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Let F be a distribution in ®' and let f be a locally summable function. The composition F(f(x)) of F
and f is said to exist and be equal to the distribution h(x) if the limit of the sequence {F,(f(x))} is
equal to h(x), where F,(x) = F(x) * 6,(x) forn=1,2,... and {8,(x)} is a certain regular sequence
converging to the Dirac delta function. In the ordinary sense, the composition 6®[(sinh ™ x,)"]
does not exists. In this study, it is proved that the neutrix composition 6 [(sinh™'x,)"] exists and
is given by 6@ [(sinh'x,)"] = I3 (%) ((-1)Frer,i/25 k)8R (x), for s = 0,1,2,... and
r=1,2,...,where cor; = (-1)°s![(k = 2i + 1) + (k = 2i = 1)"*"""']/(2(rs + r — 1)!). Further results
are also proved.

1. Introduction

In the following, we let @ be the space of infinitely differentiable functions with compact
support, let ®[a, b] be the space of infinitely differentiable functions with support contained
in the interval [a, b], and let 9’ be the space of distributions defined on 9.

Now, let p(x) be a function in ®[-1, 1] having the following properties:
(i) p(x) 20,

(ii) p(x) = p(=x),

(iii) [1, p(x) dx = 1.

Putting 6,(x) = np(nx) forn = 1,2, ..., it follows that {6, (x)} is a regular sequence of
infinitely differentiable functions converging to the Dirac delta-function 6(x). Further, if F is
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an arbitrary distribution in @' and F,(x) = F(x) * 6,(x) = (F(x — ), (t)), then {F,(x)} is a
regular sequence converging to F(x).

Since the theory of distributions is a linear theory, thus we can extend some of
the operations which are valid for ordinary functions to the space of distributions and
such operations are called regular operations such as: addition, multiplication by scalars;
see [1]. Other operations can be defined only for a particular class of distributions or for
certain restricted subclasses of distributions; these are called irregular operations such as:
multiplication of distributions, convolution products, and composition of distributions; see
[2-4]. Thus, there have been several attempts recently to define distributions of the form
F(f(x))in @', where F and f are distributions in 9'; see for example [5-8]. In the following,
we are going to consider an alternative approach. As a starting point, we look at the following
definition which is a generalization of Gel’fand and Shilov’s definition of the composition
involving the delta function [9], and was given in [6].

Definition 1.1. Let F be a distribution in 9" and let f be a locally summable function. We say
that the neutrix composition F(f(x)) exists and is equal to h on the open interval (a, b), with
—w<a<b<ow,if

Nn:gm f_ Fo(f(x))p(x)dx = (h(x),p(x)), (1.1)

for all ¢ in D[a, b], where F,(x) = F(x) * 6,(x) forn =1,2,... and N is the neutrix, see [10],
having domain N’ the positive and range N” the real numbers, with negligible functions
which are finite linear sums of the functions

In"'n, In'n:A>0, r=1,2,... (1.2)

and all functions which converge to zero in the usual sense as n tends to infinity.

In particular, we say that the composition F(f(x)) exists and is equal to h on the open
interval (a, b) if

lim [ B (7 p(dx = (), ), (13)

for all ¢ in BJa, b].

Note that taking the neutrix limit of a function f(n) is equivalent to taking the
usual limit of Hadamard’s finite part of f(n). The definition of the neutrix composition of
distributions was originally given in [10] but was then simply called the composition of
distributions.

The following three theorems were proved in [11], [8], and [12], respectively.

Theorem 1.2. The neutrix composition 6 (sgn xlxl)‘) exists and

5 <sgnx|x|*> =0, (1.4)
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fors=0,1,2,...and (s+1)A =1,3,..., and

. -1 (s+1)(A+1)S! DL
5 i) = gy 3

fors=0,1,2,..,and (s+1)A=2,4,...

Theorem 1.3. The neutrix compositions 62 (sgn x|x|"/*) and 6 (|x|"/*) exist and

5@V (sgn x|x|V/*) = 1(2s)!<5'(x),
<g > 2 (1.6)
5 (Ix*) = (1)),

fors=1,2,...

