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We give new lower bound and upper bound for Papenfuss-Bach inequality and improve Ruehr-
Shafer inequality by providing a new lower bound.

1. Introduction

Papenfuss [1] proposes an open problem described as follows.

Theorem 1.1. Let 0 ≤ x < π/2. Then

x sec2x − tanx ≤ 8π2x3

(π2 − 4x2)2
. (1.1)

Bach [2] prove Theorem 1.1 and obtain a further result.

Theorem 1.2. Let 0 ≤ x < π/2. Then

x sec2x − tanx ≤ 2π2

3
x3

(π2 − 4x2)2
. (1.2)

Ge gives a lower bound of the above inequality in [3] as follows.
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Theorem 1.3. Let 0 < x < π/2. Then

64x3

(π2 − 4x2)2
< x sec2x − tanx <

2π4

3
x3

(π2 − 4x2)2
. (1.3)

Furthermore, 64 and 2π4/3 are the best constants in (1.3).

Besides, Bach [2] obtain the improvement of the Papenfuss-Bach inequality as another
one.

Theorem 1.4. Let 0 ≤ x < π/2. Then

x sec2x − tanx ≤ 2π2(tanx − x)
π2 − 4x2

. (1.4)

In this note, we firstly obtain better bounds for Papenfuss-Bach inequality as in the
following statement.

Theorem 1.5. Let 0 < x < π/2. Then

(
2π4/3

)
x3 +

((
8π4/15

) − 16π2/3
)
x5

(π2 − 4x2)2

< x sec2x − tanx <

(
2π4/3

)
x3 +

((
256/π2) · (513/511) − (

8π2/3
))
x5

(π2 − 4x2)2
.

(1.5)

And then we give the refinement of the Ruehr-Shafer inequality as follows.

Theorem 1.6. Let 0 < x < π/2. Then

1018π2

511
(tanx − x)
π2 − 4x2

< x sec2x − tanx <
2π2(tanx − x)

π2 − 4x2
. (1.6)

Remark 1.7. Since (256/π2)·(513/511)−(8π2/3) ≈ −0.2792 < 0, we know that the upper bound
in the inequality (1.5) is better than the one in (1.3). At the same time, we find that the lower
estimate in (1.5) is larger than the one in (1.3) on the interval (0, 1.169880805) meanwhile the
lower estimate in (1.3) is larger than the one in (1.5) on (1.169880805, π/2).

2. Lemmas

Lemma 2.1 (see [4–7]). Let B2n be the even-indexed Bernoulli numbers. Then

2(2n)!

(2π)2n
1

1 − 2−2n
< |B2n| < 2(2n)!

(2π)2n
1

1 − 21−2n
, n = 1, 2, 3, . . . . (2.1)
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Lemma 2.2 (see [7–9]). Let |x| < π/2. Then

tanx =
∞∑

n=1

22n
(
22n − 1

)

(2n)!
(−1)n−1B2nx

2n−1 =
∞∑

n=1

22n
(
22n − 1

)

(2n)!
|B2n|x2n−1,

tanx − x =
∞∑

n=2

22n
(
22n − 1

)

(2n)!
|B2n|x2n−1.

(2.2)

Lemma 2.3. Let F(x) = (π2 − 4x2)(x sec2x − tan x) and |x| < π/2. Then

F(x) =
2π2

3
x3 +

∞∑

n=2

[

2π2 2
2n+2(22n+2 − 1

)

(2n + 2)!
n|B2n+2| − 4

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|

]

x2n+1. (2.3)

Proof. By using Lemma 2.2, we have

sec2x = (tanx)′ =
∞∑

n=1

22n
(
22n − 1

)

(2n)!
(2n − 1)|B2n|x2n−2, |x| < π

2
,

xsec2x − tanx =
∞∑

n=2

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|x2n−1, |x| < π

2
.

(2.4)

We calculate

(
π2 − 4x2

)(
xsec2x − tanx

)

= π2
∞∑

n=2

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|x2n−1 − 4

∞∑

n=2

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|x2n+1

=
2π2

3
x3 + π2

∞∑

n=3

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|x2n−1 − 4

∞∑

n=2

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|x2n+1

=
2π2

3
x3 + π2

∞∑

n=2

22n+2
(
22n+2 − 1

)

(2n + 2)!
(2n)|B2n+2|x2n+1 − 4

∞∑

n=2

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|x2n+1

=
2π2

3
x3 +

∞∑

n=2

[

2π2 2
2n+2(22n+2 − 1

)

(2n + 2)!
n|B2n+2| − 4

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|

]

x2n+1.

