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RIEMANNIAN ALMOST CR MANIFOLDS WITH TORSION

GIULIA DILEO AND ANTONIO LOTTA

ABSTRACT. We characterize and study Riemannian almost CR
manifolds admitting characteristic connections, that is, metric
connections with totally skew-symmetric torsion parallelizing the
almost CR structure. Natural constructions are provided of new
nontrivial examples. We study the influence of the curvature
of the metric on the underlying almost CR structure. A global
classification is obtained under flatness assumption of a charac-
teristic connection, provided that the fundamental 2-form of the
structure is closed (quasi Sasakian condition).

1. Introduction

The study of Riemannian geometry on (almost) complex and (almost) con-
tact manifolds is a primary topic in differential geometry. In particular, Kdhler
metrics and Sasakian metrics are widely studied in the literature and their
most important features are well understood. The study of the interplay of
curvature properties of the metric and the underlying structure is a fascinat-
ing subject, including for instance the classification and structure theory of
Hermitian symmetric spaces and Sasakian ¢-symmetric spaces.

On the other hand, both almost complex structures and almost contact
structures are instances of the more general concept of almost CR structure.
Recall that an almost CR manifold of type (n,k) is a triple (M,HM,J),
where M is a real smooth manifold of dimension 2n+ k, HM C TM is a
subbundle of rank 2n of the tangent bundle and J: HM — HM is a partial
almost complex structure, that is, a vector bundle endomorphism such that
J? = —Id. The integers n and k are respectively, the CR dimension and the
CR codimension of M. When (HM,J) satisfies a standard condition of inte-
grability one speaks of a CR structure (see Section 2). In particular, we recall
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that Sasakian manifolds are strongly pseudoconvex CR manifolds of hyper-
surface type, that is, k =1 (see, e.g., [9]). For the notion of pseudoconvexity
and pseudoconcavity in CR geometry, we refer the reader to [27]; see also
Section 2.

Given an almost CR manifold, the most natural Riemannian metrics to
study on M are those compatible with the underlying structure, that is

g(JX,JY)=¢g(X,Y)

for all sections X,Y of HM; we refer to (HM,J,g) as a Riemannian almost
CR structure. In the present paper, we single out a special class of compatible
Riemannian metrics on almost CR manifolds. They are defined by the require-
ment that M should admit a metric linear connection parallelizing the almost
CR structure, and whose torsion tensor is totally skew-symmetric (with re-
spect to the metric). Given such a metric g, any connection on M having
the properties stated above will be called characteristic, while (M, HM, J, g)
will be referred to as a Riemannian almost CR manifold with torsion. The
main motivation in the choice of this kind of metrics is in a recent develop-
ment of the theory of metric G-structures by Friedrich and Ivanov, see [15];
their study reveals that for a subgroup G of O(n), the circumstance that a
G-structure on a manifold admits an adapted connection with (nonvanishing)
totally skew-symmetric torsion leads to remarkable features of the structure
itself, often of interest in the theoretical and mathematical physics literature.
For a comprehensive discussion of this subject, see the survey article [2] of
Agricola.

In [15], the authors obtain two characterizations of almost Hermitian and
almost contact metric structures admitting a characteristic connection, also
proving the uniqueness (see Theorems 10.1 and 8.2 in [15]). The almost Her-
mitian structures satisfying this condition are exactly those belonging to the
class Gy in the Gray—Hervella classification. For Kéhler manifolds, the Levi—
Civita connection is the unique characteristic one, while for Hermitian mani-
folds, it is the Bismut connection. For Sasakian structures, the characteristic
connection is the one introduced first by Okumura in [28].

We generalize and unify the above results providing necessary and sufficient
conditions for a Riemannian almost CR manifold (M,HM,J,g) to admit a
characteristic connection (Theorem 3.3); such a connection is unique only in
the case where the CR codimension is less than 3. We also furnish an explicit
description of the torsion of any characteristic connection.

Examples of Riemannian almost CR manifolds with torsion having CR
codimension higher than 1 come from the theory of homogeneous naturally
reductive spaces, standard CR manifolds according to Tanaka’s theory [36],
f-structures with complemented frames [8], 3-Sasakian manifolds, complex
contact manifolds [9], and from the geometry of CR submanifolds according
to Bejancu [6]. See Section 4 for a detailed description of these examples.
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Our first objective is to construct a wide class of new examples, show-
ing that this kind of structures actually arise in natural constructions. For
instance, starting from a generalized flag manifold N = G/H, we prove that
each G-invariant Kéahler structure (J, g), J being the canonical complex struc-
ture on N, admits a canonical lift to a G-invariant Riemannian CR structure
with torsion on every homogeneous space M = G/K, with K an arbitrary
closed subgroup of H. For instance, this construction is available on Stiefel
manifolds.

In particular, every compact semisimple Lie group admits a family of nat-
ural left-invariant Riemannian CR structures with torsion; these structures
have some interesting features resembling Sasakian ones; namely, the funda-
mental 2-form ®, defined as customary by

®(X,Y):=g(X,JPY),

is closed; here P:TM — HM denotes the orthogonal projection. Moreover,
the underlying CR structure is strongly pseudoconvex, in fact the metric g
coincides on HM with the Levi form in a suitable direction (Corollary 6.2).

A Riemannian almost CR manifold with torsion whose fundamental 2-
form is closed will be called a quasi Sasakian CR manifold. This terminology
is consistent with the notion of quasi Sasakian manifolds in almost contact
metric geometry (cf. [7]).

Actually, we prove that a homogeneous space M = G/H of a compact
semisimple Lie group carries a G-invariant quasi Sasakian CR structure if and
only if it carries a G-invariant closed 2-form; the structure is regular in the
sense that the distribution HM™ is integrable and the corresponding foliation
§ is regular; the space of leaves M/F is a flag manifold and (H M, J, g) projects
onto an invariant Kéhler structure (Proposition 3.12 and Theorem 6.8). We
remark that the above considerations applied to the orthogonal group, yield
that the bundle of orthonormal frames O(M) of any Riemannian manifold
(M, g) is a natural way a Riemannian CR manifold with torsion.

In Section 5, we treat the general problem of lifting Riemannian almost CR
structures with torsion from the base to the total space of a principal fiber
bundle @ — M, endowed with a principal connection. The necessary and
sufficient condition is formulated in terms of the curvature of the connection
(see Theorem 5.1); it is automatically satisfied for flat bundles. It holds true
also for the frame bundle L(M) of any Riemannian almost CR manifold M
with parallel torsion, such as nearly Kéahler and Sasakian manifolds.

Another objective of the paper is to investigate the influence of the curva-
ture on the underlying almost CR structure. It is well known that for Sasakian
manifolds all the mized sectional curvatures K(X,€) of 2-planes spanned by
a holomorphic vector X € HM and & € HM* are equal to 1. The situation
changes radically in our more general setting. For instance, when k=2 and
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the almost CR structure is at least partially integrable, if all the mixed sec-
tional curvatures do not vanish at one point z,, then (M,HM,J) must be
pseudoconcave at x,. Moreover, n must be even. More generally, for k > 2,
assuming in addition that HM™ is an integrable distribution, then all Levi
forms at z, turn out to be nondegenerate, so that (M, HM,J) is pseudocon-
cave and we obtain the sharp inequality

k<2b+1,

where 2° is the greatest power of 2 which divides n. Section 7 contains other
results concerning the interplay between Levi forms and mixed sectional cur-
vatures, yielding some obstructions to the integrability of HM™ or of HM
(Levi-flatness).

We also prove that a Riemannian space form (M,g) cannot carry a non-
Levi-flat compatible almost CR structure with CR codimension k > 2, turning
it into an a Riemannian almost CR manifold with parallel torsion (see The-
orems 7.1 and 7.17). The parallelizable 7-dimensional sphere with the round
metric provides an example showing that the last condition on torsion cannot
be dropped.

Finally, the complete, simply connected, irreducible quasi Sasakian CR
manifolds admitting a flat characteristic connection are classified in Theo-
rem 8.2. In accordance with a classical result of Cartan—Schouten, these must
be compact simple Lie groups; precisely, we show they are those arising as
the universal covering of the connected component G of the isometry group of
an irreducible Hermitian symmetric space of compact type G/H. The quasi
Sasakian CR structure coincides with the one obtained, according to the above
cited Corollary 6.2, from the Kéahler—Einstein structure on G/H. It should
be observed again that, in particular, the underlying CR structure is strongly
pseudoconvex. This is remarkable, since for any quasi Sasakian manifold of
dimension at least 5, flatness of the characteristic connection forces the Levi
degeneracy of HM (cf. Proposition 8.1).

The above classification is of global nature; on the other hand, we prove
existence results of local nature, stating that given a Hermitian locally sym-
metric space, respectively a Sasakian locally @-symmetric space N, if the
sectional curvature at a fixed point is nonnegative, respectively >—3, there
exists a quasi Sasakian C'R manifold admitting a flat characteristic connection
and fibering onto V.

2. Preliminaries

An almost CR structure of type (n,k) on a differentiable manifold M of
dimension 2n + k, k >0, is a pair (HM,J), where HM is a rank 2n vector
subbundle of the tangent bundle TM, and J: HM — HM is a smooth fiber
preserving bundle isomorphism, such that J? = —Id. The triple (M, HM,J)
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will be called an almost CR manifold of type (n,k); n and k are the CR dimen-
sion and the CR codimension of M, respectively. The almost CR structure
(HM,J) will be called partially integrable if

(2.1) [(X,Y]-[JX,JY]eTHM VX,YeTHM.
If, in addition, the formal integrability condition
(2.2) Ny(X,Y):=[JX,JY] - [X,Y] - J([JX,Y]+ [X,JY]) =0

is satisfied for every X, Y e THM, (M,HM,J) is called a CR manifold. Here
and in the following we use the notation I'E for the module of smooth sections
of a vector bundle E; we also set X(M) :=TTM.

We recall that a CR map between two almost CR manifolds (M, HM,J)
and (M',HM',J") is a smooth map f: M — M’ whose tangent map at each
point x € M satisfies f,(H,M) C HyyM' and J}(x) o fu = fuoJ,. We say
that M and M’ are CR diffeomorphic provided there exits a CR map f :
M — M’ which is also a diffeomorphism.

If D is any differentiable distribution on a manifold M, the Levi-Tanaka
form of D is the C>°(M)-bilinear map L:T'D x I'D — T'(TM /D) defined by

L(X,Y):=7[X,Y],

where m: TM — TM /D is the projection onto the quotient bundle (see [32]).
The vanishing of L is equivalent to the integrability of the distribution D in
the sense of Frobenius; in this case D is called Levi flat. We shall denote by
N(L,) the kernel of the determination L, of the Levi-Tanaka form at the
point z,. If N(L,, ) =0, D is said to be Levi nondegenerate at x,. In all that
follows, we shall adopt the notation N (L) for the kernel of a skew-symmetric
bilinear map L:V x V — W, where V, W are vector spaces.

