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APPLICATIONS OF SEMI-EMBEDDINGS TO THE STUDY
OF THE PROJECTIVE TENSOR PRODUCT
OF BANACH SPACES

QINGYING BU

ABSTRACT. In this paper, we use the theory of semi-embeddings
to show that if ' is a Banach lattice and X is a Banach space then
E & X, the projective tensor product of E and X, has, respec-
tively, the near Radon-Nikodym property, the analytic Radon—
Nikodym property, the analytic complete continuity property,
and the property of non-containment of a copy of ¢y whenever
both E and X have the same property.

1. Introduction

For Banach spaces X and Y, let X @Y denote the projective tensor product
of X and Y. Bourgain and Pisier [2] constructed a Banach space X with the
Radon-Nikodym property for which X ® X fails to have the Radon-Nikodym
property. This remarkable counter-example shows that the Radon—-Nikodym
property is, in general, not inherited by the projective tensor products. From
the Pisier’s famous example that L'/Hg & L'/ H} contains ¢y (and hence fails
to have the near Radon—Nikodym property while L'/H} has the near Radon—
Nikodym property, see [19]), it is shown that the near Radon—Nikodym prop-
erty and the property of non-containment of a copy of ¢y are, in general, not
inherited by the projective tensor products. However, these properties are in-
deed inherited by the projective tensor products under special circumstances.
For instance, Andrews [1] showed that the Radon—Nikodym property is inher-
ited by X*®Y if X* has the approximation property, and Oja [25] showed
that the property of non-containment of a copy of ¢y is inherited by X @Y
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if X is a weakly compactly generated space with the bounded approximation
property and every integral operator from Y* to X is nuclear.

The theory of semi-embeddings in Banach spaces was introduced by Lotz,
Peck, and Porta [23] and then developed by Bourgain and Rosenthal [4].
By using the theory of semi-embeddings, Diestel, Fourie, and Swart [9], [10]
showed that the Radon Nikodym property is inherited by X ®Y if one of
X and Y is a Banach lattice. In this paper, we use the theory of semi-
embeddings to show that the near Radon—Nikodym property, the analytic
Radon—Nikodym property, the analytic complete continuity property, and
the property of non-containment of a copy of ¢q are inherited by X @Y if one
of X and Y is a Banach lattice.

2. Basic definitions

A continuous linear operator from a Banach space X to a Banach space
Y is called a semi-embedding if it is one to one and the image of the closed
unit ball of X is a closed subset of Y. A Banach space X is said to semi-
embed into a Banach space Y if there is a semi-embedding from X to Y
(see [23]). A Banach space property P is called (i) separably determined if a
Banach space X has P whenever every separable closed subspace of X has
P; (ii) separably semi-embeddably stable if a separable Banach space X has
P whenever X semi-embeds into a Banach space with P; (iii) isomorphically
stable if a Banach space X has P whenever X is isomorphic to a Banach space
with P (see [15], [16]).

A continuous linear operator T : L1]0,1] — X is called (i) representable
if there is a Bochner integrable function g € Lo ([0, 1], X) such that T'(f) =
J fgdm forall f e Ly[0,1]; (ii) Dunford—-Pettis (or completely continuous) if T
sends weakly null sequences into norm null sequences; (iii) nearly representable
if for each Dunford—Pettis operator D : L[0,1] — L{[0, 1], the composition T'o
D is representable. A Banach space X is said to have (i) the Radon—Nikodym
property (RNP for short) if every continuous linear operator from L;[0,1] to
X is representable (see [11, Chapter 3]); (ii) the near Radon—Nikodym property
(nRNP for short) if every nearly representable operator from L]0, 1] to X is
representable (see [19]); (iii) the complete continuity property (CCP for short)
if every continuous linear operator from L1[0,1] to X is completely continuous
(see [24]).

REMARK 2.1. RNP = nRNP, and RNP = CCP. Neither converse is
true. For instance, L1]0,1] has nRNP (see [19]) but fails to have RNP, and
Bourgain—Rosenthal space (see [3]) has CCP but fails to have RNP. More-
over, RNP (see [4]), nRNP (see [19]), and CCP (see [31]) are separably semi-
embeddably stable, separably determined, and isomorphically stable.

Let X be a complex Banach space, T ={z € C: |z| =1} be the unit circle
of C, B be the o-algebra of Borel subsets of T, and A be the normalized
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Lebesgue measure on T. The Fouries coefficients of a countably additive
X-valued measure p of bounded variation are defined to be

i(n) :/Te*i"t du(t), neZ.