(2.5)

The proof of Lemma 2.3 is completed.

Lemma 2.4. Let |x| < π/2. Then

1
π2 − 4x2

=
1
π2

∞∑

n=0

(
2
π

)2n

x2n. (2.6)
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3. The Proof of Theorem 1.5

The proof of Theorem 1.5 is completed when proving the truth of the following double
inequality:

(
2π4/3

)
x3 +

(
8π4/15 − 16π2/3

)
x5

π2 − 4x2

<
(
π2 − 4x2

)(
x sec2x − tanx

)

<

(
2π4/3

)
x3 +

((
256/π2) · (513/511) − (

8π2/3
))
x5

π2 − 4x2
.

(3.1)

We firstly process the left-hand side of the above inequality. We compute that

(
π2 − 4x2

)(
x sec2x − tanx

)
−
(
2π4/3

)
x3 +

(
8π4/15 − 16π2/3

)
x5

π2 − 4x2

=
2π2

3
x3 +

∞∑

n=2

[

2π2 2
2n+2(22n+2 − 1

)

(2n + 2)!
n|B2n+2| − 4

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|

]

x2n+1

−
[
2π2

3
x3 +

2π2

3

∞∑

n=2

22n−2

π2n−2x
2n+1 +

(
8π2

15
− 16

3

)

x5 +

(
8π2

15
− 16

3

) ∞∑

n=3

22n−4

π2n−4x
2n+1

]

=
∞∑

n=3

[

2π2 2
2n+2(22n+2 − 1

)

(2n + 2)!
n|B2n+2| − 4

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|

]

x2n+1

−
[
2π2

3

∞∑

n=3

22n−2

π2n−2x
2n+1 +

(
8π2

15
− 16

3

) ∞∑

n=3

22n−4

π2n−4x
2n+1

]

= a3x
7 + a4x

9 +
∞∑

n=5

anx
2n+1,

(3.2)

where

an = 2π2 2
2n+2(22n+2 − 1

)

(2n + 2)!
n|B2n+2|−4

22n
(
22n − 1

)

(2n)!
(2n−2)|B2n|− 2π2

3
22n−2

π2n−2 −
(

8π2

15
− 16

3

)
22n−4

π2n−4

(3.3)

for n ≥ 3 and n ∈ N+.
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We calculate a3 ≈ 0.0100 > 0 and a4 ≈ 0.0049 > 0. For n ≥ 5, by using Lemma 2.1, we
can estimate an as follows:

an > 2π2 2
2n+2(22n+2 − 1

)

(2n + 2)!
n

2(2n + 2)!

(2π)2n+2(1 − 2−2n−2)

− 4
22n

(
22n − 1

)

(2n)!
(2n − 2)

2(2n)!

(2π)2n
(
1 − 21−2n

) − 2π2

3
22n−2

π2n−2 −
(

8π2

15
− 16

3

)
22n−4

π2n−4

=
4n · 22n+2

π2n
− (16n − 16)22n

π2n
· 2

2n − 1
22n − 2

− 2π2

3
22n−2

π2n−2 −
(

8π2

15
− 16

3

)
22n−4

π2n−4

=
22n−4

π2n−4

[
4n · 26
π4

− 24(16n − 16)
π4

(
1 +

1
22n − 2

)
− 2π2

3
22

π2
− 8π2

15
+
16
3

]

=
22n−4

π2n−4

[
256
π4

− 256(n − 1)
π4(22n − 2)

− 8π2

15
+
8
3

]

.

(3.4)

Since, for n = 5, 6, . . ., we have

256
π4

− 256(n − 1)
π4(22n − 2)

− 8π2

15
+
8
3
≥ 256

π4
− 256(5 − 1)
π4

(
210 − 2

) − 8π2

15
+
8
3
≈ 0.0207 > 0, (3.5)

so an > 0 for n ≥ 5 and n ∈ N+. Combining with the results of a3 and a4, we finish the proof
of the left-hand side of inequality (3.1).

