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After reducing a system of higher-order regular Lagrangian into first-order singular Lagrangian
using constrained auxiliary description, the Hamilton-Jacobi function is constructed. Besides, the
quantization of the system is investigated using the canonical path integral approximation.

1. Introduction

The efforts to quantize systems with constraints started with the work of Dirac [1, 2], who
first set up a formalism for treating singular systems and the constraints involved for the
purpose of quantizing his field, with special emphasis on the gravitational field. In Dirac’s
canonical quantization method, the Poisson brackets of classical mechanics are replaced with
quantum commutators.

A new formalism for investigating first-order singular systems-, the canonical-, was
developed by Rabei and Guler [3]. These authors obtained a set of Hamilton-Jacobi partial
differential equations (HJPDEs) for singular systems using Caratheodory’s equivalent-
Lagrangian method [4]. In this formalism, the equations of motion are obtained as total
differential equations and the set of HJPDEs was determined. Recently, the formalism has
been extended to second- and higher-order Lagrangians [5, 6]. Depending on this method,
the path-integral quantization of first-and higher-order constrained Lagrangian systems has
been applied [7-10].

Moreover, the quantization of constrained systems has been studied for first-order
singular Lagrangians using the WKB approximation [11]. The HJPDEs for these systems have
been constructed using the canonical method; the Hamilton-Jacobi functions have then been
obtained by solving these equations.

The Hamiltonian formulation for systems with higher-order regular Lagrangians was
first developed by Ostrogradski [12]. This led to Euler’s and Hamilton’s equations of motion.
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However, in Ostrogradski’s construction the structure of phase space and in particular of
its local simplistic geometry is not immediately transparent which leads to confusion when
considering canonical path integral quantization.

In Ostrogradski’s construction, this problem can be resolved within the well-
established context of constrained systems [13] described by Lagrangians depending on
coordinates and velocities only. Therefore, higher-order systems can be set in the form of
ordinary constrained systems [14]. These new systems will be functions only of first-order
time derivative of the degrees of freedom and coordinates which can be treated using the
theory of constrained systems [1-11].

The purpose of the present paper is to study the canonical path integral quantization
for singular systems with arbitrary higher-order Lagrangian. In fact, this work is a
continuation of the previous work [15], where the path integral for certain kinds of higher-
order Lagrangian systems has been obtained.

The present work is organized as follows: in Section 2, a review of the canonical
method is introduced. In Section 3, Ostrogradski’s formalism of higher-order Lagrangians
is discussed. In Section 4, the formulation of the canonical Hamiltonian is reviewed briefly.
In Section 5, the canonical path integral quantization of the extended Lagrangian is applied.
In Section 6, two illustrative examples are investigated in detail. The work closes with some
concluding remarks in Section 7.

2. Review of the Canonical Method

The starting point is a singular Lagrangian L = L(g;,4i), i = 1,2,..., N, with the Hessian
matrix 9*L/94;04; of rank N-R, R < N.

The canonical formulation [3] gives the set of the Hamilton-Jacobi partial differential
equations as

oS oS
Hl= 0+HOE—+HQ< ,u,a=—>=0,
0 p at qﬂq p aqa
) oS oS (2.1)
H = H,=—+H wPa=—)=0,
p = Pt Hy 6q#+ ﬂ<’1ﬁr‘7 p 6qa> 0
a=1,..., N-R, y=N-R+1,...,N,

where pg and g, are the momenta conjugate to t and g, respectively,

05 (a1t 85(q..1)
0 = = .

ot 7 T gy 22)

The canonical Hamiltonian Hj is given by

Hoy =pafa +puqu — L. (2.3)
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The equations of motion are obtained as total differential equations in many variables as
follows:

!

dge = 20 gy Oy
Ga = 3p + 3p Gur
(2.4)
OH|, H,
dpl —a—qi t— aql dq‘u,
OH|) 0H,
dz = —H()dt - H‘udq‘u + Pa a—pudt + Pa a—pudq#, (25)
where z = 5(t, 44, q,). The set of equations (2.4) and (2.5) is integrable if and only if
dH, =0, aHL =0 (2.6)

are identically satisfied. If they are not, one could consider them as new constraints and again
should test the consistency conditions. Thus, in repeating this procedure one may obtain a
new set of conditions. Equations (2.4) then can be solved to obtain the coordinates g, and
momenta p; as functions of g, and ¢.

