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SHARP GREEN FUNCTION ESTIMATES FOR A + A%/?2 IN ¢!
OPEN SETS AND THEIR APPLICATIONS

ZHEN-QING CHEN, PANKI KIM, RENMING SONG AND ZORAN VONDRACEK

ABSTRACT. We consider a family of pseudo differential operators
{A+a*A%% 4 €0,1]} on R? that evolves continuously from A
to A+ A2 where d >1 and «a € (0,2). It gives rise to a fam-
ily of Lévy processes {X“,a € [0,1]}, where X® is the sum of a
Brownian motion and an independent symmetric a-stable process
with weight a. Using a recently obtained uniform boundary Har-
nack principle with explicit decay rate, we establish sharp bounds
for the Green function of the process X killed upon exiting a
bounded C*! open set D C RY. Our estimates are uniform in
a € (0,1] and taking a — 0 recovers the Green function estimates
for Brownian motion in D. As a consequence of the Green func-
tion estimates for X in D, we identify both the Martin boundary
and the minimal Martin boundary of D with respect to X¢ with
its Euclidean boundary. Finally, sharp Green function estimates
are derived for certain Lévy processes which can be obtained as
perturbations of X“.
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1. Introduction

Discontinuous Markov processes have been intensively studied in recent
years due to their importance both in theory and applications; see, for in-
stance, [1], [2], [5], [13], [14], [16], [17], [19], [25], [26], [28]. In contrast to the
diffusion case, the infinitesimal generator of a discontinuous Markov process
in R? is a nonlocal (or integro-differential) operator. Most of the recent stud-
ies have concentrated on discontinuous Markov processes (and corresponding
integro-differential operators) that do not have a diffusion component. See
[7], [11] and the references therein for a summary of some of these recent re-
sults from the probability literature. For recent progress in PDE literature,
we refer the readers to [8], [9], [10].

However, Markov processes with both diffusion and jump components are
needed in many situations, like in finance and control theory. See, for example,
[24], [31], [32]. On the other hand, the fact that such a process X has both
diffusion and jump components is also the source of many technical difficulties
in investigating the potential theory of X. The main difficulty in studying X
stems from the fact that it runs on two different scales: on the small scale the
diffusion part dominates, while on the large scale the jumps take over. Another
difficulty is encountered at the exit of X from an open set: for diffusions, the
exit is through the boundary, while for the pure jump processes, typically the
exit happens by jumping out from the open set. For the process X, both cases
will occur which makes the process X much more difficult to study.

Despite these difficulties, significant progress has been made in the last few
years in understanding the potential theory of discontinuous Markov processes
with both diffusion and jump components. Green function estimates (for
the whole space) and the Harnack inequality for some processes with both
diffusion and jump components were established in [33], [35]. The parabolic
Harnack inequality and heat kernel estimates were studied in [37] for the sum
of a Brownian motion and an independent symmetric stable process, and in
[15] for much more general diffusions with jumps (see also [20]). Moreover, an
a priori Holder estimate is established in [15] for bounded parabolic functions.
Very recently, the boundary Harnack principle for some one-dimensional Lévy
processes with both diffusion and jump components was studied in [29], where
sharp estimates on the Green functions of bounded open sets of R were also
established. Most recently, a boundary Harnack principle with explicit decay
rate for nonnegative harmonic functions of the sum of a Brownian motion and
an independent symmetric stable process in C''! open sets in R? was obtained
in [12].

The main goal of this paper is to use the boundary Harnack principle
obtained in [12] to establish sharp Green function estimates in C*! open sets
for the Lévy processes that are sums of Brownian motions and independent
symmetric stable processes. These processes, although very specific, serve
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as a model case for more general Lévy processes and Markov processes that
have both diffusion and jump components, just as Brownian motion does for
diffusions. We hope the results of this paper and some of the techniques
used in this paper will shed light on the fine potential theoretic properties of
general Lévy processes and on general Markov processes with both diffusion
and jump components.

Let us now fix the notation and state the main result of this paper.
Throughout this paper, we assume that d > 1 is an integer and « € (0,2). Let
X0%= (X0t >0) be a Brownian motion in R? with generator A = Zgzl %,
and let Y = (Y;,¢ > 0) be an independent (rotationally) symmetric a-stable
process in R%. For a > 0, we define the process X = (X2,t > 0) by X2 =
X? + aY;, called the sum of a Brownian motion and an independent symmet-
ric stable process with weight a.

Let D be a C1! open set in R4, let X*P be the process X killed upon
exiting D and let G4 (z,y) denote the Green function of X% (for precise
definitions see Section 2). Our main goal is to establish sharp two-sided
estimates for G4 (z,y). Let dp(z) denote the Euclidean distance between
the point x € D and the boundary dD. The main result of this paper is the
following theorem. Here and in the sequel, for a,b € R, a Ab:=min{a,b} and
aV b:=max{a,b}. Define for d >3 and a >0,

e (L 25,
“ when z,y are in the same component of D,
gh(x,y) = a (1A @0

|[z—y|?=2 [z—y[?

when z,y are in different components of D;
for d=2 and a > 0,
log(1+ 2220 (u)),
when z,y are in the same component of D,
a® IOg(l + dp(z)ép (¥) )7

lz—y[?
when z,y are in different components of D;

and for d=1 and a > 0,
(6p()dp (y))"/2 A 22200,

|z —yl
when z,y are in the same component of D,

a(’(((SD(x)(SD(y))l/Q A 6D($)5D(y)),

lz—yl
when z,y are in different components of D.

THEOREM 1.1. Let M > 0. Suppose that D is a bounded C™1 open set
in R There exists C = C(D,M,a) > 1 such that for all x,y € D and all
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a € (0,M]
(1.3) Cgh(x,y) < Gh(x,y) < Cgh(x,y).

