Hindawi Publishing Corporation
Journal of Applied Mathematics

Volume 2011, Article ID 568048, 21 pages
doi:10.1155/2011/568048

Research Article

An Approach to Robust Control of
the Hopf Bifurcation

Giacomo Innocenti,”’? Roberto Genesio,! and Alberto Tesi'

1 Dipartimento di Sistemi e Informatica, Universita di Firenze, Via S. Marta 3, 50135 Firenze, Italy
2 Dipartimento di Ingegneria dell’Informazione, Universita di Siena, Via Roma 56, 53100 Siena, Italy

Correspondence should be addressed to Giacomo Innocenti, giacomo.innocenti@gmail.com
Received 1 December 2010; Accepted 12 January 2011
Academic Editor: F. Marcellan

Copyright © 2011 Giacomo Innocenti et al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

The paper illustrates a novel approach to modify the Hopf bifurcation nature via a nonlinear state
feedback control, which leaves the equilibrium properties unchanged. This result is achieved by
recurring to linear and nonlinear transformations, which lead the system to locally assume the
ordinary differential equation representation. Third-order models are considered, since they can
be seen as proper representatives of a larger class of systems. The explicit relationship between the
control input and the Hopf bifurcation nature is obtained via a frequency approach, that does not
need the computation of the center manifold.

1. Introduction

In many fields of science, spacing from physics to biology and from engineering to economics,
the learning of phenomena, characterized by complex dynamics, and their properties opened
several new opportunities in the management of real processes. Consequently, new problems
arose in the area of control system design and among these particular attention has been
devoted to what is called the “bifurcation control”.

A nonlinear dynamical system frequently presents variations of its parameters,
and this can happen because of actual slow structural modifications of the considered
phenomenon or due to the uncertainties affecting its modeling. When such variations happen
around certain critical conditions, the system exhibits a qualitative change of behaviour
defined as a bifurcation. Since the related transitions can lead to substantial effects, even
destructive, for the system in study, their control has been deeply considered through
more than two decades, covering theoretical aspects and various concrete applications. In
this perspective, the control objective is to modify an existing bifurcation, changing its
characteristics or suitably moving it or introducing a new one, in order to avoid dangerous
conditions and obtain a desirable behaviour (see [1, 2] for an overview).
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In particular, the important case of Hopf bifurcation, leading to system oscillations, has
been studied by different approaches, usually reducing the system to the essential second-
order dynamics, that is, that concerning its central manifold. Time domain procedures use
washout filters to stabilize dynamical feedback in [3, 4], while linear and nonlinear state
feedback are considered in [5-7] and refer particularly to controller normal forms in [8-
12]. Frequency domain techniques have also been studied in terms of Harmonic Balance,
as reported in [13-15].

This paper exploits linear and local nonlinear transformations, derived from controller
normal form theory, in order to rewrite the original state equations of the system as a scalar
ordinary differential equation. Then, the use of a frequency approach based on the harmonic
balance method leads to analytically relate the original input to the bifurcation parameters,
so giving a mathematical tool to directly design the control input once the system is given.
Conditions to provide a robust control are investigated and discussed, as well. In particular,
third-order systems are here considered and sufficient conditions are provided to obtain the
corresponding scalar ODE representation. It is worth observing that such reduced models
frequently give an efficient representation of many processes, since they can exhibit a large
variety of complex dynamics (see, e.g., [16] and references within). This is the case of systems
characterized by fast third-order subdynamics, where the higher order components can be
seen as a slow varying external unknown input. Moreover, the scalar differential equation
form is an essential point to directly derive and approximate the system dynamics around
the Hopf bifurcation, since it allows one to detect the nature of such a phenomenon without
recurring to the center manifold. Finally, the main idea of the paper appears in principle to
be suitable for an extension to higher order systems.

The paper is organized as follows. In Section 2, we address the considered framework.
Then, we derive in Section 3 a set of linear and nonlinear transformations, which lead the
system to locally assume the ODE representation. An illustrative example is presented in
Section 4 and some considerations are reported in Section 5. A mathematical appendix ends
the paper.

2. Problem Formulation

Let us consider the affine control system

E=F(&u) +G(&p)u, (2.1)
where
¢ER’,
ueR,
peT CR", (22)

F(&p) R xR" — R?,

G(gp) RPxR* — R’



Journal of Applied Mathematics 3

Assume that p is a parametric vector, which may change in time according to an unknown
or unmodeled slow dynamics, so that the related modifications can be considered a
quasistatic process. Without loss of generality, let ¢.(u) represent the equilibrium point of
the autonomous part of system (2.1), that is, the point such that

F(e(u);pn) =05, Yperl, (2.3)

and assume that ¢, (¢) undergoes a Hopf bifurcation at y = po € I.

In the following, we develop an analytic method to modify the nature of such
bifurcation via a locally nonlinear input, that leaves unaltered the fixed points manifold and
their stability properties.