A countably additive X-valued measure p of bounded variation is called an-
alytic if fi(n) =0 for all n < 0. A complex Banach space X is said to have
(i) the analytic Radon—Nikodym property (aRNP for short) if each analytic
X-valued measure is differentiable (see [8]); and (ii) the analytic complete
continuity property (aCCP for short) if each analytic X-valued measure has
a relatively compact range (see [30]).

REMARK 2.2. RNP = aRNP = aCCP, and CCP = aCCP. None
of the possible converses is true. For instance, Li(T) has aRNP (see [8])
and aCCP (see [30]) but fails to have RNP and CCP; and the Davis-Figiel-
Johnson—Pelczynski interpolation space has aCCP but fails to have aRNP
(see [30]). Moreover, aRNP (see [13]) and aCCP (see [31]) are separably
semi-embeddably stable, separably determined, and isomorphically stable.

REMARK 2.3. It is known from [14] that the property of non-containment
of a copy of ¢y is separably semi-embeddably stable. It is also separably
determined and isomorphically stable.

3. Koéthe—Bochner function space E(u, X)

Throughout this paper, for a Banach space X, X* will denote its topolog-
ical dual and Bx will denote its closed unit ball. For Banach spaces X and
Y, X &Y will denote the projective tensor product of X and Y.

Let (©,%, 1) be a probability measure space and Lo(u, X) be the space
of all (equivalence classes of) strongly u-measurable functions from ) to X.
Recall that a Banach space FE(p) is called a Kéthe function space over (Q, %, i)
(see [22, p. 28] or [21, p. 149]) if E(u) consists of (equivalence classes of) p-
integrable real valued functions on €2 such that

(i) If |f(w)] <|g(w)| p-a.e. on £, with f p-measurable and g € E(p), then
feE(p) and || fllpgw < ll9lleq-

(ii) For every A €3, the characteristic function x4 of A belongs to E(u).

Clearly, E(u) is a Banach lattice in the obvious order (f >0 if f(w) >0 a.e.

on Q). Let E'(u) denote the Kdéthe dual of E(u), i.e.,

B ={s€ Lo(u®): [ |)gte)|dute) <o v7 € B0 )

Obviously, E'(1) C E(p)*. With the norm induced by E(u)*, E’(u) is also a
Kéthe function space on (Q, %, ) with the norm

/ F(@)g(w) du(w)
Q

l9llzr () = SUP{ cfe BE(M)} Vg e E'(i).
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Moreover, E'(p) = E(u)* if and only if E(u) is o-order continuous (see [22,

p. 29]).
Recall that a Koéthe function space E(u) is said to have the Fatou property

if
Jn € B(p),0< fn(w) T f(w)ae.,sup |[full < oo = f € E(u), [If|] =1lim || fal]-

It is known from [22, p. 30] that for any K&the function space E(p), E' ()
has the Fatou property, and that E(u) has the Fatou property if and only if

E"(p) = E(p).
For a Banach space X, let E(u,X) denote the Kéthe—Bochner function
space, that is,

E(u, X)={f € Lo(, X) : ||F()|| x € E(w)}
and

1711z e0 = I Ol xl 5 VS € Bl X)-

Then (E(u, X),| - [|g(u,x)) is a Banach space (see [21, Chapter 3]). In partic-
ular, if E(u) = Ly(p) then E(u, X) = Ly(p, X).

By using the Fatou’s lemma we improve Lemma 3.1.22 in [21, p. 158] to
the following.

ProrOSITION 3.1. If E(u) has the Fatou property then the inclusion map
from E(u) to Li(u) is a semi-embedding.

Proof. Let f, € Bp and f € Li(p) such that f, — f in Li(u). Then
fn — f in measure and hence, there is a subsequence { fy, }3° of {f,}$° such
that f, (w) = f(w) p-a.e. on Q. Let g € E'(p). Then f,, (w)g(w) = f(w)g(w)
p-a.e. on . It follows from the Fatou’s lemma that

/ﬂ \Foldu < lim, [ gl dit < g foe e - 19170 < 9l 570

Thus, f € E”’(pu) = E(u). By [22, p. 29, Proposition 1.b.18], E’(u) is a norm-
ing subspace of E(u)*. Thus,

1 llsn = sup{\ [ st) du<w>] g€ Bw} <1,
that is, f € BE(/L)~ (]

Randrianantoanina and Saab [28, Lemma 3] showed that if E(u) semi-
embeds into Lq(u) then E(u, X) semi-embeds into L (p, X). With the help
of Proposition 3.1 we reformulate Lemma 3 of [28] as follows.

