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ONE AND TWO WEIGHT NORM INEQUALITIES FOR RIESZ
POTENTIALS

DAVID CRUZ-URIBE, SFO AND KABE MOEN

ABSTRACT. We consider weighted norm inequalities for the Riesz
potentials I, also referred to as fractional integral operators.
First, we prove mixed A,-Aos type estimates in the spirit of (In-
diana Univ. Math. J. 61 (2012) 20412052, Anal. PDE 6 (2013)
777-818, Houston J. Math. 38 (2012) 799-814). Then we prove
strong and weak type inequalities in the case p < q using the so-
called log bump conditions. These results complement the strong
type inequalities of Pérez (Indiana Univ. Math. J. 43 (1994) 663~
683) and answer a conjecture from (Weights, extrapolation and
the theory of Rubio de Francia (2011) Birkh&user). For both sets
of results, our main tool is a corona decomposition adapted to
fractional averages.

1. Introduction

In this paper, we prove one and two weight norm inequalities for the Riesz
potentials (also referred to as fractional integral operators):

Iaf(x):/ L)_, 0<a<n.
R |2 =y

Each of our results is analogous to a corresponding result for Calderén—
Zygmund operators, and so our work parallels recent development in the study
of sharp one and two weight norm inequalities for these operators. Our results
are linked by a common technique that also originated in the study of singular
integrals: a corona decomposition adapted to the fractional case.
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The natural scaling of the operator I, shows that if I, : LP(R"™) — L(R"™),
then p and ¢ must satisfy the Sobolev relationship

p q n

and so this is a natural condition to assume when studying one weight in-
equalities. Muckenhoupt and Wheeden [28] proved the following result.

THEOREM 1.1. Given o, 0 < a<mn and p, 1 <p<n/a, define g by (1).
Then the following are equivalent:

(1) weA,,:

[w]a,, = Sup (]éw(x)"dw) v (]{2 w(a) ¥ dx) " < 00;

(2) I, satisfies the weak type inequality
SUp L wx o1, s @) >0 la < CllSwllpi

(3) I, satisfies the strong type inequality
|y, < Cllpuly

More recently, the second author with Lacey, Pérez and Torres [20] proved
sharp bounds for these inequalities in terms of the [w]a, , constant. This
question was motivated by the corresponding problem for Calderén—Zygmund
singular integrals, which has been studied intensively for more than a decade,
and was recently solved in full generality by Hytonen [12]. For the complete
history of the problem we also refer the reader to [2], [18], [22], [24], [32] and
the references they contain.

The problem of sharp constants for Riesz potentials is more tractable if we
reformulate Theorem 1.1 in terms of the Muckenhoupt A, weights. Recall
that for 1 <p < oo, w € A4, if

[, sgp(]g w(e)do) (]{2 w@) dx)pl <o,

Let u=w? and 0 =w® and define the function s(-) by

et gm(i-2) ()

Note that it follows at once from this that s(p)’ = s(q’). Then it is straight-
forward to show that the following are equivalent: w € A, 4, u € Ay, and
oc As(q/), and

1 1/p’
[wla,, =¥ =[01{" .
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Moreover, by a change of variables we can restate the weak and strong type
inequalities in terms of u and o:

2) 17 (£0) | ooy S 1 o)
and
(3) 126 (F| oy S 1 oo

(This formulation has the advantage that it makes the connection between

the one and two weight inequalities more natural: see below.) It was shown
in [20] that

(4) ||Ia('G)HLp(g)HLq,oc(u) S [u],lél:(i
and

_a _a (1-2) max(1,2)
5) el ooy os oy S [l + 1ol ? = lula )

Our first result is an improvement of these inequalities. It is again mo-
tivated by the corresponding problem for Calderén—Zygmund operators: see
[13], [15], [17]. There, a precise bound involving the A, constant and the
smaller A., constant was given. Recall that w € A, if

[w]a., = supexp <]{2 —log(w(z)) d:z:) (]lQ w(z) dz) < 00.

We have that w € A if and only if w € A, for some p > 1, and
wla = Jim ful.,

(This limit was proved by Sbordone and Wik [38].) There are several equiv-
alent definitions of the A, condition (see [10]). One in particular has been
shown to be very useful in the study of sharp constant problems. We say that
a weight w e A/ if
1
[w]a, =sup —/ M(xqw)(z)dx < 0o,
=T Q w@ g

where M is the Hardy—Littlewood maximal operator. Independently, Fujii [8]
and Wilson [41], [42] (also see [43]) showed that w € A if and only if w € AL_.
Hyténen and Pérez [15] showed that [w]a, < [w]a,.., and in fact [w]a,_  can
be substantially smaller. Using this definition, we can state our result.

THEOREM 1.2. Given a, 0 < a<n, and p, 1 <p<n/a, define q by (1).
Let we A, 4 and set u=w? and o = w™?". Then

1 1
HIa ('U) HLp(g)_>Lq,oo(u) S [u}ﬁxw) [u]fl’m
and

HIa('U)||Lp(U)_>Lq(u) S [U]Zm ([UL’&/ + [U]El’ )
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REMARK 1.3. Recently, Lerner [23] introduced a different approach to im-
proving the sharp A, estimates for singular integrals using a mixed A,-A,
condition, 1 < r < co. He showed that this condition is not readily compara-
ble to the A,-A condition we are using. It is an open question whether the
corresponding conditions can be proved for Riesz potentials.

We will actually prove Theorem 1.2 as a special case of a two weight result.
Note that while we have assumed in inequalities (2) and (3) that u and o
are linked via the weight w € A, 4, we do not a priori have to assume this.
We cannot completely decouple the weights u and o but we can weaken their
connection. In this context, it is natural to generalize the A, condition to
hold for a pair of weights: we say (u,0) € A, if

.01, =sup (i) u(x)dm) <]£)U(x) dw)p_l < .