Theorem 1.4. The neutrix composition 6 (sinh™ x Lyl 1) exists and

/r (s+1)/r-1 k k _1\k .
5 [(sir1h’1x+>1 ] = Z Z( > M@(k)(x), (1.7)
i

k=0 i=0 2kt
fors=0,1,2,...andr =1,2,..., where

(—1)55! [(k —2i+ 1)TS+1”*1 + (k —2i-— 1)rs+r—1]

= (1.8)
Crski 2(rs+r - 1)
The next two theorems were proved in [13].
Theorem 1.5. The neutrix composition 6© [In" (1 + |x|)] exists and
) srer-1 k (-1)% ’[1+( 1) ]sl(1+1)”+’ ! . 19
5® In"(1 = . .
[In" (L + x])] kgo §< > 2r(rs+r—1)k! (x)
fors=0,1,2,..,andr =1,2,....
In particular, the composition 6[In(1 + |x|)] exists and
O[In[1 + |x|)] = 6(x). (1.10)

Theorem 1.6. The neutrix composition 6© [In(1 + |x'/"|)] exists and

)=

fors=0,1,2,...and r=2,3,..., where m is the smallest non-negative integer greater than s—r+Drt

60 (x), (1.11)

mtkrer-1 <kr e > (~1)r+sti! [1 + (—1)k]r(i +1)°

& [ln<1 + |x1/r T

k=0 i=0
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In particular, the composition 6 [In(1 + |x'/"|)] exists and

& [ln<1 + |x1/r

)] -0, (1.12)
fors=0,1,2,...,r=2andr =2,3,...and

6(r—1)[1n<1 + |x1/r

)] = (1) 18 (x), (1.13)

forr=2,3,...

2. Main Results

We now prove the following theorem.

Theorem 2.1. The neutrix composition 6) [(sinh71x+)r] exists and

6 (sinh"x, ) ] = +Z_ 1i <k> D reasi s (x), @.1)

k=0 i=0 \'! 2k+1k!
fors=0,1,2,...andr =1,2,..., where

(—1)55! [(k —2i+ 1)TS+1”*1 + (k —2i-— 1)rs+r—1]

Crski = 2(rs +7 - 1)! 22
In particular, the neutrix composition 6(sinh_1x+) exists and
6<sinh_1x+> = %6(95). (2.3)
Proof. To prove (2.1), we first of all evaluate
fl 5% [(sinh71x+>r]xk dx. (2.4)
-1
We have
fl 61(1s) [<sinh71x+>r]xkdx =nt! fl p(s) [(n sinh71x+>r]xkdx
1 -1
_ 5+l ! s -1\ Lk
=n fo p® [n(smh x> ]x dx 25)

0
+nst f P (0)x*dx
-1

=L+ 1.
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It is obvious that

N -limL = N - lim i 5% [(sinh_1x+>r]xk dx =0, (2.6)

n—oo n—oo

fork=0,1,2,...
Making the substitution t = n(sinh'x), we have for large enough n

nsr+1 1 A\ LT A\ LT
I = —f £/ <’-1>sinhk<—> cosh <—> P (t)dt
0 n n

r

x f: F/(r=1) {exp [(k -2i+1) <%>1/f:| +exp [(k -2i-1) <%>1/r] }p<5) (t)dt,

(2.7)

where

/r /r
SW““)f tl/”){exp[(k 21+1)<t>1 :|+exp|:(k—2i—1)<%>1 ]}p(s)(t)dt

& [(k 2i + 1) + (k —2i — 1)P]¢(p/n+A/-1
ln(p/r)+(1/r) —-s-1

(2.8)
P (t)dt.

