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ON LP-CONTRACTIVITY OF LAGUERRE SEMIGROUPS

ADAM NOWAK AND KRZYSZTOF STEMPAK

ABSTRACT. We study several Laguerre semigroups appearing in
the literature and find sharp ranges of type parameters for which
these semigroups are contractive on all L spaces, 1 < p < oo.
We also answer a similar question for Bessel semigroups, which
in a sense are closely related to the Laguerre semigroups. A bit
surprisingly, in some cases the ranges turn out to be disconnected
sets.

1. Introduction

Let (X, u) be a o-finite measure space and assume that D is a linear sub-
space of the space M of all measurable functions on X, such that it contains
all LP = LP(X, u) spaces, 1 <p<oo. If p is finite, then one can simply take
D = L'; otherwise the natural choice is D = L' + L>®. A symmetric diffu-
sion semigroup, see [20, Chapter III], is a family of linear operators {T}};>0,
Ty = Id, mapping jointly D into M, and satisfying:

(i) for each 1 <p < oo, every T} is a contraction on LP and {T};};>¢ is a
semigroup there,
(ii) each T} is a self-adjoint operator in L2,
(iii) for each f € L?, lim,_,o+ Ty.f = f in L2
A symmetric diffusion semigroup {7} };>¢ is called Markovian, if it is positive
and conservative, that is satisfies in addition
(iv) for each t, T, f >0 if f >0,
(v) T31 =1 for all ¢,
respectively. Semigroups satisfying (i)—(iv) and
(v') ;1 <1forall ¢
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replacing (v), are called submarkovian.

Symmetric diffusion semigroups commonly emerge from unbounded self-
adjoint operators as their infinitesimal generators. Suppose L is a posi-
tive self-adjoint operator on L? = L?(X,u). The semigroup of operators
{exp(—tL)}+>0, defined on L? by means of the spectral theorem, is said to
be an LP-contractive semigroup, see [19, Chapter X.8, p. 255], if for each
1 <p< oo and every t > 0 one has

lexp(=tL)f||, < I fllps £ EL>NIP(X,p).

In concrete realizations, it frequently happens that exp(—tL), t > 0, are
integral operators,

(11)  exp(—tL)f(x) = /X Ki(x.y)f () duly). felreX,

and the right-hand side of (1.1) makes sense for a larger than L? class of
functions, that usually includes all L? spaces, 1 < p < 0o, and defines a family
of operators {T};};~¢ which are bounded on LP(X,pu), 1 <p<oo. Thus T,
t > 0, are the unique linear extensions of exp(—tL) to LP, 1 < p < oo, and
{T}}+>0 augmented by Ty = Id typically occurs to be a symmetric diffusion
semigroup. LP-contractivity is a decisive property in several instances, see for
example [20, Chapter III] and [5]. In particular, it is absolutely essential for
an application of Stein’s celebrated maximal theorem [20, p. 73].

The aim of this paper is a thorough study of the Laguerre semigroups ap-
pearing in the literature from the LP-contractivity property point of view.
The detailed study of mapping properties of heat-diffusion semigroups asso-
ciated with various systems of Laguerre functions was initiated in [21] in the
one-dimensional setting and then continued in [11] in the multi-dimensional
weighted setting. Recent developments related to mapping properties of
maximal operators associated to Laguerre semigroups of different kinds can
be found in [4], [9], [10], [13], [14], among others. In this article, we in-
vestigate semigroups associated with four different Laguerre systems in the
multi-dimensional setting. Let L denote the Laguerre polynomial of degree
ke N={0,1,2,...} and order o > —1, cf. [8, p. 76]. Starting with the one-
dimensional situation, for any given o > —1 we consider the following systems
on Ry = (0,00):

e normalized Laguerre polynomial system, {Eg : keN},

R 1/2
T3 (a) = (%) 1), a>0,

which is an orthonormal basis in L?(R,,z% =% dz);
e standard Laguerre function system, {Lf : k € N},

L3 (z) = LY (x)z*?e/?, >0,
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which is an orthonormal basis in L?(R4, dz);
e Laguerre function system of Hermite type, {p§ : k € N},

i () = V2LE (a?)a* T 2e 2 1 >0,

which is an orthonormal basis in L?(R,,dz);
e Laguerre function system of convolution type, {{3 : k € N},

03 (x) = V2L (mz)e*ﬁ/z, x>0,
which is an orthonormal basis in L*(R,,z2**! dx).

