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THE ENGEL ELEMENTS IN GENERALIZED FC-GROUPS

ANTONIO TORTORA AND GIOVANNI VINCENZI

Abstract. We generalize to FC∗, the class of generalized FC-
groups introduced in [Serdica Math. J. 28 (2002) 241–254], a re-
sult of Baer on Engel elements. More precisely, we prove that the

sets of left Engel elements and bounded left Engel elements of an

FC∗-group G coincide with the Fitting subgroup; whereas the

sets of right Engel elements and bounded right Engel elements of

G are subgroups and the former coincides with the hypercentre.

We also give an example of an FC∗-group for which the set of

right Engel elements contains properly the set of bounded right
Engel elements.

1. Introduction

Let n be a positive integer and x, y be elements of a group G. The com-
mutator [x,n y] is defined inductively by the rules

[x,1 y] = x−1xy and, for n≥ 2, [x,n y] =
[
[x,n−1 y], y

]
.

An element a ∈G is called a left Engel element if for any g ∈G there exists
n= n(a, g)≥ 1 such that [g,n a] = 1. If n can be chosen independently of g,
then a is called a left n-Engel element. Moreover, a is a bounded left Engel
element if it is left n-Engel for some n ≥ 1. Similarly, an element a ∈ G is
called a right Engel element if the variable g appears on the right, that is,
for any g ∈G there exists n= n(a, g)≥ 1 such that [a,n g] = 1; in addition, if
n= n(a), then a is a right n-Engel element or simply a bounded right Engel
element. By a well-known result of Heineken [11, Theorem 7.11], the inverse
of any right Engel element is a left Engel element and the inverse of any right
n-Engel element is a left (n+ 1)-Engel element.

Following [11], we denote by L(G) and L(G) the sets of left Engel elements
and bounded left Engel elements of G, respectively; and by R(G) and R(G)
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the sets of right Engel elements and bounded right Engel elements of G,
respectively. Thus,

(1) R(G)−1 ⊆ L(G) and R(G)−1 ⊆ L(G).

It is also clear that these four subsets are invariant under automorphisms
of G, but it is still unknown whether they are subgroups. This is a very
long-standing problem, even if Bludov announced recently that there exists a
group G for which L(G) is not a subgroup [3].

We mention that L(G) contains the Hirsch–Plotkin radical HP (G) of G
and L(G) contains the Baer radical B(G) of G; whereas, R(G) contains the
hypercentre Z(G) of G and R(G) contains Zω(G), the ω-hypercentre of G
[11, Lemma 7.12]. Recall that HP (G) is the unique maximal normal locally
nilpotent subgroup containing all normal locally nilpotent subgroups of G
[11, Part 1, p. 58]; and B(G) is the subgroup generated by all elements x ∈G
such that 〈x〉 is subnormal in G. Notice also that, by a famous example of
Golod [6], L(G) can be larger than HP (G). However, if G is a soluble group,
then L(G) =HP (G) and L(G) =B(G) [11, Theorem 7.35]. This latter result
is due to Gruenberg, who also proved that in this case R(G) and R(G) are
always subgroups and that there exists a soluble group G such that Zω(G)⊂
R(G),Z(G)⊂R(G) and R(G)⊂R(G) [7]. On the other hand, a remarkable
theorem of Baer shows that groups satisfying the maximal condition have a
fine Engel structure:

Theorem 1.1 (see Theorem 7.21 of [11]). Let G be a group which satisfies
the maximal condition. Then L(G) and L(G) coincide with the Fitting sub-
group of G, and R(G) and R(G) coincide with the hypercentre of G, which
equals Zk(G) for some finite k.

There are a series of wide generalizations of Theorem 1.1 (see [11, 7.2
and 7.3] and [1], [2] for an account). For instance, in [10], Plotkin proved
that L(G) =HP (G) and R(G) is a subgroup whenever G is a group with an
ascending series whose factors satisfy max locally (i.e., every finitely generated
subgroup has the maximal condition).