Then, let us perform the change of coordinate, that brings the equilibrium points
manifold (2.3) in the origin, that is, define x = ¢ — ¢, (), so that

x=¢
= F(x+&(p)ip) + Gx + &e(p); p)w

=F@4ﬂﬁ#)+%§@4ﬂ)#%ﬁ~~+<G@A#%ﬂ)+%§@xyxﬂpﬂu”)w (2.4)
= %—g(ge(ﬂ)}ﬂ)x +ot <G(§e(.u)},ll) + %(ée(#)}#)x +.e- >w
By denoting

flap) = F(x+ & ()i ) = F(e ()i ),
A(p), such that A(u)x = fl'(x; p),

(2.5)
g(xp) = G(x +8.(): 1),
B(n) =G (u)i ),
we obtain the transformed system
x= A(w)x+ fPGp) +-- + (E(ﬂ) +3W (g p) +- )w (2.6)

Since it is wellknown that, to study the super or subcritical nature of a nondegenerate Hopf
bifurcation, it is sufficient to consider the quadratic and cubic local terms [17-20], without
loss of generality in the following we will focus only on the subsystem

5= Ayx+ fO(xp) + F () + (Br) + 3N (o) + 30 () )w. 27)

In the next section, we narrow our theory to linearly controllable affine systems, that is,
models whose linear components satisfy the controllability condition (see, e.g., [21]).
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3. Hopf Bifurcation in Local ODE Models

Hereafter, we analytically point out a class of third-order affine control systems, which can be
locally represented via ODE models. The corresponding conditions are only sufficient and,
thus, the proposed method could be generalized to a large variety of systems though this
would require an increased amount of computations. However, a byproduct of our theory
is the explicit relationship between the coefficients of the starting model and its local ODE
representation. Hence, once such a transformation has been computed, it can be used as a
look-up table for every other system in that class.
Then, let us focus on linearly controllable systems. The following result holds.

Theorem 3.1. Consider system (2.7) and assume that (A(‘u),g(‘u)) is a controllable pair for each
u €T, then, an invertible T (i) € R> and

v(p) = [vi(p) v2 () vs(p)] (3.1)

exist such that the linear transformation

y=T()x,
(3.2)
u=v()T(p)x+w
modifies the system into the model
v =Ay+ Oy + Oy + (B+ 8" (vim) + 8 (vim) )u, (3.3)
where the pair (A, B) is in Brunovsky form, that is,
010 0
A=lo01|, B=]ol. (3.4)
000 1

It is worth underlining that transformation (3.2) can be directly computed from (A.2)
via standard algorithms used to point out the proper T (i) satisfying (A.1) (see the appendix).

Corollary 3.2. System (3.3) controlled via the input
u=v(u)y +k? (y;p) + K (y; ) (3.5)
and system (2.7) with
w = kBT (p)x; ) + KBN(T () x; 1) (3.6)

are locally equivalent at their equilibria ¢, (p) < 03.
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Hereafter, we derive a class of affine control systems, which can be locally described as
ODEs, when their inputs are designed as a state feedback. This approach is motivated by the

existence of simple though powerful analytic mathematical tools, developed to study Hopf
bifurcations in third order nonlinear ODE systems [19, 20, 22].

Theorem 3.3. Consider the linearly controllable system (3.3), with (A, B) in Brunovsky form, then,
by means of a nonlinear transformation

y=z+¢P(zp) + Pl (zp), (3.7)

v=u+¢P(z,up) +¢Bl(z,up), (3.8)
it assumes the form

21 = 2 +116(1) 25 + (617(1) 21 + B15 (1) 22 + 619 () 25) 23,
2y = 23, (3.9)
Z3 =10,
which is locally equivalent to (3.3) around the equilibrium in the origin.
Corollary 3.4. Consider system (3.9), where the parameters yi6(p), 617 (), 618(p), and 619(p) are

computed from the coefficients of the polynomial terms of the nonlinearities of model (3.3) according
to Tables 1, 2, and 3. If the condition

Yi6(#) = 617(p) = 618(p) = O19(p) =0, VpeT (3.10)
holds, then (3.9) can be transformed into the ODE model
¢ =0, (3.11)
via the linear change of coordinates
z1 = ¢, z=¢, z3=¢. (3.12)

The systems satisfying condition (3.9) can be explicitly pointed out by means of the
parametric relationships reported in the tables. However, they can also be represented via
the functional characterization of the following statement.
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Table 1: Relationships between the coefficients of f?1(z), ¢g!'l(z), and ¢[?(z) in (A.10)—~(A.12), that is,
pertaining the quadratic part of the nonlinear transformation (3.7).