Denoting by D° C T*M the annihilator of D and given a global section
n € I'D°, the corresponding (scalar) Levi form is defined by

(2.3) Ly(X,Y):=—2dnp(X,Y) =7([X,Y]), VX,YeTD.

If furthermore M is endowed with a Riemannian metric g, both the bun-
dles TM /D and D° will be identified with D+, and 7 with the orthogonal
projection with respect to g. In this context, if £ € I'D+ and 7 is the dual
1-form, we shall denote the Levi form L, by L¢, so that

Le(X,Y) = g([X,Y],€).
A kind 2 distribution is defined by the requirement that
(2.4) X(M)=TD+[I'D,I'D],
which is equivalent to require that at each point x € M,

{¢eD; :L=0}={0}.
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When the above condition holds at one point x,, we also say that D has kind
2 at x,.

For a partially integrable almost CR structure (HM,J), for any 7 €
TH°M we can also introduce a Hermitian symmetric C>°(M)-bilinear map
L, :THM xTHM — C*>(M), also called Levi form, defined as follows:

L,(X,Y):=n([X,JY]).
A partially integrable almost CR manifold is called pseudoconvex at a point
x € M if L, is positive definite for some n € HZM. It is called g-pseudoconcave
at x, if for every n € HSM, L, has at least ¢ negative eigenvalues (see, e.g.,
[27]). Finally, M is called strongly pseudoconvez if there exists a global section
n of H°M such that £, is everywhere positive definite.

Next, we recall some basic information concerning metric connections with
torsion. Let (M,g) be a Riemannian manifold; a metric connection V with
torsion T is said to have (totally) skew-symmetric torsion if the (0, 3)-tensor
field T' defined by

T(X,Y,Z)=g(T(X,Y),Z)
is a 3-form. In this case, the relation between V and the Levi-Civita connec-
tion V9 is
1
(2.5) VxY =V%Y + §T(X,Y).
Denoting by R the curvature tensor of V, we define the (0,4) curvature tensor
by
R(X,Y,Z,V):= g(R(Z, V)Y, X),
which satisfies
R(X7KZ7 V) = _R(KX,Z, V) = _R(Xﬂxuz)v
and the Bianchi identity:
(2.6) CxyvzR(V,X,Y,Z)=4dT(X,Y,Z, V) —or(X,Y,Z,V)
+(WI)(X,Y,Z),
where o7 is the 4-form given by
27 or(XY,ZV)=g(T(X,Y).T(2,V)) +9(T(Y,2), T(X,V))
+9(T(2,X),T(Y,V)).
Moreover, the exterior derivative of 1" satisfies
+207(X,Y,Z,V).
If VT =0, then one can show that

(2.9) R(X,Y,Z,V)=R(Z,V,X,Y).
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Finally, the Riemannian curvature and R are related by:
(2.10) Rg(‘/',Z,X,Y):R(V7Z,X7Y)—%(VXT)(Y,Z,V)
(VY TX,ZV) ~ 19(T(X,Y),T(Z,V))
— iO’T(X7 Y, Z, V).

See for more details [2] and references therein.

3. Characteristic connections on Riemannian almost CR manifolds

Let (M,HM,J,g) be a Riemannian almost CR manifold of type (n, k), that
is (HM,J) is an almost CR structure of type (n,k) and g is a compatible
Riemannian metric on M, that is,

g(JX,JY)=g(X,Y) VX,YeTHM.
Let
P:TM—HM

be the orthogonal projection and define an operator I' : THM x THM —
I'HM by

I‘XYzzP(Vg(Y).
We also introduce the tensor N :THM x T'HM — I'"'HM defined by
(3.1) N(X)Y):= P([JX,JY} — [X,Y]) - JP([JX,Y] + X, JY]).

Notice that if the almost CR structure is partially integrable, the tensor NV
coincides with N;. It can be verified that

(32) N(X,Y) = (FJXJ)Y* (FJyJ)X+(FXL])JY7 (FyJ)JX,

where, for any X e THM, I'xJ:THM — T HM is the C°°(M)-linear opera-
tor defined by
TxJ)Y :=Tx(JY)—-J{TxY).
This operator is skew-symmetric with respect to g and anticommutes with J.
We shall denote by the same symbol N the (0, 3)-tensor defined by
N(X,Y,Z) ::g(N(X7Y)7Z) VX, Y eTHM.

PrOPOSITION 3.1. The following conditions are equivalent:
(a) the (0,3)-tensor N is skew-symmetric;
(b) for every X eTHM, TxJ)X =T ;xJ)JX;
(c) foreveryY,ZeTHM, Ty J)Z+ (Tz))Y =Ty J)JZ+ (TyzJ)JY.
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Proof. Using (3.2) and the fact that the operators I'x J are skew-symmetric
and anticommute with J, a straightforward computation shows that
NX,Y,JZ)-N(Y,Z,JX)+ N(Z,X,JY)
=29((LyxJ)JY,Z) —29((TxJ)Y, Z).
Applying this formula for Z = JX, we have
(3.3) NX,)Y,X)+N(Y,JX,JX)-N(JX,X,JY)
=29((CxJ)Y,JX) —29((TyxJ)JY,JX).
Now, the tensor N satisfies N(Y,JX)=—JN(Y, X) so that
N(Y,JX,JX)=—g(JN(Y,X),JX) = N(X,Y, X).
Being also N(X,JX) =0, (3.3) yields
N(X,Y,X)=g((LyxJ)JX,JY) —g((TxJ)X,JY)
for every X,Y € 'HM, which implies the equivalence of (a) and (b). The

equivalence of (b) and (c) is immediate. O

DEFINITION 3.2. Let (M, HM, J,g) be a Riemannian almost CR manifold.
We say that (M, HM, J,g) is a Riemannian almost CR manifold with torsion
if there exists a metric connection on M with totally skew-symmetric torsion
which parallelizes the structure (HM,J). Such a connection will be called
characteristic.

In order to provide necessary and sufficient conditions for the existence of
a characteristic connection, we introduce for every ¢ € THM™", the bundle
endomorphism 0 : HM — HM defined by

0¢(X):=P[¢,JX]— JP[¢,X], XeTHM.

We shall also denote by L:THM x THM — T THM* and L' : THM™ x
THM* — THM the Levi-Tanaka forms of HM and HM™', respectively.
Then we state the following theorem.

THEOREM 3.3. Let (M,HM,J,g) be a Riemannian almost CR manifold.
Then M admits a characteristic connection if and only if the following con-
ditions are satisfied:

(1) the tensor N is skew-symmetric,

(2) 9(0:(X),Y) =g([JX,Y] + [X, JY],£),

(3) (Leg)(X,Y) =0,

(4) (Lx9)(§¢) =0,

for every X,Y e THM, and &,& e THM™. Furthermore, the torsion of each
characteristic connection satisfies:

(3.4) T(X,Y,Z)=N(X,Y,Z) = &xyz9((TsxJ)Y,Z),
(35) T(X7Y,€):—g<[X,Y],f) :_Lﬁ(X’Y)a
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(36) T(ngagl) :_g([§7€/]7X) :_L/X(§7€/>
for every X,Y,Z e THM, and £,& e THM™.

REMARK 3.4. We point out the circumstance that a Riemannnian almost
CR manifold with torsion of CR codimension k < 3 admits a unique charac-
teristic connection. For k£ > 3 the characteristic connections are in a one-to-
one correspondence with the smooth sections of A3(HM J‘). In fact, for each
A eTA3(HM™), the corresponding characteristic connection is the one whose
torsion satisfies

(3.7) T(&,¢,6") = A(¢,¢,¢")
for every &£,&',¢" € THM™" .

Proof of Theorem 3.3. Assume that M carries a characteristic connection
V, given as in (2.5). If D: X(M) x THM — T'HM is the induced connection
on HM, being DJ =0 one gets

(3.8) 29(Tx )Y, 2)+T(X,JY,Z)+T(X,Y,JZ)=0
for every X,Y,Z € THM. Using (3.2) and (3.8), we get
(3.9) NX,)Y,Z)=T(X,Y,2)-T(JX,JY,Z)

—T(JX,Y,JZ)-T(X,JY,J]Z),

which implies that N is skew-symmetric, thus proving (1). Before proving
(2)—(4), we observe that the torsion satisfies Formulas (3.5) and (3.6) since V
parallelizes HM. We also prove (3.4); applying (3.8), we have

(310) exyzg((rxj)KZ) :—@Xsz(X,KJZ)
Now, since the operator I';xJ anticommutes with J, we have
g((P]XJ)Y,Z) S —g((F.]XL])JY,JZ),

and applying (3.9) and (3.10), we obtain (3.4).
In order to prove (2), using the parallelism of (HM,J), we have

9(0:(X),Y) = g([¢, JX],Y) +g([¢, X],TY)
=9(Ve(JX) = Vyx€ ~T(E,JX),Y)
+9(VeX = Vx{-T(E,X),JY)

=-T(JX,Y,)-T(X,JY,§),

and applying (3.5), we get (2). Using Vg =0, we also have

(Leg)(X,Y) =€(9(X.Y)) —g(VeX = VxE-T(¢,X),Y)
— g(X, VY —Vy €~ T(E,Y))
=T X, Y)+T(,Y,X)=0.
Analogously, we get (4).
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As for the converse, let us suppose that (1)—(4) hold. Let V be the linear
connection given by (2.5), where T as a (0, 3)-tensor is determined by (3.4)-
(3.7) and

T X,Y)=-T(X,§Y)=T(X,Y,),
T(§,§',X) = —T(§,X7§’) :T(X,g,g’).
In order to check that T is a 3-form, a simple computation using (3.2) gives
(3.11) T(X,Y,Z)=g((UxJ)Y — (Ty J)X,JZ) — g(Ts2J)X,Y),
for every X,Y,Z € THM, which implies that T'(X, X, Z) = 0. Moreover,
T(X,Y,X)=—g((CxJ)JX + (TyxJ)X,Y) — g((Ty J)X, JX).

Being N skew-symmetric, from (c) of Proposition 3.1, (T'x J)JX + (T ;xJ)X =
0. On the other hand, g((T'y J)X, JX) =0 since the operators I'y-J and J are
skew-symmetric and anticommute. Thus, T'(X,Y, X) =0.

