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SOME UNIQUENESS RESULTS FOR RICCI SOLITONS

J. F. SILVA FILHO

ABSTRACT. We investigate the relationship between Ricci soliton
structures and homothetic vector fields, especially Killing vector
fields. More precisely, we present some characterizations for Ricci
solitons endowed with Killing vector fields of constant norm as
well as homothetic vector fields. In particular, we relate different
Ricci soliton structures on a Riemannian manifolds in order to
deduce some uniqueness results.

1. Introduction

A Ricci soliton is a Riemannian manifold (M™,g), n > 2, endowed with a
vector field X satisfying

1
(1.1) Ric+§£Xg:)\g,

where A is a constant and £ stands for the Lie derivative. If X is the gradient
vector field of a function f on M, such a manifold is called a gradient Ricci
soliton. In this case, (1.1) becomes

(1.2) Ric+ Hess f = Ag,

where Hess f stands for the Hessian of f. Moreover, the Ricci soliton
(M™,g,X,\) will be called expanding, steady or shrinking if A <0,A=0 or
A > 0, respectively. When either the vector field X is trivial or f is constant
the Ricci soliton is said to be called trivial. Otherwise, it will be called non-
trivial. Notice that Ricci solitons are natural extensions of Einstein manifolds.
Let us also highlight that if M™ has dimension n > 3 and X is conformal, then
Schur’s lemma guarantees that M™ is Einstein with constant scalar curvature.

The relation between conformal vector fields and Ricci solitons is well
known, especially Killing vector fields. For instance, vector fields that generate
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Ricci soliton structures on a fixed Riemannian manifold are related module
homothetic vector fields. In this context, Perelman [18] proved that compact
Ricci solitons are gradient type, that is, vector fields that generate Ricci soli-
ton structures are gradients up to Killing vector fields. Aquino et al. [2] shed
light on the Perelman potential of a compact Ricci soliton by showing that
Perelman’s potential is (up to a multiplication by a constant) the Hodge-De
Rham potential.

On the other hand, Baird and Danielo [4] proved that Ricci soliton struc-
tures on 3-dimensional homogeneous Riemannian manifolds are unique up
to Killing vector fields, while Ribeiro Jr. and Silva Filho [22] described ex-
plicitly the 3-dimensional homogeneous Ricci soliton with an isometry group
of dimension 4. In [3], Baird proved similar results for 4-dimensional homo-
geneous Ricci solitons. Moreover, some interesting facts concerning gradient
Ricci soliton structures and Killing vector field can be found in [20].

Motivated by the historical development on the study of Ricci solitons, in
this article, we describe the relationship between different Ricci soliton struc-
tures on a fixed Riemannian manifold. To do so, we provide some conditions
to guarantee the uniqueness of the module Killing vector fields of such struc-
tures; that is, vector fields that generate Ricci soliton structures on a fixed
Riemannian manifold differ by Killing vector fields. In this approach, it is cru-
cial to understand the relationship between such structures and homothetic
vector fields.

Before describing our main results let us recall some basic definitions. First
of all, we consider a smooth manifold M" jointly with a Riemannian metric
g={(,-) and Levi-Civita connection V associated to g. We remember that a
smooth vector field X on a Riemannian manifold (M", g) is called conformal
if

(1.3) Lxg =21y,

where Lx is the Lie derivative in the direction of X and ¢ € C*°(M) is called
conformal factor. This condition is equivalent to saying that X satisfies the
equation

(1.4) (VyX,Z)+ (Y, VzX)=20(Y, Z),

for all vector fields Y, Z € X(M). In particular, we have
1

(1.5) P =—divX.
n

Furthermore, we say that X is homothetic (i.e., Killing) if its conformal factor
¥ is constant (i.e., identically null). A particular case of a conformal vector
field X is that which

(1.6) Vy X =1,
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for all Y € X(M); in this case, X is called closed. The expression closed ac-
knowledges the fact that its dual 1-form X =w is closed. Indeed, we have

dw(Y,Z) =Y (X, Z) — Z(X,Y) — (X, [V, Z])
:¢<Y5Z> _7/}<Y7Z> =+ <X7 [KZD - <X’ [KZD =0.

It is worthwhile to remark that closed vector fields are also known as concir-
cular vector fields. More particularly, a closed conformal vector field X is said
to be parallel if its conformal factor ¢ vanishes identically.

