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EXTENSION OF PLURISUBHARMONIC FUNCTIONS
IN THE LELONG CLASS

OZCAN YAZICI

ABSTRACT. Let X be an algebraic subvariety of C* and X be its
closure in P™. In their paper (J. Reine Angew. Math. 676 (2013),
33-49), Coman, Guedj and Zeriahi proved that any plurisub-
harmonic function with logarithmic growth on X extends to a
plurisubharmonic function with logarithmic growth on C" when
the germs (X, a) in P™ are irreducible for all a € X \ X. In this pa-
per we consider X for which the germ (X, a) is reducible for some
a € X \ X and we give a necessary and sufficient condition for X
so that any plurisubharmonic function with logarithmic growth
on X extends to a plurisubharmonic function with logarithmic
growth on C".

1. Introduction

Let X be an analytic subvariety of C™. A function ¢ : X — [—00,+00) is
called plurisubharmonic (psh) if ¢ #Z —oo on any open subset of X and every
point z € X has a neighborhood U in C™ so that ¢ = u|x for some psh function
uw on U. We refer to [5] and [4] for more details and equivalent definitions.

We denote by P™ the complex projective space and consider the standard
embedding

z€Ch—[l: 2] eP”,

where [t : z] denote the homogeneous coordinates on P". Let w be the Fubini-
Study Kéhler form on P" with the potential function p(t, z) = log 1/[t]? + ||2]|%.
We call ¢ a quasiplurisubharmonic (gpsh) function in P* when ¢ is locally
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the sum of a psh function and a smooth function. Then the class of w-
plurisubharmonic (w-psh) functions on P™ is defined by

PSH(P",w) = {¢ € L' (P",[~00,+00)) : ¢ qpsh, dd°¢ +w >0},

where the operators d and d° are defined by d:=0+ 9, d°:= 5=(9 — 0) so
that dd® = %35. We refer the reader to [6] for the basic properties of w-psh
functions.

Let X be an analytic subvariety of P". An upper semicontinuous function
¢: X — [—00,+00) is called w|x-psh if ¢ Z —oo on any open subset of X and
if there exist an open cover {U; };cr of X and psh functions ¢; and p; defined
on U; where p; is smooth and dd°p; = w, so that p; + ¢ = ¢; holds on X NU;
for all ¢ € I. The class of w|x-psh functions on X is denoted by PSH(X,w|x).

If not stated otherwise, we will assume in the sequel that X is an algebraic
subvariety of C" for n > 2. By X we denote the closure of X in P" so X is
an algebraic subvariety of P*. By L(X) we denote the Lelong class of psh
functions ¢ on X which verify ¢(z) <log™ ||z|| + C for all z € X, where C is
a constant that depends on ¢.

The mapping

F: PSH(P",w) = L(C"),  F(¢)(z)=p(1,2)+o([1: 2]),

is well defined. Its inverse F'~1: £(C") — PSH(P",w) is given by F~1(n) =1,
where

oy = 412 = (L) if t =1,
il =) {thUPcna[lzq]a[o:z](U(C)—P(LC)) ift=0.

Thus there is a one-to-one correspondence between the Lelong class £(C™) and
PSH(P",w) (see [6] for details). It is natural to ask that if there is such a cor-
respondence between £(X) and PSH(X,wl|). However, F : PSH(X,w|¥) —
L(X) which is defined like above is not necessarily surjective. In fact, any
n € L(X) induces an upper semicontinuous function

(1 1) e 4102 = p(1,2) ift=1,2€X,
n([ Z]) {hmsupX9[1: ¢]—0: z](n(g) _p(17C)) lftZO,

on X . However 7 is not necessarily w|x-psh on X. It is in general only weakly
w-psh, that is, it is bounded above on X and w|x—-psh on X,, where X, is
the regular part of X (see [4] for details).