PROPOSITION 3.2. If E(u) has the Fatou property then the inclusion map
from E(u,X) to L1(p, X) is a semi-embedding.
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Recall that a Banach lattice is called a Kantorovich-Banach space (KB-
space) if every monotone norm bounded sequence is norm convergent. It is
clear that if F(u) is a KB-space then it is order continuous and has the Fatou

property.

THEOREM 3.3. Let P be a Banach space property which is separably deter-
mined, separably semi-embeddably stable, and isomorphically stable. If E(u)
is a KB-space, then E(u,X) has P whenever Ly(p, X) has P.

Proof. Take any separable closed subspace S of E(u,X). Then there are
a separable closed subspace F'(u) of E(u) and a separable closed subspace
Y of X such that S is a subspace of F(u,Y). Since F(u) is also a KB-
space, F'(u) has the Fatou property. By Proposition 3.2, F(u1,Y) semi-embeds
into Ly (p,Y"). Note that F(u,Y) is separable and L;(u,Y), as a subspace of
Ly(p,X), has P. Thus, F(u,Y) has P and hence, S has P. O

Note that a Banach lattice is a KB-space if and only if it contains no
copy of ¢y and that aRNP and aCCP are stronger than the property of non-
containment of a copy of ¢o. Also note that L;(u, X) has, respectively, aRNP
(see [12]), aCCP (see [30]), and the property of non-containment of a copy
of ¢ (see [18], [20]) whenever X has the same property. Thus, Theorem 3.3
yields the following consequence.

COROLLARY 3.4. E(u, X) has, respectively, aRNP, aCCP, and the property
of non-containment of a copy of co whenever both E(u) and X have the same

property.

REMARK 3.5. Buhvalov [7] showed that E(u, X) has RNP whenever both
E(p) and X have RNP. Randrianantoanina and Saab [29] showed that E(u, X)
has nRNP whenever both F(u) and X have nRNP. Randrianantoanina [27]

showed that if E() has RNP and X has CCP then E(u, X) has CCP. We do
not know if E(u, X) has CCP whenever both E(u) and X have CCP.

4. Properties inherited by the projective tensor products

For a Kothe function space E(u) and a Banach space X, let Eyeqr (1, X) :=
E,,(u, X) denote (so called) the weak Kdthe—Bochner function space, that is,

Bu(u, X) = {f € Lo(u, X) : 2 f(-) € B(u) ¥a* € X*}
and
||f||Ew(/1. X) :SUP{HCU*J(()HE(M) cxte BX*}

Then (Ew(i, X), || - |g,(u,x)) is a normed space. Obviously, E(u,X) C
E,(p,X) and Il o (u,x) < I | B¢, x)- The following fact is straightforward
from the Hahn-Banach Extension theorem.
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PROPOSITION 4.1. IfY is a closed subspace of X then E,(1,Y) C Ey (1, X)
and fO’f’ each f € Ew(/’(‘aY)7 ||f||Ew(p,,Y) = HfHEw(p,,X)
For a Kothe function space E(u) and a Banach space X, let Eyeqr= (1,

X*) := Ey+(u, X*) denote (so called) the weak™ Kothe—Bochner function
space, i.e.,

By (1, X*) ={g € Lo(n, X*) : g()(2) € B(p) Yz € X}
and
190 £ (uxxy =sup{[|9() (@) | g, = © € Bx }-

Then (Ey- (1, X*), || - | 2, (u,x+)) 18 @ normed space. Obviously, F,, (1, X*) C
By (p, X*) and || - || g, (u,x*) g I - |2, (u,x=)- Moreover, if E(u) has the
Fatou property then we use the Principle of Local Reflexivity to show that

B (1, X*) = B (1, X7) with [ [ 5. (ux) = 1+ [ B (ux)-
PROPOSITION 4.2. If E(u) has the Fatou property, then E.(u,X*) =
B (1, X*) and || - gy ux+) = |- 1B (%)

Proof. First, take a countably valued function h € E,»(u, X*), say h =
oo xixa,, where a7 € X*, A; € ¥ with A; N A; = ¢ for i # j. For each
x** € X**, each € > 0, and each n € N, there exists, by the Principle of Local

Reﬂexivity (see [26]), a one to one linear operator T : span{z**} — X such
that [|[T]] <1+¢ and zf(Tz*) =2**(z}) for i=1,2,...,n. Thus,

le** )xa, fZIx (T™*)|xa, <Z|x (Tz"™*)|xa, = |(Ta**,b)].