M

p:

It follows that

1 1/r 1/r
anlimns’l/r+1f tl/(rl){exp[(k—2i+1)<%> ] +exp[(k—2i—1)<%> ]}p(s)(t) dt
* 0

(—1)55! [(k —2i+ 1)1”S+T*1 + (k —2i— 1)rs+r—1]

2(rs+r—1)!
= Cr,s,k,is
(2.9)
and by applying the neutrix limit we obtain
. _ . (s) _
N - liml, = Nn;gm 6 [<smh x+> ]x dx = 2k+1 Z < > (=1)icrsni (2.10)

fork=0,1,2,...
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When k = sr + v, we have
J-I
0
1

— ns+1f
0

|I1] 5% [(sinhflir)r]xs”r dx

P [n (sinh71x> r] X dx

n(s=D/(r+1) 1 A\ VT ST ©
S
< Wexp(sr+r+l)‘[0 [1—exp [—2(;) ] P (t)] dt
n(s—l)/(r+1) 1 t 1/r o Sr+r
- z - (s)
= ey exp(sr+r+1)f0 2<n> +O<n ) P (t)|dt

IN

n V" exp(sr+r+1) fl [1 + O<n‘2/’>] P (t) |dt
0

= o(nfl/f>.

Thus, if ¢ is an arbitrary continuous function, then

n—oo

1
lim | 8¢ [(sinh_1x+>r]xrs+’qf(x)dx =0.
0
We also have
0 . 0
f 5% [(sinh71x+> ](,u(x)dx = n”lf P (0)gs (x)dx,
-1 -1

and it follows that

n—oo

N Y VAN _
N —lim 16n [<smh 1x+> ](p(x)dx—O.

If now ¢ is an arbitrary function in ®[-1, 1], then by Taylor’s Theorem, we have

sr+r-1 (P(k) (0) . TS

o(x) = Z k! (rs+r)!

k=0

(P(rs+r) (gx),

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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where 0 < ¢ < 1, and so

N - lim<6,(f) [<sinh71x+>l/r] ,(p(x)>

n— oo

= Nn: gmsri_l@ 1 5% [(sinh_1x+>r]xk dx
k=0 :

0

sr+r—1 (P(k) (0) 0

+ Nn:gm 2 . 5% [(sinh71x+>r]xk dx
s [ s s o

; 1 ’ ) [ @imth—1 M. srr, (sr+r)
+nlgr<}o(sr+r)! f_l oM [<smh x+> ]x ) (éx) dx

sr+r-1 k k ; (k)O
) Z( >Tcr,s,1;,(f © .y
i 2k+1 el

2l

k=0 i=0
sr+r-1 k k (—].)kTC i

= X 7 SR 6(k)(x),(p(x) ,
S 3(7) S )

on using (2.3) to (2.14). This proves (2.1) on the interval (-1, 1).
It is clear that 6 [(sinh™'x,)"] = 0 for x > 0 and so (2.1) holds for x > —1.
Now, suppose that ¢ is an arbitrary function in ®[a, b], where a < b < 0. Then,

fb 5y [(sinh™x,) | p(x) dx = ! f " O 0)p(x)dx (2.17)
and so
anl()iom ' 5% [(sinhflir)r](p(x)dx =0. (2.18)

a

It follows that 6 [(sinh_1x+)r] = 0 on the interval (a,b). Since a and b are arbitrary,
we see that (2.1) holds on the real line. This completes the proof of the theorem. O

Corollary 2.2. The neutrix composition 5© [(sinh™ |x|)r] exists and

sr+r-1

_1\k .
5© [(sinh*1|x|)’] - ﬁ“ <k > Ma“ﬂm, (2.19)

k=0 i=0 i 2k k!

<

fors=0,1,2,...andr=1,2,...
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In particular, the composition &(sinh™!|x|) exists and
6(sinh”"|x|) = L. (2.20)
2

Proof. To prove (2.19), we note that

J: 5% [<sinh71|x|>r]xkdx =nstt J: P [<n sinh71|x|>r]xkdx
(2.21)

= nst [1 + (—1)k] J.1 P [n <sinh71x> r]xkdx,
0

and (2.19) now follows as above.