3. Ostrogradski’s Formalism of Higher-Order Lagrangians
Consider a higher-order Lagrangian system of N generalized coordinates g, (f):
LO(qu/an-”/qSlm))/ m 2 1/ (31)

where q,(f) =d°q,/dt’,s=0,1,...,mandn = 1,...,N.
The Euler-Lagrange equations of motion are obtained as [12]

mooods 0Ly
Z(-1)%< >_o. (3.2)

5=0 aqs;S)

Theories with higher derivatives, which have been first developed by Ostrogradski
[12], treat the derivatives q,(f) (s =0,...,m—1) as independent coordinates. Therefore, we

will indicate this by writing them as qif) = gu,s. In Ostrogradski’s formalism, the momenta
conjugated, respectively, to g, m-1 and gn -1, (s =1,...,m — 1) read as

OLg

Pnm-1 = )’
(3.3)

oLy
pn,s—lzw—pn,s, s=1,.... m-1.
n

Therefore, the canonical Hamiltonian is given by

m-2

HO (Qn,O/ cee s dum=1,Pn0s - -+ pn,m—l) = Z Pn,sqn,s+1 + pn,m—lq'n,m—l - LO (%,0, ceer dnm-1, qn,m—l ) .
5=0
(3.4)
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Hamilton’s equations of motion are written using Poisson bracket as [5, 6]

_ 8H,

s = 5 = (s, Hol, (35)
. OH,
Pn,s = a_O = {Pn,s; HO}/ (36)

ns

where { , } is the Poisson bracket defined as

m1l 5A OB 0B 0A

A,B} = - . 3.7
{ } % 04,5 OPn,s aQn,s OPn,s (3.7)
The fundamental Poisson brackets are

{qn,spn’,s’} = 6nn’6ss’/ {qn,S/ qn’,s’} = {pn,S/ pn’,s’} =0, (38)

wheren,n’' =1,...,N, and s,s' =0,...,m—1.

With this procedure, the phase space, described in terms of the canonical variables
Gns and pys, is obeying the equations of motion that are given by (3.5) and (3.6), which are
first-order differential equations.

4, Formulation of the Canonical Hamiltonian

Recall the higher-order Lagrangian given in (3.1), and let us introduce new independent
variables (gnm-1,4ni, i = 0,1,...,m — 2) such that the following recursion relations would
hold [13, 14]:

Gni = qn,i+1- (4.1)

Clearly, the variables (gn,m-1,gn,i), would then correspond to the time derivatives (qflm_l), qs ))

respectively, that is,

‘11(10) = Gn, qn =qul, -+, qr(zm—l) = qnm-1, q;gm) = qn,m—l- (42)

Equation (4.1) represents relations between the new variables. In order to enforce these
relations for independent variables (gum-1,qni), additional Lagrange multipliers A, ;(t) are
introduced [14]. The variables (Gum-1,Gn,i, Ani), thus, determine the set of independent
degrees of freedom of the extended Lagrangian system. The extended Lagrangian of this
auxiliary description of the system is given by

m-2

LT (Qn,i/ qn,m-1, qn,i/ qn,mflr )Ln,i) = LO (Qn,i/ qn,m-1, qn,m—l) + Z /\n,i (qn,i - Qn,iJrl)- (43)
i=0

The new Lagrangian in (4.3) is singular, and one can use the standard methods of singular
systems like Dirac’s method or the canonical approach to investigate this Lagrangian.
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Upon introducing the canonical momenta:

OLr

= , 4.4
Pn/m 1 aqn,m—l ( )
oL

Pri = 6an = Ani = —H, (45)

oL
= an, =0T (46)

the canonical Hamiltonian can be obtained as
HO (qn,ir qn,m—l/ pn,m—ll )Ln,i)
m-2 m-2 ) (47)
= Pn,m—lqn,m—l + an,iqn,i + Z‘Tn,i)tn,i - LT (qn,i/ qn,m—lr qn,i/ qn,m—l/ )Ln,i)/

i=0 i=0
Equations (4.5) and (4.6) represent primary constraints [1, 2]. Their Hamilton-Jacobi partial
differential equations can be obtained as

H(I) =po+ HO (qn,ir qn,m-1, Pn,m-1, )Ln,i) =0, (48)
D, ; = 7ni =0, (4.9)
H,, ;= pni— Ani = 0. (4.10)

The equations of motion can be written as total differential equations in many variables as
follows:

ddn,j = dqnj, (4.11)
oH'
dqum-1 = ap 0_1 dt, (4.12)
0H),
dpn,j = _andt,
oH),
dpn,mfl = _a dt,
n.m-1 (4.13)
dy; = d,,
OH/
Ay, = _Wni’dt +dqn;, j=0,1,...,m-2.