Note that the above estimates are uniform in a € (0, M]. In case d=1, a
(nonuniform) estimate is established by [29]. Letting a | 0 in (1.3) recovers
the Green function estimates for Brownian motion killed upon exiting D; for
the latter, see [18, p. 182] for d =2 and [40] for d > 3, respectively. Note that
when z and y are in the same component of D the estimates for G}, (z,y) are
the same as for the Brownian motion killed upon exiting D, but contrary to
the latter case, G4 (x,y) is nonzero when z and y are in different components.
This, of course, is a consequence of X“ having jumps, and estimates in the
case when z and y are in different components follow easily from the jump
structure together with the estimates for a single component. Furthermore,
our estimates on G% (x,y) give the rate at which G%(z,y) vanishes as a | 0
when x and y are in different components.

The rest of the paper is organized as follows. Section 2 gives preliminary
and background materials. Theorem 1.1 is proved in Sections 3, 4 and 5.
The proof of the theorem in the case d > 3 is by now quite standard. Once
the interior estimates are established, the full estimates in connected C!
open sets follow from the boundary Harnack principle by the method devel-
oped by Bogdan [6] and Hansen [23]. However, this method is not applicable
when d < 2 since Brownian motion is recurrent in this case. When d = 2, the
above method ceases to work due to the nature of the logarithmic potential
associated with the Laplacian. We use a capacitary argument to derive the
interior upper bound estimate for the Green function; see Lemmas 4.5, 4.6 and
Corollary 4.7. By a scaling consideration and applying the uniform bound-
ary Harnack principle, we can then get sharp Green function upper bound
estimates. For the lower bound estimates, we compare the process with the
subordinate killed Brownian motion when D is connected, and then extend
it to general bounded C! open set by using the jumping structure of the
process. The proof of these estimates for d = 2 is presented in Section 4. The
case d =1 is dealt with in Section 5, where we follow the arguments of [29],
making use of the reflected process at supremum and the ascending ladder
processes. In Section 6, using the boundary Harnack principle and our Green
function estimates, we show that both the Martin and the minimal Martin
boundary of the process X* can be identified with the Euclidean boundary
when D is a bounded C1:! open set. In the last section, we extend our results
on X% to symmetric Lévy processes that can be obtained from X through
certain perturbations. In particular, for every m > 0, we obtain sharp Green
function estimates of A +m — (m?/® — A)® in any bounded C''*! open set with
zero exterior condition. The process corresponding to A +m — (m2/0‘ —A)®
is a Lévy process that is the sum of a Brownian motion and an independent
relativistic a-stable process with mass m.
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Throughout this paper, we use the capital letters C1,C5,... to denote con-
stants in the statement of results, and their labeling will be fixed. The low-
ercase constants ci,cs,... will denote generic constants used in proofs, whose
exact values are not important and can change from one appearance to an-
other. The labeling of the constants ¢y, ca,. .. starts anew in every proof. The
dependence of the constant ¢ on the dimension d and « € (0,2) may not be
mentioned explicitly. The constant « € (0,2) will be fixed throughout this
paper. We will use “:=” to denote a definition, which is read as “is defined
to be.” B(z,r) denotes the open ball in R? centered at x with radius r > 0.
Recall that for any « € D, dp(x) denotes the distance between x and 0D, and
for a,b € R, a Ab:=min{a,b} and a Vb:=max{a,b}. We will use 9 to denote
a cemetery point and for every function f, we extend its definition to 0 by
setting f(0) = 0. Lebesgue measure in R? will be denoted by dz. For a Borel
set A CR?, we also use |A] to denote its Lebesgue measure.

2. Preliminaries

A (rotationally) symmetric a-stable process Y = (V;,t > 0,P,,z € R%) in
R is a Lévy process with the characteristic exponent |£|%, that is,

E, [eiE'(Yt_YO)} =e €% for every z € R? and ¢ e R%

The infinitesimal generator of Y is the fractional Laplacian A®/2, which is a
prototype of nonlocal operators. The fractional Laplacian can be written in
the form

)

A*?y(z) =lim (u(y) — u(x)) |A(d’ —)

d
el0 J{yerd:|y—z|>c} L= y| to

where A(d, —a) := a2° 1a =427 (H)(1 — 2)~!. Here, T' is the Gamma

function defined by T'(A) := [ t*~te~*dt for every A > 0.

Suppose X is a Brownian motion in R? with generator A = Zd o°

i=1 Bzf ’
and Y is a symmetric a-stable process in R?. Assume that X and Y are
independent. For any a > 0, we define the process X¢ = (X2,t > 0) by X/ :=
X? + aY;. As already mentioned, the process X¢ is called the sum of the
Brownian motion X and the independent symmetric a-stable process Y with
weight a. It is a Lévy process with the characteristic exponent ®¢(&) = |¢|? +
a®|€|®, € € RY, and its infinitesimal generator is A 4+ a*A%/2. The process X®
has a jointly continuous transition density that will be denoted by p*(t, z,y).
From the Chung—Fuchs criterion (see [3, Theorem I1.17]), it easily follows that,
when a >0, X® is transient if and only if « < d, while it is well known that
XY is transient if and only if d > 3.

There is another representation of the process X% which will be useful
in Sections 3, 4 and 5. It can be obtained by subordinating X° with an
independent subordinator T := t+a?T; where T = (T;,t > 0) is an «/2-stable
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subordinator, that is, the processes (X7,t > 0) and (X%a ,t > 0) have the same
distribution. Note that the Laplace exponent of 7% is ¢*(\) = X 4+ a*\*/2,
Let M, /2(t) := Y 07 o (=1)"t"/2 /T (14+na/2). It follows by a straightforward
integration that

° 1
—At 2a/(2—a)
€ leoz 2 t)dt = ’
/0 / ( ) ¢a()\)
which shows that the potential density u® of the subordinator T is given by
(2.1) u(t) = Ml_a/z(a%/(?*a)t)_

Since, for any a > 0, ¢® is a complete Bernstein function, we know that (see,
for instance, [33]) u“(+) is a completely monotone function. In particular, u®(-)
is a decreasing function. Since u®(t) = u'(a®*/(=%t), we see that a +— u®(t)
is a decreasing function. Moreover, since the drift of T is equal to 1, we have
that u*(04+) =1 and so

(2.2) u®(t) <1 fort>0.