a1 can be freely assigned.
aip = a3 +ax = a3 + by
a13 =bn

1 1
Ay = E(aw + a5 —byy) = 5(1115 +by —bn)

a5 = bpp
X6 = Ebl?’
a1 = —dz]

ax = —as +2ay
a3 = by

(o4 = —a1y + a2 = —aiy + a3 + by

a5 = by
1

a6 = =by
2

a3l = —dzi

a3y = —dy + 2(121 = —dy + 2(—&21)
a33 = —dp3 + dpp = —dy3 + (—021 + 25[]1)
34 = —Aos + Ay = —apa + (—am +2a11)
a35 = —dos + A3 + 2004 = —dps + b21 + 2(—(114 + aiz + b21)

(36 = —e + (o5 = —azs + by

1
Y16 = 26 + a1 — b12 = §b23 +ais —bip

Theorem 3.5. A system of the form (3.9) satisfies condition (3.10) if and only if ¢!?)(z),p®l(z) :
R — R3and ¢ (), ¢ (), ¢l (2), ¢ (z) : R® — Rexist, which satisfy

AplP(z) + F2(z) - Az—B(pzzl(z), (3.13)

g (z) - "’ X g = Byll(z), (3.14)

ApPl(z) + fPI(z) + %ﬂq)m (2) - ag;:]quE] (2) - %“Az = Byi' (2), (3.15)
212y + 8 gl (z) - 2 gyl ) - 2 o), (316)
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Table 2: Relationships between the coefficients of f13(z) and those of f¥l(z), f2(z) and ¢/?(z) as they
result from condition (A.19).

i=1,23

Cit = Ci1 +2aia11 + apay + apaz + 21 (—az — arn) + ap(—az — az) — a;as;

Cip = Cip + 2aj1a12 + Apayy + apdy + 2aiuto) + apas + aisasy + 2051 (—an — ap + 2aq1) + ap(—ax —ay) +
app(—azy — ax +2a01) + 2 (—az; — ax) + ai(—as + 2a31) — ai5az;

Ci3 = Ci3 +2a;1013 + apay + Apas + ajsa + apass + 2aia31 + 2051 (—ao3 — a3 + app) + ap(—azx —ang) +
app(—a33 — a3 + ax) + ais(—az) — an1) + aiz(—ass + axn) — 2ai6as;

Cig = Cig +2a;10014 + Apain + Ajplzg + 20100 + A3A3s + AisAzp + 2031 (—ap4 — A14 + A12) + App(—ap — app +
2011) + aip(—a3q — Apq + A2p) + 204 (a3 — axn + 2a51) + a3 (—ass + az) + ais(—as + 2a3;)

Cis = Cis + Apatis + 204004 + Aj5034 + Ao (—0og — Q14 + A12) + 2034 (A3 — g + A22) + Aj5(—aA34 + A32)

Cis = Cig + Appa15 + A3y + 2ai4005 + Aj5004 + Aj5035 + 2a;6034 + Aip (—Ao5 — A15 + A13) + A3 (—a24 — A14 + a12) +
204 (—a35 — A5 + Ao3) + Ais(—X3s — Ao + A2p) + A5 (—azs + A33) + 2056 (—azs + A32)

Ci7 = Ci7 +2a;1a16 + A3z + Apoe + Ajs®3 + Ai3036 + 2ai6a33 + 201 (—0o6 — Az6 + 15) + A3 (—a23 — a1z +app) +
aip(—a36 — Aze + a25) + ais(—az3 — Az + ax) + a3 (—aze + ass) + 2ais(—as + az)

Cig = Cig + A1 + Aiz&is + 24006 + Ai5005 + Aj5a36 + 2ai6035 + Aip (—A26 — A16 + A15) + A3 (—a25 — a15 + a13 +
2014) + 2atig(—a36 — Az6 + A25) + A5 (—A25 — Aos + a3 + 204) + A5 (—a36 + A35) + 20ti6(—a3s + A3z + 2a34)

Cio = Cig + A3t + Ai5006 + 206036 + i3 (—tog — A16 + A15) + A5 (—A36 — Ao + A25) + 20ti6(—aA36 + A35)

Cio = Cio +2a;1015 + Apai3 + A1 + Apdos + 2aiado3 + AisA) + Ai3dss + Ai5033 + 2ai6037 + 201 (—5 — a5 +
a3 +2a14) + app(—a3 — aiz + a2) + ai(—axn — ap +2a11) + ap(—ass — axs + a3 + 2a04) + 2a (—azz — axp +
axn) + ais(—asy — an +2a01) + ai(—ass + asz + 2a3y) + ais(—ass + az) + 2ai6(—as + 2a31)

Table 3: Relationships between the coefficients of gl(z) and those of g?/(z) and ¢[?!(z) as they result
from conditions (A.20).

i=1,23

diy = dit + birany + bpaoy + bzaz — 2ai1b11 — appby — aibsr — 2a1013 — apax — ajzas

dip = dip + bira1z + bpaxn + bzazy — 2ai1b1y — aipbi1 — Aipby — 2aiabyy — aizbsy — aisba + 215 + Aoz +
ipaos + 24003 + Ai3A35 + Ai5033

di3 = diz + bjraiz + bpags + bzazs — 2ai1b13 — azbiy — Aipbys — aisbay — aizbaz — 2aigbay + daj e + a3z +
2appa6 + isans + 203036 + 2633

dis = dig + birarg + bppaog + bzazy — aipbin — 2aisbyy — aisbz — apas — 2au005 — Aia35

dis = dis + bjrais + bipaos + bzass — ainbiz — aibio — 2aabys — aisboy — aisbaz — 2aisbay + 2aipaie + azays +
daigoe + aisans + 205036 + 256435

dis = dig + birais + bipans + bizass — aizbiz — aisby — 2aisbssz — 2a3a16 — 250006 — 4atisze

Hereafter, a local nonlinear transformation, which maintains unaltered the linear part
of the system, is introduced.