We denote by £,(X), where 7 is a positive constant, the Lelong class of
psh functions on X which verify ¢(z) < ylog™’ |z| + C for all z € X, where
C' is a constant that depends on ¢. For an analytic subvariety X C C" [2,
Theorem A] implies that any function ¢ € £(X) has an extension in £, (C") for
every v > 1. In [2, Section 3] the question whether this additional arbitrarily



EXTENSION OF PLURISUBHARMONIC FUNCTIONS 221

small growth is necessary on an algebraic subvariety to have an extension
is addressed. More precisely, is every psh function with logarithmic growth
on an algebraic variety X C C™ the restriction of a function in £(C™)? The
following is proved.

PROPOSITION 1.1 ([2]). Let n € L(X). The following are equivalent:
(i) There exists 1 € L(C™) so that v =n on X.

(ii) 7€ PSH(X,w|¢).
(iii) For every point a € X \ X, the following holds: if (X;,a) are irreducible
components of the germ (X, a), then the value

lim sup (U(C) - p(1, O)

X;3[1: (]—a
1s independent of j.

In particular, if the germs (X, a) are irreducible for all points a € X \ X then
L(X)=L(C")|x.

Here we consider the converse of the last statement: If X is such that the
germ (X, a) is reducible for some a € X \ X, then is there always a function in
L(X) which does not extend to a function in £(C™)? That is, is the inclusion
L(C™)|x C L(X) strict?

We need to give a definition before we state our main result answering the
above question. Let (X}, a) be irreducible components of the germ (X, a). We
will say that X; and X; are linked if there exist some irreducible components
X, ’s such that all the intersections X; N X;, NC", X;, N X;,NC",..., X, N
X; NC™ have positive dimension. Now we can state our main result.

THEOREM 1.2. Let X be an algebraic variety in C™ where n > 2. Then
any function in L(X) extends to a function in L(C™) if and only if for all
a€ X\ X, any two irreducible components of the germ (X,a) are linked.

The proof of this theorem will be given in Section 2. In Section 3, we
will consider some well known examples of algebraic varieties X and check
whether our condition in Theorem 1.2 holds for X, hence whether £(X) =
L(C™)|x. In cases where L£(X) # L(C™)|x we will construct a function n €
L(X) which has no extension in £(C™). By [2, Theorem A] we know that
there is an extension of n in £,(C") for all v > 1. Here we give such an
extension of 1 explicitly. If the germs (X,a) are irreducible for all points
a€ X\ X, then £(X) = L(C")|x by Proposition 1.1. In particular, this
happens when X is a smooth variety. In Example 3.1, there are three singular
points in X \ X. At two of these points the germs (X, a) are irreducible. At the
other point the germ (X, a) has two irreducible components which are linked.
Thus by Theorem 1.2, £(X) = L(C")|x. In Example 3.2, Example 3.3 and
Example 3.4 for some singular point a € X \ X, the germ (X,a) has two
irreducible components whose intersection lies in the hyperplane at infinity.
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Therefore these irreducible components are not linked and by Theorem 1.2
L(X)# L(C™)|x. In these cases we construct a function n € £(X) which has
no extension in £(C™). Then we give an explicit extension of  in £, (C™) for
any v > 1.

2. Proof of Theorem 1.2
We need some lemmas to prove Theorem 1.2.

LEMMA 2.1. Let X be as in Theorem 1.2 and let a € X \ X. If two ir-
reducible components X; and X; of the germ (X,a) are not linked, then
(X,a)= X; U Xj where X; and Xj are germs of subvarieties of X at a such
that X; N X; NC" = .

Proof. Let (X,a), k € I, be irreducible components of the germ (X,a).
We take X; = X; U {Urer Xr} and :f(j =X; U {Urgr X} where K ={k €
I: X}, linked to X;}. We claim that X;NX; NC™ has dimension 0. Otherwise
one of the irreducible component of X; is linked to an irreducible component
of X'j. Consequently, this irreducible component of XJ— is linked to X; and
this contradicts the definition of the set K.

Let Y be an irreducible component of the germ X; N X ; at a. Then the
previous claim implies that ¥ C {t =0}, hence X; N X; C {t =0}. Thus X; N
XJ‘ NC" = 0. O

The following lemma will show that for a qpsh function v on a germ of
an irreducible analytic variety (X,p), limsup,_,,v(z) is attained along the
complement X \ 'Y for any proper germ of subvariety (Y, p) of (X, p). Although
it is well known, we will include its proof for the convenience of the reader.