Now, we prove that V parallelizes HM. Indeed, for every X, Y ¢ THM
and ¢ e THM™*, we have

1
9(VxY,€) = g(V&Y.€) — 59([X, Y1],€)
1
= 59(V&Y + Vi X.()
1 1
1
= 5 (Leg)(X.Y)
which vanishes because of (3). Analogously, by assumption (4), for every
X elHM and €,¢' eTHM™,
1

Finally, denoting by D : X(M) x THM — THM the induced connection on
HM, we prove that DJ =0. For every X,Y,Z € 'HM, we have

g(Dx )Y, Z)=g(Vx(JY),Z) +g(VxY,JZ)
=g((CxJ)Y,Z) + % (T(X,JY,Z2)+T(X,Y,J]Z)),

which vanishes, since applying (3.11) and (c) of Proposition 3.1, we have
T(X,JY,Z)+T(X,Y,JZ) = g(TxJ)JY — (Tsy J) X, ] Z)
—g(TxJ)Y —(TyJ)X,2)
—9((Cyz)X,JY) +g((TzJ)X,Y)
=-29((TxJ)Y,Z).
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Now, notice that, since V parallelizes HM, for every X, Y e THM and £ €
THM™,

T(X,f,Y) = 7g(va7Y) - g([X,g],Y)
Hence, using also (3.5), we have
(3.12) 9(VeX,Y) = —g([X,Y],€) +g([¢, X],Y).
Therefore, for every ¢ e THM™* and X, Y e THM,
g((De)X,Y) =g(Ve(JX),Y) +g(Ve X, JY)
=—g([JX, Y]+ [X,JY],€) + g(0¢(X),Y)

which vanishes because of (2). O

REMARK 3.5. If R is the curvature tensor of a characteristic connection V,
then

R(JX,JY,Z,V)=R(X,Y,Z,V)
for every XY, Z,V e THM. If furthermore VT =0, then by (2.9), we have
(3.13) R(X,Y,JZ,JV)=R(X,Y,Z,V).

REMARK 3.6. For a Riemannian almost CR manifold with torsion, the
integrability of the distributions HM and HM™ can be characterized by
means of the torsion of any characteristic connection. Indeed, from (3.5) and
(3.6), it follows that

(i) HM isintegrableif T(X,Y,&) =0, forany X, Y e THM and & € THM>;
(ii) HM* is integrable iff T(X,&,&) =0 for any X € THM and &,¢ €
THM>;
(iii) HM and HM™ are both integrable iff T'(X,¢) =0, for any X € THM
and E e THM™ .

Moreover, the almost CR structure (HM,J) is partially integrable if and
only if 0 =0 for every £ e 'HM L. If furthermore N =0, the structure is
integrable.

PROPOSITION 3.7. Let (M,HM,J,g) be a Riemannian almost CR manifold
with torsion. Assume that HM™ is integrable, then

(i) the foliation § determined by HM™ is Riemannian with totally geodesic
leaves;

(ii) if § is regular, the space of leaves M /T is an almost Hermitian manifold
of type Gy, provided that J is partially integrable. Furthermore, M/F is
Hermitian if and only if (HM,J) is integrable.

In the case (ii), we say that M is regular.
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Proof. From (2.5) and (3.6) it follows that the leaves of § are totally ge-
odesic, while condition (3) in Theorem 3.3 guarantees that the foliation is
Riemannian. Assuming § regular, g is projectable and induces a Riemannian
metric on M/§, making the natural projection 7 : M — M/F a Riemann-
ian submersion. Now, if J is partially integrable, being 6 = 0 for every
¢eTHM™", the (1,1)-tensor field ¢ defined by ¢Z = JPZ is projectable (cf.
e.g., (P.1) in [4]) and induces an almost complex structure J on M/F, making
ma CR map. Finally, it is straightforward to see that for every X,Y,Z e THM
which are projectable vector fields with respect to m, we have

N(X,Y,Z)or = N(m X, m.Y, 7. 7),

where the tensor N in the right-hand side is the Nijenhuis tensor of M/F.
This justifies the last claims. O

Next we describe some special classes of Riemannian almost CR manifolds
which may be thought as generalizations of Kiahler and (quasi) Sasakian man-
ifolds. In order to do this, we introduce the fundamental 2-form ® defined
by

(U, V):=g(PU,JPV)
for every U,V € X(M).

PROPOSITION 3.8. Let (M,HM,J,g) be a Riemannian almost CR manifold
with torsion. Then, the following conditions are equivalent:
(i) TxJ =0 for every X eTHM,
(ii) T(X,Y,Z) =0 for every X,Y,Z e THM,
(iii) d®(X,Y,Z) =0 for every X,Y,Z € THM.
If any of the above conditions is satisfied, then N =0.

Proof. The equivalence of (i) and (ii) is an immediate consequence of (3.11)
and (3.8). Now a simple computation shows that

3d(13’()(,yv7 Z) = —exyzg((rxj)y: Z)

for every XY, Z e THM, and thus (i) implies (iii). Conversely, supposing
(iii), from (3.4) we have that T and N coincide on HM. Hence, from (3.10),
we have

N(X,Y,JZ)+ N(Y,Z,JX) + N(Z,X,JY) =0
for every X,Y,Z € THM. Since N is skew-symmetric and N(JX,Y) =
—JN(X,Y), we deduce that N(X,Y,JZ) =0. Therefore (ii), or equivalently
(i), holds. O

A Riemannian almost CR manifold with torsion satisfying any of the equiv-
alent conditions in the previous result will be called of Kdhler type. This ter-
minology is in accordance with [14], where it has been adopted in the more
general context of (generalized) pseudohermitian geometry.
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PROPOSITION 3.9. Let (M,HM,J,g) be a Riemannian almost CR manifold
with torsion. Then the fundamental 2-form is closed if and only if the almost
CR structure (HM,J) is partially integrable, M is of Kdhler type and HM*
is an integrable distribution. If these conditions are satisfied the almost CR
structure s integrable.

Proof. The partial integrability of the almost CR structure is equivalent to
the vanishing of d® (&, X,Y) for every € e THM™ and X, Y € THM. Indeed,
applying (3) of Theorem 3.3, we have

3d(I)(£7X,Y) :g(g(XH]Y)) _g([&X]aJY) _g([ng]’JX)
:g(X= [&JY]) _g(X7JP[€7Y])
=g(0:(Y), X).

On the other hand, the distribution HM™ is integrable iff d®(¢,¢', X) = 0 for
every £, e THM* and X e THM, being

3d® (6,6, X) = —g([¢,€'], TX).

Finally, taking into account Proposition 3.8 the proof is easily completed. [

REMARK 3.10. In the case of an almost contact metric manifold (M, ¢,&,
7,9), necessary and sufficient conditions for the existence of a characteristic
connection have been already determined in [15, Theorem 8.2], namely such
a connection exists if and only if the tensor N, := [p, p] + 2dn ® £ is totally
skew-symmetric and ¢ is Killing. Here [, ]| denotes the Nijenhuis tensor
of . Consequently, if these conditions are satisfied, it can be easily seen that
the requirement d® = 0 is equivalent to the circumstance that the structure
is quasi Sasakian in the sense of Blair [7] (see also [15, Theorem 8.4]).

According to this remark, we shall adopt the following terminology:

DEFINITION 3.11. A Riemannian almost CR manifold with torsion, whose
fundamental 2-form ® is closed, will be called a quasi Sasakian CR manifold.

PRrROPOSITION 3.12. FEvery homogeneous quasi Sasakian CR manifold M =
G/K, where G is a compact semisimple Lie group is regular. The space of
leaves M /T is a generalized flag manifold G/H and the projected structure is
Kahler and G-invariant.

Proof. Consider the orthogonal decomposition g =£®n of g with respect to
the Killing form B, where £ = Lie(K). Since the fundamental 2-form ® of M
is G-invariant, it determines an element ® € A%(n), invariant under Ad(K).
We extend ® to an element of A%(g) in a trivial way. Since ® is closed, a
standard argument based on the assumption that G is semisimple shows that
® is given by
(3.14) ®(X,Y)=DB([Z,,X],Y) VX,Y¢eg,
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where Z, € g is uniquely determined (cf. [11]). Since ® is Ad(K)-invariant,
we have that K is contained in the centralizer H of Z, in G. Now G/H
is a generalized flag manifold; denote by 7 : M — G/H the natural projec-
tion. Observe that, denoting by § the Lie algebra of H, at the point o € M
corresponding to the coset K, we have

H,M*=N(®)Nn=hNn

which implies that H,M* = Ker(7.,). By G-invariance, it follows that § is
regular (cf. [37]) and that M/§ = G/H. Finally, we know that the projected
structure is Kahler according to Proposition 3.7. (]

4. Examples

EXAMPLE 4.1. Let M = G/H be a homogeneous space endowed with a
G-invariant Riemannian almost CR structure (HM,J,g). If M is a naturally
reductive space with respect to g (see e.g. [20, Ch. X]), then the canonical
G-invariant connection determined by a reductive decomposition of the Lie
algebra g of G is a characteristic connection, since it parallelizes (HM,J)
according to [20, Proposition 2.7, Ch. X]. A remarkable class is given by
compact standard homogeneous CR manifolds associated to semisimple Levi—-
Tanaka algebras (see, for more information, [27], [24], [25]).

ExAMPLE 4.2. Let m=m_; @ m_5 be a pseudocomplex fundamental
graded Lie algebra of kind 2, that is m is Z-graded and generated by m_1,
and m_; is endowed with a complex structure J such that

[JX,JY]=[X,Y] VX,Yem_,.

For more details, see [27]. The simply connected Lie group M with Lie alge-
bra m carries a canonical left invariant CR structure (HM,J) of type (n, k),
where 2n =dimm_1, k =dimm_,, HM is the left invariant distribution of
kind 2 such that H.M =m_4, and J. = J. Notice that M is CR diffeomor-
phic to an affine CR quadric in C"** [36]. Fix an inner product {, ) on m
which is Hermitian on m_; with respect to J and such that m_; and m_,
are orthogonal. Then taking the left invariant Riemannian metric g on M de-
termined by (, ), (M,HM,J,g) is a Riemannian CR manifold with torsion.
Indeed the tensor N vanishes and conditions (2), (3), (4) in Theorem 3.3 can
be readily verified using left invariant vector fields.

EXAMPLE 4.3. We discuss now KC-manifolds defined by Blair in [8]. Con-
sider a manifold M of dimension 2n + k endowed with a normal f-structure
@ of rank 2n. This means that there exist vector fields &;, i =1,...,k, with
dual forms 7; such that

p&i=0, miop=0, =—IT+> n®E,
Ny :=[p,0) +2) di @& =0,



RIEMANNIAN ALMOST CR MANIFOLDS WITH TORSION 821

The vanishing of N, ensures that M is a CR manifold of type (n,k) with
structure (HM,J), where HM =Im¢ and J = ¢|ga. Such a manifold is
called a KC-manifold if it admits a Riemannian metric g such that

9(X,Y) = g(X,0Y) =Y m(X

and the fundamental 2-form @, defined by ®(X,Y) = g(X,¢Y), is closed.
Then M is a quasi Sasakian CR manifold in the sense of Definition 3.11.
Indeed, being the structure CR integrable, condition (1) in Theorem 3.3 is
satisfied; each operator 6, vanishes since it is known that L¢,¢ =0, thus
yielding condition (2). The vector fields ; are Killing (see [8]) and this gives
(3). Finally, from N,(&;,X) =0 it follows that [¢;, X] e THM for every X €
I'HM, implying (Lxg)(&,&;) =0 and thus (4) holds.

EXAMPLE 4.4. A 3-Sasakian manifold is a (4n + 3)-dimensional manifold
M endowed with three Sasakian structures (¢, &, Na,g), with the same com-
patible metric g, satisfying the following relations, for any even permutation

(a7/877) Of {172,3}:
Py =PaPp — 13 ®&€a = —PaPa + Na @ &g,

4.1
( ) g’y:@agﬁz_@ﬁgou Ny =Ta°Pp = =13 °Pa-

It is known that the Reeb vector fields &7, &2, &3 are orthonormal with respect
to the metric g. We shall denote by V the distribution (£1,&2,&3), which is
invariant with respect to each .

