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SOME COMBINATORIAL NUMBER THEORY PROBLEMS
OVER FINITE VALUATION RINGS

THANG PHAM AND LE ANH VINH

ABSTRACT. Let R be a finite valuation ring of order ¢". In this pa-
per, we generalize and improve several well-known results, which
were studied over finite fields Fy and finite cyclic rings Z/p"Z, in
the setting of finite valuation rings.

1. Introduction

1.1. Dot-product congruence classes of simplices. Let F, be a finite
field of order ¢ with ¢ = p™ for some prime p and positive integer n. We say
that two k-simplices in ]Fg with vertices (x1,...,Xg+1), (¥1,---,Yk+1) are in
a congruence class if the following condition satisfies

(1) Ixi —x;ll = ly:i —y;ll, 1<i,j<k+1

Hart and Iosevich [6] made the first investigation on counting the number
of congruence classes of simplices determined by a point set in ]Fg. More

precisely, they proved that if |€| > quin+§ with d > (k;rl), then £ contains

a copy of all k-simplices with non-zero edges. Several progress on improving
this exponent have been made in recent years, for instance, Chapman et al.
[3] indicated that one can get a positive proportion of all k-simplices in IFZ

under the condition |£] > q#7 and Bennett et al. [2] improved this condition
to qdfz;ﬁ. Here, and throughout, X <Y means that there exists C' > 0 such
that X <CY, and X = o(Y) means that X/Y — 0 as ¢ — oo, where X, Y
are viewed as functions in gq.

A variant of this problem was studied by the second listed author [16] with

the condition (1) replaced by
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In this case, we say that two k-simplices (x1,...,Xg+1) and (y1,-..,Yk+1)
are in a dot-product congruence class.

In [16], the second listed author proved that if |£] > q#7 then the
number of dot-product congruence classes of k-simplices in &£ is at least
(1- 0(1))q(k;1). This is also an extension of [6, Theorem 1.4], and is the
best known result so far. We remark here that the condition (1) is equivalent
to the fact that there exist § € O(d,F,) (orthogonal group in Iﬁ‘g) and z € Fg
so that z+ 6(x;) =y; for i=1,2,...,k+ 1. From this fact, the authors of [2]
used ingenious arguments by combining elementary results from group action

theory and Fourier analytic methods to get the threshold qd7 = However,
this approach does not work for the case of dot-product congruence classes of
simplices, since we cannot guarantee that there exist 6 € O(d,F,) and z € F?
so that z + 6(x;) =y; for i=1,2,...,k + 1 when two simplices are in a dot-
product congruence class.

For the case k=1 and d = 2, it has been shown that if || > ¢*/3, then
the number of congruence classes of 1-simplices in £ (distinct distances) is at
least > q. However, for the dot-product case, the best known exponent on
the cardinality of £ to get > ¢ dot-product congruence classes of 1-simplices
in & (distinct dot product values) is ¢*/2. If we assume that any line passing
through the origin contains at most |£|'/2 points, then the exponent ¢*/3 also
holds for the dot-product problem, see [7], [8] for more details. For general
cases, improving the threshold ¢3/2 to ¢*/3 is still an open question.

Let R be a finite valuation ring of order ¢", where ¢ = p™ is an odd prime
power. Throughout, R is assumed to be commutative, and to have an identity.
Let us denote the set of units, non-units in R by R*, R, respectively. Note
that finite fields and finite cyclic rings are special cases of finite valuation
rings.

The initial result on the dot product problem in the setting of finite valu-
ation rings was given by Nica in [10]. The precise statement is as follows.

THEOREM 1 (Nica, [10]). Let &, F be two sets in RY. For any A € R*, let
Ny (E,F) be the number of pairs (a,b) € € X F satisfying a-b=X. Then we
have the following estimate

|lF b
zws,f)—'(']# < D012 /ETTA.

Theorem 1 implies that if |]|F| > ¢?2"~D+1 ] then for any A € R*, the
equation a-b = A is solvable with a € £, be F.