The corresponding multi-dimensional systems are then formed simply by tak-
ing tensor products. Thus for a multi-index a = (ay,...,aq) € (—1,00)%,
the system {Zg : k € N?} is an orthonormal basis in L*(R%,m,), the sys-
tems {L£{ : k€ N} and {¢{ : k € N?} are orthonormal bases in L?*(R%), and

{¢2: k € N} is an orthonormal basis in L*(R%, 1), where

d d
dme () = (H ﬁw%) dr,  dpo(z) = (H xfai“) dz.
i=1 i=1

_For these four systems, there are naturally associated differential operators
LE LE) L¢ and LY, for which {E%}, {L3}, {o%} and {€3}, respectively, are
systems of eigenfunctions; see Sections 2-5 for the definitions. We investigate
the semigroups {7,"*},

T =exp(—tL}), *= L.C, o0,

generated by these Laguerre differential operators (or rather by their natural
self-adjoint extensions). We also study so-called modified Laguerre semigroups

{Tta’*yj}v j:17"'7d7*:27£7¢7£7

which emerge naturally in the theory of conjugacy connected with Laguerre
expansions. They are generated by self-adjoint extensions of suitable modifica-
tions of the Laguerre operators in question, see [15] for a general background,
and are important tools when studying conjugacy problems. Various prop-
erties of the modified Laguerre semigroups can be found in [12], [16], [17].
All the considered Laguerre semigroups possess integral representations, and
the corresponding integral kernels are known explicitly. Since all the kernels
are strictly positive, it follows that all the semigroups satisfy Condition (iv).
Obviously, they also satisfy (ii) and (iii), by the very definition. However, de-
termining whether Conditions (i) and (v) or (v') are satisfied or not, requires
a more subtle treatment. In this paper, we find the answers in all the cases.

Our main results are summarized in Table 1, which provides sharp ranges of
the type parameter « for which the Laguerre semigroups are LP-contractive.
Noteworthy, these are also optimal ranges of « for the assumptions of Stein’s
maximal theorem [20, p. 73] to be satisfied.
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TABLE 1. Optimal ranges of « for LP-contractivity

Tta,* Tta,*,j

j=1,....d

*x=1 a€(—1,00)¢ a; €[-1/2,00),
ai>—1,i%j

*=L a € [0,00)¢ aj; € [—1,00),

*=p a€ ({-1/2}U[1/2,00))¢ a;j € {=3/2} U[-1/2,00),

Q; € {_1/2} u [1/2700)77; 7&]

*=1/ a€(—1,00)¢ a; €[—1/2,00),

a;>—1,i%j

In the cases of Laguerre polynomial system and Laguerre function system of
convolution type the situation is perfect, as far as the non-modified semigroups
are considered: for any a € (—1,00)%, {T/*} and {T7""} are LP-contractive.
In the cases of two other systems, to ensure the action of the semigroups on
all the corresponding LP spaces, 1 < p < co, one has to restrict the set of
parameters «, namely a € [0,00)? for {T7*}, and o € [~1/2,00)% for {T7¥}.
In the case of standard Laguerre function system, in the restricted range
o € [0,00)% the situation is again typical: {T*“} is LP-contractive. A bit
surprisingly, this is not the case of the Laguerre function system of Hermite
type. More precisely, LP-contractivity holds for a € ({—1/2} U [1/2,00))¢,
but fails to hold if at least one of the coordinates of « falls into the interval
(—1/2,1/2). On the other hand, this lack of contractivity is consistent with
the restriction on « frequently occurring in various results in the context
of the Laguerre system of Hermite type; see [16, Theorem 3.3] as a typical
example. Finally, it is remarkable that the ranges of « for LP-contractivity of
the modified Laguerre semigroups do not coincide with those for the original
Laguerre semigroups. This, however, is consistent with certain results in
the underlying conjugacy theory, which were proved after restricting to those
a, for which both the original and the modified Laguerre semigroups are
contractive; see, for instance, [12].

The paper is organized as follows. In Sections 2—-5 we analyze the Laguerre
semigroups associated with the systems {Eg}, {L£3}, {2} and {¢¢}, respec-
tively. Section 6 contains comments on LP-contractivity of certain Bessel
semigroups, which in a sense are closely related to the Laguerre semigroups.

We shall use the following notation. By 1 we always denote the function
identically equal 1 on its domain. Given a bounded linear operator A on
LP(X,pn), 1 <p < oo, we shall write ||Al|,—, for its operator norm.
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2. Laguerre polynomial semigroup

Recall that the system {Ea : k € N} of multi-dimensional normalized La-
guerre polynomials is an orthonormal basis in L*(R%,m,). It consists of
eigenfunctions of the differential operator

: ./ 92 0
La——Z(xlw"‘(ai"‘l—(ﬂl)a—xl),

we have LLL% = |k|L%, where |k| = ky +--- + kg is the length of k. The
operator Lg is formally symmetric and positive in LZ(Ri,ma), and admits
a natural self-adjoint extension in L? (Rj’_,ma) whose spectral decomposition

is given by the Laguerre polynomials (we use the same symbol LE to denote

this extension). The corresponding heat semigroup {T7"} = {exp(ftLE)} is
defined by means of the spectral theorem,

1) TP e Y (ALY, LY, fe L (RY,ma),
n=0 |k|=n

and it has the integral representation

(2.2) Tl f(z) = /Rd Gfi(amy)f(y) dma(y), x€eR%,

where the heat kernel is given by
Grl(zy) = e ™ > Ly(x)Ly(y), =,yeRL.
n=0 |k;‘=n

This oscillating series can be summed by means of the Hille-Hardy formula
[8, (4.17.6)], and the result is

o t(|a|+d) /2 e—t/2 d
G @9) = Gamn2)d P\ " 2smn2) ; it )

d
o VTiYi
X E(xzyz) /210”' (m>

Here |a| = a1 + -+ + a4 (notice that this quantity may be negative) and I,
denotes the modified Bessel function of the first kind and order v, cf. [8,
Chapter 5]; considered on R, it is real positive and smooth for any v > —1.