Equation (2.20) follows on noting that in the particular case s = 0, the usual limit holds
in (2.10). This completes the proof of the corollary. O

Theorem 2.3. The neutrix composition 5@ [sinh ™ (sgn x - x%)] exists and

6(2571) 'nh71 5 B 2s5-1i+k+1 k (_1)kbs,k,i 6(k) 2 22
[Sl (Sgnxx )] = kZO ZO 1 m (x), ( . )

fors=1,2,... where
bori=(k=2i+1)* "+ (k-2i-1)*". (2.23)
Proof. To prove (2.22), we now have to evaluate
1
f s [sinhf1 <sgnx . x2>]xkdx. (2.24)
-1
We have
1(21) 1 2\ | .k 21(21) 1 2\ .k
6,° " |sinh ™ (sgnx - x xdxznsf S nsinh™ (sgnx - x° ) [x“dx
[ 6 finn (sgne- )] P nsinh™ (sgnx- %)
1
B ZnZSIOp(zs‘l)[n(sinh_1x2>]xkdx, k odd,

0, k even.
(2.25)
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Making the substitution t = n(sinh ' x?), we have for large enough n

fll s [sinh_1 <s gnx - x2> ] x*dx

=2n* f: p®D [n <sinh_1x2>]x2k+1dx (2.26)

251 k (! (k—2i+ 1)t (k—2i-1)t _
= et %k ; (-1) fo {exp [771 +exp [711 ] }P(Zs D(t)dt,

where

n?! fl {exp [@] +exp [W] }p(s) (t)dt

0
(2.27)
_ i fl [(k—2i+ 1) + (k-2i- 1)P]tpp(25‘1)(t)dt
par ) p!np—25+1
It follows that
1 _ . _ s
n— oo 0 n n
& (M (k=2i+1)P + (k-2 - 1P|,
= Nn:gmz Ip—2s+1 P( ’ )(t) dt
p=070 p:
(2.28)
(k=2 + 1)+ (k-2i- 1)
B 2
_ bs,k,i
==
and so by using the neutrix limit, we have
1 kK /KN (_1yitl,
N-lim| &% [sinh_1 <sgnx . x2>]x2k+1dx = Z( > %, (2.29)
o Ja i=0 \ 1 "

fork=0,1,2,...
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[

When k = 2s, we have

1
dx =n* f p>b [n (sinhflxz>]x45+1 dx
-1
2t 2s B
1-ep(-2 )| %00

[— +0 _2>]2sp(25_1)(t) dt

5 [sinhf1 (sgn x- x2>] x4+l

2s-1

<" dt

T exp(s + 1)[

2s5-1

— exp(s + 1)f

<25y T exp(s + 1) J‘l [1 . O<n_2/r>] |p(2s—1)(t)| dt
-1

=o(n™).

(2.30)
Thus, if ¢ is an arbitrary continuous function, then
lim 6 @s-1) [smh*1 <sgnx . x2>]x45+1qr(x)dx = 0. (2.31)
n— oo -1
If now ¢ is an arbitrary function in ®[-1, 1], then by Taylor’s Theorem, we have
4s (k) 4s+1
O g x (ds+1)
where 0 < ¢ < 1, and so
(2s-1) -1 a2
nﬂgm< [smh <sgnx x )],(p(x)>
25-1,,(2k+1) 1
N = (0) @2s-1) [y 1 2\, 2k+1
= N"*gmkzom L On [smh (sgnx X >]x dx
(45+1) 4s+1, (4s+1)
+nlﬁw—(4s+ 1)'f 6 [smh <sgnx x )]x 0] (&x)dx (2.33)
2s5-1 k 1 l+1b (k) 0
_ Z (- )k 1 ki (0) +0
=9 2k (2k +1)!

2s-1 k ( 1)l+k+1bsk1 (k)
ZZ s 1\ 90

on using (2.25) to (2.31), proving (2.22) on the interval (-1,1). However, it is clear that
6,(125_1) [sinh™" (sgnx - x?)] = 0 for |x| > 0 and so (2.22) holds on the real line, completing

the proof of the theorem. O
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Corollary 2.4. The composition & [sinh'sgn x - x?)] exists and

&' [sinhf1 (sgnx . x2>] = % —-26(x). (2.34)

Proof. To prove (2.34) note that in the particular case s = 1, the usual limits hold and then
(2.34) is a particular case of (2.22). This completes the proof of the corollary. O

For further related results on the neutrix operation of distributions, see [12-22] and
[2,3,23].
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