The aim of this note is to extend Theorem 1.1 to the class of FCn-groups,
which has been introduced in [5] as follows. Let FC0 be the class of finite
groups, and suppose by induction hypothesis that for some positive integer n
a group class FCn−1 has been defined. A group G is called an FCn-group
if for any element x ∈ G the factor group G/CG(x

G) belongs to the class
FCn−1, where xG is the normal closure of 〈x〉 in G. It is easy to see that
the set FCn(G) = {x ∈G|G/CG(x

G) is an FCn−1-group} is a subgroup of G,
the so-called FCn-centre of G. Hence, G is an FCn-group if and only if
G= FCn(G). Of course, FC1 is the class of FC-groups, namely groups with
finite conjugacy classes. More generally, a group is an FC∗-group if it is an
FCn-group for some n≥ 0.
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The investigation of properties, that are common to finite groups and nilpo-
tent groups, has been satisfactory for FC∗-groups [5], [12], [13], [9]. It turns
out that every finite-by-nilpotent group is an FC∗-group and, conversely, ev-
ery FC∗-group is locally (finite-by-nilpotent) [5, Proposition 3.6]. A group
G is said to be extended residually finite, or briefly an ERF-group, if every
subgroup is closed in the profinite topology, that is, every subgroup of G
is an intersection of subgroups of finite index. A complete classification of
ERF -groups in the class of FC∗-groups is given in [12].

In Section 2, we prove that if G is an FCn-group, then L(G) and L(G)
coincide with the Fitting subgroup of G; whereas R(G) and R(G) are sub-
groups of G and, in particular, R(G) coincides with the hypercentre of G,
which equals Zω+(n−1)(G). It remains an open question whether R(G) co-
incides with the ω-hypercentre, when G is an FCn-group. Nevertheless, we
show that R(G) =R(G) = Zω(G) under the additional assumption that G is
a periodic ERF -group. We also give an example of a non-periodic FC2-group
G such that G is ERF and R(G)⊂R(G).

2. The results

Given an arbitrary group X , we denote by F (X) the Fitting subgroup
of X .

Lemma 2.1. Let G be an FCn-group. Then the normal closure of any left
Engel element of G is nilpotent and, consequently,

L(G) = L(G) = F (G).

Proof. Let a ∈ L(G). By [5, Lemma 3.7] the quotient group aG/Zn(a
G) is

finite. Applying Theorem 1.1, we have

L
(
aG/Zn

(
aG

))
= F

(
aG/Zn

(
aG

))
= F

(
aG

)
/Zn

(
aG

)
,

where F (aG) is nilpotent because so is F (aG/Zn(a
G)). From aZn(a

G) ∈
L(aG/Zn(a

G)), we get a ∈ F (aG). But F (aG) is characteristic in aG and
hence normal in G. Thus aG = F (aG) and aG is nilpotent. In particular
a ∈ F (G), that is L(G) ⊆ F (G). It follows that L(G) = L(G) = F (G), be-
cause F (G)⊆B(G)⊆ L(G)⊆ L(G) [11, Lemma 7.12]. �

We recall that any FC∗-group G satisfies max locally [5, Proposition 3.6]
and therefore, in according to Plotkin [10], the set of right Engel elements of
G is always a subgroup.

Lemma 2.2. Let G be an FCn-group and a ∈ γn(G) ∩ R(G). Then a ∈
Zk(G) for some k = k(a).

Proof. Let N be the normal closure of a in G. Since γn(G) is con-
tained in the FC-centre of G [5, Theorem 3.2], we have that G/CG(N) is
finite. Then G =HCG(N), where H is a finitely generated subgroup of G.
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Now HN is finitely generated and so it satisfies the maximal condition, by
[5, Proposition 3.6]. Hence, Theorem 1.1 shows that R(HN) = Zk(HN)
for some k. But N ≤ R(G), so that N ≤ R(HN) = Zk(HN). For any
1≤ i≤ k, let gi = xihi ∈G with xi ∈CG(N) and hi ∈H . Thus [a, g1, . . . , gk] =
[a,h1, . . . , hk] = 1 and a ∈ Zk(G), as desired. �

Let G be a group. Following [7], we denote by ρ(G) the set of all elements
a ∈G such that 〈x〉 is ascendant in 〈x,aG〉, for any x ∈G; and by ρ(G) the
set of all elements a ∈ G such that 〈x〉 is subnormal in 〈x,aG〉 of defect at
most k = k(a), for any x ∈G. By [11, Lemma 7.31], the sets ρ(G) and ρ(G)
are characteristic subgroups of G satisfying the following inclusions:

(2) Z(G)⊆ ρ(G)⊆R(G) and Zω(G)⊆ ρ(G)⊆R(G).

The subgroups ρ(G) and R(G) can be different (see, for instance, [11, Part 2,
p. 59]) and it is possible that Z(G) = 1 and ρ(G) =R(G) 
= 1 [7]. In contrast
with this, for FCn-groups, we have the following lemma.