The semigroup property of the kernel Gf"L(Jc, y) is reflected in the identity

(2.3) / Gy L (z,2) (z y)dme(z ):Gf‘i(%y), x,yERi,
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which can be independently verified by means of the formula (cf. [18, For-
mula 2.15.20 (8)])

/OOO I, (az)I,(bz) exp(—pz?)zdz

1 a? + b? ab
= — — 1 ) 7b7 07 1
5 exp( 1 I 5 a,0,p>0,v>

Since E‘("O ..,0) = const., we see from (2.1) that Tta’Ll =1, in particular,

| et ana) =1, sewi.

0

This together with (2.3) shows that the kernel Gf"i(x,y) defines a Markov

semigroup, see [1]; (2.3) is then called the Chapman—Kolmogorov identity.
The action of 7" can be extended by (2.2) to LY(R4,m,) (that includes

all LP(R%,m,), 1 <p <oo). Indeed, the integral in (2.2) converges for every

f €LY (RL,m,) and every z € R%, as can be seen by applying the standard
asymptotics for T, cf. [8, (5.16.4), (5.16.5)],

(2.4) I(2)~2", z—0% L,(z)f:z_lﬂez z — 00.

The fact that 77%1 =1 and the positivity of 73" L give |17 Hoo_mo =1.
Then by the symmetry we also have ||7%||1_,; = 1, and by interpolation we
conclude that, for any 1 < p < oo,

7, =1

pop =1 t>0.

The same conclusion follows from a simple lemma, which we formulate below
for further reference. This result can be regarded as a special case of the
Schur test. In particular, it shows that a semigroup {T;} defined on L'+ L*®
by means of a nonnegative symmetric kernel is LP-contractive if and only if

T:1 <1 for all ¢.

LEMMA 2.1. Let K(x,y) be a nonnegative symmetric kernel on (X, ) that
satisfies

/ K(z,y)du(y) < B, ze€X.

Then, for each 1 <p < oo, the integral operator T f(x) = [ K (y) du(y)
is bounded on LP(X, ) and ||T|p,—p < B.

Summarizing, for each a € (—1,00)¢, the semigroup {Tta’L} is a symmetric

diffusion semigroup, which is Markovian. Let us mention that {Tta’L} is also
hypercontractive, which means some smoothing properties of the semigroup,
much more subtle than contractivity; see [6], [7].
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The modified semigroups {fto‘vaJ'}’ j=1,...,d, are in LAQ(Ri,ma) gen-
erated by proper self-adjoint extensions of the operators LZ + (a; +1/2 +
xj)/(2x;), see [12, Section 2]. Their integral representation, valid for f €
LY (R4, m,), is

Tebof@ = [ VamG o e fo) dmaty). R >0,
+

where e; is the jth coordinate vector in R?. Note that in view of (2.4)
the sharp range of a’s for which {T7**} is well defined on all LP (RE,my),

1 <p< oo, and maps LP(R%,m,) into itself, is
.AjZ = {a: (a,...,0q) : 0 >—3/2,; > —1 for z;é]}

It turns out that {77"“7}, in contrast with {T7°"}, is not conservative. It
was computed in [12, p. 234] that

~ 0T T +3/2) [ mjet \M?
2. TLiq _ —t/2 J J
(2:5) e ) =e T(a; +2) \1—et

—t

1 .
x 1F1<5;aj+2;— i€ ) zeRY,

1—et
where 1 F| denotes the confluent hypergeometric function, cf. [8, Section 9.9)].
This was achieved by expanding T’ta’L’j 1 with respect to a system of ‘differen-

tiated’ Laguerre polynomials, then applying ia’L’j spectrally and summing
back the resulting expansion. Actually, the same can be obtained more di-
rectly by combining the formula [8, (9.11.2)] (note a misprint there)

(2.6) 1Fi(a;b;2) =e*1 Fi(b—a;b;—2), b#0,—-1,-2,...,
with the following result.