It is well known that this condition is necessary for many two weight in-
equalities, but not sufficient. For example, (u,0) € A, is necessary for (2).
However, if we assume that v and/or o are in A, then it is sufficient, and
we can generalize Theorem 1.2 as follows.

THEOREM 1.4. Given a, 0 < a<mn, and p, 1 <p<n/a, define q by (1).
Suppose (u,0) is a pair of weights with [u,o]a,, , <o0o. If u € A, then

s(p)

L
e o) oy 0wy S T 0T, Tl -

Moreover, if both u and o belong to A, then
1 L, 1
||Ia('g)”LP(U)~>L‘1(u) Sluoli,, (Wi, +1ol4,)-

REMARK 1.5. To see that Theorem 1.4 does indeed generalize Theorem 1.2,

1
/ o 7
set u=w? and c =w P . Then |u,o]|4 =l|o,ul?
[ }Aa«p) i ]Asm')

and ¢+ =1-2.

A nonquantitative version of this result was implicit in Pérez [30]. In the
study of two weight norm inequalities for singular integrals, it has long been
part of the folklore that assuming (u,o) € A, with the additional hypothesis
that v and o are in A, is a sufficient condition. This was implicit in Neuge-
bauer [29] and was the motivation for results by Fujii [9], Leckband [21], and
Rakotondratsimba [33]. The sharp analog of Theorem 1.4 for singular inte-
grals is due to Hytonen and Lacey [13].

If we drop the assumption that u and o are A, weights, we need to as-
sume a stronger condition than two weight A, for norm inequalities to hold.
However, when working in this generality we no longer have to assume that
p and q satisfy the Sobolev relationship (1). Instead, we only assume that
p <gq. (The case ¢ < p is much more difficult; see, for instance, Verbitsky
[40].) In this case, the weights for the weak and strong type inequalities were
characterized by Sawyer [35], [36].
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THEOREM 1.6. Given a, 0 < a<n, and p,q, 1 <p < q< oo, the weak type
inequality (2) holds if and only if for every cube Q,

(©) ([ retramier oteas) " ([ utwra) "

The strong type inequality (3) holds if and only if for every cube @, inequality
(6) holds and

™) (/ retra@ute dx)l/q <([f ot dx)l/p.

While necessary and sufficient, the so-called testing conditions in Theo-
rem 1.6 have the drawback that they involve the Riesz potential itself. An-
other approach is to find sharp sufficient conditions that resemble the A, ,
condition of Muckenhoupt and Wheeden. This approach was introduced by
Pérez [30], [31] and involves replacing the local LP norm with a larger norm
in the scale of Orlicz spaces.

To state these results, we need to make some preliminary definitions.
A Young function is a function ® : [0,00) — [0, 00) that is continuous, convex
and strictly increasing, ®(0) =0 and ®(t)/t — oo as t — co. Given a cube Q
we define the localized Luxemburg norm by

1flle.c :inf{/\ >0 é@(@) dr < 1}.

When ®(t) =P, 1 < p < 0o, this becomes the LP norm and we write

1£llpo = (]{2 }f(fc)lpdw>1/p.

The associate function of ® is the Young function

O(t) = ig}g{st — ®(s)}.

Note that ® = ®. A Young function ® satisfies the B, condition if for some

c>0,
<P
/ —(t)@<oo
¢ Pt

Important examples of such functions are ®(t) =t°P, s > 1, whose associate
function is A(t) = t(*?) and ®(t) =t log(e 4+ t)~17¢, € > 0, which have asso-
ciate functions ®(t) ~ t* log(e 4+ t)? ~170, § > 0. We refer to these associate
functions as power bumps and log bumps.

Pérez proved the following strong type inequality.



300 D. CRUZ-URIBE, SFO AND K. MOEN

THEOREM 1.7. Given a, 0 < a<mn, and p,q, 1 <p < g < oo, the strong
type inequality (3) holds for every pair of weights (u,o) that satisfies

(8) sup |Q
Q

Q
() O

lo ol Il g < o0

where ®,V are Young functions such that ® € By and ¥ € By,.

The corresponding two weight result for singular integrals (with p = ¢ and
a =0) was a long-standing conjecture motivated by Theorem 1.7. It was
recently proved by Lerner [22]. For a detailed history of this problem, see [2],
[3] and the references they contain.

Much less is known about two weight, weak type inequalities for the Riesz
potential. It has long been known that for singular integrals, a sufficient
condition for the weak (p,p) inequality is that the weights satisfy

1
‘O’P’ < 00,

.ol

1
sup|lu .Q

where @ is the log bump ®(t) =t log(e + )P~ (see [5]). It is conjectured
that it suffices to take ® € By, (see [3]). Moreover, it was conjectured that
the corresponding result holds for Riesz potentials.

CONJECTURE 1.8. Given o, 0 < a < n, and p,q, 1 <p < q<oo, then the
weak type inequality (2) holds for every pair of weights (u,o0) that satisfies

< 00,

SUP|Q| H“qu:QHJP | nQ

where ® is a Young function such that ® € B.

Until now, Conjecture 1.8 was only known when ® is power bump (see [1],
[6]) or a log bump of the form ®(¢) = t7log(e + ¢)?¢~1+°. (This is proved in
[3] when p = g, but the same proof works in the case ¢ > p.) In the scale of
log bumps, the conjecture should hold with the smaller exponent ¢ — 1 + §.
Our first result is a proof of this for a limited range of values of p and gq.

THEOREM 1.9. Given o, 0 < a<n, and p,q, 1 <p < q < oo, suppose

(9) ‘;’:(1_E>>1

Then the weak type inequality (2) holds for every pair of weights (u,o) that

satisfies
|

sup|Q| +___Huq||q> QHJ @ <O

where ®(t) =t71log(e + )41+ 5> 0.