Lemma 2.3. Let G be an FCn-group. Then

(i) R(G) = ρ(G) = Z(G) = Zω+(n−1)(G);

(ii) R(G) = ρ(G).

In particular, if G is an FC-group, then

R(G) =R(G) = Zω(G).

Proof. (i) Clearly Zω+(n−1)(G)⊆ Z(G)⊆R(G), by (2). Let a ∈R(G). As
R(G) is normal in G, for any x1, . . . , xn−1 ∈ G, we have [a,x1, . . . , xn−1] ∈
γn(G) ∩ R(G) which is contained in Zω(G), by Lemma 2.2. Hence a ∈
Zω+(n−1)(G) and R(G)⊆ Zω+(n−1)(G).

(ii) Let a ∈ R(G). By Lemma 2.1, jointly with (1), we have that aG is
nilpotent. It follows that a ∈ ρ(G), by [8, Theorem 1.6], and R(G) ⊆ ρ(G).
Thus R(G) = ρ(G), by (2). �

A group G is called an Engel group if R(G) =G or, equivalently, L(G) =G.
Of course locally nilpotent groups are Engel, but Golod’s example [6] shows
that Engel groups need not be locally nilpotent. As a consequence of
Lemma 2.3(i), every Engel FCn-group is hypercentral and its upper cen-
tral series has length at most ω+(n− 1) (compare with [5, Theorem 3.9(b)]).
Moreover, this bound cannot be replaced by ω when n > 1, see Example 2.7.

By combining Lemma 2.1 and Lemma 2.3, our main result follows.

Theorem 2.4. Let G be an FCn-group. Then L(G) and L(G) coincide
with the Fitting subgroup of G; whereas R(G) = ρ(G) coincides with the hy-
percentre of G, which equals Zω+(n−1)(G), and R(G) = ρ(G).

The respective position of these subgroups is indicated in the following
diagram (see also the diagram in [11, Part 2, p. 63]).
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F (G) = L(G) = L(G)

Zω+(n−1)(G) = Z(G) = ρ(G) =R(G)

ρ(G) =R(G)

Zω(G)

Notice that if G is a finitely generated FC∗-group, then G is finite-by-
nilpotent [5, Proposition 3.6] and so, by the next result, R(G) and R(G)
coincide with the ω-hypercentre of G.

Proposition 2.5. Let G be a finite-by-nilpotent group. Then

R(G) =R(G) = Zω(G).

Proof. By (2), we have Zω(G) ⊆ R(G) ⊆ R(G). Since G is finite-by-
nilpotent, there exists i ≥ 0 such that G/Zi(G) is finite [11, Theorem 4.25].
Then, by Theorem 1.1, we have

R(G)Zi(G)/Zi(G)⊆R
(
G/Zi(G)

)
= Zj

(
G/Zi(G)

)
= Zi+j(G)/Zi(G)

for some j ≥ 0. It follows that R(G)⊆ Zi+j(G), so that R(G)⊆ Zω(G). �
In the sequel, we restrict our attention to FC∗-groups belonging to the

class of ERF -groups. Let G be any FCn-group and denote by T (G) its
torsion subgroup [5, Corollary 3.3]. By [12, Theorem 3.6], the group G is
ERF if and only if the following conditions hold:

(i) Sylow subgroups of G are Abelian-by-finite with finite exponent;
(ii) Sylow subgroups of γn+1(G) are finite;
(iii) G/T (G) is torsion-free nilpotent of finite rank and no quotient of its

subnormal subgroups is of p∞-type for any prime p.

Proposition 2.6. Let G be an FC∗-group which is ERF . Then every
periodic right Engel element of G belongs to Zk(G) for some k = k(a). Hence,
if G is periodic, then

R(G) =R(G) = Zω(G).

Proof. First notice that, if N is a finite subgroup of G of order m contained
in Zi(G) for some i≥ 1, then N ≤ Zm(G). This is true for any arbitrary group
and its proof is a straightforward induction on m.

Let a be any nontrivial right Engel element of G. We may assume that a is
a p-element, where p is prime. With x1, . . . , xn ∈G, by Lemma 2.2, we have
[a,x1, . . . , xn] ∈ Zi(G) for some i. Suppose [a,x1, . . . , xn] 
= 1 and denote by N
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the normal closure of [a,x1, . . . , xn] in G. Then N ≤ P ∩ Zi(G), where i≥ 1
and P is a Sylow p-subgroup of γn+1(G). Now P is finite, say of orderm. Then
the previous remark implies that N ≤ Zm(G) and so [a,x1, . . . , xn] ∈ Zm(G).
But Sylow p-subgroups of G are isomorphic [12, Theorem 3.9] and so m is
independent of x1, . . . , xn. Hence, a ∈ Zk(G) where k =m+ n. �

Next we show that, in our context, the set of bounded right Engel elements
can be properly contained in the set of right Engel elements.