Motivated by this result, in this paper we prove the following result on the
number of dot-product congruence classes of k-simplices over finite valuation
rings.
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THEOREM 2. Let R be a finite valuation ring of order q". Given a set
E CRY. Suppose that

(d=1)(2r—1)+r(k+1)
2

€] >q

Then the number of dot-product congruence classes of k-simplices in £ is at
k+1)

least (1 — o(l))qr( 2
1.2. An improvement on the number of triangle areas. For £ C Fg,
we define

(3) Va(€) := {det(x1 —xd+17...,xd—xd+1) x'e&,1 <i<d+1}

as the set of d-dimensional volumes determined by £, and the set of pinned
volumes at a point z € £

(4) V(€)== {det(x" —Z,...,Xd—Z) 1 x'€€,1<i<d}.

In [9], Tosevich, Rudnev, and Zhai showed that if |€| > 64¢logg, then there
exists a point z € € such that |VZ(£)| > ¢/2. Note that if we take € being a
set of all points on a line, then there is no non-zero triangle area determined
by points in £. Thus this result is sharp up to a factor of 64loggq.

Note that a construction in Corollary 2.4 in [8] implies that if |€| = o(¢%/?),
then there exists z € £ such that |V#(£)| = o(q). Thus, losevich et al.’s result
cannot be improved to say that one gets a positive proportion of the areas
from any fixed vertex. The interested reader can find more related discussions
in [9].

The finite cyclic ring analogue of this problem is recently investigated by
Yazici [17]. In particular, she proved that for £ C Z/p"Z, if || > p?>"—(1/2)
then [V5(€)| > &2 — 1. This implies that if r = 1, Yazici’s bound is weaker
than that of [9]. In this section, we will give an improvement of this result in
the setting of finite valuation rings.

THEOREM 3. Let R be a finite valuation ring of order q". Let £ be a set of
points in R%. If |E] > ¢* 1, then there exists z € € such that |VZ(E)| > q".

Theorem 3 implies that when R is a finite field, that is, » =1, in order
to get (1 —o(1))q distinct areas we only need the condition ¢ = o(|€]). This
means that we can chop off the logarithmic term in Iosevich et al.’s result.
When R is a finite cyclic ring, that is, ¢ is a prime p, the bound p27"_% in [17]
is decreased to p?> 1.

We remark here that if £ = {(z,y): z,y € R°}, then |£] =¢*>" 2. One
can check that V5(€) C R, therefore |V2(€)| = o(q"). Thus, there is a gap
between ¢2"~2 and ¢?"~! for r > 2. From this construction, we conjecture
that the condition on the size of £ can be improved to ¢?"~2*¢ for any € > 0.

By using inductive arguments, one can obtain a similar result for higher
dimensional cases, which is also a generalization of the main result in [14].
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THEOREM 4. Let R be a finite valuation ring of order q", and let £ be a
set of points in RE. If |E] > q"~' - q"4=1) | then then there exists a point z € £
such that |VZ(E)|>q".

1.3. An improvement on permanents of matrices. Let M be an k x k
matrix. The permanent of M is defined by

k
Per(M):= Z Haw(i).

oeSE1=1

For £ C Flg, let My (&) denote the set of k x k matrices with rows in £, and
Py(&) = {Per(M): M € My(E)}. In the setting of finite fields, the second
listed author [13] proved that for £ C F¥, if [£] > k¢" !, then F,\ {0} C Pi(E).
He also indicated that this result is sharp up to a factor of k, for instance,
{xeFr: 21 =0} =¢*"!, and P.({x € FE: 2, =0}) = {0}. In the case when
£ is the Cartesian product of sets, the author of [13] obtained an improvement.
Namely, he showed that for A C F,, if |A| > ¢z 125 then F,\ {0} C Py(AF).
The author of [13] also made a conjecture that the exponent q%"’i can be
decreased to q%“ for any € > 0, when k is sufficiently large.

By employing the same techniques, a similar result was obtained in the
setting of finite cyclic rings Z/p"Z in [15]. The author of [15] showed that for
any ACZ/p"Z, if

A > rpr 2t ar,
then (Z/p"Z)* C P, (AF) with ged(k,p") = 1, where (Z/p"Z)* is the set of all
units in Z/p"Z
In this paper, we are able to improve the threshold qr’%Jrﬁ toq
to get a positive proportion of permanents in a more general setting.

(k=) (2r—1)+r
2k—1

THEOREM 5. Let R be a finite valuation rings of order q", and k be an
integer with ged(k,q") =1. For any ACTR, if

(k—1)(2r—1)+r

|_A| >q 2k—1 ,
then |Py(AF)| > q".