Theorem 3.6. System (3.3) controlled via the input

w=v(u)y + kP (y; ) + k¥ (y; ) (3.17)
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and system (3.9), or the ODE model (3.11), controlled by

v=v(p)z+0?(zu) + 0P (z;p) (3.18)

are locally equivalent around their equilibria in the origin, when the following conditions, related also
to the polynomial functions in (3.7) and (3.8), are satisfied:

kB (2 ) = 0P () = v () (2 1) = ¢ (2, v ()22 ),

[2]
kBl (z; ) = 0B (2 ) = v ()P (2, v () 2o ) - azgz o (2 ) (3.19)

o2 12!
T ou o (z;p) - a—ukm (zp) = BNz, v(p)z; ).

The above Theorem 3.6 allows us to design the nonlinear terms of the control input of
system (3.3) and, then, of the original model (2.7), just by referring to the ODE system (3.11)
driven by the input

v =i () + () +va(u)E+ oG, 6,6 p) + 0P (g, 6,6 ). (3220)

Therefore, the Hopf bifurcation nature can be modified by a suitable choice of the
nonlinearities v/21(¢, ¢, {; p) and vB1(¢, ¢, §; ). Since the control system (3.11)—(3.20) is an ODE
model, a generalized frequency approach, as that shown in [20, 22], can still be fruitfully
employed. Moreover, by computing also the explicit relationship between the coefficients of
the nonlinearities in the starting model and in the final ODE system, one can also point out
the simplest input w, that provides the desired result. However, in order to illustrate this
frequency approach by keeping the computational burden low, hereafter we describe how
the bifurcation is affected by the only quadratic term v!?! (¢, ¢, &; 4), when the cubic component
oB1(¢, ¢, & p) is set to zero.

Proposition 3.7. Consider the ODE system

& =vs(u)+va(u)é+m ()¢

+r1 () P +12 (i) {8+ 1385 +ra () 2 +75 () Ee+16 () 67 =0,

(3.21)

and assume that its equilibrium point in { = 0 undergoes a nondegenerate Hopf bifurcation at y = pyo.
Then the bifurcation is supercritical, if det M (po) < 0, and subcritical if det M (o) > 0, where matrix
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M () is defined as

[ —v3 %(—n = (=14 +13)v2 —16V3) 0 0 0
=21 — 13V 0 A B 2123(—1)2)1/2
M= | r(-v)'? 0 B A -2v, ,
0 %(—rl + (=13 = 14) v — 16V3) 3, —6(-vy)%? 0
|0 %(—vz)”z (n+rsvm)  6(-wm)*? 3 0

(3.22)

where A denotes —r1 — (=214 + (5/2)13) v, — 4r6v§ and BB denotes (—vz)l/z((—l/Z)rz + 1512), being

the dependency on p neglected for the sake of simplicity (for a detailed proof of the statement refer to
[19]).

Remark 3.8. 1t is worth noticing that also the limit cycle features can be set up via the same
frequency approach, as illustrated in [19, 20].

Proposition 3.7, along with the explicit relationships of Tables 14 between the
coefficients of the starting systems and the final ODE model, can be fruitfully exploited to
design the nonlinear components of input w in order to obtain the desired results about the
Hopf bifurcation at y = po.

To this aim, it is important to underline that in general the control input designed this
way depends on the bifurcation parameter u. However, in certain situations the parameters
of the model, which slowly vary in time according to an unknown law, could not be accessible
to compute the proper input. In such a case, where p cannot be observed, control w solves the
problem only if it does not depend on it. This scenario can be regarded as a robust bifurcation
control approach. Such a case is summarized by the following statement.

Proposition 3.9 (Robust control design). Let one consider system (2.7) along with the control
input (3.6), computed according to (3.19) and related conditions. Set

o (z; ) = 11 ()23 + 12 (i) zaz1 + 13 (i) 2321 + 14 () 23 + 15 (1) 2320 + 76 (1) 23,

(3.23)
ol (z;) =0,
and denote by
r(p) = () ) rG n@) rs@ @] (3.24)
the control parametric vector. Moreover, consider matrix (3.22) and define the sets
Roup = {r(p) - det M(po) <0},
(3.25)

Roup = {r(p) - det M(po) >0},
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Table 4: Relationships between the coefficients of fi®l(z), ¢?l(z), and ¢P®l(z) in (A.10)—~(A.12), that is,
pertaining the cubic part of the nonlinear transformation (3.7).