Let HM be the 4n-dimensional distribution given by

HM = ﬂ Ker(na)

a=1

which is orthogonal to V. Denote by J,, a =1,2,3, the endomorphism of HM
induced by ¢,, which satisfies J2 = —Id; the quaternionic identities Jodg =
Jy = —JgJ, hold for every even permutation (c, 5,7) of {1,2,3}. Given three
real constants a1, az,as such that a? +a3 +a3 = 1, we consider in the following
the almost CR structure (HM,J), where J:=a1J; + asJs + azJs.

The Riemannian almost CR structure (HM,J, g) does not admit any char-
acteristic connection since one can verify that conditions (1), (3), (4) in Theo-
rem 3.3 are satisfied, but not condition (2); however, this problem is rectified
by considering instead of g the modified metric g’ defined as follows:

(4.2) g/(X7Y) =g(X,Y), g/(va) =0, g/(gaf/) = %g(fagl)

for every X, Y e THM, £,¢' €TV.
First, it is known that I'x.J, = 0 for each o =1,2,3 and X e THM, cf.
(14, Prop. 8.1]. Hence, (1) holds. As regards (2), first we observe that the
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Levi-Tanaka form relative to HM is given by

w

3 3

(43) LX,Y)=) mX,Y]&=-2) dn(X,Y)6=—-2)  05(X,Y)&,
5=1 6=1 5=1

where @y is the fundamental 2-form of the Sasakian structure (¢s,&s,ms,g) de-

fined by @5(X,Y) =g(X,psY). Now, it is also known that ®,(J, X, J,Y) =

0, (X,Y) and @, (JpX,JgY) = —P,(X,Y) for 5 # «, and thus

J([JX, Y]+ [X,JY], &) = —Pa(JX,Y) — 0,(X, JY)
= —2a39(X,J,Y) +2a,9(X, J3Y)

with («,f,7v) an even permutation of {1,2,3}. On the other hand, using
Le, 0o =0 and (Le,0q)X = —2p,X (see [12]), and taking into account that
each £, is an infinitesimal automorphism of H M, we see that

O, (X) =2app, X —2a,05X

which implies condition (2). Finally, (3) holds since each &, is a Killing
vector field with respect to g; further it is immediately verified that (£xg")(£a,
¢s) =0, which implies (4).

EXAMPLE 4.5. Let M be a 3-Sasakian manifold of dimension 4n + 3 with
structure (¢a,&a,Ma,g). For an even permutation («,f,7) of {1,2,3}, con-
sider the CR structure (HM, J,) of type (1,4n+1), defined by HM = (£3,&)
and Jo(€3) =&,. We shall verify that (HM, Ja, g) is a Riemannian CR struc-
ture with torsion.

Conditions (1) and (4) in Theorem 3.3 are trivially satisfied. As regards
condition (2), we have ¢, =0 as consequence of the basic relation [£,,{g] =
2¢.,; furthermore, for every vector field ¢ orthogonal to V = (£1,£2,&3), 8¢ also
vanishes since [(, ;] is orthogonal to V. Finally, condition (3) holds since &,
is Killing and (L¢g)(&,&;) =0.

Concerning this example we also claim that (HM,J,,g) does not admit
any characteristic connection with parallel torsion. Indeed, we shall prove
that any characteristic connection V satisfies

(44) (vfﬁT) (E’WCaC/) = 49(Clv<pa<)

for every vector fields ¢, ¢’ orthogonal to V. Applying (3.6) the torsion T of
any characteristic connection V satisfies

(4.5) T(&,¢,¢") ==y ([¢:¢']) =29(C 04C),
(46) T(f’yvfaa C) - 79([5043 C]ag’y) =0.
Notice that by (2.5), we get

9(Ve,69.65) = 9(VE &,65) = —9 (&, VE, &5) =0,
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which implies V¢ &, =0, since HM is V-parallel. Since V¢, ( € THM?*, by
(4.5) and (4.6) we have

T(S’ya vfﬁ C7 CI) = 29 (Vﬁﬁ 47 ()O’YC/) .

Therefore,

(viﬂ T) (5’% ¢ C/) =26 (g (C’ <p"/</>) —29 (v§5<7 SD'YCI) +2g (viﬁ C/a ‘P’yc)
=29(¢, (Vey0)¢)-
On the other hand, by (2.5)

9((Ves0:)¢"€) = 9((VE,04) ¢ C) + %(T(&wpw(',() +T(€,¢",94C))-

Recalling that (vq,&a,Ma,9) is a Sasakian structure, the first term on the
right-hand side vanishes, and applying (4.5) we get

9((Ves9)¢",¢) = =29(C", 0r95¢) =29(¢ s 0aC)
and this completes the proof of (4.4).

EXAMPLE 4.6. A complex contact manifold [9] is a complex manifold M
of odd complex dimension 2n + 1, endowed with an open covering {O} of
coordinate neighborhoods such that:

(1) On each O there is a holomorphic 1-form 6 such that 6 A (df)™ # 0 every-
where on O.

(2) If ON O’ # 1, there is a nonvanishing holomorphic function f such that
0" = f0.

The local complex contact forms determine a global nonintegrable subbundle

HM, defined by the equation 6 =0, which has complex dimension 2n and is

called the complex contact subbundle or the horizontal subbundle.

Denoting by J the complex structure on M, if g is a Hermitian metric, M
is called a complex almost contact metric manifold if the following conditions
hold:

(1) In each O there exist real 1-forms v and v =wo J with dual vector fields
U and V =—JU, and (1, 1)-tensor fields G and H = GJ such that

GP=H’=-T+uxU+vQV,
GJ=-JG, GU =0, 9(X,GY)=—g(GX,Y).

(2) On the overlaps O N O’ # B, the above tensors transform as

v =au — bv, v =bu+ av,
G' =aG — bH, H' =bG +aH,

for some functions a and b with a2 + b2 = 1.
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A complex contact manifold always admits a complex almost contact metric
structure for which the local contact form 6 is © —iv to within a nonvanishing
complex valued function multiple. Such a structure is in fact a complezx contact
metric structure: the tensor fields G and H are related to du and dv by

(4.7) du(X,Y) = g(X,GY) + (0 Av)(X,Y),
(4.8) dv(X,Y) = g(X,HY) — (0 Au)(X,Y),

where o is the 1-form given by o(X) = g(V%U, V). The tangent bundle splits
as the orthogonal sum

TM=HM®V,

where V is locally spanned by the vector fields U and V', and in the literature
is usually assumed to be integrable; actually, the integral surfaces of V are
totally geodesic submanifolds.

Now, the complex structure of M induces an almost CR structure (HM, J)
of type (2n,2), since HM is J-invariant. Notice that, being also V J-invariant,
the orthogonal projection P:TM — HM commutes with J.

We claim that (HM,J) is not partially integrable. Indeed, using (4.7) and
(4.8), the Levi-Tanaka form of HM is given by

(4.9) L(X,)Y)=u([X,Y])U +v([X,Y]))V = =2(9(X,GY)U + g(X,HY)V)
which implies
(4.10) L(X,Y)=—-L(JX,JY).

This proves our claim because of the nonintegrability of the distribution H M.
Nevertheless, the tensor IV identically vanishes, since a simple computation
using (4.9) and (4.10) shows that

N(X,Y)=[J,J](X,Y)=0

for every X, Y e’ HM.
Now, we restrict our attention to normal complex contact metric manifolds
[21], in which case the covariant derivative of J is given by

(4.11) g((V4 )Y, Z2) =u(X)(do(Z,GY) —29(HY, Z))
+v(X)(do(Z,HY) + 29(GY, Z)).
The Levi-Civita connection also verifies
(4.12) ViU =-GX +0(X)V, VLV =-HX—o(X)U,
for every X € X(M), yielding
(Lug)(X,Y)=(Lvg)(X,Y)=0,
(Lxg)(U,V) = (Lxg)(U,U) = (Lxg)(V,V) =0
for every X, Y e THM.
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Now, the Riemannian almost CR structure (HM,J,g) does not admit any
characteristic connection. However, considering instead of g the modified
metric ¢’ defined by

1
(413) g/(X,Y) ::g(XaY)7 gI(X7€):Oa g/(gvgl) = 59(575/)
for every X, Y e THM, &,& € TV, we shall see that conditions (1)—(4) in
Theorem 3.3 hold if and only if g is Kéahler.
Notice that

(£ed)(X.¥) = (Leg)(X,¥) =0, (£x0)(6:€) = 5(Lx0)(6:€) =0
for every £, €T’V and X,Y e THM. Since N =0, it remains to verify that
g is Kahler if and only if condition (2) in Theorem 3.3 holds for ¢', i.e.
(4.14) g (6¢(X),Y) =2¢' (L(X,JY),¢)
for every X, Y e ’'HM and £ €T'V. From (4.9) we have

2¢'(L(X,JY),U) = —29(X,HY).
On the other hand,
§ (00(X),Y) = (Lo D)X, Y)
=g((VEI) X = VU +J(VLU),Y) =do(Y,GX),

where we used (4.11) and (4.12). Hence (4.14) holds for £ = U iff

do(Y,GX)=—-2¢g(X,HY).
Analogously, (4.14) holds for £ =V iff

do(Y,HX)=2¢g(X,GY).
The above two equation are both equivalent to require

do(X,Y)=-2¢(X,JY)

for every X, Y e THM. From (4.11), it is readily seen that this is equivalent
to VI9J =0.

As a remarkable case, we point out that the odd dimensional complex
projective space CP2"*! carries a normal complex contact metric structure
whose Hermitian metric is Kéhler, namely g is the Fubini-Study metric (see

[21], [9])-

ExXAMPLE 4.7. Consider a Kahler manifold (N, J,g) of complex dimension
n and a CR-submanifold M C N of real dimension 2n — s, s > 1. According
to the definition in [6, p. 20], TM admits an orthogonal decomposition TM =
HM® HM L, where HM is the maximal J-invariant subbundle of TM and
J(HM™*) c TM*. Recall that M carries a canonical f-structure ¢ : TM —
T M, where for every vector X tangent to M, pX is the tangential component
of JX.
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Taking into account the induced Riemannian metric ¢ on M, we claim
that (HM,J,g) is a Riemannian CR structure with torsion if and only if M
is normal in the sense of [6, Ch. 3]. Indeed, according to [6, Theorem 3.2,
Ch. 3], a necessary and sufficient condition for M to be normal is that for
each local orthonormal frame &, . ..,&, of HM™* and for each X,Y e THM,

(4.15) 9(V&&.Y) +9(X,Vi&) =0.
In fact this condition is equivalent to (3) of Theorem 3.3. Hence, it is enough
to verify that if M is normal (2) and (4) of Theorem 3.3 hold. First, we prove
that ¢, =0,%=1,...,k. Denoting by V the Levi-Civita connection of N and
by A; the Weingarten operator relative to J&;, we have:

=9(VY&, JX) — g(V&&, JY)
where we used V.J =0 and (4.15). As regards condition (4), notice that it is
equivalent to

9(VEX, &) +9(VE X.&) =0.
Now,
9(VE X&) =9(Ve, JX,JE) = g(A;&i,0X) =0,
where the last equality holds since it is known that, being M normal, each
operator A; commutes with (.