The restriction (9) holds when p and ¢ satisfy the Sobolev relationship (1),
and it also holds for p and g close to these values. It does not hold, however,
when p =g¢g. This condition appears to be intrinsic to our proof and a new
approach will be necessary to prove Theorem 1.9 for the full range of p and gq.
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REMARK 1.10. The proof of the corresponding result for singular integrals
is much simpler than the proof of Theorem 1.9: it follows by extrapolation
from a two weight, weak (1,1) inequality for singular integrals. It is conjec-
tured that a similar inequality holds for Riesz potentials, and this would yield
a simpler proof of Theorem 1.9. See [3] for complete details.

REMARK 1.11. The weak type results for singular integral operators are
sharp in the sense that they are false if we take 6 =0 in the definition of ¢
(see [5]). Though it has not appeared explicitly in the literature, the same
is true for Riesz potentials. For an example involving commutators of Riesz
potentials, see [4].

By a small modification of our proof of Theorem 1.9, we can extend this
result to a class of Young functions referred to as loglog bumps (cf. [3]). Our
proof builds upon the recent work in [7], where a weak type inequality for
singular integrals involving loglog bumps was proved.

THEOREM 1.12. With the same hypotheses as before, the conclusion of
Theorem 1.9 remains true if ®(t) = t?log(e 4+ )7 'loglog(e® + )71+ for
6 > 0 sufficiently large.

In the scale of loglog bumps, Conjecture 1.8 holds for loglog bumps if we
take any § > 0. But again this restriction on ¢ seems to be intrinsic to our
proof.

Our second result in this vein is an improvement of Theorem 1.7 in the
scale of log bumps. We believe that the single condition (8) with a bump
on each term can be replaced by two conditions, each with a single bump
condition. This is referred to as a separated bump condition. More precisely,
we make the following conjecture.

CONJECTURE 1.13. Given a, 0 < a<n, and p,q, 1 <p<gq < oo, then the
strong type inequality (3) holds for every pair of weights (u,0) that satisfies

sgplQ\%+%_% Hu%H@,QHU# ’p',Q <%0,
sup QI* 57 ||us ||q,QHO—§ v,Q <%

where ®, U are Young functions such that ® € By and U e By,

The motivation for this conjecture is recent work on two weight norm in-
equalities for singular integrals. The corresponding conjecture for singular
integrals has been implicit in the literature, as it is closely connected to a
long-standing conjecture of Muckenhoupt and Wheeden, now known to be
false. It was recently made explicit in [7]; this paper also discusses its con-
nection with the Muckenhoupt—Wheeden conjecture. Moreover, the authors
also proved the conjecture in the special case of log bumps and certain loglog
bumps. We can prove these kinds of result for Riesz potentials.
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THEOREM 1.14. Given o, 0 < a<mn, and p,q, 1 <p < q < oo, suppose

(3 7)1 5)2

Then the strong type inequality (3) holds for every pair of weights (u,o) that
satisfies

sgﬂ@ﬁﬁﬁ*iwﬁH¢QHUinQ<<“”

< 00,

sgp \Q|%+%_% H“% ||q,QHU ,Q

where ®(t) = 19log(e + 1)~ and (1) = 17 log(e + 1) ~1+9.

THEOREM 1.15. With the same hypotheses as before, the conclusion of
Theorem 1.14 remains true if

®(t) = t?log(e +t)? ' loglog (e + t)qué

)

T(t) = t” log(e + t)* ~log log(e® + t)plflﬂs

for & > 0 sufficiently large.

Similar to the restriction in Theorem 1.9, (10) includes p and ¢ that satisfy
the Sobolev relationship (1) but does not extend to include the case p = q.

Finally, as an application of our weak type results we can prove a two
weight, Sobolev inequality. Such inequalities follow immediately from our
strong type results and the well-known inequality

|f(@)] S L (V) (@).

However, by the truncation method of Maz’ya [26] (see also [11], [25]), a strong
type inequality for the gradient can be deduced from a weak type inequality
for the Riesz potential. The following corollary to Theorem 1.9 can be proved
exactly as [20, Theorem 2.7]. (See also [3, Lemma 4.31].)

COROLLARY 1.16. Given p,q, 1 < p < q < 0o, suppose f;—: >n'. Then for
all smooth functions f with compact support,

(L) (| o)

for all pairs of weights (u,v) that satisfy

+i-%

#lus

SUP‘Q|" Hq> QH”

where ®(t) =t log(e 4 1)9 119,
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Organization. The remainder of this paper is organized as follows. In Sec-
tion 2, we gather some results about dyadic operators that are used in our
proofs. In particular, we state a sharp dyadic version of Theorem 1.6. In
Section 3, we prove Theorem 1.4, and in Section 4 we prove Theorems 1.9,
1.12, 1.14 and 1.15.

Throughout the paper, all of the notation we will use will be standard or
defined as needed. All cubes in R™ will assume to be half open with sides
parallel to the axes. Given a cube, @, £(Q) will denote its side length. Given
aset £ CR™, |E| will denote the Lebesgue measure of E, w(E) = [, wdx the
weighted measure of E, and f, wdz = |E|™! [, wdz = w(E)/|E| the average
of w over E. In proving inequalities, if we write A < B, we mean that A < CB,
where the constant C' can depend on «, p and n, but does not depend on the
weights u or o, nor on the function. If we write A ~ B, then A < B and
B <A

2. Dyadic Riesz potentials

In this section, we define two dyadic versions of the Riesz potential, and
show how these can be used to approximate I,. We begin by defining special
collections of cubes, known as dyadic grids or filtrations. A dyadic grid Z is
a countable collection of cubes that has the following properties:

(1) Q€2 = Q) =2* for some k € Z,

(2) Q,Pe2 = QNPec{z,P,Q},

(3) and for each k € Z the set 7 = {Q € 7 : £(Q) = 2*} forms a partition of
R™.

The collection of dyadic cubes used to form the well-known Calderén—

Zygmund decomposition are a dyadic grid, as are all of the translates of these

cubes. Below we will make extensive use of the dyadic grids

2" ={27%(0,1)" + m+ (-1)*t) : ke Z,m e Z}, te{0,1/3}™

The importance of these grids is shown by the following proposition; a proof
can be found in [22].