P11 can be freely assigned.
Pi2 = Pos + 13 = do1 + C13
P13 = du
P = %(ﬂzo +Cio — 2p13) = %(322 +¢10 - 2d11)

1 1.
Pis = g(ﬁze +Ci6 — Pro) = §(d24 + Ci6 — d12)

Pie =1t§14

pr7 = 5313

1.

Pis = 5415
1.

Pro = 3416

Bro = drz

P =—Ci1

Por = —Ci2 + 311 = —C12 + 3pu

Pz = dn

Pos = —Cia +2P1p = —Cua + 2(da + 13)

N N 1, ~
Po5 = —Ci5 + P1a = —Ci5 + E(dzz + C10 — 2d11)

Pos =1liz4

Po7 = 5&23
1.

Pog = Edzs
1.

Poo = gdza
oo = dao
P31 = —Ca

P32 = —Cop +3Po1 = —C2 — 3Cn1
P33 = —Coz + Por = —C3 — C12 + 3P11
P3a = —Coy +2P0p = —Co4 + 2(=C12 + 3P11)
P35 = —Cos + o4 = —Co5 — C1a ;2(1521 +Ci3)
P36 = —Cog + 3Po5 + P10 = —Cas + 3(—Ci15 + E(ljzz +C10—2dn)) +di
P37 = —Co7 + Poo = —Co7 + dm
. . 1- ~
P3s = —Cog + oy + 2o = —Cos + §d23 +2(d24)
P39 = —Cog + g = —Ca9 + §g25
B30 = —Coo + Poo + 223 + 2Poa = —Cag + dap + 2(dan) + 2(~Cra + 2(do + E13))

617 = ,527 +Ci7 — ﬂlo = Edzs +Ci7 —dp

. - 1~
018 = fog + C18 — 216 — P17 = s das + C1g — 2d14 — §d13

W~ N =

N ~ 1-
619 = P9 + C19 — P18 = 5z + C19 — §d15
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representing all the controls of the form (3.23), which provide, respectively, supercritical and
subcritical Hopf bifurcations of the equilibrium point. Then, the corresponding bifurcation of the
original system (2.7) can be turned supercritical (subcritical) without regard of the model variations,
that is, it can be made supercritical (subcritical) via robust control if r(u) € Reup (r(4) € Reup) exist,
such that the corresponding w does not depend on p.

Remark 3.10. When only the linear part of the starting system depends on the parameter y,
any constant vector r provides a robust control in the sense of the above proposition.

4. Example

In order to illustrate the proposed approach to Hopf bifurcation control, let us consider a
system already in the form (3.3), that is,

V1 =y2+ Y1 - 2ysy; + (v1 - 3ysyn)u,

V2 = Y3 = 2yav1 — 245 + (v2 = 3ysya)u, (4.1)
Y3 =1u,
which corresponds to
v -2y3y7
By = 2vann |, Pl =| 293 |,
0 0
(4.2)
Y1 =331
SN = w2, %) = |-Bys2|.
0 0

Then, it is straightforward to check that such a system satisfies condition (3.10), when the
transformation

2321 —2p23
2 _ 2 3 _ 2 )
q)[ ](z) = |-z] + 22231, (p[ ](z) = | —z32z1 - 2z125 |,
z3 —223 - 2212923

(4.3)
pPz)=0,  ¢ll(z) =22,

qrE] (z) = 823z§ + 2212523, ()U,Ez] (z) = 4z§ - 22129
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is considered. Also the following relationships hold:

0 0
f[?’] (2) = | -4z12023 ], 3Pl(z) = -z 1. (4.4)
0 4z3

Then, suppose that yp = 0, and let us assume that
vi(p) =vi, wma(p) =wvatp, vs(p)=vs (45)

are such that the linear part of the system undergoes a Hopf bifurcation at u = p. Hence, if
we consider the class of controllers (3.23) featuring

r(p) =mr, AESS ri(u) =0, i=2,3,5,6, (4.6)
we have that
_ 1 .
-3 E(_rl + 14V7) 0 0 0
-2n 0 -1 + 214 0 21)3(—1)2)1/2
M(u)=1| 0 0 0 —1 + 214 —2v, . (4.7)
0 Sen-rw) I 6w 0
[ 0 0 6(—1,)? 3 0 |

Therefore, the supercritical bifurcation condition at y = py is given by

det M (po) = 3v3(r1 + 14vp) (=11 + 2r4v2) (v1v2 + 2v3(=v2))
(4.8)
=211 (1] — 14v3) (91}% + 36(—1)2)3) <0,

defining the manifold of the pairs (ry, 74), which realize a proper control. The explicit form of
the corresponding nonlinear part of u is obtained substituting the above functions and

ol?! (z) = rlz% + mz%,
(4.9)
ol (z)=0

in (3.19).
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5. Conclusions

In this paper, we have introduced an approach to set up the Hopf bifurcation nature, without
modifying the related equilibrium point features. This goal is achieved by introducing in the
system specifically designed nonlinear terms, which only locally affect it in a close around of
that fixed point. Then, the explicit form of classes of suitable control inputs has been obtained
by exploiting local transformations, which lead the system to assume the ordinary differential
equation form. In particular, we have considered third-order models, since they can be also
used to represent certain classes of higher order systems. Indeed, they can be regarded as
proper representations of more complex models characterized by an inner fast subsystem.
Moreover, the control input has been designed via a frequency approach, which has not
required the computation of the center manifold dynamics.