LEMMA 2.2 ([18, Formula 2.15.5 (4)]). Given p,q >0 and B,v €R, f4+v >
0, v#—-1,-2,..., we have

v I«ﬂ+mmgﬂ<ﬁ+» 2)

* s - dy — 4 1. L
/0 Yy € V(qy) Yy 2,,+1p(5+u)/2 F(V—|—1) 2 3Vt 74p

From (2.5), it can be seen that |\7~}‘3“"L’j1||0O > 1 for some ¢ > 0 if and only if

—3/2 < aj < —1/2; otherwise | T""7 1|, = e~'/2. These facts are essentially
pointed out in [12, p. 234], but without a full justification. Here we take
an opportunity to fill up this gap. Clearly, in view of the tensor product
structure of the kernels involved, it is enough to check, see (2.6), that the
function u— [['(a; +3/2)/T'(oj + 2)]y/ue “1 Fi (o +3/2; o + 2; u) acting on
R4 has values bigger than 1 if and only if a; < —1/2, and when «; > —1/2
the closure of its range contains the point {1}. This, however, follows readily
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from the next lemma applied with 7 = c; +3/2 and v = «a; + 2. To state the
result, it is convenient to define an auxiliary function, which comes into play
when investigating L°°-contraction property of Laguerre semigroups. Given
y>n>0, let

Note that H,, ,(u) >0 for u >0, as can be seen immediately from the hy-
pergeometric series defining 1 Fy, see [8, (9.9.1)]. Moreover, the case n =y is
trivial in the sense that H., . (u) =1, since 1 Fy(7y;7y;u) = e™.

The following estimates of H,, , are crucial.
LEMMA 2.3. Let v>n>0 be fized.
(a) If either n="- orn>1, then |Hy ||cc =1 and lim,—, o Hy 5(u) =1.

(b) If n#~ and n <1, then 1 < | H, |loc <00 and there exists ug >0 such
that

Hy(u)>1, u>up.

Proof. The case =y is trivial, so assume that  <~. Using (2.6), we

write )
I'(n
Hy(u)= T E (y — ;v —u).
Then the integral representation, see [8, (9.11.1)], which is valid for 0 < a < b,

F(b) lsa—l _g b—a—lezs s
e —a J, 70 s

together with the change of variable s — s/u, leads to

1 “ s\t
Hy o (u) = F(’}/—n)/o sTT e (1 - u) ds.

We now see that when n > 1,

_ / ST e ds =1, u>0,
L(y—=mn) Jo
and by the monotone convergence theorem, lim,_,o H,(u) = 1. This
proves (a).

To show (b), we first note that the boundedness of H,, ., on (0, 00) is justified
by the continuity of 1 Fy(n;7;-) and the fact that, see [8, (9.9.1), (9.12.8)],

r
lim+ 1Fi(m;y;u)=1 and 1 Fi(n;y;u) ~ ﬂe“u"f'y7 U — 00.
u—0

I'(n)

Next we observe that given € > 0, there exists ug > 0 such that

1F1(asb;2) =

Hy o (u) <

oo u
(2.7) / ST e dg < 5/ ST e ds,  uw > .
u w/2
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Indeed, assuming that u is so large that s7~7 le=* < e=3%/4 and s7~ 7 1e~* >
e 55/ for s > u/2, it is enough to check that

/ 6735/4d5<6/ e /% ds
u w/2

for u sufficiently large; this, however, is immediate.
Assume that n < 1. Taking e =277 — 1 in (2.7), we get for u > ug

u s n—1
/ g lems (1 - —) ds
0 u

w/2 u 9 n—1
>/ s leTs ds+/ g e (1 — i) ds
0 u/2 u

w/2 u
:/ s lems ds+21_’7/ ST lem8 dg
0 w/2

> / ST e ds =T (y — n).
0
The conclusion follows. U

Properties of {Tto"i’j}, j=1,...,d, deduced above, the boundedness of

H 42 and Lemma 2.1 imply the following.

.13 .
ajt5,05

PROPOSITION 2.4. Let j € {1,...,d} be fizred and o € AJLA. If aj > —1/2,

then {T2"™7} is a submarkovian (but not Markovian) symmetric diffusion
semigroup satisfying, for each 1 <p < o0,

[T, <72 t>o.

—p —

If aj < —1/2, then {T"9Y is not an LP-contractive semigroup, but there
exists a constant ¢ = c(a) > 1 such that the above estimate holds with the
right-hand side multiplied by c.

