 3 ) gn+

a, > 2o°

-4

4n 222 (16n-16)2"" 221 —-1 272272 [8x? 16 22
- - (3.4)

.71'2" ﬂ-Zn 22n -2 3 ﬂ-Zn—Z ]r2n—4

15 3

ot [4n~26_24(16n—16)<1+ 1 ) 27222 82 16]
2211 a3

I art "3 2 15 3

274 [256  256(n—-1) 8x% 8
= pond t3|

Since, forn =5,6,..., we have

25 256(n—-1) 8x% 8 256 256(5-1) 8x 8
S _ ooty B2, 20 SO0 BT L 20,0207 >0, 35
x i@no2) 15 3% gt 202y 15 3 g (3-3)

so a, > 0 forn >5and n € N*. Combining with the results of a3 and a4, we finish the proof
of the left-hand side of inequality (3.1).

Now, Let’s discuss the right-hand side of inequality (3.1) by taking the same method.
We compute that

(27t /3)x® + ((256/7?) - (513/511) — 8x%/3)x°
- 2 — 4x?

(JZ'Z - 4x2) (x sec’x — tan x)

27['2 3 <) 5 22n+2 (22n+2 _ 1) 22n (22n _ 1) )
== 2 e |Boia| - 4L (211 = 2) By [ 22"
3" +nZ_2[ T nv Bl @y @1 2Bl |

a* 511 3

e A SR (B0 Sy (BTS2 ]
Jr

2n-2 ’ T3 2n—4
3 3 n=2 T n=3 I

0 22n+2 (22n+2 _ 1) 2211 (22n _ 1)
_ 5 2 _ _ 2n+1
= bzx + ;23 [Zﬂ' WﬂlenJrzl 4:—(211)‘ (271 2) |B2n| x"

e L., <256 513 8) SEARE
3 &2 at 511 3 /)&t
=byx® + bax” + anxz’“l,
n=4
(3.6)
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where
8x2 16 256 513 8
= —-—)-(— =—-2)=-004
b2 < 15 3> <yr4 511 3) 00413 <0,
(3.7)
28(28-1)3  26(2°-1)4 2x%22* /256 513 8\ 22
= |22 -4 -——— (= = -=- )= =-0.
bs [” 81-30 6l 42 3 7t <Jz'4 511 3>.7r2 0.0068 <0,
and, forn >4
222n+2 (22n+2 _ 1) 2211 (2271 _ 1)
= R S S/ R S, PP
bn 27 (2n+2)' n|B2n+2| (271)' (27’1 2)|B2n|
(3.8)
B 272 2212 B (256 513 8> 22n-4
3 or2n-2 a4 511 3) x4t
We can reckon that, forn =4,5, ...
D2m+2 (n2n+2 _ q ! 22n(92n _ 1 !
b < 2m2 ), 20n+2) GF@ ) gy 20n)
(2n +2)! (20r)7"+2 (1 - 21-2n-2) (2n)! (2)* (1 - 272)
B 2gr% 222 B <256 513 8) 22n-4
3 gn-2 a* 511 3 ) p2n4
4or’n - 22M2(22M2 1) (16nm - 16)22" 22 2212 256 513 8\ 22+
- r2n(22n%2 _ Q) - 2n T3 g2 (F ‘511 §) r2n4
_ 224 [256n (1 . 1 > ~ 24(16n - 16) B 2% 22 256 513 N 8
S\t 2242 — 2 o 3 x2 g+ 511 3
22t /256n 1 N 256 8 256 513 N 8
s oA\ gt 2222 0 g4 3 g4 511 3
22t /256n 1 256 2
T\ gt 2723 g4 B11)
(3.9)
As we can see,
256n 1 256 - 4 1 256 2
o P S A g 510 (3-10)

holds for n = 4,5,..., so we conclude that b, < 0 for n > 4 and n € N*. Observing the value
of b, and bz, we complete the proof of the right-hand side of inequality (3.1).
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4. The Proof of Theorem 1.6

Now we prove the left-hand side of the inequality in Theorem 1.6, which is equivalent to