1.4. Monochromatic sum-product. For 4, Ay CF,, where p is a prime,
Shkredov [11] showed that |A;1||As| > 20p, then there exist z,y € F,, such that
x+y€ A,z -y € Ay. Cilleruelo [4] extended this result to arbitrary finite
fields IF; of ¢ elements using Sidon sets as follows.

THEOREM 6 ([4]). For any X1,X2 CF, of cardinality | X1||X2| > 2q, there
exist x,y € Fy such that x +y € Xq,2 -y € Xs.

In this section, we extend Theorem 6 to the setting of finite valuation rings.
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THEOREM 7. Let R be a finite valuation ring of order q". For any X1, X C
R* of cardinality

4r—1
q

(qr _ qr71)2 ’
there exist x,y € R* such that xt +y € Xy and x -y € Xs.

[ X0 [ Xz | >

The rest of this paper is organized as follows: in Section 2, we recall the
definition and some properties of finite valuation rings from [10]. Some tools
from spectral graph theory are mentions in Section 3. The proofs of Theo-
rems 2, 3, 5, and 7 are given in Sections 4-7.

2. Preliminaries

We say that a ring R is local if R has a unique maximal ideal that contains
every proper ideal of R. R is principal if every ideal in R is principal. The
following is the definition of finite valuation rings taken from [10].

DEFINITION 8. Finite valuation rings (FVR) are finite rings that are local
and principal.

Throughout, rings are assumed to be commutative, and to have an iden-
tity. Let R be a finite valuation ring, then R has a unique maximal ideal
that contains every proper ideals of R. This implies that there exists a
non-unit z called uniformizer in R such that the maximal ideal is gener-
ated by z. Throughout this paper, we denote the maximal ideal of R by
(z). Moreover, we also note that the uniformizer z is defined up to a unit
of R.

There are two structural parameters associated to R as follows: the cardi-
nality of the residue field F = R/(z), and the nilpotency degree of z, where
the nilpotency degree of z is the smallest integer r such that z” = 0. Let us
denote the cardinality of F' by ¢. In this note, ¢ is assumed to be odd, then
2 is a unit in R.

If R is a finite valuation ring, and r is the nilpotency degree of z, then we
have a natural valuation

v:R—{0,1,...,r}

defined as follows: v(0) =r, for  #0, v(z) =k if z € (zF) \ (2¥*1). We also
note that v(x) = k if and only if 2 = uz* for some unit u in R. Each Abelian
group (2%)/(z¥*1) is a one-dimensional linear space over the residue field
F =TR/(z), thus its size is ¢. This implies that |(z*)| =¢" 7%, k=0,1,...,r.
In particular, |(2)| =¢" 7%, |R| =¢" and |R*| =|R| - |(2)|=¢" — ¢"~'. The
following are some examples of finite valuation rings:

(1) Finite fields Fy, ¢ =p™ for some n > 0.

(2) Finite rings Z/p"Z, where p is a prime.
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(3) O/(p") where O is the ring of integers in a number field and p € O is
a prime.
(4) F4lz]/(fT), where f € Fy[z] is an irreducible polynomial.

3. Tools from spectral graph theory

We say that a bipartite graph G = (AU B, E) is biregular if in both of its
two parts, all vertices have the same degree. If A is one of the two parts of a
bipartite graph, we write deg(A) for the common degree of the vertices in A.
Label the eigenvalues so that [A\1| > |Az2] > -+ > |A,|. Note that in a bipartite
graph, we have Ao = —\;. In this paper, we denote the adjacency matrix of
G by M. The following is the expander mixing lemma for bipartite graphs.
The reader can find a detailed proof in [5].

LEMMA 9. Suppose G is a bipartite graph with parts A, B such that the
vertices in A all have degree a and the vertices in B all have degree b. For any
two sets X C A, and Y C B, the number of edges between X andY, e(X,Y),
satisfies

a
e(X,Y) - EIXHYI <AV IX|YY,
where A3 is the third eigenvalue of G.
The following theorem is an analogue of [1, Theorem 9.2.4].