The Lévy measure of X* has a density with respect to the Lebesgue mea-
sure given by

(23)  JUwy) =4y — )= "(ly — z]) = a® A(d, —a) |z —y| T,

which is called the Lévy intensity of X*. It determines a Lévy system for X ¢,
which describes the jumps of the process X“: For any nonnegative measurable
function f on Ry x R x RY with f(s,z,2) =0 for all s >0 and = € R?, and
stopping time T (with respect to the filtration of X%),

T
{Z f(s, X, x2 } =E, U ( f(s, X%, y) (X2, y) dy> ds}
s<T 0 R4
(see, for example, [13, Proof of Lemma 4.7] and [14, Appendix A]).

The quadratic form (£%,F) associated with the generator A + a®“A*/? of
X* is given by

% € L*(R%; dz) for every 1 <i< d}

L

F=WH R := {ueL2(Rdd)
and for u,v € F,

E%u,v) = /Rd Vu(z) - Vou(z) dz

1 A(d, —a)a”
+ B /Rded (u(z) —u(y)) (v(z) - U(y))W

In probability theory, the quadratic form (5 @ W1 2(R%)) is called the Dirichlet
form of X*. Let & (u,u) := E(u,u) + [pa u(z)? dz. Note that for every a >0,

dx dy.
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there is a positive constant ¢ = c¢(a,d,«) > 1 so that

/ (|Vu(ac)|2 + u(x)z) dx
Rd

<E&f(u,u) < c/ (IVu(z)]® + u(z)?) dz for ue Wh2(R9).
Rd

Thus the processes X%, a > 0, share the same family of sets having zero

capacity.

For any open set D C R, 7% :=inf{t > 0: X{ ¢ D} denotes the first exit
time from D by X®. We denote by X% the subprocess of X¢ killed upon
leaving D. The infinitesimal generator of X*P is (A 4 a®A%/?)|p. Tt is
known (see [15]) that X%P has a continuous transition density p%(t,,y)
with respect to the Lebesgue measure.

DEFINITION 2.1. A real-valued function u defined on R? is said to be:

(1) harmonic in D C R? with respect to X if for every open set B whose
closure is a compact subset of D,

(2.5) E,flu(Xfa)l] <oo and wu(z)=E;[u(X7s)] for every z € B;

(2) regular harmonic in D C R? with respect to X¢ if it is harmonic in D
with respect to X and

u(z) =K, [u(X“E)] for every z € D;

T

(3) harmonic for X%P if it is harmonic for X* in D and vanishes outside D;
(4) superharmonic in D C R? with respect to X if for every open set B
whose closure is a compact subset of D,

(2.6) Eoflu(XTe )|l <oo and  u(z) = Eg[u(X7,)] for every z € B.

It follows from [15] that every harmonic function v in D with respect to
X is continuous in D and [, |u(y)|(1A ly|~ (@) dy < oo,

Using the parabolic Harnack inequality from [15, Theorem 6.7] and a scal-
ing argument, the following uniform Harnack principle was established in [12].

PROPOSITION 2.2 (Uniform Harnack principle). Suppose that M > 0. There
exists a constant Cy = C1(a, M) > 0 such that for any r € (0,1], a € [0, M],
zo € R and any function u which is nonnegative in R and harmonic in
B(xg,r) with respect to X we have

u(z) < Cruly) for all z,y € B(xo,7/2).

We recall that an open set D in R? with d > 2 is said to be C1! if there
exist a localization radius R > 0 and a constant A > 0 such that for every
Q € 0D, there exist a Cl'-function ¢ = ¢g : R™T — R satisfying ¢(0) =0,
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Vo(0)=(0,...,0), [Volleo <A, [Vo(z) — Vo(y)| < Alz—yl, and an orthonor-
mal coordinate system C'Sg: y = (y1,...,Yd—1,Ya) =: (¥,yq) with its origin at
@ such that

B(Q,R)ND ={y=(y,ya) € B(O,R) in CSgq : ya > $(y)}-

The pair (R, A) is called the characteristics of the C! open set D. Note that
a C1! open set may be disconnected. Observe that the distance between any
two distinct connected open components of D is at least R. By a C'! open
set in R we mean an open set which can be written as the union of disjoint
intervals so that the minimum of the lengths of all these intervals is positive
and the minimum of the distances between these intervals is positive. Note
that a C! open set may be unbounded. It is well known that any C'*! open
set D satisfies the uniform exterior ball condition: There exists R >0 such
that for every z € D, there is a ball B* of radius R such that B* C (D)°
and OB* N OD = {z}. Without loss of generality, throughout this paper, we
assume that the characteristics (R, A) of a C1'1 open set satisfy R = R.

Observe that for any C'! open set with C™! characteristics (R, A), there
exists a constant x € (0,1/2], which depends only on (R, A), such that for each
Q€dDandre (0,R), DNB(Q,r) contains a ball B(A,(Q),«r) of radius sr.
In the rest of paper, whenever we deal with C'! open sets, the constants A,
R and k will have the meaning described above.

Let Q € dD. We will say that a function u : R? — R vanishes continuously
on DN B(Q,r) if u=0 on D°NB(Q,r) and u is continuous at every point
of 0D N B(Q,r).

The following theorem is the main result of [12].

THEOREM 2.3 (Uniform boundary Harnack principle). Suppose that M > 0.
For any O open set D in RY with characteristics (R,A), there exists a
positive constant Cy = Co(a,d, A, R, M) such that for all a € [0, M], r € (0, R],
Q € 9D and any nonnegative function u in R? that is harmonic in DN B(Q,r)
with respect to X* and vanishes continuously on DN B(Q,r), we have

u(x

(2.7) iy SC

~

(SD (l’
dp(y)

A subset D of R? is said to be Greenian for X¢ if X*P is transient.
A Greenian set for X° will be simply called Greenian. As mentioned in the
second paragraph of Section 2, when d > 2 and a > 0, any nonempty open set
D c R is Greenian for X%; and any nonempty open set in R? is Greenian
when d > 3. An open set D C R? is Greenian if and only if D¢ is nonpolar (or
equivalently, has positive capacity). In particular, every bounded open set in
R? is Greenian.

~

for every x,y € DN B(Q,r/2).