Now, Let’s discuss the right-hand side of inequality (3.1) by taking the same method.
We compute that

(
π2 − 4x2

)(
x sec2x − tanx

)
−
(
2π4/3

)
x3 +

((
256/π2) · (513/511) − 8π2/3

)
x5

π2 − 4x2

=
2π2

3
x3 +

∞∑

n=2

[

2π2 2
2n+2(22n+2 − 1

)

(2n + 2)!
n|B2n+2| − 4

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|

]

x2n+1

−
[
2π2

3
x3 +

2π2

3

∞∑

n=2

22n−2

π2n−2x
2n+1 +

(
256
π4

· 513
511

− 8
3

)
x5 +

(
256
π4

· 513
511

− 8
3

) ∞∑

n=3

22n−4

π2n−4x
2n+1

]

= b2x
5 +

∞∑

n=3

[

2π2 2
2n+2(22n+2 − 1

)

(2n + 2)!
n|B2n+2| − 4

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|

]

x2n+1

−
[
2π2

3

∞∑

n=3

22n−2

π2n−2x
2n+1 +

(
256
π4

· 513
511

− 8
3

) ∞∑

n=3

22n−4

π2n−4x
2n+1

]

= b2x
5 + b3x

7 +
∞∑

n=4

bnx
2n+1,

(3.6)
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where

b2 =

(
8π2

15
− 16

3

)

−
(
256
π4

· 513
511

− 8
3

)
≈ −0.0413 < 0,

b3 =

[

2π2 2
8(28 − 1

)
3

8! · 30 − 4
26
(
26 − 1

)
4

6! · 42 − 2π2

3
24

π4
−
(
256
π4

· 513
511

− 8
3

)
22

π2

]

≈ −0.0068 < 0,

(3.7)

and, for n ≥ 4

bn = 2π2 2
2n+2(22n+2 − 1

)

(2n + 2)!
n|B2n+2| − 4

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|

− 2π2

3
22n−2

π2n−2 −
(
256
π4

· 513
511

− 8
3

)
22n−4

π2n−4 .

(3.8)

We can reckon that, for n = 4, 5, . . .

bn < 2π2 2
2n+2(22n+2 − 1

)

(2n + 2)!
n

2(2n + 2)!

(2π)2n+2
(
1 − 21−2n−2

) − 4
22n

(
22n − 1

)

(2n)!
(2n − 2)

2(2n)!

(2π)2n(1 − 2−2n)

− 2π2

3
22n−2

π2n−2 −
(
256
π4

· 513
511

− 8
3

)
22n−4

π2n−4

=
4π2n · 22n+2(22n+2 − 1

)

π2n(22n+2 − 2)
− (16n − 16)22n

π2n
− 2π2

3
22n−2

π2n−2 −
(
256
π4

· 513
511

− 8
3

)
22n−4

π2n−4

=
22n−4

π2n−4

(
256n
π4

(
1 +

1
22n+2 − 2

)
− 24(16n − 16)

π4
− 2π2

3
22

π2
− 256

π4
· 513
511

+
8
3

)

=
22n−4

π2n−4

(
256n
π4

1
22n+2 − 2

+
256
π4

− 8
3
− 256

π4
· 513
511

+
8
3

)

=
22n−4

π2n−4

(
256n
π4

1
22n+2 − 2

− 256
π4

· 2
511

)
.

(3.9)

As we can see,

256n
π4

1
22n+2 − 2

≤ 256 · 4
π4

1
22·4+2 − 2

=
256
π4

2
511

(3.10)

holds for n = 4, 5, . . ., so we conclude that bn < 0 for n ≥ 4 and n ∈ N+. Observing the value
of b2 and b3, we complete the proof of the right-hand side of inequality (3.1).
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4. The Proof of Theorem 1.6

Now we prove the left-hand side of the inequality in Theorem 1.6, which is equivalent to

(
π2 − 4x2

)(
xsec2x − tanx

)
− 1018π2

511
(tanx − x) > 0. (4.1)

By using the power series expansions of (x sec2x − tanx) and (tanx − x), we can rewrite the
above inequality as follows:

π2
∞∑

n=2

22n
(
22n − 1

)

(2n)!

(
2n − 2 − 1018

511

)
|B2n|x2n−1 − 4

∞∑

n=2

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|x2n+1 > 0.

(4.2)

Now we simplify the left expression and prove that it is positive:

π2
∞∑

n=2

22n
(
22n − 1

)

(2n)!

(
2n − 2 − 1018

511

)
|B2n|x2n−1 − 4

∞∑

n=2

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|x2n+1

= π2
∞∑

n=1

22n+2
(
22n+2 − 1

)

(2n + 2)!

(
2n − 1018

511

)
|B2n+2|x2n+1 − 4

∞∑

n=2

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|x2n+1

=
4π2

3 · 511x
3 + c2x

5 + c3x
7 + c4x

9 + c5x
11 +

∞∑

n=6

cnx
2n+1,

(4.3)

where

cn = π2 2
2n+2(22n+2 − 1

)

(2n + 2)!