LEMMA 2.2. Let (Y,p) C (X,p) be germs of analytic varieties in C™ such
that dim(X,p) =k >0, (X,p) is irreducible and (Y,p) # (X,p). Then

limsup v(z) =v(p),
X\Y>3z—p

for any gpsh function v on (X,p).

Proof. We construct a non-constant holomorphic function f : A — X such
that f(0) =p and f(A:)NY = {p} where A, is a disc of radius ¢ in C. Let
7: CF x C" % — C* be the projection map onto the first k& coordinates. By
Local Parametrization Theorem (see [3, Theorem 4.19 on p. 95]) there is a
choice of coordinates in C™ such that the restriction of the projection map
m: XNU — U’ is a finite, proper, holomorphic map where U and U’ are some
neighborhood of p € C" and 0 € C* with 7(p) = 0. By Remmert’s Proper
Mapping Theorem (see [3, Theorem 8.8 on p. 118]), #(Y NU) C U’ is an
analytic subvariety. Since 7 is a finite map, dim7(Y NU) =dimY < k by [3,
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Lemma 8.1 on p. 118]. Let B, C U’ be a polydisc in C* centered at 0 with
radius 7 > 0. Let a € Br \7(Y'NU). We define a holomorphic map ¢ from unit
disc A C Cto B, C U’ by ¢(¢) =2a(. Then ¢(0) =0 and ¢(3) =a ¢ 7(Y NU).
Thus ¢~ 1(m(Y NU)) is a proper subvariety of A C C. This implies that 0 is
an isolated point in ¢~ (7(Y NU)). We take a smaller disc A, such that
d(A,) NT(Y NU) ={0}. 7 (¢(A,)) is an analytic subvariety of X N U
and its dimension is 1 since 7 is finite. By parametrization of curves (see [3,
Example 4.27 on p. 98]) there is a non-constant holomorphic map

fiA.cC—=7m(o(A))) C X,

with f(0) = p for some disc A, of radius ¢. It follows that f(A:)NY = {p}.

Let v be a qpsh function on the germ (X,p). Since v is locally the sum of
a psh function and smooth function, it is enough to prove the lemma when v
is psh. Since v o f is subharmonic in A,

v(p) =v(f(0)) =limsupvo f(t) < limsup v(z) <limsupv(z) =v(p).
0#t—0 X\Y2z—p X>z—p 0O

Proof of Theorem 1.2. First, we assume that the germ (X, a) has two irre-
ducible components X; and X; which are not linked. Then we will show that
there exists a n € £(X) which has no extension in £(C™). For simplicity, we
can assume that a=[0:0: ... : 1] € {t=0} C P". We take a neighborhood
Vs of a where

Vv = {(21,22,...,zn) eC”: |zy| >Mmax(l,\zl|,|22|,...,|zn_1|)}.

For M big enough X N Vi =Y; UYs, and Y1 NY, C {t =0} where we can

choose Y7 = X, and Y5 = X; as in Lemma 2.1. Let

1
w(z1,. ey 2n) = max{log|zl,10g|22|,...,§10g|zn}.
Note that v € L(C™). We will show that
(1) u(z)+2log M > p(1,2z) on OVyy,

if M is sufficiently large. In order to prove (1) we consider four cases for
z€ V.
Case 1: |z,| =M for z=(z1,...,2,) € V. Then

1
p(1,2) = Slog(L+[z1]* + -+ + |2n?)

< log(n+M2) < %log(2M2) <2log M,

DN | =

when M is big enough. On the other hand u(z1,...,2,) = & log M and in-

— 2
equality (1) is satisfied.
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Case 2: |z,| = M|z1| and |2,,| < |z1|%. Then u(z1,...,2,) =log|z1| and
1
p(lazla"'azn) = ilog(1+|zl|2++|zn|2)
1 1
< 5 log((n+1)|z,|?) = ilog(nJr 1) + log |zn|

< 2log M +log|z].