PROPOSITION 2.1. Given any cube Q in R™ there exists a t € {0,1/3}"™ and
a cube Q; € D' such that Q C Q; and £(Q;) < 6£(Q).

Given a dyadic grid, 2, define the dyadic Riesz potential operator

(11) 125 =3 |Ql* ]{2 f(w)dy - xo(a).

Qe

Dyadic Riesz potentials were first introduced by Sawyer and Wheeden [30]
(see also [37]). They proved (essentially) that the Riesz potential lies in the
convex hull of all the dyadic Riesz potentials. Here we prove a sharper version
of this result.
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PROPOSITION 2.2. Given 0 < a <n and a nonnegative function f, then for
any dyadic grid 2,
I3 f(2) S 1o f ().

Conversely, we have that

Lof(x) < max 12 f(a).

te{0,1/3}"

Note that as a corollary to Proposition 2.2 we have that I, f is pointwise
equivalent to a linear combination of dyadic Riesz potentials:

Lf()~ > 12 f().
te{0,1/3}"

Proof of Proposition 2.2. Fix a nonnegative function f, x € R™, and a
dyadic grid 2. Let {Qr}rez be the unique sequence of dyadic cubes in 2
such that £(Qy) = 2% and x € Q. Fix N > 1; then

1
Z W/Qf(y)dy'XQ(l‘)

Qe
E(Q)<2N
d
k;m |Qk|1 f(y) Y
1
y)d — d
k;oo |Qk|1 ‘/Qk\Qk 1f y+ Z |Qk|1 /k 1f(y) Y
(y) 1
N 7d 4207 I du -
kzoo/k\Qk 1 lz—y ‘n « Qze_:@ |Q|1*E Af(y) Y XQ(x)
L(Q)<2N
f(y) aen 1
= oyt i dy - ,
/QN |z — y|n—« Y+ QEE:@ IQl‘W/Qf(y) Y- xq(z)
(Q)y<2N

Since a < n we can rearrange terms and take the limit as N — oo to get

17 f(z) STaf().
To prove the second inequality, let Q(xz,r) be the cube of side-length 2r
centered at x. By standard estimates (see, for example, [20]),

Lofl@)<20e) (279)"° dy.
oy <23 @) L S

By Proposition 2.1, for each k € Z there exists t € {0,1/3}" and Q; € 2" such
that Q(x,2%) C Q; and

2 = 4(Q) < Q) <6(Q(w,2%)) =12 2%,
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Since £(Q;) =27 for some j, we must have that 281 < ¢(Q;) < 283, Hence,

Lf@ <2 @) [ )y

keZ Qw,2%)
1
SOOI D LR
keZte{0,1/3}n Qe Q
2k+1§€(Q)S2k+3

1
< Z Z W/Qf(y)dy'XQ(l')

te{0,1/3}" Qe ot

< max I(?tf(o:).

~ te{0,1/3}n O

We now show that in the definition of IZ we can replace the summation
over Z by a summation over a subset of the dyadic grid whose members have
good intersection properties. We call such a subset a sparse family (cf. [14],
[22]). Given a dyadic grid 2, a subset S C & is a sparse family of dyadic
cubes if for every Q € S,

(12) \ U
Q'es
QCQ

If S is a sparse family and we define the sets

E(Q)=Q\( U Q’), Qes.

Q'esS
Q'cQ

1
<-|Q|.
<5Q)

then the collection {E(Q)}ges is pairwise disjoint and for each @,
(13) [E@Q)] <lQI<2|E@Q)|-

Though the terminology is recent, particular sparse families have long played
a role in the applications of Calderén—Zygmund theory. See, for example, [10,
Chapter 4, Lemma 2.5] or [3, Appendix A].

Given a, 0 < a <n, and a sparse family S C &, define the sparse dyadic
Riesz potential

$ra)=>1Q
QES
The connection between dyadic Riesz potentials and their sparse counterparts
is given by the following result. The ideas underlying the proof are not new:
they are implicit in [20], [30], [37].

g][ fdy-xo(z).
Q

PROPOSITION 2.3. Given a bounded, nonnegative function f with compact
support and a dyadic grid 9, there exists a sparse family S such that for all
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a, 0<a<n,
I7f(x) SIS f ().
Proof. Let a =271, For each k € Z define

Qk:{PGQ:ak<][fdy§ak+1}.
P

Then for every P € 2 such that fp fdy #0, there exists a unique k such that
P ¢ Q%. Therefore,

=> \P\l /fdy-XP(fv)

Pe9

zzww@m<zw

E PeQk

" xp(@).

PeQ¥
Now let Si be the collection of disjoint, maximal cubes @ € Z such that

][fdx>ak.
Q

(Such a collection exists since Z is a dyadic grid and f is bounded and has
compact support.) Let S =, Si. Then for every P € QF there exists Q € S
such that @Q O P. Hence, we have that

I7 f(x) <aZa Z Z|P|n~xp(x).

k QESK PED
PCQ

The inner sum can be evaluated:

STIPIF xp@)=)_ > |P|"-xplx)= 1 X(z).
pPe9 r=0 PeZP:PCQ
PeQ LP)=2""4(Q)

Moreover, since a¥ < JCQ fdy if Q € Sg, we have that

17 f(x) SIS f ().

Finally, we show that S is sparse. If Q € S, then @ € Sy for some k € Z;
hence, by the maximality of the cubes in S,

=Y Q< X /fdx<—/fdw<—"|cz|=§|@\.

Q €S Q' eskt Q' ESky
Q'CQ QCQ Qcq 0

As a consequence of Propositions 2.2 and 2.3, to prove our main results it
will suffice to work with a general dyadic grid 2 and a sparse Riesz potential
I$. To prove bounds for IS we will use a dyadic version of Theorem 1.6 due
to Lacey, Sawyer, and Uriarte-Tuero [19] that gives precise bounds in terms of
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testing conditions. To state their result, we need a definition. Given a dyadic
grid 2 and Re€ 2, let

IS f(2) = \Qllf‘fdw xa(a).