THEOREM 10. Let G = (AU B, E) be a bipartite graph as in Lemma 9, and
U, V two subsets in A, B, respectively. Then we have the following estimate

a 2
Z(Nmu)—@v) <RV,

uclU
where Ny (u) = N(u) NV, and N(u) is the set of all neighbors of u.
Proof. Let denote ¢ =|V|/|B|, and z be a vector, where x; = Licy — clp.
We note that /ala + V1 B are eigenvectors corresponding to Ay, A,. It

follows from the definition of = that (x,14) =0 and (z,15) =0. Then z € W,
and ||[Mx||? < A\3||x||?. We note that

(M, Mz)= Y (Nv<u> - %)

u€eA

and ||z]|> = (1 — ¢)?|V| + (|IB| — |[V])¢? = (1 — ¢)|V| < |V], then the lemma
follows from the fact that

S(vo- ) sgo )

u€EA
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3.1. Product graphs over finite valuation rings. We define the product
graphs P, ,(R) = (AU B, E) over finite valuation rings R as follows: A= B =
R\ (R)4, and there is an edge between x € A and y € B if and only if
x -y = 1. The spectrum of this graph was given by Nica [10].

THEOREM 11 (Nica, [10]). The cardinality of each vertex part of Py ,(R)
is ¢ — g0~ = (1 - o(1))q", and deg(A) = dea(B) = g4-V". The third
eigenvalue of Py, (R) is at most \/qld—1Er=1),

3.2. Erdés—Rényi graphs over FVR. For any x in R%\(R")?, we denote
[x] the equivalence class of x in R4\ (R")?, where x,y € R¥\(R?)¢ are equiva-
lent if and only if x = ty for some t € R*. Let &, 4(R) denote the Erdés—Rényi
bipartite graph &£; 4(R) = (AU B, E) whose vertices in each part are the points
of the projective space over R, where two vertices [x] and [y] are connected
if and only if x-y =0. We have the following theorem on the spectrum of
Esd(R).

THEOREM 12 (Nica, [10]). The cardinality of each vertex part of £4.4(R)
is ¢ (g? —1)/(¢ — 1), and deg(A) = deg(B) = ¢V (g4t —1)/
(q—1). The third eigenvalue of E;4(R) is at most /qd—=2)(2r=1),

As an application of the Erdés—Rényi graph &, 24(R), we obtain the fol-

lowing theorem which is a generalization of [9, Theorem 9]. Some of its
applications over finite fields can be found in [8], [9].

THEOREM 13. Let F' and G be subsets in R%. Suppose that F N (R°)? = ().
Let, fort € R,
= H(x,y)EFxG: X y=
where X -y =x1Yy1 + -+ + xqyq. Then

> ()< < [FFIGE ||G‘ ¢VECDIR|G] max  |[FNly
q Rd\ RO)d

where
Iy := {sx: S € R*},
with x € R\ (R%)<.
Proof. For any pair of points (a,b) € R? x R¢, we define
Pab:=(a1,...,a4,b1,...,b4),

and
U:={px,—t: (x,6) e FxG}C R,
Vi={py.: (y,2)eGxF} C R,

Since FN(R%)4 =0, U and V are sets of points in R??\ (R°)?4. It follows from
the definition of v(¢) that >°, . v(¢)? is the number of quadruples (x,y,z,t) €
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F x G x F x G satisfying x-y =z-t. It is clear that if x-y =z-t, then there
is an edge between two vertices [px,—¢] and [py ] in the Erdés-Rényi graph
E424(R). However, we cannot make sure that the number of edges between
[U]:={[u]: we U} and [V] :={[v]: v € V} in the Erdés—Rényi graph &, 24(R)
is an upper bound for the sum ), v(t)?, since there might exist two points
in U determining the same congruence class, that is, the same vertex in the
Erdés-Rényi graph &, 24(R), for example, v € U and Au € U with A € R*\ {1}.

Thus, we will partition U and V' to subsets such that no two points in each
subset determine the same vertex in the Erd6s—Rényi graph.