~—
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For any a > 0 and any Greenian open subset D of R? for X?, we use
G%(,y) to denote the Green function of X% that is,

(2.8) G (.y) = / P (4, y) dt,
0

where p%(t,x,y) is the continuous transition density of X%P with respect
to the Lebesgue measure. The function G%(-,-) is finite off the diagonal. It
follows immediately from (2.8) that G} (x,y) is a positive continuous sym-
metric function off the diagonal of D x D such that for any Borel measurable
function f >0,

E. [ / ® pxe ds] - [ Gr@ase

We set G, equal to zero outside D x D. The function G (x,y) is also called
the Green function of X* in D. For any x € D, G%(-,z) is superharmonic in
D with respect to X, harmonic in D\ {z} with respect to X% and regular
harmonic in D \ B(z,¢) with respect to X* for every € > 0.

Recall that a point z on the boundary 9D of an open set D is said to be
a regular boundary point for X if P,(7§ =0) =1. An open set D is said
to be regular for X if every point in 0D is a regular boundary point for
X, It is easy to check that every C1'! open set D is regular for X¢ for
all @ > 0 and using the argument in the last paragraph of the proof of [18,
Theorem 2.4], we conclude that for any bounded C'! open set D, G4 (-, 2)
vanishes continuously on 0D for every z € D.

Now, as a corollary of the uniform boundary Harnack principle and the
fact that, for any bounded C! open set D, G%(z,-) vanishes continuously
on 0D for every fixed x € D, we have the following proposition.

PROPOSITION 2.4. Suppose that M > 0. For any bounded C*' open set
D in RY with characteristics (R,A), there exists a positive constant Cs =
Cs(a,d, A, R, M) > 1 such that for all Q@ € 0D, r € (0,R) and a € (0, M] we
have

G (x,z1) SC3GGD($’ZQ>,
Gh(y,21) Gh(y, 22)

when x,y € D\ B(Q,r) and z1,20 € DN B(Q,r/2).

(2.9)

The following scaling property will be used below: If (Xt > 0) is the
subprocess in D of the sum of a Brownian motion and an independent symmet-
ric stable process in R? with weight a, then ()\X;’_et,t > 0) is the subprocess
in AD of the sum of a Brownian motion and an independent symmetric stable
process in R? with weight aA(®*=2/® So for any A > 0, we have
(2.10)

p‘}\’l\)(a_Q)/a (t,z,y) = A" pL (A2, A e, A" ty) for t >0 and z,y € AD.
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By integrating the above equation with respect to ¢, we get that when D is
Greenian for X%,

(2.11) Go(z,y) = AdiQGi)b(aﬂ)/a (Ax,\y) for xz,y € D.
In particular, for d =2, we have
(2.12) Gh(z,y) = Gi’,\j(afz)/u (Ax,\y) for x,y € D.

3. Higher dimensional case: d >3

In this section, we assume that d > 3. We will use G%(z,y) =G*(y —x) =
G&,(z,y) to denote the Green function of X in R%.

Recall that u® is the potential density of the subordinator T@ =t + a7}
given in (2.1). The Green function G* of X is also given by the following
formula [33]

(3.1) G%(x) = / (47Tt)_d/26_|”‘2/(4t)ua(t) dt, xecR%
0

Using this formula, we can easily see that G is radially decreasing and con-
tinuous in R¢\ {0}.

LEMMA 3.1. Suppose that M > 0. For all a € [0, M], we have

GM(z) < Gx) <

S iz forall:ceRd.
T

Proof. We have seen that for all ¢ >0, u*(¢t) <1, and the function a —
u®(t) is decreasing on R, cf. (2.2) and the text preceding it. The desired
inequalities follow immediately from these properties and (3.1). O

LEMMA 3.2. Suppose that M > 0. There exist Ry >0 and Ly > 2 such that
for all a € [0, M]

(3.2) G%(x) > 2G*(Lyz) for all |x| < Ry.
Proof. By [33, Theorem 3.1], there exists ¢; = ¢1(a,d, M) > 0 such that
(3.3) lim GM(z)|z|"%=¢;.
|z|—0

Let Ly = (2/c1)?4=2) v 2 and take 0 < §; < ¢;(1 — L=(4=2)/2). Using (3.3),
we can choose a positive constant R; > 0 such that

1

(3.4) (c1 — 51)@ <GM(z) when |z| < R;.

Thus, by Lemma 3.1, for every |z| < Ry

1 d—2
G(z) > GM(x) > (¢; — 61) =5 > L, 2

C1 a
|.’13|d_2 = >2G (LlI)

|L1$‘d_2 = O

The next proposition gives the interior estimates for G¢,.
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PROPOSITION 3.3. Suppose that M > 0. For any bounded and connected
CY1 open set D in RY there exists a positive constant Cy such that for every
a€[0,M]

(3.5) Gh(z,y) < C4W for all z,y € D
and
_ 1
(3.6) G“D(z7y)ZC41W when 2|z —y| < dp(x) ANdp(y).

Proof. Since G%(x,y) < G*(x,y), (3.5) is an immediate consequence of
Lemma 3.1. So we only need to show (3.6). Without loss of generality, we
assume that dp(y) <dp(z).

Recall that L; > 2 and R; are the constants from Lemma 3.2. By Lemmas
3.1, 3.2 and (3.4), we have

1 1
(37) Ga(x7y) - Ga(leaLly) > iGa(xvy) > iGM(xvy)

>Cl

= W when |CC—y| SRl

for some positive constant c;.
Case 1: L)z —y| <dp(y). We consider three subcases separately:
(a) dp(y) < R;. Note that, since Ly|z —y| <dp(y),

| X2 —y| >dp(y) > Lilz —yl.