101802
511

<7r2 - 4x2> (xseczx —tan x) - (tanx —x) > 0. (4.1)

By using the power series expansions of (x sec’x — tan x) and (tan x — x), we can rewrite the
above inequality as follows:

=) 2211 (22n _ 1)

2 I 21 —2)|B " 2n+1 .
( @n)! (2n - 2)|Boulx >0

2n-1
@n)! 2n -2 - 511>|B2n|x” -4

n=2 n=2

(4.2)

Now we simplify the left expression and prove that it is positive:

o 221 (2271 — 1) 1018 © 221 (22;1 _ 1)
’ n-1 2n+1
et \*"2 s )P —4y ————"(2n-2)|B
n=2 (271)' ( " 511 >| anx o (211)' ( n )I 2n|x
o 92142 (22n+2 — 1) 1018 w© 221 (22" _ 1)
= 2 2 — B 2n+1_4 —2 _2 B 2n+1
H=ECER) ( 511 )' a3 s Gn = DBl
A > 7 9 1, N 20t
= X"+ CX™ +C3X" + X + C5X +chx ,
3511 £
(4.3)
where
22n+2 (22n+2 _ 1) 1018 22n (22n _ 1)
=t (2~ o7 ) Bl — 4o (2n - 2)|B 44
“ T T @n v )l < 511 >| i 2n)! (2n - 2)| B2l (4.4)

forn =2,3,.... Particularly, c, = —0.02447, c3 = 0.00142, and ¢4 = 0.00151, c5 = 6.74143 x 1074,
We also use Lemma 2.1 in order to give the lower bound of ¢, forn =6,7,.. .:

22n (22n _ 1)

@n)! (2n — 2)|Bay|

22n+2 22n+2 -1 1018
=2 2T (20 18

—4
(2n +2)! 511 )lBZ’”ZI

22n+2 22n+2 -1 |
o2 ( )<2 _1018) 2(2n +2)

(2n+2)! 511 / (27r)*™2(1 — 2-2n-2)
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2n (H2n _
P VPSP )]
(2n)! (27)™ (1 - 21-2n)
_2:-222(2n-1018/511)  (16n-16)2°"(2*" - 1)
- ﬂ-Zn Jl-Zn (22n _ 2)

22n+3 1018 1
= F[Zn— 51—1 - (27’1-2)(1+m>]

_22"+3< 4 _2n—2)>22"+3( 4 _2-6—2>>0
T ogx2m \511 22n -2 a2n \ 511 226 -2 '

We denote that
472
3-511

4o 2

2 4 6 8

= + C X + C3X + C4X™ + C5X
<3 511

G(x) =

XB + C2x5 + C3x7 + C4x9 + C5.’>C11

=x’H(x),

where

H(x)—i+c x2 + c3xt + c4x® + c5x8
T 3511 2 T TR e

Lett = x?, and

2

4
P(t) = 3—?11 + ot + Cgi’2 + C4i’3 + C5i’4.

We compute that

2
P'(f) = ¢ + 2c3t + 3cat? + dest®, 0 <t< ‘%,
.71'2

P'(t)=2+c3+6cut +12c5t> >0, 0<t< T

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

So P'(t) is increasing on (0,r2/4). Since P'(0) < 0 and P'(,r>/4) > 0, we have that P(t) is
decreasing firstly and then increasing. Let f; be only one point of minimum of the function
P(t). Then ty = 1.5262621 and P(ty) = 7.33921x10~* > 0; this implies that P(t) > 0, s0 H(x) >0

and G(x) >0for0 < x < /2.
Combining with ¢, > 0 for n > 6, we have proved Theorem 1.6.
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5. Open Problem
In the last section we pose a problem as follows: Let 0 < x < or/2. Then

(27 /3)x3 + (87*/15 —16a2/3)x°

(2 — 4x2)*

< xsec’x — tan x

(5.1)

. (2% /3)x3 + (256/ 7% — 87%/3) x>

(2 — 4x2)?

hold, where (87*/15 —167%/3) and (256/ > — 82 /3) are the best constants in (5.1).
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