=1 =1
It follows that

Z|x** |XA

and hence

< KT )l gy < A+l - 1Al ux )
E(p)

S(l—l—s)‘

sup ‘Hh”Ew*(ux*)‘

n
i=1 E(u)

Note that Y7, [a** (&) xa, T 3 [0 (59)xa, = la**h| and E(u) has the
Fatou property. Thus |**h| € E(p) and hence, h € E,,(u, X*). Moreover,

i=1 E(w)

It fOHOWS that Hh’”Ew(u,X*) S Hh| Ey* (H7X*)'
Now take any function f € E,«(u, X*). Since f is strongly u-measurable,
there exists, for each £ > 0, a countably X*-valued p-measurable function
h such that || f(w) — h(w)||x~ <e p-a.e. on Q. Thus, f —he E(u,X*) C

z**h

=lim
n

z** (x7) <(1+e)|

Nl x4

i

‘E(u)
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B (p, X*) and hence, h € Ey» (u, X*). The first part shows that h € Ey, (u,
X*). Again, f —h € E(u,X*) C Ey(u, X*) and hence, f € E,(u, X*). More-
over,
1A B o) S NF = Bl By (o) + 1Bl B (0,
<Nf =Pl e@xe) + 1l 2y u,x)
<e-lxallew + I1h = fllzg ux) + 12y (ux)
<e-lIxalew + 1= fleg.x + 1B @x)
<e-lIxalleg - lIxallzw + 1f1lEy-(ux)-
Therefore,
12wy S NFI e ux)- o
For a Kothe function space E(u) with the Fatou property (that is, E” (i) =

E(u)) and a Banach space X, let Egtrong (1, X) := Es(1t, X') denote (so called)
the strong Kéthe—Bochner function space, that is,

By (n, X) = {f€L0 (1 X /I | dp(w )<ong€EL,*(u7X*)}
and

;LX>—SUP{/| w))| dp(w) QGBE:U*WX*)}-
Then (Es(p, X), H | &, (u,x)) is a Banach space and Fs(u, X) C E(u, X) with

I Newx) <1 e, X) (see [6]). By Proposition 2 of [6] and its proof, we

have the followmg

PROPOSITION 4.3. If E(u) has the Fatou property, then the inclusion map
from Es(u, X) to E(u, X) and the inclusion map from Eg(p, X) to Li(u, X)
are semi-embeddings.

LEMMA 4.4. If E(u) has the Fatou property, then for every f € Es(u, X)
there exists a separable closed subspace Y of X such that f € Eq(u,Y) and

Il 2.y S Il B, (u,x) -

Proof. Since f is strongly p-measurable, f[QQ] is essentially separable. Let
Z be the closure of the subspace generated by f[2]. Then Z is a separable
closed subspace of X. By [17, Proposition 3.4], there exists a separable closed
subspace Y of X such that Z CY and there exists an isometrical embedding
J:Y* — X* such that (Jy*)(y) =y*(y) for all y €Y and all y* € Y*, and
such that J(Y*) is a norm one complemented subspace of X*.

Now take any g € E,.(u,Y™). Note that E'(u) has the Fatou property. It
follows from Proposition 4.2 and then from Proposition 4.1 that g € E/ (u,Y™)
and

Jg € B, (11, J(Y")) € By (1, X7) = Eppe (1, X¥)
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with
19l Er . (u.x*) = 199l B2, (. x ) = 19l B2, (1 (v +))

=9l &, (uy) = ll9ll 7. (u,y+)-

/ |(F (@), 9(w))| dulw) = / (@), Tg(w))| dulw) < oo

which implies that f € E,(u,Y). Moreover,

(YY) —sup{/| dﬂ( ) QEBE;U*(MY*)}

- sup{ [ r@) a9 dute) s 39 BE;*W,X*)}
<sup{/| |du hEBE;*(”)X*)}

Diestel, Fourie, and Swart [9], [10] showed that if E(u) is a KB-space and
X is a separable Banach space then the projective tensor product F(u)® X
is (isometrically) isomorphic to Fg(u, X). With the help of Lemma 4.4, we
improve this result to the following theorem by removing the separability
from X.

Thus,

O

THEOREM 4.5. Let E(u) be a KB-space. Then f € Es(u, X) if and only if
for every e >0 there exist a sequence (ar) in E(p) and a sequence (xy) in X
with Y32 k|| g - |2kl < 0o such that

(1) flw)= iak(w)xk for almost all w in Q,

where the series Y oo | ax(w)xy converges absolutely in X for almost all w
in Q. Moreover,

(2)

s (1. X) <Z”ak”E

Furthermore, E(1) ® X is isometrically isomorphic to Es(u, X).