TB(y.5p (1)

Thus by the fact that G%(+) is radially decreasing and (3.7),

GaD(xvy) > G%(y,ép(y))(gjvy) = Ga(‘ra y) - Eﬂ? [Ga(ngwyéD(y))’y)]
a a 1
>G (Iay) -G (leaLly) > Clm-

(b) dp(y) > Ry and Ly|z — y| < Ry. In this case, |Xﬁg( ny y| >Ry >
Ly|z —y| and, again by the fact that G%(-) is radially decreasing and (3.7),

Gh(x,y) = Ghy.ry) (@,y) = G (2,y) — Es [G* (X7, )]

o
TB(y.R1)

> G*(x,y) — G*(Liz, L1y) = ClW'
(¢) 0p(y) > Ry and Lq|z — y| > Ry. In this case, we have dp(x) > dp(y) >
Lq|z — y| > R;. Choose a point w € B(y, R1/(2L1)). Then from the argu-
ment in (b), we get
1

OB = T Tk
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Since D is a bounded and connected C'*! open set and |z —w| < |z —y|+ |y —
w| <0p(y)/L1+ R1/(2L1) < 30p(y)/(2L1), by Proposition 2.2 and a chain
argument, we have

1
(R1/(2Lq))*2

_ _ 1
> ¢32972(2L1 /Ry )**2 Iz — g2

Case 2: 2|z —y| < dp(y) < L1]r —y|. Take zo € 0B(y,dp(y)/(L1 + 1)).
Then

G%(m?y) > C2GaD(way) >c3

Ly
L1 +1
Since D is a bounded and connected C! open set and |zo — x| < |xo —y|+ |y —
x| < (L1+1 $)0p(y), by Proposition 2.2, a chain argument and the argument
in the first case, there are constants ¢; = ¢;(D,a, L1, M) > 0,i =4,5,6, such
that

1
|5E—y|§§5D(y)§L1|x0—y|= dp(y) <dp(y) Adp(zo).

Gh(2,y) 2 caGp(x0,y) > 5

2 Ce .
|zo —y|?—2 |z —yl|i—2
This completes the proof of the proposition. O

Suppose that D is a bounded and connected C'! open set in R¢ with
characteristics (R, A) and corresponding k. Fix zp € D with kR < dp(z0) < R,
and let €1 :=kR/24. For z,y € D, define r(z,y) :=dp(z) VIp(y) V|z —y| and

B(z,y):= {z €D:dp(z)> gr(agy), |z — 2| V]y—z| < 5r(x,y)}

if r(x,y) <e1, and B(x,y) := {20} otherwise.

Put Cs := 0429726 p(29) ~4+2. Then by (3.5),

G’OLD(7 Z()) S 05 on D \ B(Z(), 6D(Z0)/2).
Now we define
9% (x) = GYH(x, z0) N Cs.

Note that if dp(z) < 6e1, then |z — 2| > dp(20) — 661 > dp(20)/2 since 6e1 <
0p(z0)/4, and therefore ¢*(z) = G%(z, 20)-

Using the uniform Harnack principle (Proposition 2.2) and Proposition 2.4,
the following form of Green function estimates follows from [23, Theorem 2.4].

THEOREM 3.4. Suppose that M > 0. For any bounded and connected C**
open set D in RY there exists Co = Co(D, M,a) >0 such that for all z,y in
D and all a € (0, M]

O CEIE s 452 < Gy < G L DEWD 002,
where A € B(z,y).
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Suppose D is a bounded and connected C'™!' open set. For all z,y € D,
we let @, and @, be points on 0D such that ép(z) = |z — Q| and ép(y) =
|y — Qyl, respectively. It is easy to check that if r(z,y) <e1

(3'8) Ar(m,y)(Qr)aAr(x,y)(Qy) € B(fvy)

(Recall that, for any Q € 9D, A,(Q) is a point such that B(A,(Q),kr) C
DN B(Q,r).) Indeed, by the definition of A,(; \(Qz), Ip(Ap(z,y)(Qz)) >
kr(z,y) > kr(z,y)/2. Moreover,

‘x - Ar(x,y)(Qz)‘ < |£C - Qﬂﬂ‘ + ’QI - Ar(m7y)(Qm)|
<dp(z) +r(z,y) <2r(z,y)

and [y — Ap(z,)(Q2)| < |y — | + |2 — Apz,4)(Qz)| < 3r(x,y). This verifies the
claim (3.8).

Recall the fact that ¢%(z) = G%(z,20) if dp(z) < 6e1. By Theorem 2.3 and
the fact that xr(z,y) < 6p(Ap(z,y)(Qy)) < 7(z,y), there exists ¢; > 1 such that
for every a € (0, M] and all z,y € D with §p(z) < 6e1 and dp(y) < 6e1,

(@) @) Ghlem) i)
B9 ) S A (@) T @o)nz0) = 1. y)
and

(310) 1l2® o ¢"0) __ Gpy:20) -1)

T(mvy) ga(Ar(x,y)(Qy)) GaD(Ar(x,y)(Qy)vZO) - 1T(xay).

Proof of Theorem 1.1 when d > 3. First, we assume that D is connected.
Combining inequalities (3.9) and (3.10) with Proposition 3.3, Theorem 3.4
and the fact that

dp(2)dp(y) op(2)dp(y)\ _ 9p(z)dp(y)
(3.11) GEME <<1A [z — g2 )<4<daww

(see [6]), we get the inequalities (1.3).

Next we assume that D is not connected. Let (R, A) be the C! character-
istics of D. Note that D has only finitely many components and the distance
between any two distinct components of D is at least R > 0. Assume first that
x and y are in two distinct components of D. Let D(x) be the component of
D that contains x. Then by the strong Markov property and the Lévy system
(2.4) of X*, we have

G% (I, y) = ]EJC [GaD (ng(z) ) y)]

TB(:)
=E, [/ (/ ja(|X§—z)G‘,§(z,y)dz> ds}.
0 D\D(z)
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Consequently,

(3.12) j*(diam(D))E, [Tg(w)]/ GH(y, z)dz
D\D(z)
<G%(z,y) <j*(R)E, [TB(I)] / GH(y,z)dz.
D\D(=)

Applying the two-sided estimates (1.3) established in the first part of this
proof to D(z), we get

(3.13) 01_15D($) = cl_lép(w)(x) <E, [Tg(z)] < c1dp(a)(®) = c10p(x)

for some ¢; = c¢1 (D, M,a) > 1. Clearly, using (3.13),

/ G (y,2) dz > / Gy (0, 2) dz =By [,
D\D(x) D(y)

> c20p(y).