Since m = maxyega\(roye |[F' N Ix|, we can partition U into m subsets
Us,...,U,, of distinct vertices of the Erdés-Rényi graph ERg24(R). Simi-

larly, we also can partition V' into m subsets V1,...,V,, of distinct vertices of
the Erdés-Rényi graph ERy 24(R). Then, it is clear that

> vit Z (Ui, V3) = e(Un V) +- +Z (U, V5):

teR Jj=1

On the other hand7 for each 1 <i <m, it follows from Lemma 9 and The-
orem 12 that

ZE(UHX/J) < U:le| +q(dfl)(Qrfl) /|U7( ‘V1|++ |Vm|)

j=1

Ui [V
q'f‘
where the second inequality follows from the Cauchy-Schwarz inequality.

Thus
U|lV
S u)? < % T gDy SV

teR
From the definitions of U and V, we get |U| = |F||G| and |V | = |F||G|. There-
fore, the theorem follows. O

+\/Eq(d—1)(2r—l) |U1|V|,

Now we prove the following theorem that will be used many times in this
paper.
THEOREM 14. Let F and G be subsets in R®. Suppose that

m=  max |Fﬂl l,
x€RE\(RO)d

then we have
{x-y:xeFyeG} >,
when |F||G| > mqld=DCr=D+r,
Proof. We first have
{x-y:xeFyeG} =|{t: v(t) >0},
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and

S v =|FlGl

teR
On the other hand, let

T= |{(X1aY1,X2,Y2) ceFxGxFxG: X1-¥Y1 :X2'y2}|,

which implies that
T= Z v(t)?
teR
It follows from the Cauchy—Schwarz inequality that

[{t:v(t) >0} v(t)? > (Z u(t)) .

teR teR
Therefore, we obtain

(5) |{t: mww}@%.

On the other hand, it follows from Theorem 13 that
F 2 2
(6) T< | | |G| +mq(d71)(2T71)|F||G|.
qT’

Putting (5) and (6) together gives us
‘{x-y: xeFye G}| >q",

when |F||G| > mq(@~D@ =1+ This concludes the proof of the theorem. [

4. Proof of Theorem 2

A graph G = (V,E) is called an (n,d,\)-graph if it is d-regular, has n
vertices, and the second eigenvalue of G is at most A. Suppose that a graph
G is edge-colored by a set of finite colors. We say that G is an (n,d, \)-colored
graph if the induced subgraph of G on each color is an (n,d(1+0(1)), A)-graph.
In [16], the second listed author proved that any large induced subgraph of an
(n,d, \)-colored graph contains almost all possible colorings of small complete
subgraphs.

THEOREM 15 ([16, Theorem 2.7]). For any t > 2. Let G = (V,E) be an
(n,d, \)-colored graph, and let m <n such that m > \(n/d)!/?. Suppose that
the color set of C has cardinality |C| = (1 — o(1))n/d, then for every subset
U CV with cardinality m, the induced subgraph G on U contains at least

(1— 0(1))|C|(;) possible colorings of K.
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Let C =R*, we now define a graph G(R) as follows: the vertex set of G(R)
is R% and the edge between x and y is colored by the -color with 3 € C, if
and only of x-y = f.

One can follow the proof of [16, Theorem 2.7] step by step by using
Lemma 9, Theorem 10, and Theorem 11 to get a version of Theorem 15
for G(R) as follows.

THEOREM 16. For any t > 2, and for every subset U C V(G(R)) of car-
dinality m > q(dil)(?l)”t, the induced subgraph of G(R) on U contains at
least (1 — 0(1))qr(;) possible colorings of K.

We are now ready to prove Theorem 2.

(d=1)(2r=1)+r(k+1)
2

Proof of Theorem 2. Since |£] > ¢
rem 16 that the induced subgraph G(R) on £ contains at least (1— o(l))qr(k;l)
possible colorings of Ky 1. Moreover, each coloring is corresponding to a dot-
product congruence class, thus the number of dot-product congruence classes
of k-simplices in & is at least (1 — 0(1))qr(k§1). This ends the proof of the
theorem. (]

, it follows from Theo-

5. Proofs of Theorems 3 and 4

Before giving a proof of Theorem 3, we have the following observation:
Since the area of triangle is invariant under translations, we can assume that
0 € &£, and the formula of area of the triangle formed by three vertices 0,
a=(ay,a2) and b = (by,b3) is a1by — agb;. Let S be the set of triangles in
& which share a common vertex at 0. Then the number of distinct areas of
triangles in S is at least the cardinality of

£-&={xy:xe€yel'},
where & = {(y, —x): (z,y) € E}.