EXAMPLE 4.8. We consider a parallelizable manifold M of dimension 2n+k
with a global frame {F;}. We assume that M is endowed with a Riemannian
metric g consistent with {F;}, that is,

9(Ei, Ej) = 6i5, 9([Ei, Ej], Ey) + g(E}, [Ei, Ex]) =0
(cf. [38]). Consider the almost CR structure (HM,.J), where HM is the
subbundle of TM spanned by E,...,Fs, and J: HM — HM is defined by
JE; =FE; p, JEiin=—FE; i=1,...,n.

Then the flat connection V associated with {F;} is a characteristic connection
for the structure (HM,J,g); recall that V is the unique linear connection
parallelizing each F;.

EXAMPLE 4.9. Let (Ml, HMl, J1791) and (MQ, .[T[.Z\fz7 Jz,gg) be two Rie-
mannian almost CR manifolds with torsion of type (n1,k1) and (ng, k) re-
spectively; then the product M = M; x M5 is in a natural way a Riemannian
almost CR manifold with torsion of type (ny + ng, k1 + ko).
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5. Riemannian almost CR structures on principal bundles

This section is devoted to a description of some Riemannian almost CR
structures with torsion on the total space of a principal bundle, arising by
lifting analogous structures from the base space.

Let m: @ — M be a principal bundle with structure group G and let w :
T(Q — g be the connection form of a given connection on @), where g is the
Lie algebra of G. Denote by V the vertical subbundle of T'QQ and by H the
horizontal subbundle determined by w. We also denote by 7, : H —TM the
natural bundle isomorphism and by X* the horizontal lift of a vector field X
on M.

We shall call a Jensen type metric on () any Riemannian metric g given by

(5.1) g(X*,Y*):h(X,Y)Oﬂ', g(X*,A*):O, g(A*,B*):(A,B),

where h is a fixed Riemannian metric on M, and (, ) is an inner product on g
(see [17]); here X, Y € X(M) and A*, B* are the fundamental vertical vector
fields corresponding to A, B € g.

Now assume that (HM,J) is an almost CR structure on M. We define an
almost CR structure (HQ,J) on Q by

(5.2) HQ:=n ' (HM), JX* = (JX)*

for every X €e ’'HM. This structure will be called the canonical lift of
(HM,J) with respect to the connection w.

We notice that if h is a Riemannian metric on M compatible with (HM, J),
the Jensen type metric (5.1) is compatible with (HQ, J) and we have that

HQ =WeaV,

where W := 7 (HM™). We shall denote by N and N the tensors associated
to the structures (HM, J,h) and (HQ, J,g) according to (3.1).
Let © be the curvature form of w; we prove the following theorem.

THEOREM 5.1. (Q,HQ,J,g) is a Riemannian almost CR manifold with
torsion if and only if the following conditions are satisfied:

(1) (M,HM,J,h) is a Riemannian almost CR manifold with torsion,
(2) QUX,JY)=Q(X,Y) for any X,Y €eTHQ,
(3) QX,£) =0 for any X eTHQ and £ € TW.
Furthermore, if the above conditions hold then:
(i) (HQ,J) is partially integrable iff (HM,J) is;
(i) N =0 iff N =0;
(iii) @ is of Kdahler type iff M is;
(iv) HQ™ is integrable iff HM™ is;
) Q is quasi Sasakian iff M is.
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Proof. We shall use Theorem 3.3. First, for any XY, Z € THM we have
N(X*Y*,2*)

[(JX* Y] = [X*5Y*],2) + g([JX*, Y] + [X*, Y], JZ%)
X, JYT = [X,Y], 2%) + g([JX, Y] + [X, JY]", (J2))
[JX,JY] = [X,Y],Z) o +g([JX, Y]+ [X,JY],JZ) o

= N(X,Y,Z)on.

q(
q(
h(

Hence, N is skew-symmetric if and only if N is. Analogously, for any & €
IPHM* and X,Y e THM, we have

9(0 (X7),Y™) = h(0c(
g([JX*Y*] + [X*, Y], ¢%) = (JXY XJY]g)

On the other hand, remarking that 4+ (X*)=0forany A€ gand X e TTHM,
condition (2) in Theorem 3.3 is satisfied by the metric ¢ if and only if it is
satisfied by h and in addition

g([JX* Y] + [X*,JY*],A*) =0
for every X, Y €e 'HM and A € g. The last condition is equivalent to

w([JX*, JY*] — [X*,Y*]) =0,
that is
Q(JX*,JY*) = Q(X*,Y*).

Now, notice that for every XY, Z € X(M),

(Lx~g) (Y*, Z*) =(Lxh)(Y,Z)om.
Therefore, condition (3) in Theorem 3.3 is equivalent for the metrics g and h
since (L4+g)(X*,Y*) =0 for every A€ g and X,Y e THM. Finally,

for every X e THM, A,B e gand ¢ e THM™*. Hence, the Riemannian metric
g satisfies condition (4) if and only if h satisfies it and w([X*,&*]) =0 or
equivalently
Q(X*,£%) =0,
The proof of the last claims is straightforward. O

COROLLARY 5.2. Let (M,HM,J,h) be a Riemannian almost CR manifold.
Let V be a linear connection on M and L(M) the bundle of linear frames.
Endow L(M) with the canonical lift of (HM,J) determined by V and fix a
Jensen type metric g. Then, L(M) admits a characteristic connection if and
only if the following conditions hold:

(1) M admits a characteristic connection,
(2) R(JX,JY)=R(X,Y) for any X, Y €eTHM,
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(3) R(X,6)=0 for any X e THM and € e THM™*,

where R is the curvature tensor of V.

COROLLARY 5.3. Let (M,HM,J,h) be a Riemannian almost CR manifold
with torsion. If M admits a characteristic connection with parallel torsion,
then L(M) admits a Riemannian almost CR structure with torsion.

Proof. If V is a characteristic connection satisfying VT = 0, then the above
corollary applies since conditions (2) and (3) hold. Indeed, (2) is consequence
of (3.13); moreover, by (2.9) and being HM V-parallel, we have:

g(R(X,8)Y,Z) =g(R(Y,Z)X,§) =0,
g(R(X,€)¢,¢") =g(R(¢,£")X,£) =0
for every X,Y,Z e THM and £,£',¢” e THM™, thus proving (3). O

REMARK 5.4. We point out that the characteristic connection of a nearly
Kéhler manifold or a Sasakian manifold does have parallel torsion (see [2]).
The canonical invariant connection of a naturally reductive homogeneous Rie-
mannian CR manifold also has this property.

Another criterion providing Riemannian almost CR structures with torsion
on the total space of a principal bundle is given by the following result.

PROPOSITION 5.5. Let w:Q — M be a G-principal bundle. Assume G is
endowed with a left invariant Riemannian almost CR structure with torsion
(HG,J,{,)). Then Q inherits a Riemannian almost CR structure with tor-
sion (HQ,J,g) where g is any Jensen type metric (5.1) on @, and (HQ,J)
is defined by

H,Q=\H.G), JA* = (JA)*, AecH.G.
Here, for each uw € Q, A:g—V, is the canonical isomorphism Aw— A

Proof. One checks for (HQ, J, g) the validity of conditions (1)—(4) in The-
orem 3.3 with the same technique of the proof of Theorem 5.1. O

6. Some homogeneous models

Let G be a compact semisimple Lie group. Let N = G/H be a (generalized)
flag manifold of G. Recall that H is the centralizer of a torus T'C G. We
shall assume for semplicity that G acts almost effectively on V.

It is known that N admits a canonical G-invariant complex structure .J,
see [10] or [11]. We shall consider a G-invariant metric g, Hermitian with
respect to J. Among the possible choices of g,, we recall that up to scaling,
there exists a unique G-invariant compatible Kahler-Einstein metric. There
is a canonical reductive decomposition of the Lie algebra g of G:

(6.1) g=hom,
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where m is the orthogonal complement of §:= Lie(H) with respect to the
Killing form B of g. We shall identify m with the tangent space of N at the
point corresponding to the coset H in a canonical way.

Let K C H be a closed subgroup. Since Ad(K)m Cm, and J: m —m
is Ad(K)-invariant, the homogeneous space M = G/K admits a G-invariant
almost CR structure (HM,J) such that H,M =m, where o € M is the point
corresponding to the coset K. Next, we introduce a G-invariant metric on M
as follows; let p C h be the orthogonal complement of the Lie algebra £ of K
with respect to the Killing form. We consider the G-invariant metric g on M
determined by the orthogonal direct sum inner product of —B on p and of
go on m. Clearly, (HM,J,g) is a Riemannian almost CR sructure; we shall
call it the canonical lift to G/K of the Hermitian structure (J, g,) of the flag
manifold N.

THEOREM 6.1. M = G/K is a homogeneous Riemannian CR manifold
with torsion. The distribution HM™* is integrable, the associated foliation §
is regular and the space of leaves M/ is N. If g, is Kahler, then M is quasi
Sasakian.

Proof. We prove the first claim. Consider the principal K-bundle p: G —
M and the principal H-bundle ¢ : G — N. Let w: TG — b be the left invariant
connection form on G whose horizontal space at e € G ism, and let w’ : TG — ¢
be the left invariant connection form on G whose horizontal space at e is
p ®m. We observe that the canonical lifts of (HN,J) with respect to w and
of (HM,J) with respect to w’ coincide; we shall denote this lift by (HG, J).
Moreover, the Jensen type metrics

p*g_B(w/7W/)7 q*go —B(UJ,UJ)
also coincide; we shall denote this metric by §. By virtue of Theorem 5.1, we
are reduced to prove that (HG, J,§) admits a characteristic connection.

In order to apply Theorem 5.1 to the bundle ¢: G — N, since (N, J,g,)
admits a characteristic connection, it suffices to prove that the curvature form
Q of w satisfies
(6.2) QJX,JY)=Q(X,Y)
for every X,Y € 'HG. Observe that the structure (HG, J, §) is left invari-
ant by construction and H.G =m. Hence, it suffices to prove (6.2) for left
invariant vector fields X, Y € m. According to Theorem 11.1 in [19, p. 103],
we have to show that
(6.3) X, JY ]y = [X,Y]y.

Now let V be the canonical G-invariant linear connection on N determined
by the decomposition (6.1). Its curvature tensor satisfies

(6.4) R(JX,JY)=R(X,Y)
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for every X, Y € X(IV), by Remark 3.5, because V.J =0, V has parallel torsion
and the normal G-invariant metric on N (i.e., the naturally reductive metric
induced by —B) is compatible with J (cf. e.g., [11, (3.52)]).