After these preliminary remarks, we present our first result as follows.

THEOREM 1. Let (M™,g,X,\) be a Ricci soliton endowed with a parallel
vector field, then it is non-compact. In addition, if M™ is complete, then either
(1) (M™,g,X,)) is a steady Ricci soliton; or
(2) M™ is isometric to the direct product N"~% x R¥ where N* admits a Ricci

soliton structure and does not have a non-trivial parallel vector field.

In the sequel, we recall that Fernandez-Lopez and Garcia-Rio proved that a
complete shrinking Ricci soliton with an associated vector field of a bounded
norm must be compact. In particular, the Gaussian soliton (see [7] and Exam-
ple 1 in the next section) guarantees that the assumption for the associated
vector field is necessary. Next, we assume that a complete (steady, expanding
or shrinking) Ricci soliton has an associated vector field of a bounded norm
to obtain the following consequence of Theorem 1.

COROLLARY 1. Let (M™,g,X,\) be a complete Ricci soliton such that X
has a bounded norm. Then either

(1) M™ does not admit a parallel vector field; or
(2) M™ has non-constant scalar curvature.

In particular, since homogeneous gradient Ricci solitons are not steady (cf.
Theorem 2.4 of [11]) and they always admit non-trivial parallel vector fields
(cf. Petersen and Wylie [20]), we deduce the following corollary.

COROLLARY 2. Let (M™,g,X,\) be a homogeneous Ricci soliton such that
X has a bounded norm. Then M"™ does not carry any gradient Ricci soliton
structure.

We now assume that a gradient Ricci soliton admits a non-trivial Killing
vector field with a constant norm to establish the following result.

COROLLARY 3. Let (M™, g,V f,\) be a complete gradient Ricci soliton en-
dowed with a Killing vector field of constant norm. Then, either

(1) M™ is isometric to the direct product N"~F x R¥; or
(2) (M™,g,Vf,\) is a non-expanding Ricci soliton.
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Proceeding, as it was previously mentioned, a classical result based on
Perelman [18] asserts that compact Ricci solitons are gradient up to Killing
vector fields, while Naber [14] proved that the same conclusion remains true
for shrinking Ricci solitons with bounded curvature. Here, we prove that the
same result holds for Ricci solitons endowed with a homothetic closed vector
field. To be precise, we show the following result.

THEOREM 2. Let (M™,g,X,\) be a Ricci soliton endowed with a non-
parallel homothetic closed vector field. Then there exists a smooth function
©: M"™ =R such that (M™,g,V, ) is a gradient Ricci soliton.

We recall that a complete Riemannian manifold endowed with a gradient
homothetic vector fields has null identically scalar curvature (cf. Theorem 2
in Tashiro [26]). Here, we provide a version of this result for Ricci solitons
(not necessarily complete).

COROLLARY 4. FEvery Ricci soliton endowed with a non-parallel homothetic
closed vector field has null identically scalar curvature.

In order to proceed, we recall that Baird and Danielo [4] have showed that
Ricci soliton structures on 3-dimensional homogeneous Riemannian manifolds
are unique up to Killing vector fields. Here, inspired by this result, we get the
following theorem.

THEOREM 3. Let (M™,g,X,\) be a Ricci soliton with non-null constant
scalar curvature, then this structure is unique up to Killing vector fields. In
addition, if M™ is complete and |X| € L*(M), then M™ does not admit a
gradient Ricci soliton structure.

In [27], Wylie showed that every complete shrinking Ricci soliton has a
finite fundamental group. In the same context, we have the following corol-
laries.

COROLLARY 5. Let (M™,g,X,\) be a complete Ricci soliton. Then one of
the following statements holds.

(1) This structure is unique up to Killing vector fields.
(2) M™ has non-negative scalar curvature and a finite fundamental group.

COROLLARY 6. Fvery complete Ricci soliton endowed with a non-Killing
homothetic vector field has non-negative scalar curvature and a finite funda-
mental group.

This article is organized as follows. In Section 2, we present some examples
and recall some basic facts on conformal vector fields. We then prove some
key lemmas that will be useful in proving our main results. In Section 3, we
prove those results.
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2. Background and key lemmas

In this section, we present lemmas that will be useful in the proof of the
main results. To begin with, we present some examples of Ricci solitons that
motivate the assumptions considered in the main results.

2.1. Some examples. First, we present four classical examples of gradient
Ricci solitons. We start with the Gaussian solitons, which are described as
follows.

EXAMPLE 1 (Gaussian Ricci soliton). Consider the canonical metric go of
R™ and the function f:R™ — R given by

Fla) = S\l

where A is an arbitrary constant. Since Ric =0 and Hess f = Agg we get
Ric + Hess f = A\go,
From this, (M™, go, Vf,A) is a gradient Ricci soliton.

EXAMPLE 2 (Cigar soliton). Consider the Euclidean space R? endowed
d12+dy2
1422 +y2
y?). This is the first example of a complete non-compact gradient steady

soliton on R2. It is asymptotic to cylinder at infinity

with the metric g = and potential function f(z,y) = —log(l + 2% +

Proceeding, we present the rigid soliton. It can be found in the works of
Petersen and Wylie [20], [21].

EXAMPLE 3 (Rigid soliton). Consider the direct product N x R*  where
(N™,g) is an Einstein manifold with Einstein constant A € R. We further
define the function f: N x RF - R by

A
f(p,x) = §|$|2
With these settings (M™, g,V f,\) is a gradient Ricci soliton.

Finally, we present an example of non-gradient Ricci solitons on the Lie
group Sols obtained by Baird and Danielo [4].

EXAMPLE 4. Consider the Lie group Sols; that is, R?® endowed with the
left invariant metric g = e?*dz? + e~ 2'dy? 4 dt®. Moreover, we consider X €
X(Sol3) given by

X = —dye 29, — 20,.

Whence, (Sols, X, A = —2) is an expanding non-gradient Ricci soliton.
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2.2. Conformal vector fields and Ricci solitons. Here, we recall some
definitions and basic facts on conformal vector fields. To do so, we remember
that a smooth vector field X on a Riemannian manifold (M",g) is called
conformal if

(2.1) Lxg=2yg,

where Lx denote the Lie derivative in the direction of X and ¢ € C*°(M) is
called conformal factor. Moreover, we say that X is homothetic (i.e., Killing) if
its conformal factor 1 is constant (i.e., identically null). A direct computation
says that a gradient conformal vector field X = V¢ is always a closed vector
field. In fact, it suffices to compute

(VyX,Z) =Hessp(Y, Z) = (VY, Z),
where 1) is the conformal factor of X. So, it follows that Vy X =¢Y, for all
Y e X(M).
We now present a lemma obtained by Obata and Yanno [16].
LEMMA 1 (Obata and Yanno, [16]). Let (M™,g) be a Riemannian manifold
and let X € X(M) be a conformal vector field. Then
1
2
where R stands for the scalar curvature and 1 is the conformal factor of X.

(X,VR) = —(n—1)A¢ — Ry,

It has long been a goal of mathematicians to understand the geometry
of Riemannian manifolds admitting a closed conformal vector field; for more
details on this subject, refer to [1], [15], [16], [24], [25] and [26]. The next
lemma summarizes some useful properties of closed conformal vector fields
as well as some information on Riemannian manifolds endowed with such a

vector field (cf. [8] and [23]).

LEMMA 2. Let (M™,g) be a Riemannian manifold and X € X(M) a closed
conformal vector field with conformal factor 1. Then the following assertions
hold:

(1) The set Z(X) of singularities of X is discrete.
(2) The gradient of | X|? is given by

VX2 =2¢X.
(3) The Hessian of | X|* is given by
Hess | X|? = 2¢%g + 2X° @ dyp.
(4) The Ricci tensor of (M™,g) satisfies
Ric(X,Y)=—(n—1){(Y, V),
for allY € X(M).
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In order to set the stage for the proofs to follow, let us show a useful lemma
that is inspired by a result obtained by Petersen and Wylie [20].

LEMMA 3. Let (M; x Ms,g,X,\) be a Ricci soliton structure, where g =
g1+ g2 denotes the product metric. Then each (M;,g;) admits a Ricci soliton
structure.

Proof. Since T(,, ,,) (M1 x My) =T, My & T, M, we have the split
X=X+ X,
where X7 € X(M;) and X5 € X(M,) are unique. In particular, we deduce
Ric = Ricyr, + Ricyy, and Lxg= Lx, 91 + Lx,g2. From this, it follows that
1
Ricyy, + i‘cXigi = \gi-

Hence, each (M;,g;,X;,\) is a Ricci soliton. This finishes the proof of the
lemma. (]

To finish this section we present a fundamental identity on the Lie deriva-
tive (cf. O’Neill [17]), which will be used in the proof of Theorem 1.

PROPOSITION 1. Let (M™,g) be a Riemannian manifold and X,Y € X(M).
Then we have

Lixy19=LxLyg—LyLxg.

Proof. By using the definition of the Lie derivative we immdiately obtain
(22) LxLyg(UV)=X[Lyg(UV)| —Lyg([X,U],V)—Lyg(U,[X,V]).
Notice moreover that

X[Lyg(U, V)] = X[(VyY,V)+(U,VyY)],
and also
(2.3) X[Lyg(U, V)] =(VxVuY,V)+ (VyY,VxV) + (VxU,VyY)
+({U,VxVyY).

On the other hand, we have
(24) Lyg([X,UL,V) =(Vix)Y,V) +(VxU,VvY) = (Vo X,VyY),
as well as
(2.5) Eyg(U, [X, V]) = (VyY,VxV) = (VuY,VvX) 4+ (U, Vix1Y).
Therefore, substituting (2.3), (2.4) and (2.5) into (2.2) gives

LxLyg(U,V)=(VxVuY,V)+({UVxVvY)—(Vix)¥,V)
+(VuX,VvY) +(VuY, Vv X) — (U, VixY).

Proceeding, notice that using the definition of curvature we infer

R(X,U,Y,V) =(VxVyY,V) —(VuVxY,V) = (Vixu]Y,V)
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and
R(X,V.Y,U) = (VxVvY,U) = (VyVxY,U) = (V[x,v]Y, U).
From here it follows that
LxLyg(U,V)=R(X,UY,V)+ (VyVxY,V)+ R(X,V,Y,U)
+(VyVxY,U)+ (Vu X, VyY) + (VyY, Vi X).
Similarly, we arrive at
LyLxg(U,V)=RY,U X, V)+ (VuVyX,V)+ R(Y,V,X,U)
+ (VyVy X, U) + (VyY, Vv X) + (Vu X, VyY).
Now, it suffices to take the difference of the last two identities to achieve
LxLyg(UV)—LyLxg(UV)
=R(X,U,Y,V)+ (VyVxY,V)+ R(X,V,Y,U)
+(VyVxY,U) - R(Y,U, X,V)— (VyVy X, V)
—R(Y,V,X,U)—(VyVyX,U).
But since R(X,U,Y,V)=R(Y,V,X,U) e R(X,V,Y,U)=R(Y,V,X,U), we
then get
LxLyg(UV)—LyLxg(UV)
=(VyVxY,V)+(VyVxY,U) - (VuVy X, V)
—(VyVy X, U)

~(TUIX.YLV)+ (Tu[X.Y)0)

= £[X,Y]!J(Ua V).
So, the proof is completed. O

3. Proof of the main results

3.1. Proof of Theorem 1.

Proof. We argue by contraction by assuming that M"™ is compact. In such
a case, we consider a smooth function ¢ on M™ given by ¢ = (X, K), where
K is a parallel vector field on M™. Now, a simple computation gives

divpK = pdivK + (K, V),
= (Vi X,K)=\K|?
where we have used the fourth item of Lemma 2. Then, we use the Stokes the-

orem to conclude that A = 0. But, since compact Ricci solitons are shrinking,
we arrive at a contradiction (cf. Hamilton [13]).



RICCI SOLITONS 407

Proceeding, taking into account that K is a parallel vector field, it follows
from Proposition 1 that

Ligx19=LrxLxg—LxLkg
= —2£KR’iC.

At the same time, since parallel vector fields preserve the Ricci tensor (cf. [5],
p. 4, first paragraph) we have L Ric =0 and then

Lix.x)19=0.
From here it follows that
(3.1) Lv.x9=Lvyrkg=0.
Next, for an arbitrary vector field Z € X(M), we deduce
Z(¢) = (V2X,K)
=2XNZ,K)—(Z,VkX),
where we have used the fourth item of Lemma 2. This immediately provides
Vo =2\K - VgX
as well as
(3.2) VX =2 K — V.
Proceeding, we combine (3.1) with (3.2) to arrive at
Hess ¢ = 0.
Therefore, if ¢ is constant, then
AN K|? = Ric(K,K) + (Vi X, K)
=K(X,K)=0,

which implies that such a structure must be steady. Otherwise, we may invoke
De Rham'’s theorem [10] and Lemma 3 to conclude that (M™,g) isometric to
a direct product M; x R, where (M7,g1) admits a non-steady Ricci soliton
structure.

In the sequel, notice that T(,, ,,)(M1 x R) =T, M; @ T,,R, then we have

K=K+ Ky,
with K7 € X(M;) and Ky € X(R). Whence, it follows that, for all X € X(M),
0=VxK

=V, K1 + V%, Ko,

which shows that K; and K are parallel.

Now, suppose that K7 is non-null identically, then it follows from Lemma 3
jointly with the first part of the proof that (Mi,g¢1) is isometric to a direct
product My x R, where (M3, g2) admits a non-steady Ricci soliton structure.
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Finally, it suffices to repeat the same arguments to conclude that M™ is iso-
metric to either Euclidean space or N~ x RF, where N™~* non-admits non-
trivial parallel vector fields. So, the proof is completed. (|

3.2. Proof of Corollary 1.

Proof. To begin with, suppose that (M™, g) admits a parallel vector field K.
So, from the proof of Theorem 1 we already know that M™ is non-compact
and Hess ¢ =0, where ¢ = (X, K). In particular, since X has a bounded norm,
we conclude that ¢ is constant and therefore

(Vi X,K)=K(X,K)=0.

On the other hand, we have (Vi X, K) = A|K|?. This implies A = 0. However,
from Theorem 2.4 of [11], there are no steady non-compact Ricci solitons with
constant scalar curvature. This finishes the proof of the corollary. O

3.3. Proof of Corollary 2.

Proof. We argue by contraction by supposing that (M™,g) admits a gra-
dient Ricci soliton structure. In this case, from Theorem 1.1 in [20] M™ must
be rigid. Whence, it follows that M™ has a non-trivial parallel vector field.
Therefore, we may use Corollary 1 to conclude that (M™,g) does not have
constant scalar curvature. This contradiction argument finishes the proof of
the corollary. O

3.4. Proof of Corollary 3.

Proof. Let K be a Killing vector field on M™. Therefore, we immediately
deduce

Hess K (f) = L Hess f.

Since parallel vector fields preserve the Ricci tensor (Lx Ric =0) we may use
the fundamental equation to infer

(3.3) Hess K(f) = Lk (Ag — Ric) =0.
Next, suppose that K(f) is constant, then

Hess f(K,K)=(VgVf,K)=—(Vf, VkK).
But, since K has a constant norm we get
(3.4) Hess f(K,K) =0.

Proceeding, from Proposition 29 in [19] we obtain

1
5A|K|2 = |VK|?* - Ric(K, K),
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and using once more the fact that K has a constant norm jointly with (1.2)

and (3.4) we achieve

NKP=|VKP,

which immediately ensures that such a structure cannot be expanding.
On the other hand, if K(f) is not constant we use (3.3) to deduce that

VK(f) is parallel and then the proof follows from Theorem 1.
3.5. Proof of Theorem 2.

Proof. We start by assuming that H is a non-parallel homothetic closed
vector field on M™. In particular, H is not Killing. Next, we define a smooth

function ¢ : M™ — R given by
1
21)2

where 1 is the conformal factor of H. From this, it follows that

Y= <wX7AH7H>7

Vo = i [V(X,H) - 2)\H]

(cf. Lemma 2). In particular, we get
1
(3.5) Hess p = % [Hess(X, H) — 2X\g].

On the other hand, a straightforward computation gives
Y(X,H)=(VyX,H)+¢y(X,Y)
=Lxg(Y,H) =Y,V X)+(X,Y),
and then by using (1.2) we obtain
(V(X,H),Y)=2XY,H) - (Y, Vg X) +(X,Y),
which arrives at
(3.6) V(X,H)=2\H -VugX+¢X.
Notice moreover that
Lyyx9=Lux9+vLxg
=Lulxg—LxLug+vLxyg
=2LygRic—yYLxg

= —¢£X97
which can be rewritten succinctly as
(3.7) Hess(X, H) =2 \bg + YL xg.

Finally, we combine (3.5), (3.6) and (3.7) to arrive at

1
Hessp = iﬁxg.
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Then we use (1.2) once more to obtain
Hess ¢ = A\g — Ric,
as we wanted to prove. O

3.6. Proof of Corollary 4.

Proof. Let (M™,g,X,)) be a Ricci soliton endowed with a homothetic
closed vector field. Then, from Theorem 2 there exists a smooth function ¢
such that (M™,g,Vp, ) is a gradient Ricci soliton structure. Now we invoke
Proposition 2.1 of [12] to infer

Ric(H, V) = %(H, VR).
Whence, it follows from Lemma 1 that
(H,VR)=0
and then by Lemma 2 we conclude that R is null identically. So, the proof is
completed. O

3.7. Proof of Theorem 3.

Proof. Let (M™,g,X,\) be a Ricci soliton. Now, suppose that (M™,g,Y, ()
is another Ricci soliton structure on (M™,g). So, by using the fundamental
equation we immediately deduce

L(XfY)g =2(A— C)Q-
Hence, it follows that X —Y is a conformal vector field on M™. Therefore, by
Lemma 1 we have

A=QR=0,
and then ¢ = A. Consequently,
Lix-yyg=0,
so that X —Y is a Killing vector field.
In the sequel, we assume that M™ is complete and | X| € £1(M). Moreover,

suppose by contradiction that there exists a gradient Ricci soliton structure
(M"™,9,Vp,¢). Under these conditions, we have

(3-8) X=Vp+K,

where K denotes a Killing vector field. In particular, we may apply Theo-
rem 2.4 of [11] to deduce

C=A#£0.
Hence, by Proposition 5 of [20], we arrive at
(3.9) 0<R<nA or nA<R<O,

depending on the sign of the constant A.
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Notice moreover that if the scalar curvature of (M™,g) satisfies R = n),
then Proposition 5 of [20] also guarantees that (M™,g) is Einstein. In partic-
ular, by the Ricci soliton fundamental equation we get

R 1
—g9+5Lx9=Ay,
n 2
so that
£Xg =0.
Therefore, X is Killing and then such a structure must be trivial.
Proceeding, we already know that
0<R<nA or nA<R<O,
for shrinking or expanding cases, respectively. In particular, we infer
divX=nA—R>0 (or <0),
which is a contradiction by Proposition 2.1 of [6]. This concludes the proof of
the theorem. (]
3.8. Proof of Corollary 5.

Proof. First of all, suppose that there exists a Ricci soliton structure
(M™,g,Y,(), which is not related up to a Killing vector field to the first
structure (M™, g, X, \); that is, X and Y differ by a non-Killing vector field.
Next, we define Z, = (1 — a)X + aY to obtain

%/Jzag = % [(1—a)Lxg+alyg)
= (1 —a)[\g — Ric] + a[Cg — Ric]
=—Ric+ [(1-a)A+ allg,

or also,
, 1
Ric + §£zag =1ay,

where 7, = (1 — a)\ + aC.
We can set

Na=(1—-a)A+al=A-a(A-J(),
However, by choosing

we deduce 71, > 0. Under these conditions, we have that (M",g,Z,, ) is
shrinking and then by Theorem 1.1 of [27] we conclude that (M™, g) has finite
fundamental group.

Since A\ and ¢ are distinct, we consider

A
B:)\i_ga
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then
ms=A— B\~ ) =0.

Thus, (M",g,Z3,\3) is a steady Ricci soliton structure. Finally, we apply
Corollary 2.5 of [9] to conclude that (M™, g) has non-negative scalar curvature,
which finishes the proof of the corollary. O

3.9. Proof of Corollary 6.

Proof. First, let (M™, g, X, \) be a Ricci soliton and H a non-Killing homo-
thetic vector field with conformal factor v, then the vector field Y = X + H
satisfies

1
Ric+ §£Yg =(g,

where ¢ = A+ . Under these conditions, (M",g,Y,() is another Ricci soli-
ton structure on (M™,g), which is not related module Killing vector field to
(M™,g,X,)\). Therefore, it suffices to use Corollary 5 to conclude the proof
of the corollary. O
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