Thus, inequality (1) is satisfied in this case.
Case 3: |z,| = M|z1| and |2,,| > |21]?. Then

1 1
W21,y 2n) = glog\zn| = §(log|zl| +log M)

and

1 1
p(Ll, 21, 2m) < 510g(”+1) +log|z,| = ilog(”Jrl) +log |z1| +log M

1 1
< §log|zl| + ;logMJr §log(n+1),

since |z1| < M. Therefore, (1) is satisfied in this case too.

Case 4: |z,| = M|z]| for some i: 2,...,n — 1. Then the same argument as
above works. Thus, we obtain the inequality (1).

We consider

max(u(z1,...,2n) +2log M, p(1,21,...,2,)) on Y7,
n(z1,...2n) =
w(z1,. ey 2n) +2log M on X \ Y.

It follows using [5, Theorem 5.3.1] that n is psh on X. Since u € L(X),
ne L(X). Let

Vi ={(z1: 221 ... 1 2,) €C" t |25| > M'max(1,|z1],]22], ..., |zn-1]) },

where M’ > e?*M* and k is any positive number. In Vi, p(1,2) > log |2y
and

1
u(z) +2log M < max<10g|zn| —log M’, 510g|zn|> +2log M

1
<loglzn| — §1ogM’+210gM<log|zn| —k<p(1,z)—k.

Thus n(z) = p(1,2) on Y7 near the point a and 7(z) — p(1,2) < —k on Y5 near
the point a. These imply that

lim sup (77(217-~-7Zn)—P(Lzlw--azn)) =0
Yi3[1: 21: ...t zn]—a
and
lim sup (7}(21,--',%)—P(l»thaZn)) = —00.
Y23[1l: z1: ...t zp]—a

Hence by Proposition 1.1, n € £(X) does not extend in L(C™).
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Now we assume that any two irreducible components of the germ (X,a)
are linked for any a € X \ X. Let n € £(X) and X; and X; be arbitrary
irreducible components of (X,a). By the assumption there exist some ir-
reducible components X;,’s such that all the intersections X; N X;, N C",
Xi,NX;,NE", ..., X, NX;NC™ have positive dimension. Let C' be a positive
dimensional irreducible analytic subvariety of X; N X;, which is not contained
in {t =0} CP?. n|x,np=1} induces a function 7 on X; C P" defined by

_ n(z) — p(1,2) ift=1,ze X;NC",
t: =
T]([ Z]) {hmsupXiS[l: ¢]—[0: z](n(g) _p(17C)) lft:()’ [O7Z] EX%

Since X is locally irreducible near a, [4, Theorem 1.7] implies that 7 is w|x,-
psh on X;. Then 7j|¢ is w|c-psh on C. It follows that

lmsup  (7(C) — p(1,0)) = (@) = Tle(a) = limsup (1 2))
X;3[1: ¢]—a CrNC3[1: z]—a
= limsup (n(z) —p(1,2)).
C3[1: z]—a

Note that the third equality above follows from the Lemma 2.2. By changing
X; with X, above, we obtain that
limsup  (7(¢) —p(1,¢)) = limsup (n(¢) - p(L,¢))

Xi3[1: ({J—=a C3[1: (]—a

= limsup (n(¢) = p(1,¢)).
X;3[1: ¢(]—a
By applying the same argument as above to the other irreducible components
X, of the germ (X,a) we conclude that

limsup (n(¢) —p(1,¢)) = limsup (n(¢) — p(1,¢))-
X;3[1: ¢(]—a X;3[1: {]—a

It follows from Proposition 1.1 that n € £(X) extends in £(C"). O

REMARK 2.3. For X C C? the intersection of two irreducible components
of the germ (X, a) is given by at most a finite set of points. Thus any two
irreducible components of the germ the (X,a) are not linked when (X, a) is
reducible. Therefore Theorem 1.2 has the following immediate corollary in
dimension two:

COROLLARY 2.4. Let X be an algebraic variety in C?. Then any function
in L(X) extends to a function in L(C?) if and only if the germs (X,a) are
irreducible for all points a € X \ X.

3. Examples

In this section, we study some well known examples of algebraic varieties.
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EXAMPLE 3.1. Let X be the surface in C? given by equation xy? + 1222 +
222% — xyz=0. Then

X={[t:z:y: 2] € P aty? + P2 + 222’ — zyzt =0}.