(
2n − 1018

511

)
|B2n+2| − 4

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n| (4.4)

for n = 2, 3, . . .. Particularly, c2 ≈ −0.02447, c3 ≈ 0.00142, and c4 ≈ 0.00151, c5 ≈ 6.74143 × 10−4.
We also use Lemma 2.1 in order to give the lower bound of cn for n = 6, 7, . . .:

cn = π2 2
2n+2(22n+2 − 1

)

(2n + 2)!

(
2n − 1018

511

)
|B2n+2| − 4

22n
(
22n − 1

)

(2n)!
(2n − 2)|B2n|

> π2 2
2n+2(22n+2 − 1

)

(2n + 2)!

(
2n − 1018

511

)
2(2n + 2)!

(2π)2n+2(1 − 2−2n−2)
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− 4
22n

(
22n − 1

)

(2n)!
(2n − 2)

2(2n)!

(2π)2n
(
1 − 21−2n

)

=
2 · 22n+2(2n − 1018/511)

π2n
− (16n − 16)22n

(
22n − 1

)

π2n(22n − 2)

=
22n+3

π2n

[
2n − 1018

511
− (2n − 2)

(
1 +

1
22n − 2

)]

=
22n+3

π2n

(
4

511
− 2n − 2
22n − 2

)
>

22n+3

π2n

(
4
511

− 2 · 6 − 2
22·6 − 2

)
> 0.

(4.5)

We denote that

G(x) ≡ 4π2

3 · 511x
3 + c2x

5 + c3x
7 + c4x

9 + c5x
11

= x3

(
4π2

3 · 511 + c2x
2 + c3x

4 + c4x
6 + c5x

8

)

≡ x3H(x),

(4.6)

where

H(x) =
4π2

3 · 511 + c2x
2 + c3x

4 + c4x
6 + c5x

8. (4.7)

Let t = x2, and

P(t) ≡ 4π2

3 · 511 + c2t + c3t
2 + c4t

3 + c5t
4. (4.8)

We compute that

P ′(t) = c2 + 2c3t + 3c4t2 + 4c5t3, 0 < t <
π2

4
,

P ′′(t) = 2 + c3 + 6c4t + 12c5t2 > 0, 0 < t <
π2

4
.

(4.9)

So P ′(t) is increasing on (0, π2/4). Since P ′(0) < 0 and P ′(π2/4) > 0, we have that P(t) is
decreasing firstly and then increasing. Let t0 be only one point of minimum of the function
P(t). Then t0 ≈ 1.5262621 and P(t0) ≈ 7.33921×10−4 > 0; this implies that P(t) > 0, soH(x) > 0
and G(x) > 0 for 0 < x < π/2.

Combining with cn > 0 for n ≥ 6, we have proved Theorem 1.6.
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5. Open Problem

In the last section we pose a problem as follows: Let 0 < x < π/2. Then

(
2π4/3

)
x3 +

(
8π4/15 − 16π2/3

)
x5

(π2 − 4x2)2
< x sec2x − tanx

<

(
2π4/3

)
x3 +

(
256/π2 − 8π2/3

)
x5

(π2 − 4x2)2

(5.1)

hold, where (8π4/15 − 16π2/3) and (256/π2 − 8π2/3) are the best constants in (5.1).

References

[1] M. C. Papenfuss, “E 2739,” The American Mathematical Monthly, vol. 85, p. 765, 1978.
[2] G. Bach, “Trigonometric inequality,” The American Mathematical Monthly, vol. 87, p. 62, 1980.
[3] H.-F. Ge, “New sharp bounds for the bernoulli numbers and refinement of becker-stark inequalities,”

Journal of Applied Mathematics, vol. 2012, Article ID 137507, 7 pages, 2012.
[4] W. Scharlau and H. Opolka, From Fermat to Minkowski, Undergraduate Texts in Mathematics, Springer,

New York, NY, USA, 1985.
[5] M. Abramowitz and I. A. Stegun, Eds., Handbook of Mathematical Functions with Formulas, Graphs and

Mathematical Tables, Dover, New York, NY, USA, 1965.
[6] C. D’Aniello, “On some inequalities for the Bernoulli numbers,” Rendiconti del Circolo Matematico di

Palermo. Serie II, vol. 43, no. 3, pp. 329–332, 1994.
[7] H. Alzer, “Sharp bounds for the Bernoulli numbers,” Archiv der Mathematik, vol. 74, no. 3, pp. 207–211,

2000.
[8] A. Jeffrey, Handbook of Mathematical Formulas and Integrals, Elsevier/Academic Press, San Diego, Calif,

USA, 3rd edition, 2004.
[9] L. Zhu and J. Hua, “Sharpening the Becker-Stark inequalities,” Journal of Inequalities and Applications,

vol. 2010, Article ID 931275, 4 pages, 2010.