On the other hand, it follows from (3.5) that sup.¢p qe(o,m] E=[7H] < 3 < 00.
Moreover by (3.13) and the Lévy system (2.4) of X,

/ G (y,2) d=
D\D(x)

<Ey[rp] =By [rh)] + By [Ex,, [75]]

(y

THw)
<o) +B, [ [T ([ gexs - spEprplaz) ]
0 D\D(y)
< csdp(y) + esiM(R)E, [Tf)(y)} <¢6dp(y).

We conclude from the last three displays, (3.12) and the form of j* given
in (2.3) that there is a constant ¢y = c7(D, M, ) > 1 such that for every
a€ (0, M],

(3.14) e ta®Sp(x)0p (y) < Gp(x,y) < cra®dp(x)dp(y).

Since for z and y in different components of D, R < |z — y| < diam(D), we
have established (1.3).
Now we assume that z,y are in the same component U of D. Applying

(1.3) to U, we get
1 5u(x)5U(y)>
1A
Ixy‘”< z —y|?

1 (1 A 5D($)5D(Z/)>.

|z — y|i=2 |z —y|?

Gp(,y) = Gi(x,y) = cs
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For the upper bound, we use the strong Markov property, the Lévy system
(2.4), and (3.13), (3.14) to get

(3'15) GaD(xa y) = Gl[lj(x’y) +E,; [G%(X%‘}?y)]

o 1y| (1n 2525
s \Ujauxs —z|>G“D<z,y>dz) s

1
< 097(1
|z — y[?—2 \ﬂv—yl2

< cg

Since the boundedness of D implies

1 6p(2)dp(y)
o(z)3n(y) < Mo —yo2 <M lz -yl )’
we have from (3.15)
a 1 op(2)dp(y)
< .
Gp(z,y) < crz TR <1 A o — g2 0
Define
(3.16)

1 when z,y, z, w are in the same component of D,

a”®, when x,y € D(x),z ¢ D(x) and w € D(2),
a(z,y,z,w):= < a®,  when z,w € D(z),#({y,z} N D(z)) =1,

a® when z,y, z,w are all in different components of D,

a?®,  when z,w € D(x),{y,2} N D(z) = 0.

The next theorem will be used in Section 7.

THEOREM 3.5 (Generalized 3G theorem). Suppose that M > 0. For any
bounded C** open set D in R?, there exists a constant Cg = Cg(D,a, M) such
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that for all x,y,z,w € D and a € (0, M],
Gp(z,y)Gp(z,w)

3.17
(3.17 G ()
— /\ —
< Cyal,y, = w) (w y 1)
|z —y
_ _ _ d—2
(lemwlnly =2l |z — w| .
|z — wl |z —y|472]z — w|d=2

Proof. Recall that r(x,y) =dp(z) Viop(y) V |z — y| and let

o 1 dp(x)op(y)
900V = TR ()2

and
|z — w|d2

H(z,y,z,w) = P p—r—h

By Theorem 1.1 for the case d >3 and (3.11),
Gh(2,y)Gp(z w)
G4 (z,w)

(3.18)

go(z,y)gp(z,w)
gp(z,w)

p(¥)op (2)r(z, w)*

r(z,y)*r(z,w)?
1. If |z —w| <dp(z) ANdp(w), gp(z,w) > |z —w|~+2. Thus, by (3.18)
Gh(2,y)Gp(z w)

G%(z,w)

2. Note that if y = z, since r(z,w) < 2r(z,y) + 2r(y, w),

S Cla(x7y7zaw)

(3.19) =ca(z,y,z,w)

H(z,y,z,w).

<ca(z,y,z,w)H(z,y, z,w).

6p(y)op(y)r(z,w)? Sp(y)? | dp(y)?
RERDESORMENE 8<r<y,w>2 * r(x,y>2) =5
Thus,
(3.20) 9@ Y)IDW W) g prin ),

gp(z,w)
Now consider the case |y — z| < dp(y) A dp(z). In this case gp(y,z) >
ly — 2| =4t Thus, using (3.20), we obtain that
(3.21) 9o (@,y)gp (2, w)
gp(z,w)
_9p@9)9p(y.2) gp(z, 2)gp(2,w) 1
9p(x,z) gp(z,w)  gp(y,z)
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|z — 2|92 |z — w12 1
|z —yl9=2ly — 2|*2 Jo — 2|92z — w|*"2 gp(y, 2)
|d72 1

<64

=64 [z —w

|z =42y — 2|72z —w|*2 gp(y, 2)°
Thus, by (3.18) and (3.21), we have
Gh(2,y)Gp(z w)
G%(z,w)

3. Now we assume that |z —w| > dp(x) Adp(w) and |y —z| > 0p(y) Adp(2).
Since dp(x) Vép(w) <dp(x) ANdp(w) + |x — w|, using the assumption ép(x) A
Op(w) < | — w|, we obtain r(z,w) < 2|z —w|. Similarly, r(y, z) < 2|y — z|.
By (3.19), we only need to show that

it <o) ()

)r
r(z,y)?r(z,
<2r(z,y) + 2r(y,w) < 2r(z,y) +4r(y, z) + 4r(z,w), we have

Since r(z,w)
MEEIOLCN 5D(y)5D(Z)r(y’Z)2>

dp(y)dp(2)r(z, w)? 04(6D(y)6D(Z)
r(z,y)*r(z,w)? r(z,w)? r(z,y)? (z,y)?r(z,w)?

< coa(z,y,z,w)H(z,y, z,w).

IN

IN

So(y) | op(2) | r(y.2)?
C4<r<z,w>+ o) T T, w))
(.2) (w2 | r(2)?
Sc4<r<z,w>+ o) T TG >>’

which is, by [25, Lemma 3.15], less than or equal to

(G ) G )

On the other hand, clearly

5p(y)dp(2)r(z,w)*  dp(y)dp(2) r(z,w)?
r(z,y)?r(z,w)?