The total differential equations are integrable if and only if
dH(’) = dpo - dHo = 0,
dH, ; = dpnj —dy; =0, (4.14)

d(D’n,] = dﬂl'n,]' =0.
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5. The Canonical Path Integral Quantization

If the coordinates t, g,i, Ani are denoted by t,, that is,
ta =t,qni, Anji, (5.1)
then the set of primary constraints (4.8), (4.9), and (4.10) can be written in a compact form as
H, =0, (5.2)
where

H. = H),H!

n,i’

@, (5.3)

Making use of [7], the canonical path integral for the extended Lagrangians can be obtained
as

K<q:1,m—1’ qln ir )Lln ir t; 7 qnm-1,Yqn,is )‘n,il t>

-t i(faf — O0H,,
i _OHL (5.4)
f | |(anm 1Dpum-1) exp[ﬁf ( H,,,+pn,m,1ap >dt,,,],

Inm-1 n=1 n,m-1

Note that (4.12) gives

OHy gy, = 2o gy, % i i g =d (5.5)
apnm 1 6pnm 1 apn,m—l aan 1 qni = A9n,m-1- .

Therefore, (5.4) can be written as

K(q;,m_y q;/i/ )‘In,i/ t,/' qn,m-1,9n,ir An,ir t)

T oo (5.6)
J‘ H(an m— 1Dpn m-— 1) exp [ f <_Hudtu + Pn,m—ldqn,m—1>] .
qnm-1 n=1 ta
However, according to (4.6) and (4.7), we get
Hn,i = _)Ln,i
(5.7)
ch,i = 0/

80, it can bee found that

Hadta = Hodt + Hn,idqn,i + (:Dn,id/\n,i = Hodt - .A,n,idqn,i. (58)
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Then the transition amplitude can be written in the final form as

K (q/n,m_y q:u-, )‘;1,1" tl; dn,m-1,9n,irs )‘n,i/ t>
(5.9)

)
Dnm-1

N l o o
= H(an,m—lDPn,m—l) exp |:f_i J‘ (-Hodt + )‘n,idqn,i + pn,m—ldqn,m—1> .

dnm-1 n=1 ta

Equation (5.9) represents the canonical path integral quantization of higher-order regular
Lagrangians as first-order singular Lagrangians.

6. Examples

In this section, the procedure described throughout this paper will be illustrated by the
following two examples.

6.1. Example 1

As a first example, let us consider a one-dimensional second-order regular lagrangian of the
form:

1/, .
Lo=5(#-3-a). (6.1)
If (4.2) is used, we can write
qio) = q10,
q1 = q11, (6.2)
q1 = q11,

Hence, the Lagrangian (6.1) becomes
L0=1<q2 - qh - 4 6.3)
>\ 911~ 91~ w0 :

Upon using (4.1), the recursion relation is g1 = g11. And with the aid of (4.3), the extended
Lagrangian is simply

1/, .
Lr=3 (44 = a1 — o) + Xro(dro = qu)- (6.4)

The conjugate momenta can be obtained as

8LT . 6LT aLT
Pp=—= , Pip = —— = Ao, a = —0. 6.5
11 51711 q11 10 amo 10 10 FY ( )

It is obvious that the second and third equations are constraints. Therefore, the coordinates
q10 and \Ajg represent the restricted coordinates.



8 Journal of Applied Mathematics

Using (4.4), the canonical Hamiltonian takes the form:
1
H() = E <P121 + q%o + q%l) + )‘105]11- (66)

Accordingly, the set of H[PDE’s can be written as
H(I) = P() + H() =0,
Hjy=Pyp-1ip=0, (6.7)

/
(1)10 =Jro = 0.