On the other hand, at the point o = q(e), R, is given by

R,(X,Y) = —ad([X,Y]s)

for every X, Y e m = T,N, where ad : h — End(m) is the adjoint representa-
tion. Observe that this representation is faithful since we assumed that G
acts almost effectively. Hence, (6.4) implies (6.3). Thus, we have showed that
the (HG, J,§) is a Riemannian almost CR structure with torsion.

The integrability of HM= and of the almost CR structure (HM,.J) follows
applying (i), (ii) and (iv) in Theorem 5.1 to both the bundles ¢: G — N and
p: G — M. Moreover, if g, is Kahler, taking into account (v), we deduce that
M is quasi Sasakian. Finally, § is regular in accordance with Proposition 3.12;
it is straightforward to verify that the induced Kéhler structure on M/§ = N,
is just (J, go)- O

COROLLARY 6.2. Let G be a compact semisimple Lie group and let H C G
be the centralizer of a torus T C G. Choose a G-invariant Kdhler metric g,
with respect to the canonical complex structure on the flag manifold G/H.
Then the canonical lift to G of (J,g,) is a left invariant, quasi Sasakian
strongly pseudoconvexr CR structure.

Proof. The above theorem applies taking K = {e} and provides the quasi
Sasakian CR structure on G. It remains to prove that (HG,J) is strongly
pseudoconvex. Indeed it is known that there exists a vector & belonging to
the center of h such that

9o(X,JY) = B(f, [Xv Y])

for every X,Y € m (see, e.g., [11, pp. 613-614]). This means that the Levi
form of the corresponding left invariant section of HG* satisfies

9(X.Y)=L:(X)Y),
proving the assertion. O
Combining this corollary and Proposition 5.5, we get the following corollary.

COROLLARY 6.3. The total space of any principal fiber bundle with compact
semisimple structure group carries a Riemannian CR structure with torsion,
strongly pseudoconvex and of Kdahler type.

Another application of Theorem 6.1 is the following corollary.

COROLLARY 6.4. Every homogeneous manifold G/K where G is com-
pact semisimple and K has nondiscrete center, carries a G-invariant quasi
Sasakian CR structure.
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EXAMPLE 6.5. By applying Theorem 6.1, we see that the (oriented) Stiefel
manifolds V4 ,(K), k£ > 2, admit several homogeneous quasi Sasakian CR
structures.

In the case K =R the manifold V,, ;(R) =SO(n)/SO(n — k), can be en-
dowed with a rich family of structures, projecting onto one of the following
flag manifolds:

N =S0(n)/U(ny) x --- x U(ny) x U(1)™ x SO(r),

where
2(2n,~+m)+r:n, n—k<r<n-2.
If K=C, for V,, x(C) =SU(n)/SU(n — k), one can choose as base manifold
N =8U(n)/S(U(ny) x -+ x U(ny)),
where
ny>ng > 2>n, > 1, np>n—k, Zni:n.

Finally, in the case K = H], possible choices for N are

N =S8p(n)/U(ni) x --- x U(ny,) x U(1)™ x Sp(r),
where

(Z”z+m)+7“=n, annQEan>1a n—k<r<n-—1

We remark that, by construction, the metric of the Riemannian CR struc-
ture thus obtained on V,, (K) in general is not the normal one.

EXAMPLE 6.6. Another family of examples is provided by the homogeneous
spaces SO(4n)/Sp(n); in this case they fiber onto the Hermitian symmetric
space SO(4n)/U(2n).

EXAMPLE 6.7. According to Corollary 6.3, we see that for every Riemann-
ian manifold (M, g), the orthonormal frame bundle O(M) can be endowed
with several Riemannian strongly pseudoconvex CR structures with torsion
(HO(M), J, g), of Kéhler type. Here g is a suitable Jensen type metric
where w is the Levi-Civita connection. Alternatively, § can be chosen as the
diagonal lift of g, that is, taking (, ) equal to the opposite of the Killing form
B (cf. [22]); however the resulting structure on O(M) is not of Kéhler type.

If n=2m is even and M is orientable, one can also consider the bundle
O+ (M) of positive orthonomal frames; in this case the fibration of SO(2m)
onto the Hermitian symmetric space SO(2m)/U(m) yields a left invariant
Kéhler type structure on SO(2m) whose underlying metric is —B, so that
O4 (M) carries a Kéhler type structure with g equal to the diagonal lift.

THEOREM 6.8. Let M = G/K be a homogeneous manifold, where G is a
compact semisimple Lie group. Then the following conditions are equivalent:
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(a) M admits a G-invariant quasi Sasakian CR structure of CR dimension n.
(b) M admits a G-invariant closed 2-form ® of rank 2n.

If (b) holds, ® is the fundamental 2-form associated to some G-invariant
quasi Sasakian CR structure.

Proof. (a) = (b) is clear since the fundamental 2-form must be G-invariant.

(b) = (a) Consider the orthogonal decomposition g = ¢@n of g with respect
to the Killing form B, where £ = Lie(K). Fix a G-invariant closed 2-form ®
of rank 2n; following the same argument as in the proof of Proposition 3.12,
the natural extension ® € A?(g) of ® is given by

(6.5) O(X,Y)=B([Z,, X],Y) VX,Y €y,

where Z, € g and K is contained in the centralizer H of Z, in G. Being
N(®) = b, the flag manifold G/H has real dimension 2n; we consider the
Kirillov-Kostant—Souriau symplectic 2-form determined by Z,, which is the
Kahler form of a metric g compatible with the canonical complex structure J
(see [10, p. 220]). Hence, according to Theorem 6.1, M inherits a G-invariant
quasi Sasakian CR structure of CR dimension n projecting onto (J, g). (]

By means of a construction similar to that of Theorem 6.1, one can also
prove the following result allowing to construct several homogeneous Rie-
mannian almost CR manifolds starting from naturally reductive homogeneous
almost Hermitian manifolds.

PROPOSITION 6.9. Let N = G/H be a naturally reductive homogeneous
almost Hermitian manifold with structure (J,g,). Let K C H be a closed
subgroup. Then M = G/K admits a regqular G-invariant Riemannian almost
CR structure with torsion (HM,J,q), projecting onto (J,g,).

7. Riemannian curvature and Levi forms

Let (M,HM,J,g) be a Riemannian almost CR manifold. A sectional
curvature K9(X,£) of a 2-plane spanned by unit vectors X € H,M and
£€ H,M™*, x € M, will be called a mized sectional curvature.

THEOREM 7.1. Let (M,HM,J,g) be a Riemannian almost CR manifold
with torsion, of type (n,k). Then all the mized sectional curvatures are non-
negative. If they are all vanishing, HM is Levi flat and M is locally the
Riemannian product of a 2n-dimensional almost Hermitian manifold of type
Gy and a k-dimensional Riemannian manifold.

Proof. Notice that for a characteristic connection V on M, the sectional
curvatures K (X,€), X e THM and ¢ € THM™, are all vanishing. Hence,
applying (2.10), for any unit vector fields X and &, the mixed sectional cur-
vatures are given by

(71) K9(X,€) = 19(T(X,6) T(X.).
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If these sectional curvatures are all vanishing, (iii) in Remark 3.6 implies
the Levi flatness, and by (i) of Proposition 3.7, the manifold is locally a
Riemannian product. U

REMARK 7.2. The above theorem provides an alternative proof of Blair’s
Theorem 1.6 in [8] concerning C-manifolds, that is, K-manifolds with closed
characteristic 1-forms 7;, and stating that such manifolds are locally the Rie-
mannian product of a Kéhler manifold and an Abelian Lie group. We refer
to Example 4.3 for the notations.

EXAMPLE 7.3. We use (7.1) to show that every 3-Sasakian manifold M,
endowed with the Riemannian metric ¢’ discussed in Example 4.4, has con-
stant mixed sectional curvature ¢ = 1. Indeed, by (4.3) and (3.5) one can

2
easily compute
3

T(X,8) =Y mi(&)eiX,

i=1
which gives K9 (X&) = 1

PROPOSITION 7.4. Let (M,HM,J,g) be a Riemannian almost CR manifold
with torsion, of type (n,k). Assume that all the mized sectional curvatures
K9(X,§) at a point x, € M are nonnull. Then
(a) Either Ly, or L, is nondegenerate.

(b) If k> 2n, then HM™ has kind 2 at .
(¢) If k <2n, then HM has kind 2 at x,.

Proof. (a) This is a direct consequence of (7.1), (3.5) and (3.6).
(b) Suppose k > 2n and assume by contradiction that there exists X €
H, M, X #0, such that Ly =0. This allows us to consider the linear map

E€cH, M+ —T, (¢£X)€ H, M,

where T is the torsion of a fixed characteristic connection. By virtue of (7.1)
and the hypothesis on the curvatures, this map is injective. On the other
hand, being T(¢, X, X) =0, it is not onto, yielding a contradiction.

The proof of (c) is analogous. O

PROPOSITION 7.5. Let (M,HM,J,g) be a Riemannian almost CR manifold
with torsion, of type (n,k). Let x, € M and fix € € Hy M+, £#£0. If L¢ is
nondegenerate, then all the mized sectional curvatures K9(X,€) are nonnull.
Conversely, if all the mized sectional curvatures K9(X, &) are nonnull, then
(7.2) k(L) > 2n — k(ye),
where

e =Ly, (&) Ho, M+ — Hy, M.
In particular, if k=2 or £ € N(L, ) then L¢ is nondegenerate.
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Proof. By virtue of (3.5), for every X,Y € H, M we have
(7.3) Le(X,Y) = g(T5,(X,€),Y)
and the first claim follows taking into account (7.1). As for the converse, we
argue by contradiction assuming

Tk(LE) + I'k((bg) < 2n,
which can be rewritten as
dim N(L¢) + dim (Im(tp¢)*) > 2n.

Hence, there exists X € N(L¢)NIm(¢p¢)*, X # 0, which satisfies T, (X, £) =0
by (7.3) and (3.6).

Finally, if k=2, notice that rk(y¢) <2, and (7.2) ensures that L¢ is non-
degerate. O

A similar argument yields also the following proposition.

PROPOSITION 7.6. Let (M,HM,J,g) be a Riemannian almost CR manifold
with torsion, of type (n,k). Let v, € M and fix X € Hy, M, X #0. If Ly is
nondegenerate, then all the mized sectional curvatures K9(X,€) are nonnull.
Conversely, if all the mized sectional curvatures K9(X, &) are nonnull, then

(7.4) rk(L'X) >k —rk(yx),
where
Yx =Ly (X,): Hy,M — H, M*.
In particular, L'y is nondegenerate provided that X € N(L,,) orn=1 and k
18 even.

THEOREM 7.7. Let (M,HM,J, g) be a Riemannian almost CR manifold
with torsion, of type (n,k). Assume that all the mized sectional curvatures
K9(X,€) are nonnull at a point x, € M.

(a) If k=2, then n is even.
(b) If n=1 and k is even, then k is a multiple of 4.