3. Standard Laguerre function semigroup
The differential operator related to the system {£$ : k € N4} is
d
0? 0 2 +a?
LE = — i —— — [ ) ).
@ ;(gv Ox? + Ox; < 4x; >>

It is formally symmetric and positive in L?(R%) and we have LELS = (|k| +
(Ja| +d)/2)Le. The operator L- has a natural self-adjoint extension (de-
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noted by the same symbol) whose spectral decomposition is given by the £¢.
The corresponding heat semigroup {77} = {exp(—tL%)} is given in L*(R%)
by

TEf = et lelt 2 N epyey,  fe LP(RY).

n=0 |k|=n

We have the integral representation

(3.1 1@ = [ G i)y, ek,

+

where, for z,y € Ri,
Ga’ﬁ(w y)

_ Zeft n+(|la|+d)/2) Z Ca

|k[=n

~ d
= e~ tlal+d)/2GeL (1 )= Xl (@ityi)/2 [T i)/
i=1

= (2sinh(t/2))” dexp(——coth TB) LR ) [T (2500

i=1

When « € [0,00)4, the action of T extends to LY(R%) + L>*(R%) by means
of (3.1). Indeed, for such a the asymptotics (2.4) show that the integral in
(3.1) converges for every f € Lp(Ri), 1<p<oo, and every x € R‘i. How-
ever, this is not the case if at least one of the coordinates of « is less than 0.
Let & = minj<;<q@; and assume that & < 0. Then {Tta’ﬁ} is well defined by
(3.1) on LP(R%) if and only if p > 2/(2+4 @&). The additional requirement that
T  feLp (R%) whenever f € LP(R%) forces another restriction on p, namely
p < —2/a. Thus, the question of LP-contractivity of {T7*} makes sense only
for a € [0,00)%.
We state the main result of this section.

THEOREM 3.1. Let o € [0,00)%. Then {T*} is a submarkovian (but
not Markovian) symmetric diffusion semigroup. More precisely, for each
1<p<o0o,

d

HTta’EHp—}p < (cosh(t/2)) ", t>0.

Proof. Tt is enough to consider the one-dimensional case, since then the
multi-dimensional result follows easily by the tensor product structure of the
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semigroup. Using Lemma 2.2, we get

a, B 1 x D(a/241) (= \*?
T El(x)me"p(§tanh(t/2)> T(a+1) <sinht>

T a x
T VRS a2,
xexp< sinht)1 1<2+ et ’sinht>

This can be written in terms of the function H, - as

1 x x
%1 = — ——tanh(t/2) | H, — .
e z) cosh(t/2) exp< g t/ )> O‘/2+1’°"~'1<sinht>

Applying now Lemma 2.3(a), we see that || T7“1|| < (cosh(¢/2))~!, and the
conclusion follows by Lemma 2.1. O

We remark that Theorem 3.1 can be proved in another way, without relying
on Lemma 2.3. Given z > 0, the function v+ I, (z) is decreasing for v >0
(see the proof of [16, Proposition 2.1] and references given there) and hence
Gf’ﬁ(ay) < G?’ﬁ(x,y), where 0= (0,...,0). Thus it is sufficient to prove the
bound only for {Tto’[:}7 and in that case, merely by using Lemma 2.2,

d
T2 1 (z) = (cosh(t/2)) —d exp (—% tanh(t/2) Z x1> .

The modified semigroups {I7*“’}, j=1,...,d, are generated in L*(RY)
by suitable self-adjoint extensions of the operators L% +e;, T1/2, see [15, Sec-
tion 5]. Their integral representation is

TOCIf@)=e 2 | Gor (e y) f(y)dy, =E€RLE>0.

d
RY

Thus {Tvta’ﬁ’j } coincide, up to the factor e~*/?, with the original Laguerre
semigroups {TtaJrej’ﬁ}. Therefore, the sharp range of «’s for which {777}
is well defined on all Lp(Rff_), 1 <p<oo, and maps LP(R%) into itself, is

Af ={a:o;>—1,0; >0 for i # j}.
Moreover, the above results concerning {Tta’c} imply the following.

PROPOSITION 3.2. Let j € {1,...,d} be fized and let o € A%. Then {T57)
is a submarkovian (but not Markovian) symmetric diffusion semigroup satis-
fying, for 1 <p < oo,

|75, < e/ (cosh(t/2) ", t>0.
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4. Laguerre function semigroup of Hermite type

Recall that the system {¢¢ : k € N} is an orthonormal basis in L?(R%).
The associated differential operator,

41 1
rg=-Atlal?+ 3 5 (o - ).
i=1 "1

is formally symmetric and positive in L2(R%), and we have LE@§ = (4|k| +
2|a| 4+ 2d)¢%. The operator L¥ has a natural self-adjoint extension (denoted
by the same symbol) whose spectral decomposition is given by the ¢, see [16,
p. 402]. The corresponding heat semigroup {7;"¥} = {exp(—tL%)} is given in
L*(RY) by

(o)
T f = Zoe—t“"“‘a'“d) D (Ffeter, FeL’(RY).
n= |k|=n

We have the integral representation

(11) T @) = [ G @ )y, @ e R,
+
where, with the notation z? = (z%,...,22), for z,y € Ri,
Gy (2, y)
=) e tint2alt2d) N o0 (20 (y)
n=0 |k|=n

d
- o, L _ 2 2 )
— 94, Zt(‘a|+d)G4t’L(ﬂ;‘2,y2)e )+l )/2I I(xiyz‘)al+1/2
i=1

d
o 1 i
d 2 2 1Y
= (sinh 2¢) "% exp (—5 coth(2t) (||x|| + [yl )) ZLll VZyila, (sinh2t)'