Thus,
dp(y)op(2)r(z, w)? r(y,2z) Ar(z,w) r(y,2z) Ar(z,w)
r(z,y)?r(z,w)? s ¢ ( r(z,y) v 1) ( r(z,w) v 1>'

Now applying the fact that r(z,w) < 2|z — w|, r(y,2) < 2|y — 2|, r(z,y) >
|z —y| and r(z,w) > |z — w|, we arrive at (3.22).
We have proved the theorem. O
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Note that, since we consider disconnected open sets too, we can not apply
[25, Theorem 1.1] directly to get the generalized 3G theorem.
Taking y = z in (3.17), we get the classical 3G estimates, that is,

|x_w|d72

GD(x?QZ)GD(Z’w) S O8a(x7z’z7w)
bz

G , W)

|z — 2|@=2|z — w|d—2

_ d—2
SCS(Mza\/]-) |£C U)l

|z — 2|4-2|z — w|d-2"
4. Two dimensional case

In this section, we assume d =2 and prove Theorem 1.1 for this case.
Unlike the case of d > 3, due to the recurrence of planar Brownian motions,
the methods in [6], [23] are not applicable in dimension d =2 even though
we have the Harnack and boundary Harnack principles. We use a capacitary
approach and some recent results on the subordinate killed Brownian motions
instead.

First, we derive the lower bound. The method we use relies on comparing
the process X®P . which is the killed subordinate Brownian motion, with
another process, the subordinate killed Brownian motion. This method also
works for dimensions d > 3.

To be more precise, let D be a bounded open set in R? and X% the killed
Brownian motion in D. Let (T : ¢ > 0) be a subordinator independent of
X0 which can be written as T =t + a*>T; where (T} : t > 0) is an «/2-stable
subordinator. The process (ZP : t > 0) defined by Z»" = X%QD is called a
subordinate killed Brownian motion in D. Let u® be the potential density of
T¢ (see (2.1)). It follows from [36] that the Green function R%(z,y) of Z4P
is given by

(4.1) R%@w%=Amp%@waWﬂﬁ,

where p}, (¢, z,y) is the transition density of the killed Brownian motion X %%
It is well known (see, for instance, [38, Proposition 3.1]) that

(4.2) Ry (w,y) < Gh(ay), (z,y)€ D x D.

THEOREM 4.1. Suppose that M > 0. For any bounded C*' connected open
set D in R?, there ewists a positive constant Cy = Co(c, M, D) such that for
all z,y € D and all a € (0, M],

Gh(x,y) > R (x,y) > Cy log<1 v M)

|z —y[?
Proof. First, recall the following lower bound for the transition density of

the killed Brownian motion X%® obtained in [39] which states that for any
A > 0, there exist positive constants ¢y and ¢; such that for any ¢ € (0, A] and
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any x,y € D,

(4.3) ph(t,x,y) > co (1 A M)tl exp (—M)

t
It follows from (2.1) that
(4.4) u®(t) = u! (a%t) for t > 0.

Let T = (diam(D))2. Since u'(t) is a completely monotone function with
ul(0+) =1, by (4.4), for any a € (0, M]

(4.5) u®(t) >u (M25T), te(0,T).
By a change of variables s = ‘w_ty|27 we have

T P
(4.6) / <1 A —6D(z)t5D(y)>tlecl =

0
— / 1A 75D(x)5p(y)s s"te 1% ds.
waT'y\z |,’E — y|2
Define
6p(2)dp(y)

4. _ 9p(@)oply)
( 7) fD(I7y) |$_y|2

Since 1/fp(x,y) > |z — y|?/diam(D)? = |x — y|?/T, we split the last integral
into two parts:

> J J —1_—c1s

(4.8) /1 (1/\%)5 Te ds
> —1_—ci1s 5D(x)6D(y)

> ([ oemean) (10 2.

and
1 1
/M sTHAA(fplx,y)s)) ds > /M ST 1/ fp (wy)} 48

(4.9) =log(fp(z,y) V1).

Combining (4.3) and (4.6)—(4.9), we have

/0 P (tz,y) dt > ea(1A fi(z,y)) + calog(fo(z,y) v 1)
dp(x)dp(y) ) '

> 0310g<1 + o —yP?

So it follows from (4.1), (4.2) and (4.5) that

R T
Gp(z,y) > Rp(z,y) Zul(MﬂT)/0 ph(t,z,y)dt
dp(2)dp(y) > '

> C4log<1 + o —y?
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Integrating the estimate in Theorem 4.1 with respect to y yields the fol-
lowing corollary.

COROLLARY 4.2. Suppose that M > 0. For any bounded connected C**

open set D in R?, there erists a positive constant Cig = C1o(c, M, D) such
that for all x € D and all a € (0, M],

]Em [Tg)] > C105D($).

The inequalities in the next lemma can be proved by elementary calculus
and will be used several times without being mentioned explicitly.

LEMMA 4.3. For any L > 0, there exists a constant C11 = C11(L) > 1 such
that

Ci'b<log(1+b)<b forany0<b<[L
and

Ci log(1 4 s) <log(1+ Ls) < Ciplog(l+s) for any 0 < s < co.

Using Corollary 4.2, Theorem 4.1 can be extended to general (not neces-
sarily connected) bounded C1! open sets. Recall that g% is defined by (1.1).

THEOREM 4.4. Suppose that D is a bounded CY' open set in R? with
characteristics (R,A). There exists a positive constant Cy2 = C12(a, M, D)
such that for all z,y € D and all a € (0, M],

G%(x7 y) > Cl?g%(x’ y)

Proof. Recall that fp(x,y) is defined in (4.7). If z and y are in the same
component, say z,y € U, then by monotonicity,

(4.10)  Gh(z,y) = G(x,y) = erlog(1+ fu(x,y)) = c1log(1+ fo(z,y)).