This surface is called Roman (Steiner) surface. Let H = {t =0} C P? be the
hyperplane at infinity. HNX = {t =2 =0} U {t =22 +y? =0}. One checks
that [0:1:0:0], [0:0:1:0] and [0: 0: 0: 1] are the only singular points
of X in the hyperplane at infinity.

Near a=1[0:1:0:0], X is given by the zero set of the Weierstrass poly-
nomial f € O¢z o[2],

2
3 9 yt yt
{(t,y,z)ec  Fly ) == —1+y2z+1+y2—0}.

We show that the germ (X, a) is irreducible by proving that f is irreducible
as a Weierstrass polynomial. Indeed, if f is reducible then

where g € Ocz o and h € O¢z2 ¢ with g(0,0) =h(0,0) = 0. It follows that
2

y-t yt
d h=—2"—.
1442 and g+ 1+ 92

(2) gh=

Since t divides gh, we may assume without loss of generality that t|g. By the
second equation in (2) t|h. This implies that ¢?|gh which contradicts to the
first equation in (2). Thus, the germ (X,a) is irreducible. In the same way
one shows that the germ (X, a) is irreducible at a=[0: 0: 1: 0].

Let a=[0:0:0: 1]. Near a, X is given by

t x?
t C3: f(t —p2- " + =0
{(J#J)G f(,l‘,y) Yy 1 xty 1+ 2t )

near the origin in C3. The function f can be written as f = fi fo where

f1<t,l',y):y 2(1+ t (t+ \ — 4wt — )
fg(t,x,y):y—L t— /12 —4xt—4).

m1+mﬂ(
Here we take a branch of root function with v/—4 = 2i. One checks that
{fi=0}Nn{fo =0} ={z =y =0} near (0,0,0). Thus, the germ (X,a) has
two irreducible components whose intersection lies along a line not contained
in the hyperplane at infinity. Therefore, these irreducible components are
linked and by Theorem 1.2, £(X) = L(C?)|x

The following example is a generalization of [2, Example 3.2].
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EXAMPLE 3.2. Let z = (21,...,2,) €C" and X = {z;pq41 = =2, =
0} U{zmy1=---=2, =1} CC™ be an m dimensional subvariety of C". Let
p(t,z) =log \/|t|2 + ||z||?. The function

) p(1,2) ifze X1 ={zm41="--=2,=0},
Z)=
7 p(Lz)+1 fzeXo={zpmi1="=2,=1},
isin £(X) and
limsup (U(O - p(l,C)) = 07 limsup (77(0 - p(]-v C)) = ]-7
X19[1: {]—HL X29[1: C]—)a
where a=1[0:1:0: ... : 0] € X \ X. Proposition 1.1 implies that  does not

extend in £(C™). However by [2, Theorem A], we can find an extension with
arbitrarily small additional growth. Explicitly, we take

ii(z) = p(1,2) + elog|1 + zn(e% - 1)].
Then 7 € L14.(C™) and 7j|x =n.
The following example is a generalization of [2, Example 3.3].

EXAMPLE 3.3. Let X be given by the equation z 2, = 23 + 1. It is clear
that X is irreducible in C™. The closure X of X in P” is given by

X={[trz1:...: 2] €EP" t izt =2} + 3} = X U{t =2 =0}.
~ We take a=1[0: ...:0:1] € X \ X. First we will show that the germ
(X,a) has two irreducible components X; and X whose intersection lies
in the hyperplane at infinity. Let (sq,...,s,—1) be affine coordinates near

a € {z, # 0} where sg = i, s; = Z-. In these coordinates, the germ (X,a) is
defined by sgs; = s% + s:{’. We change the coordinate sg by u = sy + s1. In
the new coordinates the germ (X, a) is defined by the Weierstrass polynomial
Fu, 81,00 80-1) = 87 — s1u + % =0 and f = fifo where f; and f5 are
germs of holomorphic functions in Oc¢» o defined by

= 4
’ (u,S]_,...,Sn])_S]__u(] ] u >’
f— 4u
S [ n 1 .
fg(u’ 1, ,8 ]) S1 u(] - )