From (5.9), the canonical path integral quantization for this system is
) ! ! ! l

K(q11, 910, Moot 911, qr0, Ao, 1) = ID411DP11 exp [% J(—Hodf +pudqn + )tlodfho)] , (6.8)

where Dgyy = limg o [T\5/dquj; Dpn = lim oo [T (dp11 /270h).
i Tima . 2 o

K = IDqllell exp [f_i J‘<<—§ <P11 +q7,t+ qll) - ./\10(]11)6”’ + Plldqll + /\10(1[]10)] . (69)

Equation (6.9) can be written in a compact form as
i 1 2 2 2 . .
K = | Dg11Dp11 exp % —§<P11 +q50 + q11> - Mogu1 + p1igu + Aogo )dt|. (6.10)

Upon changing the integration over dt to summation, we have

K=1|D H 15% _@_@_q11]+ + X10j (4 )
qi 2 ﬁ 7 2 2 > p11j911j 10 (410j — q11j .

(6.11)

The pq1j-integration can be performed using the Gaussian integral:

1 27k \ /2 e’ ah d T .
D ET ORI (C I R
j=0
k/2 -2 2
— (2]rh15> JDqll exp[ J‘<% — % — @ + 1\10 (5]10 - qll)>dt:| (612)

k/2
(2,7rh15) fun exp [ J‘ LTdt] .
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6.2. Example 2

As a second example, consider the three-dimensional second-order regular lagrangian:
Lo= 2(#+B+E) - 2(£+8): (6:13)
2 1 2 3 2 1 3
If we put

qio) = 410, qéo) = q20, qéo) = {30,
g1 = qu1, G2 = g1, 43 = g31, (6.14)

g1 = q11, G2 = g1, g3 = ga1-
then the above Lagrangian can be written as
1/, . . 1
Lo = z(‘ﬁl + 5+ ‘1%1) - z(‘ﬁl + qgl)‘ (6.15)
Here the recursion relations are
dio = g, 420 = qo1, 40 = g31- (6.16)

Accordingly, the extended Lagrangian can be given as:

1/, . . 1 . . .
Lr=3 (44 + 3+ ) - 5 (g4 + 1) +Mro(dro = Gin) + a0 (d20 = 421) + Aao (30 — 1)

(6.17)
The corresponding momenta are calculated as
pi1 = qi1, p1o = Ao, i =0,
p21 = go1, P20 = Ao, gy =0, (6.18)

P31 = 431, P30 = Aso, 30 =0

Therefore, the canonical Hamiltonian reads

1
HO = 7 + 7 + 7 + §<q%1 + q§1> + .)Lloqn + AZOqu + )L30q31. (619)
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Thus, the set of HJPDE's can be written as
H),=Py+H,=0,
@), =19 =0,
@), =0 =0,
D) =30 =0, (6.20)
Hij,=pio-Mo=0,
H))=pa— Ay =0,
Hj, = pso — A3 = 0.

Then, the canonical path integral quantization for this system is constructed as

K(q:ﬂ/ q,nO/ ')L;O/ t,; qn1,q9n0, -)‘nO/ t)

3 ; (6.21)
= f [ [(PgmDpu) exp [;L f(—Hodt + Apodqno + pn1dqn1)] ,
n=1

wheren =1,2,3.

3 : 2 2 2
K= IH(anlDPnl) eXp[% f<—% - % - % + An0 (G0 = ) + pnlqnl>dt]. (6.22)
n=1

Changing the integration over dt to summation and integrating over p11,p21 and p3; k times
we get

1 RS i ‘721 Q%l q§1
K= <27rhig> JED% exp[g f(? -5~ tAo(dno - qn1)>dt]

1 3k/2 ;
- <25rﬁi£> JD411Dq21Dq31 exp [% f LTdt] )

7. Conclusion

(6.23)

In this work, we have investigated the canonical path integral quantization of higher-order
regular Lagrangians. Where the higher-order regular Lagrangians are first treated as first-
order singular Lagrangians, this means that each velocity term g,; is replaced by a new
function g,,i+1, which is led to a constraint equation, gy, i+1—gx,i = 0, thatis added to the original
Lagrangian. The same procedure is repeated for the second and other higher order terms of
velocities. Every time, a new constraint is obtained and added to the original Lagrangian.
As a result to this procedure, the new constructed Lagrangian is the extended first-order
Lagrangian.
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Once the extended Lagrangian is obtained, it is treated using the well-known
Hamilton-Jacobi method which enables us to obtain the equations of motion. Besides, the
action integral can be derived and the quantization of the system may be investigated using
the canonical path integral approximation.

In this treatment, we believe that the local structure of phase space and its local
simplistic geometry is more transparent than in Ostrogradski’s approach. In Ostrogradski’s
approach, the structure of phase space leads to confusion when considering canonical path
integral quantization.
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