QeS
QCR

For 1 <p <g < oo and a pair of weights (u,0) define

1/q
.01y = s Ry ([ 150 (o)
« Re2 R
PROPOSITION 2.4. Fiz o, 0 < a<mn, and p,q, 1 <p<qg<oo. Let Z be
a dyadic grid and let S be a sparse subset of 2. Given any pair of weights
(u,0), the following equivalences hold:

||I§('U)HLP(0)~>L‘%°°(U) ~ [o,u]]

gy’
175 (o) G

~ 2
HLP(U)A)LQ(UI) ~ [u, U]([;f)p,q + [0, “}(Ig)q',p'-

3. Proof of Theorem 1.4
Our main result in this section is the following.

THEOREM 3.1. Given a, 0 <a<mn, and p, 1 <p<n/a, define q by (1).
Suppose (u,0) is a pair of weights with [u,0]a,,, <00, P is a dyadic grid
with sparse subset S. If u € A, then

1 L
(14) (0l g1 S [0l [l
The constant in (14) is independent of 9 and S.

The operator IS is self adjoint; hence, by symmetry we also have the dual

testing condition
1 1

[u, U](IS)p « Sloy U]A o(q /)[ ]Z;O
provided o € A,,. By Propositions 2.1, 2.3 and 2.4, Theorem 1.4 follows at
once from Theorem 3.1.
The proof of Theorem 3.1 requires three lemmas. To state the first, we
define the fractional maximal operator with respect to a dyadic grid 2. Given
a, 0 < a<n, and a nonnegative measure p on R™ define

M f) = s e /"uwdu xolx

LEMMA 3.2. Given o, 0 <a<mn, and p, 1 <p<n/a, define ¢ by (1). If
the measure p is such that p(R™) = oo, then Md@w s LP(p) — LY(p). If p=1,
then Ma?u s LY(p) — L9 (p).
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The proof of Lemma 3.2 is standard: see [39] for a =0 and [27] for
0<a<n.

The second lemma is a fractional Carleson embedding theorem. We do not
believe that this result is new; however, we give the short proof because we
were unable to find it in the literature.

LEMMA 3.3. Given a dyadic grid 9 and a nonnegative measure p such that
1(R™) =00, suppose {cq}toea is a sequence of nonnegative numbers satisfying

Z cog <Au(R), Re 2.
QCR

Given o, 0 < a <n, and p, 1 <p <n/a, define ¢ by (1). Then for all non-
negative functions f,

1 a\ 1/4q )
[ / 2 1/
(Z o e [y 7)) =4 Dl S 4 Wi

Qe

Proof. The second inequality follows at once from Lemma 3.2. To prove
the first, without loss of generality we may assume that f is bounded and
has compact support. Let (Z,v) be the measure space with v(Q) = cg, and
define

o, (f, Q)= = z/fdu

Then
S o (a0, Q) —q/ N({QE D anul(f,Q) > A}) dA
Qe

Let O ={Q € Z: an,,(f,Q) > A} and Q} be the set of all maximal (with
respect to inclusion) dyadic cubes R such that a, ,(f,R) > A. Then the
cubes in 23 are pairwise disjoint, each @ € 2 is contained in some R € {13,

and
U R={MZ,f>\}.

REQ
Hence,
=Y o< Y. Y <A pR)=Au({MZ,f>A}),
Qe ReQ} QCR ReQ}
and so

S o (00 (£Q)" <40 [ X ({MZ,8 > 3 dx

Qe
=AM\ o O
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The last lemma is a crucial exponential decay estimate in the spirit of the
John—Nirenberg inequality for BMO functions. Similar estimates can be found
in [16, Lemma 5.5] and [18, Lemma 3.15]. Our proof is simplified because we
are able to take advantage of the sparse family of cubes.

LEMMA 3.4. Let S be a sparse family of cubes. For any cube Ry and every
k>1,

(15) erRo: ge;m(xpk}’qkmo.
QCRo

Proof. Given Ry, set S(Rp) ={Q €S: Q C Ro}. Let £1(Ry) be the col-
lection of all maximal cubes in S(Ry). Define &y 11(Ry) inductively to be
the collection of all @ € S(Ry) that are maximal with respect to inclusion and
such that there exists Q' € P, (Ry) with Q C Q’. In other words, ;. 1(Ry)
is the collection of maximal cubes that are properly contained in the members
of P (Ry). We will refer to the members of #;, as “cubes at the kth level

down.” Let
%= U @
QeZ,(Ro)
We claim that

{xeRO: > XQ(x)>k}:Qk+1.

QES(Ry)
Notice that the function
fro@)= > xolx)
QES(Ro)

is an integer valued function that counts the number of cubes in S(Rg) that
contain . With this in mind, it is easy to see that

{I'GRQZ Z XQ(CU)>/€}DQ]€+1.
QES(Ro)
To see the reverse inclusion, note that if
xE{xERo: Z XQ($)>I<J},
QES(Ry)

then z belongs to at least k + 1 cubes of S(Ry), so x must belong to a cube
in Zi41(Rp). Finally, by the sparsity condition on the family S(Ry) and the
disjointness of the families %2 (Ry) we have

1 1 1 1
|Qk+1|S§|Qk|§1|9k71|§“'§2—k|ﬂl|§Q—k\RO|- O
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REMARK 3.5. We note one identity from the proof of Lemma 3.4 that we

will use below:
{iEGROZ Z XQ(x)>k}: U Q,

QesS QEPky1(Ro)
QCRo

where Zi11(Ryp) is the collection of maximal cubes in S contained in Ry at
the (k + 1)th level down.