Then {f1 =0} N{f2 =0} = {s1 =u =0} near a. In the original coordinates,
{fi=0}N{fa =0} ={so =51 =0}. Thus, the germ (X, a) has two irreducible
components X; and X5 whose intersection is contained in the hyperplane at
infinity. Therefore, X; and X5 are not linked and by Theorem 1.2, £(X) #
L(C")|x.
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Now we will give an explicit example of a function in £(X) which has no
extension in £(C™). The function

¥(z) = max(log|z, — 27|, 2log|z1| + 1)

is psh in C". It is clear that n:=|x € £(X) since 21z, =2} +1. On X,
in the coordinates (sg,...,S,—1) near a, we have s; #0 as z; # 0 and sg #0
since X C C" = {t #0}. In these coordinates near a, the functions n and p
are given by

(80, -+, 8n—1) = max(log ,2log o —|—1>
50
and
2 2 1

s Sp— 1 2 1
p(so,...,sn1)=10g<1+ L Ly s 2) =log — +o(1),

50 50 |0l |0l
as (s0,---,5n—-1) = (0,...,0).

On (X1,a) in the coordinates (so,...,Sn—1),

1
f1(805-++y8n—1) = —80 — 5(80 + 51)0(|80 + 51|) =0.

This implies that
81 2+O(|80+S1|)
O(|so + s1)

as (sg,51) — (0,0). Since s?/sg=1—s2/s; on (X,a),

)

S0

1
limsup  (7(¢) — p(1,¢)) =  limsup (2log S log—>
X13[1: (—a (50,51)—(0,0) 50 |s0]
§2
= limsup log|—|+1=1.
(80751)—)(0,0) S[)
Similarly, we obtain that
. . S0 1
limsup (n(¢) —p(1,¢)) = limsup <10g —log — > =0.
X23[1: ¢—a (s0,:51)=(0,0) \ | 51 [0

Thus by Proposition 1.1, n has no extension in £(C"). However, we know
from [2, Theorem A] that with an arbitrarily small additional growth 7 has
an extension in £, (C™) where v > 1. We will give an explicit extension using
a similar idea given in the proof of [1, Proposition 3.3].

Let © ={z€C": |21z, — 27 — 1| <e™3}. Clearly, X CO. In © C C" when
21| < 2, 9 has logarithmic growth. In © when |z1| > 2, ¥(2) = log|z1|? + 1
and

0+1

o+1
(3) 21 = = <lanl <o+ ——

2
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where § = e~3. Thus, 1 has logarithmic growth in ©. One can easily check
that 1(z) <log™ ||z|| + 3 in ©. Indeed, if z € © and |z;| < 2 then
P(z) < max(log(\zn| —|—4),log4 + 1) < max(log(5\zn|),3) <log™ IzIl + 3.

If z € © and |z| > 2 then inequality (3) implies that

Y(z) =log|z1|* +1<log(|zn| +1) +1

< max(log2,log(2|z,|)) + 1 <log™ ||z]| + 3.
Let ¢(z) =e(3log|z12, — 2§ — 1|+ 1) where ¢ > 0. Then ¢ € L.(C"), ¢ = —o0
on X and ¢ >0 on C™*\ ©. We now define
7(z) = max(w(z),log+ Iz + &(2) +3) if z€ 0O,

7 log™ ||2]l + é(2) + 3 if 2€C\ ©.
We have 9(z) < log™ ||z|| + ¢(2) +3 on 6. So 7j € PSH(C"). Since 1 € L(O)
and ¢ € £.(C"), 7 € L142(C") and 7ix = 1.

EXAMPLE 3.4. Let X be the surface in C? given by equation 3z — 3xy +
22 =0. Then

Y:{[tixiy: Z}EIP’3:3zt2—3xyt+x3:0}.

This surface is called Cayley’s ruled cubic surface. One verifies that X N H =
{t =2 =0} and all the points on the line {¢t =z =0} are singular.