(nXx) T €

Proof. Tt is straightforward that if f has a representation (1) then f €
Ey(p, X) and

L) < Z lakll zu) - 2]l

On the other hand, if f € Eq(u, X) then by Lemma 4.4, there exists a separable
closed subspace Y of X such that f € Es(u,Y) and || f| g, u,y) < | fl £ (4, x)-



THE PROJECTIVE TENSOR PRODUCT OF BANACH SPACES 857

It follows from the proof on pages 95-98 in [9] and [10] that for every & >0
there exist a sequence (ax) in E(u) and a sequence (xj) in Y such that

flw)= Zak(w)xk for almost all w in Q
k=1

and

3) D Narlse - llzwlly < 1P (1F]l2. ) +€)s
k=1

where P: E(u)™ — E(n) is a band projection (since E(u) is a KB-space,
it follows from [22, p. 34, Theorem 1l.c.4] that E(u) is a projection band of
E(u)**). Note that

> la()] - el
k=1

Thus, lim, Y ;_, lax(-)| - ||zx| exists in E(u) and hence, Y 7o Jag(w)] - [|zx ||
converges for almost all w in . Since ||P| <1, it follows from (3) and
Lemma 4.4 that

<Y llarllz - okl < oo
B(p) k=1

sup
n

> lawllzgy ekl < Uz vy +& < Iz ux) +e.
k=1

By [11, p. 227, Proposition 9], every u € E(u) ® X has a representation
u=3y 7, ar ® xy, such that

(4) lall gy e x < D arlleg el < lull g e x + e
k=1

Thus, we have established a bijection ¢ : E(u) ® X — Es(u, X) by o(u) = f,
where f is defined in (1) (note that f is independent of representations of u).
Moreover, it follows from (2) and (4) that [|o(u)| g, ux) = llull g e x and
hence, ¢ is an isometry. O

THEOREM 4.6. Let P be a Banach space property which is separably deter-
mined, separably semi-embeddably stable, and isomorphically stable. If E(pu)
is a KB-space, then E(u)® X has P whenever E(u, X) or L1(u,X) has P.

Proof. Take any separable closed subspace S of E(u)® X. It follows from
[6, Lemma 7] that there are a separable closed subspace F'(u) of E(u) and
a separable closed subspace Y of X such that S is a subspace of F(u)®Y.
Since F(u) is a KB-space, by Proposition 4.3 and Theorem 4.5, F(u)®Y
is isometrically isomorphic to Fy(u,Y) which semi-embeds into F'(u,Y") and
Li(p,Y). Note that Fy(u,Y) is separable since F(u)®Y is separable. Also
note that F'(u,Y), as a subspace of E(u, X), has P or L1(u,Y), as a subspace
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of Li(p, X), has P. It follows that F,(u,Y") has P and hence, F (1) ®Y has P.
Therefore S, as a subspace of F(u) @Y, has P. O

Theorem 4.6 combining with Corollary 3.4 and Remark 3.5 yields the fol-
lowing.

COROLLARY 4.7. (i) E(u)® X has, respectively, RNP (due to [9]), nRNP,
aRNP, aCCP, and the property of non-containment of a copy of co whenever
both E(u) and X have the same property.

(i) If E(u) has RNP and X has CCP, then E(u) X has CCP.

Note that a separable order continuous Banach lattice is order isometric to
a Kothe function space E(u) (see [22, p. 25, Theorem 1.b.14] or [21, p. 150,
Theorem 3.1.8]). This yields the following.

THEOREM 4.8. Let E be a Banach lattice and X be a Banach space.

(i) E® X has, respectively, RNP (due to [9]), nRNP, aRNP, aCCP, and the
property of non-containment of a copy of ¢y whenever both E and X have
the same property.

(ii) If E has RNP and X has CCP, then E® X has CCP.

REMARK 4.9. Let X and Y be Banach spaces. Under the condition that
one of them has an unconditional basis, X ® Y has, respectively, RNP, nRNP,
aRNP, the property of non-containment of a copy of ¢ (see [5]), CCP, and
aCCP (see [16]) whenever both X and Y have the same property. Under the
condition that one of them is a Banach lattice, we have results of Theorem 4.8.
However, we do not know if X ® Y has CCP whenever both X and Y have
CCP.

Acknowledgment. The author is grateful to the referee for giving sugges-
tions to revise Theorem 4.5 and its proof.
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