Proof of Theorem 3.1. To prove (14), fix R€ 2 and let S(R) = {Q €
S: Q CR}. It will suffice to show that

1/p’ , ,
(16) ( / ISR (y gu)? crdx) < [uyo) 9 )P w(R) VY
R oo

s(p)

To estimate the operator 15 we need to decompose the family S(R) into
a collection of smaller sets. The first step allows us to “freeze” (i.e., gain local
control of) the A, constant of u. For each a € Z, define

Q" i— {QGS(R) 90 < (]éudxf(]éadxf §2“+1}.

The set Q% is empty if 2* > [u,o]z/jp), so we may assume that

—oo<a< logQ[u,a]l/q =T(u).

Asp)
In particular, we have that
I'(u) y
a < q
(17) Z 2 N[u,a]AS(p).

a=—00

Our next step is to perform a corona decomposition of S(R) similar to that
n [18]. Given a, let C§ be the set of maximal cubes in Q®. For each k> 1,
define the set C} by induction to be the (possibly empty) collection of cubes
Q@ € Q% such that following three criteria are satisfied:
(1) there exists P € Cf_, containing @),
(2) the inequality

(18) \Q|%][ udx>2|P|%][ udx
Q P

holds,
(3) and @ is maximal with respect to inclusion in Q®.

Set C* =, Cf; we refer this set as the collection of stopping cubes for the
corona decomposition of Q%. C® can be thought of as the collection cubes in
Q° whose fractional average increases by a factor of two when passing from
parent to child in C®.
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By the maximality of the stopping cubes, given any Q) € Q% there exists a
smallest P € C* such that P D @ and the reverse of inequality (18),

(19) |Q|%][ udxg2|P|%][ wdz,
Q P
holds. Denote this cube P by I1*(Q). For each P € C? let

P)={QeQ": 1*(Q) = P}.

Then inequality (19) holds for all Q € Q%(P).
Finally, we want to control one more value: for every integer b > 0 and
P eC* let Qf(P) be the set of @ € Q*(P) such that

(20) #f wde <1QfF f wde <2047l wa
P Q P

By the above definitions, we have that

L (u)

U e o= eow) or=ur
b=0

a=—o00 Pece

and each of these unions is disjoint. Therefore, we can decompose the operator
as follows:

T'(u)

ISRy, = Z ZZ Z Q| ][udx XQ

a=—00 PEC® b=0 Qe Q¢ (P)

<2 Z i?fb ud:z: Z XQ-

a=—00 b=0 Peca QeQy(P)

For each k > 0, define

Eg(k:,P){xEP:k< Z XQ(x)§k+1}
QeQp(P)

and
Fb“(k;,P):{xeP: Z XQ(x)>k‘}.
QeQy(P)
Then we have that

T'(u) oo

E®u) < S Y 2 bz (k+1) > |P|* ][ud:v XEg (k,pP) (T)

a*—oob 0 Pece

T'(u) oo

<Y S bz (1) 3 1PIE S wde o @)

a=—0o0 b=0 Pece
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Hence, by Minkowski’s inequality,

(21) ( /R (I§<R>u)p'adx) v

T'(u) oo

S Y e bz (k+1)

a——OOb 0
. P’ 1/p’
X (/(Z |P|?][ udac~pra(k’p)) adx) )
R \peca P

To estimate the last term, we will first show that for each a,b and k,

I 1/p’
(22) (/ (Z |P|~ udx-xpg(k)p)) crda:)
R jo

pPeCe
' 1/p'
< ( > (|P|3][ udx) -U(F;(k,P))> .
Pece P

To prove this, note that since the cubes in C® are stopping cubes, the set of
x € R that belongs to infinitely many P € C* has measure zero. Fix x € R not
in this set, and let {P;}7*, be the stopping cubes such that Py C Py C--- C
P,, C R and x € F¢(k, P;). By the definition of the stopping cubes, we have
that

|Pi|%][ wdr <27 Py|n{ udz.
P, Po

Therefore,

p/
(Z P;J{DUdm'XF;(k,P)(m)>

pPeCa

( |Py| = ][udx>l (Zz >/(|P0 ]{Doudx>p

p
<2 5 (1P f ude) xrpgn o)

PeCe

’

If we integrate this quantity over R with respect to odx, we get inequality
(22).

To continue, suppose for a moment that we have the exponential decay
estimate

(23) o(F¢(k,P)) S27%a(P).
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Then by inequalities (22) and (23), we have that

(24) ( /R (Ig(R)u)p/adx)

F(U) o0 /

=D Z2bkooo2“k(k+1>(z (|P|3]€Dud:c)p .(,(p)>””'

1/p’

a=—00 b=0 PeCa
< ( (|P|Z][udx) ~a(P)> .
a=—o0 “PeCe P

To estimate the final sum, note first that by the definition of 9%, if P € C%,

s(q')—1 ,
<][ ud:c) <][ adz) <297
P P

Therefore, we have that

’

(25) (|P|i‘i]{3udx>p -o(P)

1 P u(P)*@) g (P)
S S — cud Bk Sl el
<uuwl— /CXR ! f) | P

1 4
52(117 (mLXRudx) U(P)

For cubes @) € &, define the sequence {cq} by
_ {u(cz>, Qece,
cQ =

3R

0, Q¢cCe.
We claim this is a Carleson sequence and
(26) > cq Sluagu(P).
QCP

Fix a cube P; since C* C S(R),

e Y u@)

QCP QES(R)
QCP
u(Q
< ¥t
QES(R)
QCP

S/PM(XPU)dUUS[U}A{X,U(P)-
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Therefore, if we combine inequalities (24) and (25), then by Lemmas 3.2
and 3.3 and inequality (17) we have that

, 1/p’
</ (I(‘f(R)u)p 0d:v>
R

SR S N )

a=—00 PeCe
F(u 1/p’
<[u ]X,p < 2“) (/ «(XRU) udm)
(

< [w ol [l w(R)MT

To complete the proof it remains to prove inequality (23): for a, b, k, fixed
and P €(C?,

o(F(k,P)) = 0<{x ep: Q%;(P) xo(z) > k}) <27 %4 (P).