When a € [-1/2,00)4, the action of T,"? can be extended by (4.1) to
Ll(Ri) + L™ (Ri). Indeed, as can be easily verified by means of the asymp-
totics (2.4), the integral in (4.1) converges for every f € LP(R%), 1 <p < oo,
and every x € R%, provided that a € [~1/2,00)?. However, the case when at
least one of the coordinates of « is less than —1/2 is different. Recall that
& =minj<;<q; and assume that & < —1/2. Then T;% is well defined on
LP(RY) by (4.1) if and only if p > 2/(2& + 3). Moreover, the requirement
that 7;% f € LP(R%) whenever f € LP(R%), imposes further restriction on p,
namely p < —2/(2& + 1). Thus, the question of LP-contractivity of {T,;"¥}
makes sense only for a € [—1/2,00)9.

The main result of this section reads as follows.
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THEOREM 4.1. Let a € [-1/2,00)%. If a € ({—1/2} U [1/2,00))%, then
{T"%} is a submarkovian (but not Markovian) symmetric diffusion semigroup
satisfying, for 1 <p < oo,

17|, < (cosh26)=%/2, ¢ >0.

If a; € (=1/2,1/2) for somei=1,...,d, then {T"*} is not an LP-contractive
semigroup, but there exists a constant ¢ = c(«) > 1 such that the above estimate
holds with the right-hand side multiplied by c.

Proof. We consider first the one-dimensional case. Using Lemma 2.2, we

compute
2 2 a/241/4
! exp ~ L tanhot L(a/2+3/4) - x
v/cosh 2t 2 I(a+1) sinh 4t

« 22 2 o n 3 ‘1 22
e P _ Za . .
P\ T gy )N\ 2 T ' sinh 47

This can be written in terms of the function H, - as

(o] 1 $2 x2
Tt ’“"1(:1:) — m exp(—2 tanh 2t> Ha/2+3/4,oz+1 (smh4t> :

Then Lemma 2.3 shows that ||7,"%1||o < (cosh2t)~1/2 if a € {~1/2} U[1/
2,00), and that ||T;"%1]|cc > 1 if @ € (—=1/2,1/2) and ¢ is sufficiently small.
This, together with Lemma 2.1, gives the desired conclusion. The last asser-
tion follows by the boundedness of Hy/213/4,a+41-

Passing to the multi-dimensional case, we observe that by the tensor prod-
uct structure of the semigroup we have

TP(1®- @ 1)(0) =T 1(n) - T"1(xa), = €RL.

Thus, the desired positive results are consequences of the already justified
one-dimensional case.

To prove the negative part, we assume for simplicity that d =2 and a =
(a1, @2) with ag € (—=1/2,1/2) and as ¢ (—1/2,1/2); in the general case the
arguments are analogous. Taking x1 = cv/sinh 4¢, where c is a sufficiently large
constant, by Lemma 2.3(b) we see that

Tta’wl(x) =

2
!

Ha1/2+3/4,a1+1 (m) =1+2¢

for some ¢ > 0 independent of ¢. It follows that T,""¥1(x1) > 1 +¢ for t >0
sufficiently small, and hence [|T{"¥1|[oc > 1+ ¢ for such t. On the other
hand, taking x5 =1 and using Lemma 2.3(a) we get [|77*%1|o > 1/(1+¢),
provided that ¢ is sufficiently small. Altogether, this shows that

177 e D =Tl 7 > 1
for ¢t small enough. The proof is finished. O
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The modified semigroups {I7"¥”}, j =1,...,d, are generated in L*(R4) by
suitable self-adjoint extensions of the operators L} +e; T2, see [16, Section 4].
Their integral representation is

Toeifw) = [ G @) f)dy, s eRL >0
IR+
Thus {Tta’%j } coincide, up to the factor e 2!, with the original Laguerre semi-
groups {T7"7"?}. Tt follows that the sharp range of a’s for which {T7¥7} is
well defined on all Lp(Ri), 1 <p < o0, and maps LP(Ri) into itself, is
AY ={a:a; >-3/2,0; > —1/2 for i # j}.
Moreover, the above results concerning {7}°¥} imply the following.

PROPOSITION 4.2. Let j € {1,...,d} be fired and let o € AY. If o € {=3/

2} U[-1/2,00) and a; € {—1/2} U[1/2,00), i # j, then {T%7} is a sub-
markovian (but not Markovian) symmetric diffusion semigroup satisfying, for
I<p<oo,

|7 Hpﬁp <e 2(cosh2t)" Y2, t>0.

If either a; ¢ {—3/2} U [—1/2,00) or a; ¢ {—1/2} U[1/2,00) for some i # j,
then {Tvta’%j} 1s not an LP-contraction semigroup, but there exists a constant
c=c(a) > 1 such that the above estimate holds with the right-hand side mul-
tiplied by c.