Appendix
Proofs

Proof of Theorem 3.1. By assumption, the pair (A(u), B(x)) is controllable for each yu € T.
Therefore, it is wellknown (see, e.g. [21]) that for all € T, an invertible T(u) € R3S exist
such that

0o 1 0 0
TWAWT (W= 0 o 1|, T -=|of. (A1)
vi(p) v(i) va(p) 1

Therefore, consider the row vector (3.1), and let us perform the linear affine transformation
(20) with T (u) defined as above. Then, it follows that

¥ =TEAWT Wy +T ) f2 (T (wyi ) +T() F (T (W) 1)
+T() (B + 3T (Wys ) + 32T (Wi ) )
= (T AT (1) - T(W)B(u)v(w) )y
+T() (F2(T (wyyin) - 3 (T W)z ) v ()y) (A2)
+T() (F (T (wys i) - 32(T7 (Wyw)v(1)y)
+ (TEBW) + TN (T ()yin) + T (T (W 1) ) (w0 +v(1)y)

= Ay + A () + (i) + (B+gM (wip) + 8% (wim) ),

where the pair (A, B) is in Brunovsky form. O
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Proof of Theorem 3.3. The main idea beyond transformation (3.7) and (3.8) and representation
(3.9) is derived from controller normal form theory (see [9-11, 23] for complete reference).
However, hereafter we develop a slightly different approach in order to prove that model
(3.9) can always be locally obtained. Moreover, thanks to the proposed approach, we are also
able to point out the explicit general form of the functions (3.7) and (3.8). For the sake of
simplicity, in the following, the explicit dependency on the bifurcation parameter y will be
neglected.
Hence, let us consider the nonlinear state transformation (3.7) and notice that

/= <” Zar af)z' (a3)

which implies also that
Z= <I + ag:] + ag:] >_1y'. (A4)

Moreover, observe that
<I + ag:] N 6%;3])1 —7— E)g:] + 65;2] agE] - agfl +0Bl(2), (A.5)

and that

Rz 4P @)+ ) = () + %S]q,m )+,

f[31(2+“')=f[3](2)+-“,

(A.6)

ag[ll ag[ll
(1] [2] [3] o) = oll [2] 3]
g (z+ 9@ + 9P @)+ ) = g + S—pPl(2) + S—pPl(2) +--,

dol2l
g[2]<z+(p[2](z)+"'> = ¢(z) + gz 2 (z) +--- .
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Therefore, it results that

. 8(/)[2] aq,[zl a(P[Z] aq,[Sl -
== <I C oz * 9z 0z 0z +07()
of (2]

0z

x (Az + AplPl(2) + Apll(z) + F2(2) + o (z) + fBl(z) + O¥(z)

(1]

+<B +g(z) + ag—zq;[zl (z) + g?(z) + O (z)>u>

= Ay + Bu
+ Apl?(z) + fPl(z) - ag;:]Az - ag;:]Bu + g (z)u
+ AgPl(z) + %ﬂwm (2)+ fP(z) + f’g—j]wm (D)u+ g (2pu
- ag;:]Aeo[zl (2) - ag;ffm (2) - ag;:]g[” (2)u
e B
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(A7)

(A.8)

(A.9)

Let us first study the quadratic terms (A.8) of the above representation. According to (3.9)

and (3.8), it must result that

opr”  ogl" oy}’

Zy — Z3 u+ g[l] (z)u = y16zz,
621 aZZ 623 1 s

9 (z) + I (2) -

d [2] d [2] o [2]
2] 2, _ 9 _ 99, _ 99, [ _
P3 (2) +f2 (2) 0z 23 0z, z3 0z3 u+g, (z)u=0,

Copt el ol

[1] _ 2]
oz Z2 323 3 323 u+g; (2)u=g¢(z,u).

Plz)

Let us denote

2
fi[ ](Z) = aﬂz% + aipzyz1 + aizzzzi + ai4z§ + aj5z3zp + 11,'6Z§,
U (2) = bz + binzy + by
g (z) =bnzi +bpzy +bzs,

[2] 2 2 2 .
¥; (Z) =onZzZ] +aipZxzy + a3z3z) + Aigz; + A52322 + Ajgzz, 1= 1,2,3.

(A.10)

(A.11)

(A.12)

(A.13)
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Then, in order to delete u form the first and second equations, the following parametric
conditions have to be satisfied:

a(p[zl

1

823

= j3Z1 + Aj52p + 2“1’623 = bilZl + bizzz + bi3Z3, i= 1, 2, (A14)

thus, leading to the relationships

1 .
a3 =by, ais = b, Qi = EbB' i=1,2. (A.15)
Then, by observing that
d [2]
Ll = 2 +a1522 = apz321 + 24142320 + bpz?
02, Z3 = 122321 + 200142327 1523 122321 142322 1223,
2 (A.16)
Op;

2 2
Zy = 2112021 + 1225 + A13232p = 200112221 + a12Z5 + b112322,

621

the following considerations are in order. After deleting u in the second equation (A.11), the
other components of (sz] (z) could be used to delete from (A.10) the terms z%, z1z, and z%.
Similarly, after deleting u in (A.10) by means of (pgz] (z), this function could also be employed
to delete z1z;, 223, and one between z;z3, and z%. The optimal choice in order to delete most
of the elements is taking care of z;z3 and z;z3. Doing that way; it is straightforward to check
that the only quadratic term of the first equation (A.10) that cannot be deleted by a proper
choice of ¢l?!(z) is z3.
The rest of the second equation (A.11), conversely, can be delete by choosing

2] 2] dpL
o 2) =)+

0
P B (A17)

while third equation (A.12) just becomes the very definition of ¢!?/(z,u). The related
coefficients of ¢[?l(z) are reported in Table 1 and in particular it results that

1
Yi6 = Qo6 + a16 — b1 = Ebzs + aie — bo. (A.18)

Let us now consider the cubic part of the problem. First, let us denote

N ofll dpl?l a(/,[Zl opl?]

Bl(z) = B [2] 21 21 T A.19

fP@) = ) + = —¢P2) - = —Ag f — Az (A1)
ag[ll aq, oy [2] a(P[Z]

[2](2) = g[z] (z) + (z) - —g ( )+ 3 2 B (A.20)
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and fori=1,2,3,

(3] _ 3 2 2 2 3 2
fi7(z) = cinzy + cinzoz] + Ci3Z3Z] + CisZ1Z; + CisZ, + CigZ325
2 2 3
+ Ci7Z1Z5 + CigZ22Z3 + CigZy + CipZ12223,
[2] _ 2 2 2
8i (Z) = dﬂZl + di22221 + di32321 + di4zz + di5Z3ZZ + di6Z3,

AN A B3, A 0 2 A o 2 A 2 A B, A 2
fi7(z) = Cinzy + Cinzoz] + Ci3Zz32] + CisZ1Z; + CisZ, + CiZ325

(A.21)
+ E,-7zlz§ + EigZQZé + Eigzg + Ci0Z12223,
3 ol (z) = 121 +d; nZpZ1 + d; 32321 + d; 422 +d; 5232 + d; 623,
‘P,[3] (z) = ﬁilzi + ,BiZZZZ% + ﬂi?;ZSZ% + ,514212% + ,31'523 + ﬁiezszi + [517212%
+ ﬁigZZZg + ﬂigzg + ﬁiozlzzzgg.
Then, by observing for each i = 1,2, 3 that
[2] [2] [2]
=)= ) + f Hz) + f S0y () + fl o (2)
a(/’z[ o o
- az ( ) - a (P3 (Z)
a%
—fi" ()— fz (2) - f32]()
8%[2] op” 64’52] oy} 64’,[2] o9
Zy + zZ3 +
(321 (321 621 aZZ aZZ 621
(A.22)
op oy’ op ogs! gl aps”
+ +
622 aZQ = 623 621 = aZ3 aZZ 5
_ og; " og; " g
8@ =8 @+ 5ol @) + 5 o) P )

a‘l’z [1 ‘Pl 1 ‘P, [
=gl - g2 - S el ()

2 2 2 2 2 2
oy oy g ogy oy gy
621 623 622 623 623 623 !

+

the relationships among the coefficients of the pair fI°®/(z), g(z,u) and those of f Bl(z),
gl(z,u) turn out to be as reported in Tables 2 and 3.
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Exploiting the above results, let us consider the cubic part problem (71). It assumes
the form

dpl3l
gz Bu+ 3P (z)u
(A.23)

= [61723 + 618212§ + 619222% 0 (p"[3] (Z, u)]T,

ApPl(z) + f(2) - = %7 Az-

that is,
B (3] F) [3]
([)2 (Z)-i—f1 (Z)— (Pl Zny— gpzlz zZ3— (,;le3 u+§1[2](z)u:617z§+6182125+619222§, (A24)
[3] PO
(p3 (z) +f2 (z) - (,;'0;2 Z3 — 5;23 u +§2[2] (z)u=0, (A.25)

3 3 3
o, ol aq’é b ol

3 (Z) - azl 2= aZZ = 623

u+ g% (z)u = ¢Pl(z, ). (A.26)

Then, we may proceed similarly to the quadratic case. Deleting u from the first and second
equations (A.24) and (A.25) implies that

(3]
a(Pi_'Z.ZZ_ 24 36022 + B
Fyoulie Piszy + Pisz; + 2Pirz123 + 2Pisz223 + 3Pioz5 + Pinz122
Z3 (A.27)
32,3 ) 32,3 .2
= dﬂZl + di22221 + di323Z1 + d,’4Z2 + d,’52322 + di623, 1= 1, 2,

which corresponds to the following parametric conditions:

Pis = di1, Pie = dia, Pi7 = dis,

. (A.28)
Bis = ~dis, Pio = gdiél Pio=dp, i=1,2.
Therefore, by observing that
dpp”
52, z3 = [5122%23 +2P14z12023 + 3ﬁ152323 + 2ﬁ16222§ + ﬁ1gzg + ﬁlozlzé,
(A.29)

3!
aZ Zy = 3ﬂ112122 + 2ﬂ1221z2 + 2ﬁ13212322 + ﬁ1422 + ﬂ17Z322 + ﬁ102322,

it is straightforward to check that (pf] (z) still allows one to delete in the first equation (A.24)

the terms z%, zzzf, zlzg, and zg. By exploiting (p?] (z), in turn, one could delete in the same

equation also the terms z3z3 (via f15), z2z7 (via f11), one between z3z% and z1z3 (via f12) and
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one between z1z,z3 and zg (via p14). Hence, by choosing to delete via (P£3] (z) the terms 2325,
z3z% and z1z,z3, we have that in the first equation (A.24) only the terms z3, z1z3, and 2,23

still remain. Then, in order to delete every one element in the second equation (A.25), we set

) ool ol
ol (z) = P (z) + g’; n+ 2, (A.30)
1 2

Finally, the third equation (A.26) can be regarded just as the definition of ¢®(z,u). The
parametric relationships related to ¢[*!(z) and ¢®! (z, u) are reported in Table 4. In particular,
we have that

017 = Poy + C17 + Pro,
018 = Pas + Cis + 2P16 + P17, (A.31)

619 = Pog + Cr9 + Ps.
O

Proof of Theorem 3.5. Consider system (A.10)-(A.12), which describe the transformation
equation for the quadratic component (A.8). Moreover, denote

Cl(z,u) = ¢ (2) + gl (2), A

Bl(z,u) = ¢ (2) + g2 (2)u

Then, it is straightforward to check that balancing (A.10)-(A.12) under condition (3.10) is
equivalent to solving (3.13) and (3.14).
Observe that

[2

Fo(z) = fPl(z)+ afp 2l(z) - 2

<A(p[2] (z) + fP(z) - ag;f]Az>

=P + g” e - 2yl
. o (A.33)
ogl 0
§71(2) = g1(2) + 5y () - 2 (”() - >
(1]
- g8(2) + By - B gyl o)

Then, consider system (A.24)—(A.26), related to the constraints on (71). Exploiting the above
functions in the computation of (71), it follows that solving (A.24)—(A.26) under condition
(3.10) boils down to find the solutions of just (3.15) and (3.16). O
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Proof of Theorem 3.6. Let us consider control (3.17) and the local nonlinear state change of
coordinate (3.7). Moreover, observe that the nonlinear terms of (3.17) in the new variable
z satisfy

okl
k2! <Z+ P2 (z) + - m) = kP (z; ) + Y(),,[21 (zip)+-,

k[s](z+,#) :k[3](zll’l)+ .

(A.34)

Hence, we have that such an input can be locally written as a feedback of the state z according
to the following representation:

ok!2
u=v()z+ ()9 () + v() P (2) + K2 (2 ) + TP (z0) + K (z5p0). (A3)

Notice that we have neglected the higher terms, since we are dealing with local equivalence
(i.e., up to the third-order elements).
Then, exploiting the above u in the transformation (A.35) and observing that

o (= v ()= + ()9 () + K (zipe) + )
aq,[Z] aq,[2]
=Pz v(W)z) + o (@) + =Kk (zi )+, (A.36)
¢Clzv(w)z+-) =Pz v(w)z) +--,

we can compute the locally equivalent input (3.18), expressed as a function of z, via the
following equation:

v = vl(2) + v (2) + Pl (2)
2] 3l 2] Ok b 3]
=v()z+ v () +v()e™ (2) + k5 (z ) + =9 () + K (Z ) (A37)

2] 3¢ ) 3]
0 (z) + Ew kK (z;p) + ¢ (z,v(n) ).

aq,[2]
ol (2 (0)z) + =

Tables

(The proposed approach is based on multiple changes of the state variables and the input
command. It is important to notice that the global and local transformations illustrated above
can always be described explicitly by deriving the relationships between the coefficients of
the involved functions. Therefore, such transformations have to be computed only once, then
using the resulting parametric dependencies as look-up tables. In this regard, we report these
explicit relationships in Tables 1-4).
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