If x € F¢(k, P), then clearly x € @ for some @ € Q¢(P). Therefore, if we
let .4 be the collection of maximal, disjoint cubes @ € Q¢ (P) contained in
P, we have that

(27) 0<{x€P: > XQ(x)>k}>

QeQg(P)
= Z a({xEM: Z XQ(JJ)>I<;}>.
Me.# QEQy(P)
QCM

Fix M € ./ and notice that the family of cubes @ € Q¢(P) is a sparse family
of cubes contained in P. For each M € .#, as in Lemma 3.4 (see Remark 3.5)
we may write

{xeM~ > XQ(x)>k}: U

QZQ 5 (P) LePy 1 (M)

where the union is made up of maximal cubes in contained in M at the
(k + 1)th level down.

For any cube, Q € Qf(P) (and in particular if Q =L € P11 (M) or M €
) by the definition of Q*(P) and (20) we have that

’
p_
q

 oap/ b |PI" Plagg
(28) (@ =22 (D) T,
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Therefore, we can estimate as follows: by one side of inequality (28), with

Q=L
0<{x€M: Z XQ(x)>k}>
QEQ;(P)
QCM
- Y
LE(@]HJ(M)
r pp Pll_% T p o
< 9ap 2b7 | L Tatl.
st (y) | X e
LePyy1(M)
since 1+ %% >1,

r pp’ Pl_% %/ %%+1

§2ap 2b?< | ) ( Z L|>
u(P) ,
LE Py (M)

o (P57 Fat
<29 2%¢ [ ——— eM: >k ;
<2 () " |{s > ol >k}

Qe (P)
QCM

by inequality (15) and the other half of inequality (28) with Q = M,

/
p

r pp’ |P|17% @ p P a
< 9ap 2b7 Q*k(?g+l)|M|7g+1
- u(P)

<27 Mo a e (.

If we combine this inequality with (27), we get

a({xeP: > )XQ(ZC) >kz})

QeQg (P
> o<{a:€M: 3 XQ<m>>k}>
MeA#d QeQy (P)
QEM
S22t Y o(M)
Me.#
<27%g(P)
as desired. O

4. Logarithmic bump conditions

In this section, we prove Theorems 1.9, 1.12, 1.14 and 1.15. We first con-
sider the results for log bumps.
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THEOREM 4.1. Fiz o, 0 <a<n, and 1 <p < q < oo such that %(1 —
@) >1. Suppose ®(t) =t?log(e + )7~ for some § >0 and (u,0) is a pair
of weights that satisfies

o 1

K= Q" ta v ||us v < 00.
sgpl [ Julg gl o0

pQ
Then for every dyadic grid 2 with sparse subset S,
(29) [0, ul{rs )00 S K.
Similarly, if 1(1—5)>1, V() = " log(e 4 t)? =10 and the pair (u,0) sat-

isfies

1
p"

< 00,

p,QHU v,Q

K= sup |Q|%+%7% ||ué ||
Q
then for every dyadic grid 9 with sparse subset S,
(30) 1,017 y00 S K.

As in the previous section, Theorems 1.9 and 1.14 follow immediately from
Theorem 4.1 and the results in Section 2.

For the proof of Theorem 4.1, we need three lemmas. The first is classical,
see [3], [34].

LEMMA 4.2. Given a Young function ®, for every cube QQ and functions f
and g,

]{2 Faldz < 1 fle.llgls.o-

To state the second, we need a definition. Given a Young function ¢ define
the corresponding maximal function,

Mo f(z) = sup || flle,q-
Q3z

The following result is due to Pérez [31] (also see [3]).
LEMMA 4.3. Given a Young function ® and any p, 1 <p < oo,
Mo fllr@ny S ||fllze @)
if and only if ® € B,,.
The third lemma is from [7].

LEMMA 4.4. Given q, 1 < q < oo, let ®(t) =t9log(e + )97+ and ®(t) =
4 log(e+t)q_1+5/2. Then there exists v, 0 <y < 1, such that for every cube Q,

(31) HU%H%,Q S H“%H;QHU%HZQ
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Proof of Theorem 4.1. The proof is very similar to the proof of Theo-
rem 3.1 and we will sketch briefly those parts that are the same. As before,
we will only prove (29); the proof of (30) is the same after making the obvious
changes. Fix R € 2. Then it will suffice to prove that

, 1/p ,
(32) ( / (15 PB))” adx> < Ku(R)V7.
R

We decompose the family S(R); however, in the first step there is a signif-
icant difference. For a € Z define

Q%= {QGS(R) 120 < \Q|%+%_% (][ ud:c)q (][ orda:)pl §2“+1}.
Q Q

Since Hu% llg.o < ||u% lls,q, by our assumption on (u, o), the set Q% is empty
if a > log, K. Therefore, we will sum over a contained in the set

QK)=ZnN(—o0,logy K].