5. Laguerre function semigroup of convolution type

In this case, the differential operator in question is

d

2c;+1 0
L _ 2 1
Ly, =—A+ =] — Z o 0z,

i=1
It is formally symmetric and positive in L2(Ri,,ua) and we have LL(S =

(4]k| + 2|a| + 2d)¢¢. The operator LY has a natural self-adjoint extension
(denoted by the same symbol) whose spectral decomposition is given by the

o
The integral representation of the heat semigroup {T7‘} = {exp(—tL¢)}
is
(5.1) L@ = | G @) dealy), @RS,
+
where the heat kernel is
G (x,y)

— Ze—t(4n+2|(x\+2d) Z Eg(xwg(y)
n=0

|k|=n
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— 942l d) o=l + vl /2Ganl (32 42)

. _ 1 _ T3y
_ d 2 if iYi
= (sinh 2¢) exp<—§ coth(2t) (||=|* + w1 > H T <s1nh2t>

For all o € (—1,00)%, the action of 7" may be extended by (5.1) to the
space L'(R%, 1) + L®(R%, p1o). Indeed, the asymptotics (2.4) easily imply
the integral in (5.1) to be convergent for every f € LP(R%,u,), 1 <p < oo,
and every x € Ri.

The following result is essentially contained in [21, Theorem 2.3]. Here we
give an independent proof which is based on Lemma 2.2. Note that for a =
(=1/2,...,—1/2), the conclusions of Theorem 5.1 and Theorem 4.1 coincide,
as it should be.

THEOREM 5.1. Let a € (—1,00)%. Then {T*} is a submarkovian (but not
Markovian) symmetric diffusion semigroup satisfying, for 1 <p < oo,

HTO‘er_n (cosh2t)~(el+d) ¢~ ¢,

Proof. In the one-dimensional case, Lemma 2.2 shows that
1 1,5

—_— ——zx“tanh 2t |.

(cosh 2t)a+1 exp( gl >

Then the desired estimate is a consequence of Lemma 2.1.
The multi-dimensional result follows by the tensor product structure of the
semigroup. O

Tta’zl(x) =

The modified semigroups {T7**’}, j=1,...,d, are in L (R, p1a) generated
by suitable self-adjoint extensions of the operators LY, + (2c; + 1) /2% + 2, see
[17, Section 4]. Their integral representation is

T fa) = e—%/R 29,6 (@, 9) f(9) dpa(y), xeREE>0.

¢
Note that the sharp range of a’s for which {ﬁa’e’j } is well defined on all
LP(Ri,MQ), 1 <p < o0, and maps LP(R‘L o) into itself, is

Aﬁ ={a:a;>-3/2,a; > -1 for i # j}.

PROPOSITION 5.2. Let j € {1,...,d} be fired and let o € AS. If o > —1/
2, then {ﬁa’e’j} is a submarkovian (but not Markovian) symmetric diffusion

semigroup satisfying, for 1 <p < oo,
70ty ] —2t —(leo|+d
|7 Hp_mge (cosh2t)~Uel+d) 45 0,
If aj € (—3/2,—1/2), then {io"e’j} is mot an LP-contraction semigroup, but

there exists a constant ¢ = c(a) > 1 such that the above estimate holds with
the right-hand side multiplied by c.
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Proof. By the product structure and Lemma 2.2, we get
77 1(a)

1 x?

— —(|a|+d

= e % (cosh 2t)~(lel+d) exp(—§ [|2]|* tanh 2t> Hea v3/2,0;+2 (sin}i4t> .
From here we repeat, with suitable adjustments, the arguments proving The-
orem 4.1. O

6. Comments on Bessel semigroups

The methods developed above for investigating LP-contractivity of La-
guerre semigroups are perfectly applicable in the context of continuous ex-
pansions connected with Bessel operators. It is remarkable that the results
obtained in the Bessel context are closely related to those for the Laguerre
semigroups. In what follows, for the sake of simplicity, we consider the one-
dimensional situation. It is straightforward to generalize the results to the
multi-dimensional setting. We also omit the discussion of the associated ‘mod-
ified’ semigroups and leave details to interested readers. For all facts concern-
ing the Bessel setting that are not properly explained below, the reader may
consult [2] and [3].

To begin with, consider for o > —1 the Bessel differential operator

d? 1 1
P 2
La——@u—a(a ‘1)’ z>0,

which is symmetric and positive in L?(R, ). The functions
P(z) = Vardy(zX), A>0,

are eigenfunctions of LY, Lﬁ?/}f = A2¢¢; here J,, denotes the Bessel function of
the first kind and order v, cf. [8, Chapter 5]. The operator L¥ has a natural
self-adjoint extension for which the spectral decomposition is given via the
Hankel transform

Haf(N) = / T U@ f@)de, A0,

Note that for o = —1/2 and a =1/2 we encounter here the cosine and sine
transforms, respectively. We keep our convention to denote the extension
by using the same symbol LY, even though there is an inconvenience: if
0<a<1,then LY and Lfa coincide as differential operators, but their self-
adjoint extensions are different; we do hope this will not cause any confusion.