Example 2.7. There exists a non-periodic met-Abelian FC2-group G such
that

R(G) = Zω(G) and R(G) = Zω+1(G) =G.

Further, Zω(G) is periodic and G is an ERF -group.

Proof. Let p1 < p2 < · · · be a sequence of odd primes and 1< n1 < n2 < · · ·
be a sequence of integers. For any i≥ 1, put

Pi = 〈ai, bi〉,
where ai has order pni

i , bi has order pni−1
i and abii = a1+pi

i . Then [ai, bi] =

api

i and therefore, for any m ≥ 1, we have [ai,m bi] = a
pm
i

i . In particular
[ai,ni bi] = 1 and, consequently, the commutator [ai,ni−1 bi] is a nontrivial
element of Z(Pi). This leads to [ai, bi] ∈ Zni−1(Pi), so that Pi = 〈ai, bi〉 is
nilpotent of class exactly ni.

Let bjia
k
i be an arbitrary element of Pi, with 0≤ j < pni−1

i and 0≤ k < pni
i .

By [4, Lemma 4], the map αi defined by
(
bjia

k
i

)αi
=
(
bia

p
i

)j
aki

is an automorphism of Pi. Clearly, a
αi

i = ai and bαi

i = bia
pi

i .
Now form the semidirect product

G= 〈x〉� P,

where 〈x〉 is infinite cyclic, P =Dri≥1Pi and

axi = ai, bxi = bia
pi

i .

If A = Dri≥1〈ai〉, then G/A is Abelian and A ≤ CG(x). It follows that
CG(x

G) = CG(x) and G/CG(x
G) is Abelian, that is x ∈ FC2(G). On the

other hand yG is finite for any y ∈ P . Then so is G/CG(y
G), which em-

beds in Aut(yG). Hence P ≤ FC(G) ≤ FC2(G) and G = FC2(G), namely
G is an FC2-group. Of course G is ERF by construction. Notice also that
R(G) = Zω+1(G), by Lemma 2.3. But ai ∈ Zni(G), so that A ≤ Zω(G) and
Zω+1(G) =G.

Finally let g = xry be an arbitrary element of R(G), where r ∈ Z and
y ∈ P . Since y is a periodic (right Engel) element, then y ∈ Zω(G) ⊆ R(G)
by Proposition 2.6. It follows that xr is an m-right Engel element, for some
m≥ 1. From [bi, x

r] = arpi

i , we get 1 = [xr,m bi]
−1 = (ari )

pm
i , for any i. This
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forces r = 0 and therefore g = y ∈ P ∩ Zω(G). We conclude that R(G) =
Zω(G)≤ P . �

It is well known that, if G is an FC-group, then G/Z(G) is periodic. This
fails for FC∗-groups, even if they are ERF : there exists a non-periodic FC2-
group with trivial centre which is ERF [12, Example 4.4]. One more example,
but with nontrivial centre, is then the group given in Example 2.7.
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vanni Paolo II, 132-84084 Fisciano (SA), Italy

E-mail address: vincenzi@unisa.it

http://www.ams.org/mathscinet-getitem?mr=2858851
http://www.ams.org/mathscinet-getitem?mr=2846396
http://www.math.klte.hu/bovdiconf/abstracts.pdf
http://www.ams.org/mathscinet-getitem?mr=0285594
http://www.ams.org/mathscinet-getitem?mr=1952010
http://www.ams.org/mathscinet-getitem?mr=0238880
http://www.ams.org/mathscinet-getitem?mr=0104730
http://www.ams.org/mathscinet-getitem?mr=0136657
http://www.ams.org/mathscinet-getitem?mr=3286149
http://www.ams.org/mathscinet-getitem?mr=0125880
http://www.ams.org/mathscinet-getitem?mr=0332989
http://www.ams.org/mathscinet-getitem?mr=2746062
http://www.ams.org/mathscinet-getitem?mr=2784779
mailto:antortora@unisa.it
mailto:vincenzi@unisa.it

	Introduction
	The results
	References
	Author's Addresses