With this definition of Q%, for a € Q(K), define C*, Q%(P) and Qf(P)
exactly as before. Then the same argument shows that

(33) ( /R (Igm)u)p’adx)l/p/
s> Zz—bz (k+1)

aGQ(K ) b=0
. ' 1/p’
*][ ud:c> ~0(Fl§‘(k,P))> .
P

X (Z <P
o(F(k,P)) S27 %0 (P);

Pece

As before we have that

the proof is essentially the same as the proof of (23): the key difference is
that for Q € Qg (P) we now have

e (1P _a
~ 9aP 21) 7 | / ( )
"(@Q) (B ) Q!
Moreover, we note that it is in this part of the proof that we use the assumption
that % (1—2) > 1in order to pull this power out of the sum. (Cf. the argument
immediately following (28).) If we substitute this into (33), we can now sum
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in b and k£ to get

(34) ( /R (If(R)u)p/adx>l/pl
> S S owrn( X (1rf ) o)

a€Q(K) b=0 k=0 pece

Y (Z <P|%]€Dud:c>p/~a(P)>l/p/.

a€Q(K) “PeCe

To evaluate the inner sum, we apply Lemma 4.4: since o(P) = ||Ui ||§i,P |P|,

<P|3]{Dudx)plo(P)
—=|P|=* (ﬁudm)p o(P)

S|P ||uq|,w||u—”% o(P)
SIPE it |7 fut [P L | po(P)
SIPIEP 5 |t | S o | i 7

’
D

Lfi
50,P|P|1+p ¢

x o Il
SKO 2 |y PIY

Therefore, the inner sum in (34) becomes

1/p'

P 1/pl ’ »’
(3 (17 fute) o)) " s aome (St e )

Pcca P PeCa

since ¢'/p’ <1 we may pull this power into the sum, and since the cubes in
C® are a sparse family we can apply inequality (13) to get

, 1/q
st (3 4, e
peca ’

, 1/q’
SKMW( Mg, (u7 xg)" dx>
p;a Bp)

N y 1/q
Mg, (uq' XR) daz)
Rn

SK'2u(R)V

S Kl—’yQ'ya (
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In the final inequality, we used Lemma 4.3; we can do this because
Do(t) ~ 17 log(e +t) "D

satisfies the By condition.

Finally, given the factor 27¢, if we plug this estimate into (34), the final sum
in a converges and is bounded by K7. We therefore get the desired inequality
and this completes the proof. O

REMARK 4.5. In the proof of Theorem 4.1, we actually get a sharper
“mixed” estimate. If we define

1 1
atas <][ udm) ! (][ de> ’
Q Q

then a careful analysis of the constants in the proof shows that we actually
get the sharper bound

[o, u}(g}g)q’m’ <K' u, 0. <K

a =
APMI

[u,0]aq, :=Sgp|Q

Moreover, if we modify the definition of ®y by replacing §/2 by a suitable
constant, we can prove that for any €, 0 <& < 1, we can get the bound

[Ua U]ZS)q’,p’ < C(€)K176 [U, 0-]545 a’

where C(e) — 0o as € — 1. Details are left to the interested reader.

We now prove Theorems 1.12 and 1.15. To do so, we need to extend
Theorem 4.1 to the scale of loglog bumps.

THEOREM 4.6. The conclusions of Theorem 4.1 remain true with the same
hypotheses if we replace the Young functions ® and ¥ with

®(t) =t?log(e + )7 ' loglog(e® + t)‘FlJr(S

)

W(t) =17 log(e + t)” "' log log(e® + t)pl_lM,

where 0 > 0 is taken sufficiently large.

We will briefly sketch the proof of Theorem 4.6, as it is very similar to the
proof of Theorem 4.1. The main difference is that we must replace Lemma 4.4
with the following result which was also proved in [7].

LEMMA 4.7. Given q, 1 < q < 0, let

®(t) =tllog(e + )9 " loglog(e® + t)q_1+6

and
Po(t) =t?log(e + t)~ " loglog(e® + t)q71+5/2,
Then 1
: : bl
it S -0 155122 ),

1
[uelle.q
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where ¢(t) =log(C/t)™" with k,C constants. Moreover if § >0 is sufficiently
large, then k> 1.

Sketch of the proof of Theorem 4.6. We use the same notation as in The-
orem 4.1. The proof is identical until estimate (34):

, 1/p'
(/ (If(R)u)p adm)
R

<Y S bzg (k1 1) (Z(

aeQ(K b=0 Pece

. P’ 1/p’
*][ udac) 'O’(P)) .
P

Once again we can sum the series in b and k, and the problem is to sum the
series in a, where

a€QUK)=7ZnN(—o0,log, K].

At this stage, we use Lemma 4.7 to estimate the last sum. We have that

p
<|P|5i][ udm) o(P)
P
/ pl
= |P|»P <][ udx) o(P) < |P|+7 |u
P
o\ P’ 1 I
g(|p|i+;;y|ué|\w<][adx> ) .¢(”“;’M> A
TP [ le,p

To estimate this term, we need to further divide the sum over P € C®. Recall

that if P € C®, then
l/
<][ odsr:) <29,
P

2071 < |P|%+é_% <][ udx)
P

1 1
Moreover, if P € C* then since ||ud||q,p < ||ut|s,p, there exists an integer c,
a < c<log, K, such that

po(P)

]

P pIP‘q

Q=

1
7

B ud g p(f rae) " <2

For each such a and ¢, let C¢ be the collection of all cubes P € C* such that
(35) holds. Then we can estimate as follows:

(P;G<P|3]{Dudx>pl -a(P))pll
(> > (i ][udw)p,-rf(P))”l/

ceQ(K) PeCg
c>a

(35) 201 < |P
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© 2 (S (i (feer) Y

cEQ(K) “PeCe
1
7

c>a
p7l P
g0 P17

1 pl
_¢< ||Uf||q,P> % Huﬁ
uelle,P

¢ ¥ (X o(lelen)

ceQ(K) Peca ||U7 |o,P
c>a

If PeC?, then

1
Y

L[ P
<I>0,pl )

1
||uq ||¢17P ~ 2afc

1
lusle,p

1
¢< us ||q,P) L1
lutlle,p/ (L+ec—a)

Given this the rest of proof proceeds exactly as before: we have that

29 2l v 1 q H 1/q
(ZHuq'!—,plqu') 5(/RTLM%(W/XR) d:c) Su(r)!7,

Peca

and so

since

’

t4

log(e 4+ t)loglog(e® + t)Hﬁ
belongs to B,,. Moreover, the double sum

(i)o (t) ~

log, K
2 X Gica- 2 Z SK
+c—a) (14c-— a) ~
a€Q(K) ceQ(K) c=—o00
converges if we assume that J is large enough that £ > 1. O
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