Proof. Both claims are consequences of Propositions 7.5 and 7.6, and The-
orem 3 in [5], stating that the maximum dimension of a linear space of real
skew-symmetric matrices of order ¢ is p(q) — 1, where p denotes the Radon—
Hurwitz function. We recall that p is defined by

pq) =2°+8d,
where g is factorized as ¢ = (2a + 1)2°t%4, ¢ € {0,1,2,3}. O

Using the same argument based on Propositions 7.5 and 7.6, one can also

deduce the following theorem.

THEOREM 7.8. Let (M,HM,J,g) be a Riemannian almost CR manifold
with torsion, of type (n, k).
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(a) If dim N (L} ) >2 and all the mized sectional curvatures K9(X,¢&), with
§€N(L,,), are nonnull, then n is even and

dim N (L}, ) < p(2n) — 1.

(b) If dim N(L,,) > 2 and all the mized sectional curvatures K9(X,§), with
X € N(Ly,), are nonnull, then k is even and

dim N (Lg,) < p(k) — 1.

COROLLARY 7.9. Let (M,HM,J,g) be a Riemannian almost CR manifold
with torsion, of type (n,k). Assume that all the mized sectional curvatures
K9(X,€) at a point x, € M are nonnull.

(a) If HM™ is integrable, then n is even and
k<p(2n)—1.

(b) If HM is integrable, then k is even and
2n < p(k) — 1.

REMARK 7.10. Notice that for a 7-dimensional 3-Sasakian manifold the
inequality in (a) is in fact an equality (see Example 7.3).

THEOREM 7.11. Let (M,HM,J,g) be a Riemannian partially integrable
almost CR manifold with torsion, of type (n,k). Assume that HM™ is inte-
grable and all the mized sectional curvatures K9(X,€) at a point x, € M are
nonnull. Then, setting n = (2a +1)2°,

(7.5) k<2b+1.

If k> 2, all the Levi forms L¢ at x4, § # 0, have signature (3,%). Hence,
(M,HM,J) is 5 -pseudoconcave at T,.

Proof. Applying again Proposition 7.5, all the Levi forms L£¢ are nonde-
generate. Now the maximum dimension of a linear space of n x n Hermitian
matrices is 2b + 1 according to [1, Theorem 1]. It is known that the nonzero
matrices of such a space have signature (%, % ). Indeed, this is an application
of the canonical simultaneous reduced form for a pair of Hermitian matrices
(see [16, Theorem 4.5.19]). O

With the same argument one proves the following theorem.

THEOREM 7.12. Let (M,HM,J,g) be a Riemannian partially integrable al-
most CR manifold with torsion, of type (n,2). Assume that all the mized sec-
tional curvatures K9(X,€) at a point x, € M are nonnull. Then, (M, HM,J)
is g -pseudoconcave at x,.
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REMARK 7.13. We provide a class of examples showing that inequality
(7.5) is sharp. Consider a vector space V' of n x n Hermitian matrices such
that every nonzero A € V' is nonsingular and V' has the maximum dimension
2b+ 1 (for an explicit example of such a space see, e.g., [13]). Then one can
construct a pseudocomplex fundamental graded Lie algebra m =m_; & m_,
of kind 2, where m_; = C™ and m_5 = V*, whose nontrivial bracket is defined
by

[X,Y](A) = %(tXAY), X, YeCr AcV.

As in Example 4.2, we can endow the simply connected Lie group M corre-
sponding to m with a left invariant Riemannian CR structure with torsion, of
type (n,2b+1). Clearly the distribution HM L is integrable; by construction,
the space of the Levi forms L¢, £ € H .M, coincides with V' and thus, by
Proposition 7.5, all the mixed sectional curvatures are nonvanishing.

REMARK 7.14. Theorem 7.11 implies Blair’s result stating the non-
existence of S-manifolds of codimension k > 2 of constant curvature [8, Corol-
lary 1.9]. Recall that S-manifolds are K-manifolds whose structure satisfies
dn; = ® for every i =1,...,k. In particular, these manifolds are strongly
pseudoconvex.

As an application of Theorem 7.11, we prove the following result about CR
submanifolds of C" (cf. Example 4.7):

THEOREM 7.15. Let M C C™ be a compact, orientable, normal CR sub-
manifold of codimension s > 1 and CR dimension n — s. If all the mized
sectional curvatures of M are nonnull, then M is the sphere 52"~ 1.

Proof. We shall prove that M must be an hypersurface, that is, s = 1.
Then the claim follows from Okumura’s classification of normal almost contact
hypersurfaces in Euclidean spaces [29]. Indeed, since M is compact, it is
known that there exists a point x, € M such that (M, HM, J) is pseudoconvex
at x,. Namely, there exists a normal vector ( at a point z, whose Weingarten
operator A¢ is positive definite; take n € T, M defined by

n(X) = (X, JC).

Here J is the complex structure of C®. Then 7 belongs to H; M and the
corresponding Levi form is

2L,(X, X) = (AcX, X) + (Ac(JX),JX),

which is positive definite. On the other hand, being H M= integrable (cf. [6]),
Theorem 7.11 is applicable, forcing k =s=1. U

We conclude this section studying the constant curvature case.
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LEMMA 7.16. Let (M,HM,J,g) be a 3-dimensional orientable Riemannian
almost CR manifold with torsion. If M has constant sectional curvature ¢ > 0,
then g is homothetic to a Sasakian metric.

Proof. Since M is orientable, there exists a global section ¢ of HM™, with
g9(&,€) = 1. Denote by 7 the dual form of £ and by ¢ the (1,1)-tensor field
extending J in such a way that £ =0. Hence, (¢,£,7,9) is an almost con-
tact metric structure. We shall prove that actually this is a quasi Sasakian
structure; thus, a result of Olszak applies [26, Theorem 6.2]. First, by Propo-
sition 3.8, being HM of rank 2, (HM, J, g) is of Kdhler type. Hence, Propo-
sition 3.9 ensures that ® is closed. Recalling Remark 3.10, the structure is
quasi Sasakian. O

THEOREM 7.17. Let (M,HM,J,g) be a Riemannian almost CR manifold
with torsion, of type (n,k), k> 2. Assume that M has constant sectional
curvature ¢ and M admits a characteristic connection with parallel torsion.
If M is complete and simply connected, then ¢=0.

Proof. According to the Ambrose—Singer theorem [35] and to a Kirichenko’s
result (cf. [18]), since the Riemannian curvature is parallel with respect to the
characteristic connection, there exists a Lie group G acting transitively on
M and preserving the structure (HM,J,g). Arguing by contradiction, we
suppose ¢ > 0 and up to scaling we may assume as well ¢ =1, so that M
is isometric to the sphere S?"*t*. Now, we make use of the classification of
homogeneous almost CR structures on spheres obtained by Kriiger in [23];
since k > 2, M must be a sphere S¥™*+3 with (HM,.J) invariant under the
action of Sp(m + 1), m > 1. Moreover, we have two possibilities:

(a) k=3,
(b) n=1.

We shall examine the two cases:

(a) Fixed a representation of M as the homogeneous space Sp(m +
1)/Sp(m), there exists a single equivalence class of Sp(m + 1)-invariant al-
most CR structures. Moreover, Sp(m + 1)/ Sp(m) has a canonical Sp(m + 1)-
invariant 3-Sasakian structure (©q, &, Na, o) (see [9]). Hence, there exists a
Sp(m + 1)-equivariant CR diffeomorphism f: (M,H'M,J,) — (M,HM,J),
where (H'M, J,) denotes the almost CR structure induced by ¢,, in the man-
ner described in Example 4.4. Now, (H'M,J,, f*g) is also a Riemannian
almost CR structure with torsion. On the other hand, f*g is of constant
curvature 1 and, by equivariance of f, it is Sp(m + 1)-invariant. Therefore,
we must have f*g = g,, since g, is the unique Sp(m + 1)-invariant metric of
constant curvature 1 on Sp(m + 1)/Sp(m) (cf. [39, §2]). This is impossible,
since we already know that (H'M,J,,g,) does not admit any characteristic
connection (see again Example 4.4).
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(b) In this case, there exists a family of equivalence classes of Sp(m + 1)-
invariant CR structures of type (1,k) parametrized by (0,1]. Each structure
is obtained in a natural way by choosing a homogeneous CR hypersurface
structure on each fiber S3 of the Hopf fibration S4"+3 — HP™. The parame-
ter value 1 corresponds to the standard structure inherited by S® from C?; we
shall show that (HM,J) is actually equivalent to this structure. Indeed, the
Riemannian metric g induced on S3 turns S® into a Riemannian CR manifold
with torsion; moreover, applying Lemma 7.16, each fiber, being totally geo-
desic, is a Sasaki space form of constant curvature 1. Therefore, each fiber is
CR equivalent to S with the standard CR structure [34]. We have in this case
a Sp(m—+ 1)-equivariant CR diffeomorphism f: (M,H'M,J,)— (M,HM,J),
where (H'M, J,) denotes the CR structure on the 3-Sasakian homogeneous
space Sp(m+1)/Sp(m) discussed in Example 4.5. Arguing as above, f*g =g,
and this is not possible since we know that (H'M, J,, g,) does not admit any
characteristic connection with parallel torsion. O

REMARK 7.18. The assumption VI =0 in the above theorem is essential.
Indeed, it is well known that the 7-dimensional sphere carries a parallelization
{E;}i=1,..7 with respect to which the standard metric g, is consistent (cf.
e.g., [3]), and such that VT # 0 where V is the corresponding flat connection.
Fix 4,j,k,l such that VT'(E;, E;, By, E;) #0. On the other hand, according
to Example 4.8, we can construct an almost CR structure of codimension
k =3 such that E;, E;, Ey, E; € THS” and (HS7, J, g,) is a Riemannian almost
CR structure with torsion. Now, we observe that if V is any charactestic
connection for (S7, HS",J,g,), then VT # 0. Indeed, we have

(VT)(E;, Ej, Ex, Ey) = (VT)(E;, E;, Ey, Ey)

since according to (3.4) and (3.5), T(X,Y)=T(X,Y) and VxY = VY for
every X,Y ¢ THS".

8. Flat characteristic connections

In this section, we investigate the existence of quasi Sasakian C'R manifolds
admitting flat characteristic connections. As a first remark, regarding the case
of CR codimension 1, we prove the following proposition.

PROPOSITION 8.1. Let (M, p,£,1,9) be a quasi Sasakian manifold. If the
characteristic connection is flat then at each point the Levi form L, has rank
0 or 2. In particular, the Okumura connection of any Sasakian manifold of
dimension at least 5 is not flat.

Proof. By (ii) in Proposition 3.8, it follows that (VxT)(Y,Z,V) =0 for
every X,Y,Z,V € 'HM; therefore, using (2.8) and (2.6), under the assump-
tion R =0, we see that dT'(X,Y,Z, V) =0. Now, recall that the torsion of the
characteristic connection for a quasi Sasakian manifold is given by T'= 6n A dn
(see [15] or (3.5)). Hence, n A (dn)? =0. O
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For CR codimensions at least 2, the existence of flat characteristic con-
nections does not necessarily lead to the Levi degeneracy of the underlying
CR structure, in fact to strong pseudoconvexity, as shown by the following
results.

THEOREM 8.2. Let N = G/H be an irreducible Hermitian symmetric space,
where G is a compact simple Lie group. Let (J,g,) be the G-invariant Kihler
structure on N, where g, is the normal metric. Then the canonical lift
(HG,J,g9) to G of (J,9,) is a left invariant quasi Sasakian strongly pseu-
doconvex CR structure projecting onto N, admitting a flat characteristic con-
nection.

Furthermore, any simply connected, complete and irreducible quasi Sasakian
CR manifold admitting a flat characteristic connection arises by this construc-
tion, up to scaling the metric.

Proof. The first claim is a consequence of Corollary 6.2; in this case g is
a bi-invariant metric on G; of course the (—)-connection is a characteristic
connection on G.

Now, let (M,HM,J,g) be a simply connected, complete and irreducible
quasi Sasakian CR manifold, of type (n,k), admitting a flat characteristic
connection. Following [3], M admits a global orthonormal frame {ej,&;},
h=1,...,2n,j=1,...,k, consisting of Killing vector fields, where e, 4; = Je;,
i=1,...,n, constructed by parallel transport from an adapted basis of the
tangent space at a fixed point. Now, there are two cases:

(a’) or = Oa
(b) (o 75 0.

We exhamine first (a). In this case, it is known that M is a compact
simple Lie group G with Lie algebra g spanned by ey, &; [3, p. 484]. Clearly,
the structure (HM,J,g) is left invariant. Now, this Lie algebra decomposes
as g =h ®m, where h = span{¢{;} and m = span{e,}. We claim that this is a
symmetric decomposition. Indeed, being H M + integrable, b is a subalgebra;
moreover, since the vector fields of the orthonormal frame are parallel, we
have

g([&ienl &) = =T (& en, &) =0,

so that [h,m] C m. Finally, according to Proposition 3.8, T'(e;,ej,ep) =0
yielding [m,m] C h. Let H be the analytic Lie subgroup of G corresponding
to b; the symmetric space N := G/H is in a canonical way an irreducible
Hermitian symmetric space of compact type (cf. Prop. 7.4 in [20, p. 250] and
Prop. 9.3 in [20, p. 260]). The result follows immediately.

Finally, we prove that the case (b) must be excluded. Indeed, when or #
0, M is isometric to the sphere S7. Using again Proposition 3.8, we have
T(ei,e;, Z) =0 for every Z € THM, yielding [e;, e;] € THM™*. On the other
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hand, by the CR integrability, we have
lei,ej] — [Jei, Jej] =0.
Hence,
[ei,ej],en] = [[Jei, Jej], enl;
but, RY(e;, e;)en, = —3[[ei, €5], en] (see [3, Prop. 2.3]), and thus
RI(ei,ej)en, = RI(Je;, Jej)en.

This is impossible since g has constant curvature, provided n > 1. For the
case n =1, one can apply (a) of Theorem 7.8. O

We can weaken the global assumptions on N in the above theorem, and
describe a construction providing again a quasi Sasakian CR manifold which
fibers onto N and admits a flat characteristic connection.

THEOREM 8.3. Let (N, J,h) be a Hermitian locally symmetric manifold of
complex dimension n. If N has nonnegative sectional curvature at a point
x, then there exists a quasi Sasakian CR manifold M admitting a flat char-
acteristic connection, fibering onto N, and with strongly pseudoconvex CR
structure provided that the local de Rham decomposition of N at x contains
no flat factor.

Proof. Denote by U(N) the U(n)-structure of N and let M := P(u) C
U(N) be the holonomy bundle of the Levi-Civita connection through an
adapted frame v € U(N) at x € N. Let (HM,J) be the canonical lift of
the CR structure of N with respect to the Levi-Civita connection. Theo-
rem 5.1 ensures that every Jensen type metric g on M defined as in (5.1)
makes M a quasi Sasakian CR manifold. Let ¥(z) be the linear holonomy
group at . We show that one can choose an inner product (, ) on the Lie
algebra b :=Lie(¥(z)) in such a way that the corresponding g admits a flat
characteristic connection.

In order to construct such an inner product on b, consider the Cartan—
Nomizu Lie algebra

g=bom,
where m := T, N, whose Lie bracket is given by
[X,Y]=-R,(X,Y), [A,B]=AB — BA, [A, X]=AX

for every X,Y e m and A, B € h. The Killing form B, satisfies
Bgy(A,B) = By(A,B) +tr(AB)

which implies that By is negative definite on b, since the restricted holonomy
group ¥Y(z) is compact. Now fix a decomposition

(8.1) T.N=m; D - Dmy
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into mutually orthogonal, invariant and irreducible subspaces with respect to
the action of W°(z). Then By restricts to a U%(z)-invariant bilinear form on
each subspace m;; therefore there exists a real number \; such that

By(X,Y)=\X Y
for every X, Y € m; (see [19, Appendix 5]), where we use the symbol - to denote
hg. Observe that A\; =0 if and only if R,(X,Y) =0 for every X,Y € m;. Set

I={ie{l,...,s}: A\ #0}. Actually we have \; < 0 for each i € I; this follows
from the curvature assumption, being

Ro(X,Y, X,Y) = ;ZB (IX.Y,[X,Y])

for every orthonormal set {X,Y} in m;. Now, according to the local de Rham
decomposition theorem, applied to (8.1) (cf. e.g., [30], pp. 227-228), we can
decompose the Lie algebra b as

h=b1& - Dby,

where b; := {A € h|A|n, =0 Vj # i} is an ideal of h. Of course, h; = {0} if
i ¢ I. Accordingly, we define an inner product on b by setting

)= Z AiBg
il

Now, let {ey,...,e2,} be the standard basis of R?" and {A,...,A,} a ba-

sis of h, orthonormal with respect to (, ). Then {B(e;), A} is an absolute

parallelism on M, where B(e;) is the standard horizontal vector field corre-

sponding to e; [19, p. 137]. According to Example 2.9, it suffices to show

that the Jensen metric g corresponding to (, ) is consistent with the absolute
parallelism, which amounts to

hixb;-

(8.2) 9([Bles), B(ej)], Bler)) + g([B(ei), Bew)], Blej)) =0,
(8.3) 9([B(e:), B(e;)], Ax) + 9([Blei), Ax], B(e;)) =0,
(8.4) g([Ble), A7], A%) + g([B(e:), Ar], A7) =0,
(8.5) g([A7 A7), A%) + g ([AT, A7), 47) =

0
First, we remark that using Proposition 5.5 in [19, p. 137], Q(B(e;), B(e;))

( *

(A

is a constant function on M and [B(e;), B(e;)| = —2Q( (e:i), B(ej))*, Wthh
implies (8.2). On the other hand, we also have [B(es), Ayl = —B(Age;) glvmg
(8.4). Observe that (8.5) holds true since the inner product (, ) is ad(h)-

invariant.
Formula (8.3) is equivalent to

(8.6) —2<Q(B(ei),B(ej)),Ak> = Ai(e;) - e
which can be rewritten as

(8.7) <u*1 o Ry (ue;,uej)owu, Ak> =—Ai(e;) - €,
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where - here denotes the standard inner product on R?". After identifying
R2" with T, N by means of the linear isometry u : R?® — T,, N, this condition
can be rewritten

(8.8) (Ry(X,Y),A) = —A(X) Y

for every X, Y € T, N and A € h; here we use again the symbol - to denote h,.
In order to prove this formula, take A € b; and X,Y € m;. Then

(Ro(X,Y),A) = _%Bg([x, Y], A) = —)%BQ(AX,Y) — _AX)-Y.

This completes the proof of the first statement.

As concerns the last assertion, if the local de Rham decomposition of N has
no flat factor, then the Ricci tensor of N is nondegenerate. Hence, according
to [20, Theorem 8.3, p. 173], we have that J, € . We claim that the Levi form
in the direction of the vector field J is positive definite. Indeed we compute

,CJ; (B(el),B(eJ)) = LJ; (B(el),JB(e])) = LJ* (B( ) (J BJ))

=9([Bles), B(Jo;)], J3) = (w[B(es), B(Joe)] (7))
=—2(Q(B(e;), B(ej)), Jo) = bsj,

where J, is the standard complex structure on R?" and the last equality is
justified by (8.6). O

THEOREM 8.4. Let (N,¢,&,1n,9) be a locally p-symmetric Sasakian man-
ifold of dimension 2n + 1. Suppose that at a point x € N the sectional cur-
vatures of 2-planes orthogonal to &, are >—3. Then there exists a quasi
Sasakian CR manifold M admitting o flat characteristic connection and fiber-
ing onto N.

Proof. Let U(N) be the U(n) x 1-structure of N and let M := P(u) C U(N)
be the holonomy bundle of the Tanaka—Webster connection through an
adapted frame u € U(N) at x. By virtue of the curvature properties of
the Tanaka-Webster connection V (see for details [31]), Theorem 5.1 ap-
plies. Hence M admits a quasi Sasakian CR structure (HM,J,g), g being
a Jensen metric defined by means of an inner product (, ) on the Lie alge-
bra b := Lie(®°(z)), where ®°(x) is the restricted holonomy group at z of
the Tanaka—Webster connection. Arguing as in the proof of Theorem 8.3, we
shall determine a suitable inner product in such a way that M admits a flat
characteristic connection.

Let U be an open neighborhood of x such that the induced Sasakian struc-
ture on U is regular and let p: U — N be the corresponding fibering over
the Hermitian locally symmetric space N = U/£. The Riemannian curvature
tensor R of N and the curvature tensor R of V on U are related by

R(X*,Y")Z* = (R(X,Y)Z)"
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for every X,Y,Z € X(N); here X* denotes the horizontal lift of X with respect
to p (see [33]). On the other hand (see again [33]),

R(X*Y*)Y*=R(X*,Y")Y* +3g(X", oY) Y™,
so that N has nonnegative sectional curvature at p(z), by our assumptions.

Now, the holonomy algebra b is isomorphic to the Riemannian holonomy
algebra by of N at p(z) through the map

Aeh— A (&) = (&)™,

taking into account that (£,)* is canonically identified with T}, N.
By the proof of Theorem 8.3, there exists an ad(h 5 )-invariant inner product
(, ) on by satisfying

(8.9) (Rya)(X,Y),A) = —A(X)-Y

for every X,Y € TP(I)N and A € hy. This inner product induces in a natural
way an ad(h)-invariant inner product on b.

We consider now an absolute parallelism {B(e;), A5} on M, {eq,...,e2.}
being the standard basis of R?"*! and {A;,..., A} being an orthonormal
basis of . Recall that for a locally @-symmetric Sasakian manifold V is
invariant by parallelism (see again [33]). Therefore, the Jensen metric g is
consistent with the absolute parallelism since

<u_1 o Rw(uei, uej)ou, Ak> =—Ax(ei) - ¢;

for every 4,7 =0,...,2n. In fact, the above formula holds when i =0 being
u(eg) =&, and for 4,5 > 1 it holds by virtue of (8.9). O
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