If z,y are in the different components of D, using Corollary 4.2 and Lemma 4.3,
and by following the second part of the proof of Theorem 1.1 in case d > 3
(that is, the paragraph containing (3.12) and (3.13)), we get

§
2 b e 2 e LD
> c3a”log (1 + M) ]
|z =y
This completes the proof of the theorem. 0

Recall that when d > 2 and a > 0, any non-empty open set D C R? is
Greenian for X*. For any Greenian open set D, any Borel subset A of D and
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a >0, we define

(4.11) Caph(A) :== sup{n(A) : 7 is a measure supported on A

with [ Gy )n(dy) < 1}.
D
It is known (cf. [22]) that for any open subset A of D,
Cap})(A) inf{é‘a(u,u) cu € WH2(RY),u=0on D°u>1 a.e. on A}

and for any Borel subset A of D,

Caph(A) =inf{Cap}(B): AC B and B is open}.
Since £° < €9, for any Greenian open set D C R? and every a € [0, M]
(4.12) Cap)(A) < Caph(A) for every AC D.

LEMMA 4.5. There exists C13 >0 such that
YT Y C13
Cap%(071)(B(O,r)) > W for every r € (0,3/4).
Proof. Recall that (see, e.g., [18, p. 178])
(=)0 )

|z —y[?

1
4.1 9 =—log| 1
113) oo = 5-log(1+

Let P denote the family of all probability measures on B(0,r). It follows from
21, p. 159] that

—1
(414)  Caploy(BOM) = (inf s Ghou@)

HEP yesupp(p)

Let m, be the normalized Lebesgue measure on B(0,r). By (4.14),
1

sup G 1ymr(2)’
z€B(0,r)

(4.15) Cap%(oﬁl)(B(O,r)) >

Further, by using symmetry in the first equality, and (4.13) in the second line,
we have

sup G%(OJ)mT(x) = GOB(OJ)mT(O) :/ G%(O,l)(o,y)mr(dy)
z€B(0,r) B(0,r)

1 / 1 1
=— —log —5 dy
2 Jpom 27 |yl?

1 r? 1 1
= ! <1+2log) < clog —,
r r

mr2 2
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for some constant ¢ > 0. This together with (4.15) yields the desired capacity
estimate. O

For any Borel subset V', we use o{, to denote the first hitting time of V' by
X% of, =inf{t >0: X} eV}
LEMMA 4.6. Suppose that M > 0. There exists C14 > 0 such that for every
€ (0, M], any Greenian open set D in R? containing B(0,1) and any x €
B(0,2)
Gu___p
Capp (B(0, [2[/2))

Proof. Fix x € B(0,3/4) and let r := |z|/2. Since B(0,r) is a compact
subset of D, there exists a capacitary measure p? for B(0,r) with respect to
X P such that

GH(z,0) <

+ (O <)

Capf (B(0,7)) = 7 (B(0,7))
(see, for example, [4, Section VI.4] for details). Then by Proposition 2.2, we
have

wie) [ Gz (it Ghen)unB0.)

yGB(O T)

> ¢1G%(x,0)Cap’ (B(0,7))
> GH(x, O)CaPD( (0 7))

for some constant ¢; > 0. In the last inequality above, we have used (4.12).
On the other hand,

(4.17) /Wa%my)u:f(dy)

= [ EGh(xaE_)lutay)
B(0,r) 50,7

S ( SUL/(O)G%(w7y)Mg(dy))Pw (U%<TD)

weB(0,r) Y B
<P, (a% < TD).
In the last inequality above, we have used (4.11).

Combining (4.16) and (4.17), we have

-1
c1

Capp(B(0,7))

COROLLARY 4.7. Suppose that M > 0. There exists C15 > 0 such that for
every a € (0, M] and every x € B(0,3/4)

G%(0,1)(2,0) < Ci5log(1/]z]).

G4 (:U 0) P, (O—?B’(O,r) < TD). 0
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Proof. 1t follows from Lemmas 4.5 and 4.6 that

Cq
GBo,1)(2,0) < —
1 Capp(o,1)(B(0, [2]/2))

< C14Ciy' log(2/]a]) < clog(1/]a])

* (U%(O,\z\/Q) <TB(0,1)

for some constant ¢ > 0. O

LEMMA 4.8. Suppose that M >0 and that D is a bounded CH' open set in
R? with characteristics (R,A). There exists Cig = C16(D) >0 such that for
every a € (0, M] and all x,y € D with |x —y| < 36p(x) < 3R,

5D (:L‘) )
lz—yl)

Proof. By our assumption, D satisfies the uniform exterior ball condition
with radius R > 0.

Fix z,y € D with |z —y| < 36p(«) and let r := dp(z). Since r < R, without
loss of generality, we may assume = = (0,0), (0, —r) € 0D with B((0,—2r),r) €
R2\ D.

Let @ :=ar?~®/ 7:=r~1y and D:=7"1D. Then by (2.12),

% (,y) < Cs 1og(

(4.18) GhH(0,y) =G5 (0.9).
By the strong Markov property, we have
(4.19) G%(0,9) = Gho. (0.9) + Eo[G5 (X%, 7).

Note that @ = ar®?~%)/® < MR(Z~®)/ Define

h(z,w) :=E, [Gﬁ (ng(o,n ,w)].
For each fixed z € B(0,1), the function w + h(z,w) is harmonic in B(0,1)
with respect to X and for each fixed w € B(0,1), z +— h(z,w) is harmonic in
B(0,1) with respect to process X®. So it follows from Proposition 2.2,

h(0,9) < ¢ z,we%%(r)l,5/6) h(z,w) < ey z,we%%l,s/a) G%(z,w) <a1G5(0,71),

where |z1] =1/2. In the second inequality we used that G%(-,w) is super-
harmonic in B(0,1) for X?. Note that D C E:=R2\ B((0,—-2),1). Thus, by
Lemma 4.6,

C2

4.20 1(0,7) < e1G%(0,21) < c1G%(0,21) < — < ©
(4.20) (0,9) <aGH(0,21) < e1GE(0,21) Capl. (B0 1/)

On the other hand, by Corollary 4.7

R R 1 op(0
(4.21) Gh01)(0,9) chlog(ml) cglog( 1|?y(| )).
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It follows from (4.18)—(4.21) that

dp(0 5
Gp(z,y) =Gp(0,y) SC4+Cglog( I|Dy( )) §05log(|mD_(zy)>,

which proves the lemma. O

LEMMA 4.9. