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Abstract: The estimation of a linear combination of several restricted loca-
tion parameters is addressed from a decision-theoretic point of view. A bench-
mark estimator of the linear combination is an unbiased estimator, which is
minimax, but inadmissible relative to the mean squared error. An interesting
issue is what is a prior distribution which results in the generalized Bayes and
minimax estimator. Although it seems plausible that the generalized Bayes es-
timator against the uniform prior over the restricted space should be minimax,
it is shown to be not minimax when the number of the location parameters,
k, is more than or equal to three, while it is minimax for k = 1. In the case
of k = 2, a necessary and sufficient condition for the minimaxity is given,
namely, the minimaxity depends on signs of coefficients of the linear combi-
nation. When the underlying distributions are normal, we can obtain a prior
distribution which results in the generalized Bayes estimator satisfying min-
imaxity and admissibility. Finally, it is demonstrated that the estimation of
ratio of normal variances converges to the estimation of difference of the normal
positive means, which gives a motivation of the issue studied here.
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1. Introduction

The point estimation of restricted parameters has been studied from a decision-
theoretic point of view since Katz (1961) showed that the generalized Bayes es-
timator of a restricted parameter is minimax and admissible in a one-parameter
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exponential family. Farrell (1964) established the minimaxity and admissibility in
the general location family. This classical problem was revisited by Marchand and
Strawderman (2004, 2005) and Kubokawa (1990, 2004). Hartigan (2004) consid-
ered the simultaneous estimation of a mean vector restricted to a convex cone in
a k-variate normal distribution and used the Gauss divergence theorem to show
that the generalized Bayes estimator against the uniform prior dominates the un-
biased estimator. Tsukuma and Kubokawa (2008) established the minimaxity of
the generalized Bayes estimator and proved that it is admissible for £k = 1,2 and
inadmissible for k£ > 3, which is an extension of the Stein result. For a good survey
of admissibility, see Rukhin (1995).

In this paper, we consider the estimation of the linear combination of the several
location parameters where each location parameter is restricted to be positive. More
specifically, we consider the following simple model: Let X1q,..., X, be mutually
independent random variables where X; has probability density function f;(z; — ;)
with location parameter p; such that p; > 0 for ¢ = 1,... k. It is assumed that
E[X?] < oo. In matrix notation, let X = (X1,...,Xx)!, ® = (21,...,7%)" and
= (u1,...,u)" where X' denotes the transpose of X. Then, the joint density of
X is denoted by

(1.1) f(mfu):Hfi(M*Hi)v

and p is restricted on the space,
D={p|p>0i=1,...,k}

t

For real constants a;’s and a = (as,...,ax)’, consider a linear combination of g

given by
k
0= ZCLZ,LLZ = atu.
i=1

We study the estimation of § in a decision-theoretic framework, where an estimator
6 of 6 is evaluated by the mean squared error R(pu,0) = E[(0 — 0)2].
An unbiased estimator of @ is given by

k
(12) éU = Zaiﬁ?7
i=1

where 1Y is the unbiased estimator of u; given by
,L/ZzU :Xi—Ci, for C; :E[XZ —,uz]

As shown in Section 2, 8V is minimax, but inadmissible because of the restriction
on the parameter p. Thus, it is of interest to obtain the admissible and minimax
estimator of §. To this end, consider the uniform prior

(1.3) m(p)dp = dpl(p € D),

where dp = Hledui and I(p € D) is the indicator function such that I(p € D) =1
if weD, I(pu € D) =0 otherwise. The resulting generalized Bayes estimator of 6 is

07— [ atus(X —wan/ [ 1X = pan

k 00 00
A4 = i iJi( X — ) dp i(Xi — i )dpa,
(1.4) gﬁlA pifi( u)u/A Ji(Xi = pa)dps
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and our first concern is whether 67 is minimax or not. We investigate this problem
in Section 3 and show that 695 is not minimax for k > 3, but minimax for k = 1.
The minimaxity in the case of k = 2 depends on the signs of the coefficients a;
and ag, and a necessary and sufficient condition for the minimaxity of 0GB is that
ajas < 0. This means that, for example, the generalized Bayes estimator 0SB is
not minimax in the estimation of the sum p; 4+ po, but minimax in the estimation
of the difference pq — ps.

Concerning minimaxity of the generalized Bayes estimator against the uniform
prior, it is interesting to note that we have different answers for the simultane-
ous estimation of p and the estimation of the linear combination a‘u. Namely,

aéf = Jppf(X —p)dp/ [, f(X — p)dp is always minimax for the simultaneous

estimation of pu under a quadratic loss, while 6B is not necessarily minimax and
its minimaxity depends on the dimension of p.

In Section 4, we focus on the normal distributions, and suggest a specific prior
distribution such that the resulting generalized Bayes estimator is minimax and
admissible. In Section 5, we use the arguments as in Rukhin (1992) to show that
the estimation of ratio of normal variances asymptotically reduces to the estimation
of difference of positive normal means, which gives a motivation of the estimation
problem studied here.

2. Minimaxity and inadmissibility of the unbiased estimator

In this section, we show that the unbiased estimator 8V given in (1.2) is minimax,
but inadmissible under the assumption that E[X?] < oo for i = 1,...,k. The

minimaxity of U can be verified by using similar arguments as in Girshick and
Savage (1951).

Proposition 2.1 (minimaxity of the unbiased estimator). The unbiased esti-
mator Y of = Ziil a; b s minimax in the estimation of the restricted parameters
on D, and the risk function Ry = R(p,0Y) is a constant.

Proof. Let Dy, = {p| 0 < py <m, i=1,...,k} for m=1,2,..., and consider the
sequence of prior distributions given by

k

| m™ if pe Dy
() = { 0  otherwise,

which yields the Bayes estimators

07 =07 (X) :/D atuf(Xfu)du/D f(X —u)du

m

with the Bayes risk function

@1 ramdi) = o [ (@) - atu} s - pasan.

m

Since 7 (T, 0F) < Tm(ﬂ'm,éU) = Ry, it is sufficient to show that

liminf,,—co Tm (Tm, 0F,) > Ro. Making the transformations z = x—pand t = u—p
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with dz = do and dt = du gives that

0r () —a'p =075, (z+p) —a'p

= | dw-wiEtp-wdu [ fz+p-u)du

D”TL D7YL
(2.2) = / a'tf(z — t)dt/ f(z —t)dt.

t+p€Dy, t+p€Dy,
Making the transformation & = (2/m)(u; — m/2) with d§ = (2/m)"dp for £ =
(&1, ..., &)Y, we can rewrite the condition 0 < u; < m as ;| < 1. Also the condition

that 0 < t;+pu; < mfort = (t,...,tx)! is expressed by the inequality —(m/2)(&; +
1) <t; < (m/2)(1-¢&). Let D, = {t| — (m/2)(&+1) < t; < (m/2)(1—&;)}. Then
the transformations are used in (2.2) and (2.1) to obtain that

(2.3) 0T (z) — alp = / altf(z—t)dt [ f(z —t)dt = 6%, (2|¢),

D*

m m

and

i) =ge [ [{Ge0) sz

.....

For a small € > 0, it is observed that

o 07) 2 o /|s|—k [ {0} renasde

The range of ¢ in the integrals in 6%, (z|€) given by (2.3) is D%, = {t|—(m/2)(&+1) <
t; < (m/2)(1—¢&)}. Since |§;] <1—¢,itisnoted that 1 — ¢ >1—(1—¢)=e>0
and 14+ & > 14 (—1+¢) = & > 0. These inequalities imply that the end point
(m/2)(1—&;) tends to infinity as m — oo. Thus 6%, (z|€) converges to AU (z). Using
the Fatou lemma, we obtain that

m— o0 m—oo 2k

1 . 2
> —k/ /{1iminf9:n(z|g)} F(z)dzde
2 [&i|<1—e,i=1,...,k m—0o0

2%/{ S dg/{éU(z)}Qf(z)dz
=(1-¢) R(/M?U) (1-¢)*Ro

~ N 2
lim inf 7 (1, 67) > hminfi/ /{9;;(z|g)} F(2)dzde
€] <1—e,i=1,....k

From the arbitrariness of ¢ > 0, it follows that liminf,, . rm(ﬂm,é;ib) > Ry,
completing the proof of Proposition 2.1. O

Proposition 2.1 is an extension of the results of Marchand and Strawderman
(2005) and Kubokawa (2004) who treated the case of k = 1.

Since the unbiased estimator i = X; — ¢; of the positive parameter p; takes
a negative value with a positive probability for ¢ = 1,...,k, it is plausible that
6U = Zle a;i¥ can be improved on by a truncated procedure. Let A, and A_ be
subsets of {1,...,k} such that

(2.4) a; >0 if i€Ay, and a; <0 if jeA_.
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Then 6 and 6V are decomposed as

0=0,—0_ for 0, = Z a;pu; and 6_ = — Z Qi i,
€A 1EA_
(2.5) . . . . N
0V =60 —0Y for 6= aii and 6Y=->" apy.
i€Ay ieA_

Since 61 and 6_ are positive, it is reasonable to truncate 91] and 6V at zero, namely,
977 = max{#Y, 0} and 77 = max{AY, 0}, which results in the truncated estimator

GTR = TR TR,

Proposition 2.2 (inadmissibility of the unbiased estimator). The truncated

estimator 77 dominates the unbiased estimator 8V, namely 7% is minimaxz.

Proof. Noting that éﬂf and 6V are mutually independent, we can write the risk
difference Ay, = E[(0V — 0)2] — E[(6TF — 0)?] as
Ap = E[(8Y — 04)? = (677 = 6.)%) + E[(0Y — 6_)% — (67" — 9_)
+2E[0TF — 0, |E[6TE — 9.

It can be seen that (8Y — 04)% — (6TF — 6,)? = 6Y(0Y — 20,)1(0Y < 0) >
where I(A) is the indicator function such that I( ) 1if A is true, I(A) =
otherwise. Also, E[GzR —04] = E[max{9+, 0}—04] = [9U 0+ +max{0, E}}
E[max{0, 701]}] > 0. These observations show that Ay > 0 for any p € D. O

3. Is the uniform prior Bayes estimator minimax?

We now investigate whether the generalized Bayes estimator 0SB for the uniform
prior over D is minimax or not. As shown below, the minimaxity depends on the
dimension k of the location vector p.

3.1. Minimaxity in the case of k =1

Let X be a random variable whose density function is given by f(x — p) where
i is a location parameter restricted on the space {u € R|u > 0}. The unbiased
estimator of p is iY = X — ¢ for ¢g = E[X — p] = [wf(u)du, which is minimax.
We first consider a class of estimators of the form

1(¢) = X — ¢(X)

for an absolutely continuous function ¢(-), and derive sufficient conditions on ¢(-)
for the minimaxity. From Kubokawa (1994a, 1999, 2004), we can obtain an integral
expression for the risk difference of two estimators iV and 7i(¢).

Lemma 3.1. Assume that ¢(-) is an absolutely continuous function such that
limy, o0 ¢(w) = co. Then, the difference of the risk functions of Y and fi(¢) can
be written as

A = R(p, i) — R(p, i(¢))
(3.1) = — 2/{/ uf(u)du — ¢(w + p) /_Oo f(u)du}d)’(w+u)dw

— 00
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Proof. Since lim,,_, ¢(w) = ¢, it can be seen that

d

A= BIIX = 60X+ 0) = w?liZo] = EL[ X = 00X +1) = Pa]

which can be rewritten as
A= 72// {z—¢(x+1t) — p}d/ (@ + t)dtf(z — p)da.
0

Making the transformations w =  +t — g and v = w — ¢ with dw = dz and
du = —dt in turn gives

A= —2//000{11;—t—¢(w+u)}¢'(w+u)f(w—t)dtdw
= =2 [ [ = otw+ o't s wdudu,

which yields (3.1). O
Lemma 3.1 provides a class of estimators improving on Y.

Proposition 3.1. Assume that ¢(-) is an absolutely continuous function such that
(a) ¢(w) is nondecreasing in w, limy, o ¢(w) = co, and (b) p(w) > ¢“B(w), where

SR T ot

Then the estimator i(¢) dominates iV, namely ji(¢) is minimaz.

It is easy to see that the function ¢ (w) is nondecreasing and lim,, ., $“Z(w) =
co. Since ¢%E(w) < w, it is also seen that ¢“B(w) < ¢TE(w) = min{w, cy}. Thus,
#%P (w) and ¢ R (w) satisfy the conditions in Proposition 3.1, and we get the im-
proved estimators

gGB:X—quB(X):/O uf(X*u)du//O F(X = p)du,
= X — ¢"H(X) = max{X, 0}.

Note that 7i%P is the generalized Bayes estimator of y against the uniform prior
dyu over the space of > 0, and 7 is the maximum likelihood estimator of .

It can be easily seen that lim,, o, R(1, 1%F) = Ry = R(u, iV). Also from Lemma
3.1, we get the following risk property for the generalized Bayes estimator 1%5.

Proposition 3.2. Both estimators i and 0V have the same risk at pu = 0,
namely, Ry = R(0,V) = R(0,i%B). Also, R(u, iP) converges to Ry as ju — oo.

3.2. Minimazxity and non-minimazity in the case of k = 2

Let X7 and X5 be two mutually independent random variables whose densities are
fi(xy — p1) and fo(ze — po), respectively, where py and po are unknown location
parameters, 1 > 0 and py > 0. Let us consider the problem of estimating the
linear combination of p; and ps, namely,

0 =04, 0, = 141 + agpz,
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where a; and ao are known real constants. From the results in the previous sub-
section, it can be guessed that the generalized Bayes estimator 6GB of 0 against
the uniform prior duiduse over the space of 3 > 0 and pe > 0 improves on
the unbiased estimator UV = a1t + aofi§ in terms of the mean squares error,
R(ul,ug,éU) = E[(QU —0)?]. Here i¥ = X; — ¢; and ¢; = E[X; — p;] for i = 1,2.
However, this conjecture is not true. As shown below, the condition for the mini-
maxity of 6GB depends on signs of a; and as.

In general, let us consider a class of estimators of the form é((bh ¢2) = arfir (1) +
asfiz(¢2), where [i;(¢;) = X; — ¢;(X;) for i = 1,2 and ¢;(-) is an absolutely contin-
uous function.

Lemma 3.2. The risk difference of the estimators 0Y and é(qﬁl, ¢2) is written as

R(p,p2,0") = R(pa, p2, (61, 62))
= a}{R(u1, iy ) — R, fin(é1))} + a3{R(pz. fig) — Rpz, fiz(¢2))}
= 2a1a2E[[i1 (1) — | Efi2(d2) — pe].
It is noted that E[i;(¢;) — ] = E[Xi — pi — 6i(Xy)] = ¢ — Elp:(X;)]. If
¢;(w) is a nondecreasing function with lim,,_ . ¢;(w) = ¢;, then it can be seen

that E[f;(¢:) — ps] > 0. Hence from Proposition 3.1 and Lemma 3.2, we get the
following proposition.

Proposition 3.3. Fori= 1,2, assume that ¢;(-) is an absolutely continuous func-
tion such that (a) ¢;(w) is nondecreasing in w and lim,,_ . ¢;(w) = co, and (b)
¢i(w) > ¢F8 (w), where

o7 (w) = /io ufi(u)du/ /_: fi(u)du.

If ajas <0, then the estimator é(qﬁl, ¢2) is minimazx.

It is interesting to note that the condition ajas < 0 is necessary and sufficient
for the minimaxity of the generalized Bayes estimator against the uniform prior
over the restricted space, which is expressed as 698 = a1i§' B + aoi§'E for pfP =
X; — ¢§B(X5).

Proposition 3.4. The generalized Bayes estimator 6B = a1 1§ B 4+ aopiSP against
the uniform prior dpidpe, p1 > 0 and pe > 0, is minimaz relative to the squared
error loss if and only if aras < 0.

Proof. From Proposition 3.1, it follows that R(u;, i¥ ) — R(ui, i$P) > 0 fori = 1, 2.
Since ¢§'P satisfies condition (a) of Proposition 3.3,
Elfi(¢77) — pil = ¢; — B6FP(X3)] > 0.

If ajas < 0, it is seen that —2ajasE[fi1(¢;)fi2(¢=2)] > 0. Thus, the dominance of
6B over AV is proved.

Reversely, suppose that 6B dominates Y. We show that supposing the in-
equality ajas > 0 yields a contradiction. From Lemma 3.2, it is seen that at

(11, p2) = (0,0),
R(0,0,0Y) — R(0,0,0%%)
= ai{R(0,7) — R(0, a7"")} + a3 {R(0, 713 ) — R(0, i5"")}
— 2a1a2 B [17P Eo[p5"),
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which is equal to —2a;aq Eo[1$ 5] Eo [AGB ] from Proposition 3.2. Under the condition
ajag > 0, it is clear that 72a1a2E0[u1 B1Ey[nSP] < 0 at (p1,p2) = (0,0). This

contradicts to the fact that 6B dominates V. Hence, if 0B dominates 6V, then

a1a2 S 0.

3.3. Non-minimaxity for k > 3

We treat here the case of k& > 3 where the random variables X1, ...,

O

X}, are as in

(1.1). Although it may be guessed that the generalized Bayes estimator against the
uniform prior over the parameter D is minimax, the following proposition shows

that this conjecture is not correct.

Proposition 3.5. The generalized Bayes estimator

§GB

the uniform prior over D is not minimaz if k > 3.

, given in (1.4), against

Proof. Corresponding to the decompositions given in (2.5), we can write 058 as

jGB _ jGB _ (jGB jGB _ LGB
057 = 057 — 627 for 05 = 37, )\ aill;

§GB _

~GB
and 697 =~ ajf

. Since

k > 3, either A4 or A_ includes more than two elements. We suppose here that
A4 has more than two elements without any loss of generality. The risk difference
of the two estimators 0V and 0S5 is expressed as

Ap) = R(p,07) — R(p éGB)

— B[(0Y —0:)> — (09" — 0,)2] + B[(8Y — 6_)* — (697 — 6_)’
)

+2E[6GB 0. E[0SF —6_
=As () + A_(p) + 2B (1) B-(p

), (say)

for By(pn) = E[éfB — 0,] and B_(u) = E[6SB — 6_]. Note that B_(u) =

—Yien @iBi(pi) for Bi(wi) = By, [Xi —

— ¢$¥B(X;)] and that B;(u;) = ¢; —

Eo[¢$P(X; + p;)]. Since B;(p;) — 0 as pu; — oo, it is seen that B_(u) — 0 as

w; — oo for all 4 € A_. Since

A (p) =Y a{BI@] —pm)"|-ElGFP -1} -2 > Y ;B

PEA_

TEA_ jHAIU,JEN_

i) B (1),

from Proposition 3.2, it can be seen that A_(pu) — 0 as p; — oo forall i € A_.

Thus,
lim  A(w)

pi—00, €N _

Similarly, Ay (p) is written as

Ai(p) =Y a{E(@ —p) 1 -El@P—pm) 1} -2 > > aia,B

€AY

=Ai(p).

1EANY jHAI,JENL

i) Bj(#5),

and from Proposition 3.1, it follows that the first term in the r.h.s. is equal to zero
EO[‘?SiGB(Xi)} > 0 and a;a; > 0 for

when p; = 0 for all ¢ € A;. Since B;(0) = ¢; —

any i,j € Ay, it is concluded that

lim lim A(p)= lim

pi—0,4€AL p;—o00,i€EA_ pi—0,0€AL

A (u):—QZ Z a;a; B; (0

€AY jFIJEA}

B;(0),

which is negative. That is, R(p,0Y) < R(u,0%P) for a p € D, which means that

0S5 is not minimax.

O
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4. Admissible and minimax estimation in normal distributions

The generalized Bayes estimator against the uniform prior over D is not necessarily
minimax as shown in the previous section. An interesting query is what is a prior
distribution which results in the minimax and Bayes estimator. Although it may be
hard to answer this query for the general location family, we can find an affirmative
solution in a setup where the underlying distributions are normal.

Let Xi,..., X be mutually independent random variables where X; has a nor-
mal distribution with mean p; and unit variance, N'(u;, 1) for p; > 0. We use the
same notations D, u, 0, a as defined in (1.1). For the prior distribution considered
here, denoted by 7*(u), with probability one,

pi =&y for t€Ay, and pu; =056 for jeA_,

where o = a; Y en, a5/ X jen, a?, Bi=a;>ien @i/ dien a7, and &4 and £
are distributed uniformly over the set {(£4,€-)|&+ > 0, > 0}. For notational
simplicity, let A1 = 37,0\, i, A2 = 3 ,cp, of, Bl = =Y ,cp a; and By =
i @i Then it is noted that 37, \ af = AF/As, 370y auwi/Dcp @f =
92 JAL D e A, GiQ = A, and similar equalities are satisfied for ;. The joint den-
sity function of (X, p) is

1 1
(@m) " exp{=5 D (wi—ig)? = 5 Y (w; = B;6-)*Hdwdgde
€A JEAL
A2 6y B? oY

(4.1) = exp{— )2}p(S1, S2)dadédé-,

2 —
E(G - E) - E(f_ B

where p(Si, So) = (27) /2 exp{—(Sy + S_)/2} for

Sy = Z 7 *(Z a;z)’/ Z o,

PEAL i€EAL iEA L

2 2 2

So= Y2 —(> Biz)? > B
JEA_ JEA_ JEA_

To simplify the notation, let

0 =0, /Ay, 05=0_/\/Ba, z1=0Y/\/As, 2 =0Y/\/Bs.

Then, z; and 2o are mutually independently distributed as N'(61,1) and N(62,1),
respectively, and

(4.2) 0 = \/A20, — \/Babs.

Making the transformation & = A1A51/2§+ and & = BlBgl/zﬁ,, we can rewrite
the joint density function of (X, ) given in (4.1) as

VAsBy
A1 By

where € = (£1,&)! and 2z = (21, 22)t. Since ZieA+ a;o;éy + ZjeA, a;jBié- =
VA& — /' Ba&s, the generalized Bayes estimator of 6 against the prior 7* can be

(4.3) exp{—|€ — z[*/2}

p(S1, S2)dxdg,
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written as

4GB _ Jp(VA261 — V/Ba&y) exp{—||€ — z[?/2}d€
Jpexp{—l€ — =z||?/2}d€
=V Ax{z1 — ¢9P*(21)} = V/Ba{z — 6P ()},
where at! X = GAE{ —0Y = \/Asz1 — \/Bazs and

»“B* (w) :/w uexp{—u2/2}du//7w exp{—u?/2}du,

(4.4)

Minimaxity and admissibility of 6GB* can be established in the following proposi-
tion.

Proposition 4.1. The generalized Bayes estimator GG B* of 0 against the prior
is admissible and minimaz.

Proof. The minimaxity of 65 B* follows from Proposition 3.3. In fact, the arguments
given in (4.2) and (4.4) mean that the generalized Bayes estimator of § = /43601 —
V/Babs is based on z ~ N(0, I), where 8 = (61,03) for ; > 0 and 65 > 0. Thus,
it can be seen that ¢%2*(w) satisfies the conditions (a) and (b) of Proposition 3.3,
so that §5B* is minimax.

We next prove the admissibility of using the method of Brown and Hwang
(1982). Consider a sequence of the prior distributions 7 (u) such that with proba-
bility one,

éGB*

i =&y for ieAy, and p;=p0;6- for jeA_,
where (&4,¢_) is distributed as {h, (A1 A; /%€, + B1B; ?¢_)}? for

1, if0<t<1
hn(t)=4¢ 1—logt/logn, if1<t<n
0, if n <t.

Similarly to (4.3), we can write the joint density function of (X, p) given in (4.1)

(4.5) exp{~[1¢ — 2[*/2}{hn (16D} L 2

where |£] denotes |€] = & + &. The generalized Bayes estimator §,, against the
prior 7 (p) can be expressed as

_ JpWA& = VBoGo){ha(1€)}? exp{—|§ — =]|*/2}d€
Ip{hn(1€])}? exp{~[§ — z|?/2}d§

and the generalized Bayes estimator §5B* corresponds to the case of hy,(|€]) = 1,
where D = {£|& > 0,&2 > 0}. From (4.3), the difference of the Bayes risk functions
of two estimators #B* and 6, is written by

Anz/D/{(éGB*—e)Q—(an—ef}

x exp{—||& — Z||2/2}{hn(|€|)}

p(S1, S2)dxdE,

On

2V A2B2
AlBl

p(S1, SQ)d$d€

N * A2BZ
= [ =6, [ expl-l — 21 2 (€0} 2051, 52 dd,
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where 6 = \/A2&; — /B2 in the above bracket. Noting that z1, 22 and (S4,S5_)
are mutually independent, we can evaluate A,, as

Ap = C/(éGB* —0n)? /Dexp{*llﬁ — z[*/2H{ha(|€])}*dgd=

<204, [{[ apeie- [ anceuae)

< [ expl-ll6 — =IP/2} o€ dedz
D

+208, [{ [ en@ae- [ aneae)

x / expl— 1€ — 2|2/2} {hn(1€])}2dEd
D
(4.6) AL +A, (say)

where C' is an appropriate positive constant, and

f(€) = {hn (€)Y exp(—|1€ — 2[2/2)
fD{hn(|£|)}2 exp(—||€ — z||2/2)d¢’
fo(e) = - PIE = 21°/2)

~ T, exp(—[€ — z[?/2)de’

We now show that A, — 0 and A_ — 0 as n — oo by using the same arguments
as in Tsukuma and Kubokawa (2008). Let 8 V = (max(01,71), max(s,72)) and
OAn = (min(fy,m1), min(a,12))! for @ = (01,62)" and n = (n1,m2)". Since {h,,(t)}>
is nonincreasing in ¢, it is noted that {h, (|0 An|)}? > {h,(|€])}?, which implies that
f1(0)f2(n) < f2(0 V) f1(0 A n). Hence it follows from Karlin and Rinott (1980)
that

(47) /D €11 (€)dE < /D (€, i=1.2.

Using the integration by parts, we can see that

/D (& — =) {hn (1ED Y exp(— € — ]| /2)dé
— expl(~34/2) [ " hn(€2))? exp(—(& — 22)°/2)dEs
(4.8) -/ (DL (€] Tog )} exp(—[1€ — 2I?/2)de,
¢eD,1<[¢|<n
/ (61— =1) exp(— 1€ — 2[?/2)de
D
(4.9) — exp(—22/2) / exp(— (s — 22)2/2)dés.
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Combining (4.7), (4.8) and (4.9) gives

0< /D (61— 22) fo(€)dE — /D (62— =) Fi(€)de
_ exp(—22/2)
Iy~ exp(—(& — 21)2/2)dé&;
exp(—22/2) [ ()} exp(— (& — 22)*/2)dEs
T Um (€D 2 exp(— 1€ — 2[7/2)d€
n fgeD,1§|§|§n(|£‘ logn) ™ i (|€]) exp(— € — z(|*/2)dg
T Urm (€D T2 exp(— 1€ — 2]2/2)€

Since h,(|€))I(& € D, 0 < |&] < n) < hy(&2)I(0 <& <n, 0 <& < n), we observe
that

(4.10)

/D (B (JEDY2 exp(— 1€ — 2] /2)de
</ {hal€))? exp(- 1€ - =I*/2)dg
0<&1<n,0<&2<n
< / exp(— (62 — 21)?/2)dé, / [hn(€2)) exp(—(€2 — 22)%/2)dto,

which is used to evaluate the second term in the r.h.s. of the equation (4.10). Hence
from (4.10),

0< /D (& — =) fo(£)d€ /D (€ — =) f1(€)d€

< fgepggmgn(lgl logn) ' (|€]) exp(—[I€ — 2[*/2)d€
- Jplhn(I€))}? exp(—[1€ — 2[2/2)d€

Using the Cauchy-Schwarz inequality, we can see that

{ [ an@- [ aneae}

_ Usepncieznll€108m) (€] expl(—[€ — =[?/2)d€)?
- {/p{hn(I€D}? exp(— 1€ — =[|*/2)d€}>

fgeD, 1§|g\§n(|£| logn)~? exp(—||€ — =]|*/2)d¢
- Jp{ln (€D} exp(—I€ — z[[*/2)d€ ’

which implies

ac=2ca [{ [ anteae- [ aneuae)
x /D exp{—[|€ — 2[2/2}{hn(I€]) }2dEd

<20 [ [ (1€] 1o n)~2 exp(— € — 2[12/2)dgd=
£eD,1<[g|<n

— 20, (2n) / (61 + &) 2d€(logn) 2.

€D, 1<61+62<n
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Making the transformations u = & + &2 and w = & /(& + &2), we see that

1 n
/ (&4 &)7%de = / dw/ u”tdu = logn,
£eD,1<&1+625n 0 1
so that
Ay < 2CAy(27)(logn) ™,

which goes to zero as n — oo. Similarly, we have A_ < 2CBy(27)(logn)~!. There-
fore, the admissibility of §55* is established. O

Finally, we give an expression of the risk function of 6GB* . As seen from (4.3)
and (4.4), the estimator §9B* corresponds to the case k = 2 in the generalized
Bayes estimator GG B against the uniform prior over D given in (1.3). Thus, we
begin with the estimator 6GB. First, the generalized Bayes estimator of the mean
vector p against the uniform prior is given by ﬁGB =X — (].’)GB (X), where

2
By _ dp(X — & expi{—|| X — €|?/2}dg
L T 5 b g BT

for & = (51,...@) It can be seen that ¢®%(X) = (¢¥B(X1),..., 0G5 (X))
where {7 (X;) = [[7(X; — &) exp{~(Xi — &)?/2}d&/ [;~ exp{—(Xi — &)?/2}d&;.
The function ¢GB (X;) can be further rewritten as
PRI SR CE L L o

S exp{—u?/2}du S5 exp{—u?/2}du

which is negative. In the context of the simultaneous estimation of p, Hartigan
(2004) derived an expression of the risk function of 7%P | which is given by

k
R(p, 2%7) = BIETP = pll?) = b+ B[ miof? (X))

i=1

This demonstrates that ﬁGB dominates X, namely, ﬁGB is minimax for any di-
mension k. In contrast, the dominance results obtained in Section 3 mean that
the generalized Bayes estimator 6%B is not necessarily minimax. Using the same
arguments as in Hartigan (2004), we can get a similar expression of the risk func-
tion. Using the same notation as in (4.11), we can express the generalized Bayes
estimator HGB of § = alp as

éGB _ atﬁGB _ atX _ atd)GB(X),
whose risk function is given in the following proposition.

Proposition 4.2. The risk function R(p,09B) = E[(6SB — 0)2] has the form

k

(412) R(p,6F) = a'a+ B, |y a2uioP (X +2ZZazaJ¢>G’3 )5 (X;)|-

i=1 =1 j>1i

Proof. For notational simplicity, let ¢; = ¢%P(X;) and ¢ = (¢1,...,¢x)". Let
A = R(u,0%P) — R(p,a* X). Since R(pu,atX) = ala, it is easy to see that

A=a'E-(X —p)¢' — (X — p)' + ¢¢'la.
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Applying the Stein identity to a cross product term gives

E[(X — p)¢'] = Eldiag,; (X; — Mz‘)@)]
Jo (X )% exp{—(X; — &)?/2}d¢; 2

fo eXP{ (Xi —&)?/2}3d¢; +¢1)]7
where diag ;(d;) denotes diag (dy,...,dy). Since (X; — p;)(X; — &) = (X; — &)? +
(& — i) (X; — &), the other cross product term can be written as
(fo eXP{ (X; 51')2/2}(1&)

fo eXP{ i fi) /2}dé;
(fo — i) (X — fz) exp{—(X; — §i)2/2}d§i)]
Jo7 exp{—(X; — &)?/2}d¢; .

From integration by parts, it is observed that

= E[diagi(

E[$(X — p)'] = Eldiag,

+ diag,

/000(51' — i) (X — &) exp{—(X; — &)?/2}d&;
—wexp{-X2/2} - [ expl-(X; - 6)2/2}d.

From (4.11), it follows that

IS (& — 1) (X — &) exp{—(X; — &)?/2}d&;
Jo " exp{—(Xi — &)?/2}d¢;

Combining the above observations gives
A = a'E[-diag ;({¢:}* — pi¢s) + ¢¢']a,
which yields expression (4.12). O

When p; is zero, it is seen that Ey[o;(X;)] = Egl¢1(X1)] for i = 2,..., k. Ac-
cording to Proposition 4.2,

= —pi¢; — 1.

k
R(0,09P) = a’'a+2) > aia;{ Eo[67" (X1)]}?,

i=1 j>i

which implies that a necessary condition for the minimaxity is Zle > =i @ia; <0
or k = 1. As seen from Propositions 3.1 and 3.3, this is a sufficient condition as
well. However, Proposition 3.5 shows that it is not sufficient in the case of k > 3.

As in the case of k = 2 in Proposition 4.2, we can provide an expression of the
risk of the generalized Bayes and minimax estimator 695* given in (4.4),

R(p,097%) = A3 + B + B[ A201697° (21) + By62677% (2,)]
— 2B, [/ A2 B2 P* (21) % P* (22)].
5. A relation to the Stein problem in variance estimation

In this section, we explain that the estimation of the restricted mean in a normal
distribution is related to the Stein problem in the estimation of variance. This fact
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was established by Rukhin (1992) in a canonical form of a normal distributional
model. We here use the same arguments to clarify the conditions on the parameters
under which the Stein estimator of variance in a linear regression model asymptot-
ically reduces to the truncated estimator of the restricted normal mean. We also
show that the Stein problem in estimation of ratio of variances converges to the
estimation of the difference of two restricted normal means.

Let us consider the linear regression model

(5.1) y=XB+e

where y and X are n x 1 and n X p matrices, respectively, and 3 is a p-vector
of the regression parameters and € is an n-vector of errors having a distribution
N(0,02I,,). Tt is assumed that X is of full rank. Let 3 = (X*X) ' X'y and S =
(y— Xf“])t(y - XB), which are distributed as N'(8, 021,) and o?x2, for m = n—p.
Stein (1964) showed that the best scale estimator based on S is inadmissible and
is improved on by using information contained in ,@ For instance, the unbiased

estimator 62V = S/m is improved on by the truncated estimator

5% = {S/m, (S +B X'XB)/n}

relative to an entropy loss function. Rukhin (1992) showed that this dominance
result can be viewed as the estimation of a positive mean in a normal distribution.

Consider the asymptotic approximation under the following setup which is a
slightly different framework from that of Rukhin (1992):

(A1) The dimension p behaves as p = n — d,, where d,, > 0 and d,, = O(n’) for
0<d6<1.
(A2) X'X /n converges to a positive definite matrix, and there is a positive con-
stant & such that
lim VmB'X'XB/(no?) = V20.

Under (Al), it is easy to see that m = O(n’) and m — oo as n — oo. Let
Z = (S —mo?)/(v2mo?) and U = (X'X)Y2(8 — 8)/o. Then U have N,,(0,I).
Since E[S] = mo? and Var[S] = 2mo?, it is seen that Z converges to N'(0,1) as
m — oo. Thus,

(5.2) V(e — 6%) /o> = V32 = —V3(Y —6),

where Y = —Z + 6 and it converges to A (6,1). Since BtXtXB = 2U'U +
208" (X' X)'/2U + B' X' X3, it can be seen that

V(% = o%)/o

St
= vm(6*Y - 0?)/0* — /mmax{0, P g pXXB X'B}
nm n
=27 - max{0, %(\/QZ ++v/m) — @UtU
iLpry— yopr  VMB'X'XP
— Qm,@ (X*'X /n)"/*U — D }

=2z~ max{0. 2v2z + Y2 5wt fp - )
_9 Vvm t(XtX/n)1/2U _ M}

ovn no?
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From the assumptions, it is observed that p/n — 1, \/mp/n = O(n©®-1/2) = 0
and /p(U'U /p — 1) = O,(1), so that (\/mp/n)/p(U'U/p—1) — 0. Note that

VI oy /277 _ t yt ﬁt(XtX/n)l/2U
VLU X X /n) 2 = \/Vm/ny/VmB X X B/n .
ovn i B(X' X /n)B

Since B"(X'X /n)Y/2U/+/B" (X' X /n)B ~ N(0,1) and /m/n = O(n®/>71), it is
seen that {\/m/oy/n}B (X' X /n)'/?U — 0. Thus,

Vm(6% = 62) /0% = V2Z — max{0,V2Z — v/20}
(5.3) = — V2(max{Y,0} — 0),

where Y = —Z+6 converges to NV (6, 1) for 6 > 0. This shows that Stein’s truncated
estimator of o2 converges to the nonnegative estimator max(Y,0) of § where Y ~
N(6,1) for 6 > 0.

We next consider the estimation of ratio of variances in two linear models, given
by y; = X,8; + €, i = 1,2, where €; ~ N,,(0,021,,), B, is a p x 1 vector and the
other variables are defined similarly to (5.1). Let ,@Z and S; be defined as similar
statistics as in model (5.1). Kubokawa (1994b), Kubokawa and Srivastava (1996)
and Tliopoulos and Kourouklis (1999) showed that the best multiple by the ratio
S1/51 can be improved on by using information on Bl and BQ in the estimation of
the ratio p = 03 /0?. Let 62V = S;/m and 2% = min{6?Y, (Sﬂr,B:XfXZ,Bl)/n} for
i =1,2 and m = n — p. For instance, the ratio of the unbiased estimators 63V /52V
should be improved on by the ratio of the truncated estimators 632°/62%. To derive
the asymptotic approximations of these ratio estimators, it is noted that for two
estimators 62 and 63,

22,22 2 2 Vm(53 — 03) /o3 + ym a3 a3
Vm(63/61 — 03/01) = 62— o) /o2 + 1 Uf%*\/ﬁaf%
g%(ﬁ(ff%*ff%)/ff% vm(&? *0%)/05)_

2 _
07

(5.4) -

(6f —of)/ot+1 (67 —0P)/of +1
Assume the condition (A1) and

(A2') For i = 1,2, X:X;/n converges to a positive definite matrix, and there is
positive constant #; such that

lim /mBiX!X8;/(no?) = v26;.

Fori=1,2,let Z; = (S;—mo?)/(v/2mo?) and Y; = —Z;+0;, which has N'(6;,1).

i

Hence from (5.2) and (5.4), it is observed that
Vm(53Y /517 — a3 /af) = (03 /o) {(Y1 — Y2) — (01 — 02)}
Also from (5.3) and (5.4),
Vm(63°/61° — 03 /o¥) — (03 /07){(max(Y1,0) — max(Y2, 0)) — (61 — 62)}.

This shows that the estimation of the ratio of the variances can be approximated
by the estimation of the difference of the positive means of normal distributions.
Thus, the estimation of the mean difference can be motivated from the estimation
of ratio of variances.
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