A result of Nica in [10], that is, Theorem 1, states that if |£||€’| > ¢*" 1,
then |£-&'|>>¢" —¢"~ 1. Tt is clear that |€] =|€’|. Thus if |£] > ¢2"~ 2, then
the number of distinct areas of triangles in & is at least ¢" — ¢"~!. In fact, the
result of Nica [10] gives us even more information, for instance, the number

2 1
of triangles of area t € R* is at least (1 — o(1)) |§l when ¢*"~2 = o(|€]).
2r—1

However, in order to decrease from the exponent qQT_% to q , we need
to use more complicated and tricky arguments. First, we need to prove the
following lemma.

LEMMA 17. Let R be a finite valuation ring of order ¢", and let £ be a
set of 8¢°"~1 points in R%. Then there exists a point z of £ such that z is
contained in at least q" /8 lines, and each of these lines passes through at least
q" "'+ 1 points from E.
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Proof of Lemma 17. To prove Lemma 17, we make use of the following theorem
on the number of incidences between points and lines in R?, where a line in
R? is of the form ax + by 4+ ¢ =0 with (a,b,c) € R?\ (R?)3. We will follow
the argument of Solymosi [12] in its proof.

THEOREM 18. Let R be a finite valuation ring of order q", £ be a set of
points in R? and L be a set of lines in R?. Then the number of incidences
between the point set £ and the line set L, denoted by I(E,L), satisfies

Bl < gor-or2 T

Proof. We identify each point (z1,22) € £ with a vertex [z, 22,1] of the
Erdés—Rényi graph &£, 3(R). Let £ be the set of corresponding vertices. Sim-
ilarly, we identify each line ax + by = c in L, (a,b,c) ¢ (R°)3, with a vertex
[a,b, —c] of the Erdés-Rényi graph &; 3(R). Let L’ be the set of correspond-
ing vertices. Then & and L’ are sets of distinct vertices with |€'| = |€| and
1L = |£].

It is easy to see that the number of incidences between £ and £ equals
the number of edges between £ and £’ in the Erdés-Rényi graph &, 3(R). It
follows from Lemma 9 and Theorem 12 that

1(e,0) — EIEN < vz /Y.

q
This concludes the proof of the theorem. O

‘I(S,ﬂ) -

The following is a corollary of Theorem 18.

COROLLARY 19. Let R be a finite valuation ring of order q", and let £ be
a set of 3¢*" ! points in R?. Then the number of distinct lines spanned by &
containing at least ¢"~1 + 1 points from € is at least ¢*" /4.

Proof. Let £ be the set of lines in R? such that each line contains at most
q"~! points from £. We now show that |£;] < 3¢*"/4. Indeed, we first have
I(E,L£1) < q" YLy, and it follows from Theorem 18 that

ElIL
16, £1) = L jornre SelET > 30120 - V3 VIE].

qT‘
This implies that

20" YL < V3L

3 2r

|£1] < q4 .
On the other hand, the number of lines of the form y = ax + b in R? is ¢*",
then the number of lines of the form y = ax + b containing at least ¢" ! + 1

points from & is at least ¢*"/4. Since any two lines in R? have at most ¢"~!

Thus, we obtain
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points in common, these lines are distinct. This completes the proof of the
corollary. O

We are ready to give a proof of Lemma 17.

Proof of Lemma 17. Let £ be the set of lines in R? such that each line in
L contains at least ¢" ! 4 1 points from &£. It follows from Corollary 19 that
|£] > ¢*" /4. From the lower bound of Theorem 18, we have if |€]|£] > 2¢*" 1,
then I(€,L£) > |&||L|/q". Thus, it implies that I(£, L) > ¢3" 1. Therefore, by
the pigeon-hole principle, there exists a point z € £ such that z is contained
in at least ¢" /8 lines from £, and each of these lines contains at least ¢" ! +1
points from £. O

Proofs of Theorems 3 and 4.

Proof of Theorem 3. Since |€| > ¢*"~!, we may suppose that |€] > 8¢* 1.
We have |(RY)?| =o(|ENR?\ (R°)?]), thus without loss of generality, we can
assume that £ C R?\ (R%)%2. Lemma 17 implies that there exists a point z € £
such that z is contained in at least ¢"/8 lines, and each of these lines passes
through least ¢"~! 4+ 1 points from £. We denote the set of these lines by £’.