It is well known that H, o H, = Id, and so H,, is an isometry on L?(R,).
The corresponding heat semigroup {T7¥} = {exp(—tL¥)}, is defined by
means of the spectral theorem by

TPV f=Ha(e O Haf), fEL*(Ry),
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and it has the integral representation

(6.1) T f(z) = / GO () f(y) dy, € RY,

where the heat kernel is given by

G () = / e () ()

1 22 + 2 e
= — Ty e — al — |-
o VY XD At 2

Notice that this kernel is symmetric and strictly positive. Note also that for
o> —1/2, the action of T{"¥ can be extended by (6.1) to L'(R;) + L>®(R.),
and again this can be easily verified by means of the asymptotics (2.4). If a <
—1/2, then remarks similar to those preceding the statement of Theorem 4.1
are in order. In particular, the question of LP-contractivity of {Tta’w} makes
sense only for a € [—1/2,00).

PROPOSITION 6.1. Let o € [—-1/2,00). If o € {-1/2} U[1/2,00), then
{T%} is a submarkovian (Markovian if and only if o= —1/2) symmetric
diffusion semigroup. If o€ (—=1/2,1/2), then {T**} is not an LP-contractive
semigroup, but there exists a constant ¢ = c¢(a) > 1 such that, for all 1 <p < oo,
1T oy . 0.

Proof. A direct computation based on Lemma 2.2 shows that

a (E2
Tt ’wl(x) = Ha/2+3/4,a+1 (4_t> .

The conclusion then follows by Lemmas 2.3 and 2.1. The identity 771 =1
holds if and only if a = —1/2; see the proof of Lemma 2.3 for the relevant
property of the function H,, .. O

Another Bessel operator considered in the literature is
v _ d? 2a+1 d

R x dzr’

which is symmetric and positive in L?(R,, f1o), o > —1. The functions

US(x) = (xA) " *Ja(zX), A>0,

x>0,

are eigenfunctions of LY, LYW¥¢ = A\2U¢. The operator LY has a natural
self-adjoint extension (denoted by the same symbol) for which the spectral
decomposition is given via the modified Hankel transform

Paf )= [ U@ (@) diae), >0
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Again, it is known that h,ohs = Id, and h,, is an isometry on L?(R, j1). The
corresponding heat semigroup {T7"} = {exp(—tLY)}, is defined by means of
the spectral theorem by

TV f=ha(e 'O hof),  f € LX(Ry,pa),

and has the integral representation

(6.2) T f(2) / G (2,9) f(4) dialy), = €Rs,

1 Lo 2% 4 92 e

x exp| — ol == |-
ot P\ Ty 2t
When a € (—1,00), the action of {T/%} may be extended by (6.2) to
LMRY, o) + L=(RY, 1a)-

The result below for o > —1/2 is well known in the literature, since for such
a there exists a natural convolution structure for which the Bessel semigroup

is a convolution semigroup, and the convolution kernel is easily seen to have
the relevant properties.

where the heat kernel is

G (2,y) = (xy) TGP (2,y) =

PROPOSITION 6.2. Let a > —1. Then {T™"} is a Markovian symmetric
diffusion semigroup.

Proof. This time a direct computation based on Lemma 2.2 gives
Tta"pl =1. Again the conclusion follows by using Lemmas 2.3 and 2.1. (]

As the reader probably noticed, there is a striking coincidence between the
results stated above for the two Bessel semigroups and those for the Laguerre
semigroups of Hermite and convolution types. Heuristically, this may be ex-
plained by a similarity of the differential operators: LY and LY differ from
L¥ and L), respectively, only by the potential 22 (recall that here we restrict
ourselves to d =1). It is not surprising then, that the heat kernels Gto"d’ and
G have the same shapes as G&? and G, respectively. In particular, the
behavior for  and y small is the same. This explains why the statements of
Propositions 6.1 and 6.2 are similar to those of Theorems 4.1 and 5.1.

Finally, it is worth of pointing out that one of the examples we discussed
disproves the following (fallacious) belief: if L is a positive and formally sym-
metric in L2(X, ), X C R%, linear second order differential operator free of
zero order term, and L is a self-adjoint extension of it, then exp(—t]L)l =1
(here we assume that exp(—tL) extends onto L>). Indeed, —-L; considered
as L; /2 is the example, since for the self-adjoint extension given spectrally
by the sine transform, we have T} V3V — |, 3/2(( ) /( t)) # 1. Notice, how-

ever, that for the other self-adjoint extension of — d 24 given spectrally by the
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cosine transform (when we consider —% as L
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¥

/204
—1/2 1=

), we do have T,

Hyja12((-)%/(4t)) = 1.

(1]

7]
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