Let a=[0:0:1:1]€ X\ X. In the neighborhood {z # 0} C P3 of a, X is
given by

3

near (0,0,1). The function f can be written as f(t,z,y) = f1(t,z,y) f2(t,z,y)

where
Ty 4x
Aty :t__<1_,/1__> and
it ) 2 3y?
T T
fQ(taxvy)_t 9 <1+ 1 3y2>

are holomorphic near (0,0,1). In a small neighborhood of (0,0,1),
{fi=0}n{fo=0}={t=2=0}.

Thus the germ (X, a) has two irreducible components whose intersection lies
along a line contained in the hyperplane at infinity. Therefore, these irre-
ducible components are not linked and by Theorem 1.2, £(X) # £(C?)|x.

Now we will give an explicit example of a function in £(X) which does
not extend to C3 with logarithmic growth. Let a=1[0:0: 1: 1] and Xy, Xo
be the two irreducible components of the germ (X, a) defined by f; and fo
respectively.
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Let C; be the curve {(z, "”2;3” , é) : # € C} C X and C} be its closure in P3.
One checks that a € C; and (C1,a) C X;.

Let Cy be the curve {(1,y,y — 1):y € C} C X. One checks that a € C5
and (Cs,a) C Xo.

We now define v(x,y, 2) = max(log ||, 2log|z|) € PSH(C?). First, we show
that 7 :=|x € £(X). When |z| > |z|%, n(z,y,2) = log|z|. Hence, we may

LIS

El

assume that |z| < |z|?. It follows that n(x,y, 2) = log |z|* and |y| > ‘xl
\z|2 — |z > 5 2% when |z| > 6 on X. Thus, n€ L(X).

Note that C;=CyU{a} and X; DC; > (x ,“Jgr ,%)%a as T — oo.
7; on X; C P? defined near a by

(1) = 4 1) = p(LT) t=1,
w7 {hmsupximcss[l:<]—>[o:T](77(C)—P(17C)) t=0,

where 7= (x,y,2). Since X; is locally irreducible near a, [4, Theorem 1.7]
implies that 7); i i@, is w|g,-psh on C;. Then

lim sup (U(C) —p(l,C))

X1NC33[1: (]—a

=1(a) =1le, (a) = limsup 7 [¢, (1)

Cio1—a

limsu ( (m P+ 95_2) _ <1 gt -”f_2>>_10 <i)
z*>OOI) 77 ) 3 ) 3 p ) ) 3 ) 3 g \/§ *
The third equality holds by Lemma 2.2. Similarly
limsup  (n(¢) — p(1,¢))

XoNC33[1: (]—a

= 12(a) = 12|, (a) = limsup 12| &, ()

Cod7—a

1 1 1
=limsu Lyy—=)—plL,Ly,y— - =log| — |.
pon(n(a=) =o(10v=3)) =we(55)

By Proposition 1.1, 1 does not extend in £(C3).

We know from [2, Theorem A] that with an arbitrarily small additional
growth n extends in £, (C?) where v > 1. We will give an explicit extension
using a similar idea given in the proof of [1, Proposition 3.3].

Let © = {(z,y,2) € C3: |32 — 3zy + 2%| < e™3}. Clearly, X is contained
in ©. First, we show that ¢ € £L(©). When |z| <6, ¥(z,y,2) <log|z| + 4.
When |z| > |z|2, ¥(x,y,2) = log\z| Hence we can assume that |z| < |z|? and

|z| > 6. It follows that |y — 2 — % \ < 45 . Therefore, |y| > lfz and

U(z,y,2) = loglﬂc\2 <logly| +log12.



EXTENSION OF PLURISUBHARMONIC FUNCTIONS 231
Thus in O, ¢¥(z,y,2) <log||(x,y,2)|| + 4. That is, ¢ € L(O). Let
1
o(x,y,2)=¢ (5 logISz —3xy + 333| + 1) ,

where € > 0. Then ¢ € L.(C?), = —o0c on X and ¢ >0 on C3\ ©. We now
define

()= [ M) og Il +0(7) +4) i 7= (wp.2) O,
T tog Il + 6(r) + 4 ifrec\o.

Since we have ¢(7) <log||7|| + ¢(7) + 4 on 90, 71 € PSH(C?). As ¢ € L(O)
and ¢ € ‘CE((C3)7 ne £1+€((C3) and 7j|x =17.
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