We now consider the set of triangles in £ which share a common vertex
at z. Since the area of a triangle is invariant under translations, we assume
that z =0, and all lines in £’ are of the form Iy, :={y =ka} with ke R. It
is easy to see that for a fixed a € R, the points (z,az) ¢ I, for all b# a and
x € R*. Thus, we can choose ¢"/8 points of £ from the lines in £’ such that
no two points belong to the same line. Let F' be the set of such points, and
G :={(—p2,p1): (p1,p2) € E}. Then the number of distinct areas of triangles
formed by three vertices (0,a,b) € {0} x F' x G is the cardinality of the set
F-G={a-b:acF,beG}.

Applying Theorem 14 with |F|=q"/8,|G|=8¢*""!, d=2, and m =1, we
get

|F-G|>q".
This implies that the number of distinct areas determined by £ is at least
> q". This concludes the proof of the theorem. O

Proof of Theorem 4. We prove Theorem 4 by induction on d. The base
case d =2 follows from Theorem 3. Suppose that the statement is true for
all 2 <1 <d—1, we now show that it also holds for d. Indeed, suppose
|E] > 8¢" 1"~ 1) there exists a hyperplane H; := {x € R?: 24 =t} such that
€N Hy| >8¢"1¢"(¥=2). By induction hypothesis, we have |V;_1(E N Hy)| >
q"/2.

Since V4(€) is invariant under translations, we can assume that t = 0. More-

over, the number of points of & satisfying x4 € R? is at most ¢" 1 - ¢"(¢=1),
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Thus, there exists a point z € £ such that zg € R*. On the other hand, V()
are determinants of size d + 1 of the form

Lo Lo
oo ! ! . 2
det = zq - det :
1 d : e :
Ty B Zd—1 1 d
[ Tao1 e T
This completes the proof of the Theorem 4. O

6. Proof of Theorem 5

(k—1)(2r—1)4r

Since |A| > ¢ 21 > ¢ ! =|R|, there exists a unit u € ANR*.
Let 1:=(1,...,1) € R*, u= (u,...,u) € R¥. For any two points x and y in
AP let M(u,x,y) denote the matrix whose rows are x, y and (k —2) u’s.

We have

k
7 Per (M =uFPer(M(1 =S BN Y
(1) Per(M(u,x,y)) =u‘Per(M(Lx/uy/u)) =u ; - g -
Thus, we are able to reduce the permanent problem to the dot product
problem of two following sets:

F::{<ﬂ7...,%>: (xl,...,xk)e./lk},
u u

Yi Yj k
G = = ... =) . .
{(Zu7 72’&) (y17 ayk?)EA}
J#1 J#k
It is clear that |F| = |A|* and |G| = | Al since ged(k,q") = 1. From (7) we
get
per (M(u,%,y))| =|F G,

then the theorem follows immediately from Theorem 14 with m = |.A].

7. Proof of Theorem 7
The proof of Theorem 7 is based on the study of the equation (z1/2 —
2)(x1/2+ 2z) = x5 where 1 € X1,25 € Xo and z € X3. Here, X3 =R*. This
equation is equivalent to the equation (z1/2)? —xo = 22. We set
Ay = {(21/2)% |21 € X1}, Ay ={—ms| w3 € X2},
A32{22|Z€X3}, A4:{22|z€X3}.

2

Note that the equation 22 = a? has at most two solutions in R for any a € R*.

Thus, we have

|A1] > X1]/2, |Aa| = [ Xal, |As| > [ X35]/2, |Ag| > [ X35]/2.
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The equation (r1/2)? — 2o = 22 has a solution z1 € X1,22 € X3, 2 € X3 if and
only if there exists an edge between two vertex sets

U:= {[ag, ].,CLl] : (0,3, ].,(11) € A3 X {1} X Al},

and
V.= {[(147 1,(12]2 (CL47 1,&2) € Ay x {1} X AQ}
in the Erdés-Rényi graph &, 3(R). Therefore, from Lemma 9 and Lemma 12

that
vy AL v TR
Thus, if
q41"71
| X[ X2| > @ -2

then e(U, V) > 0, and the theorem follows.
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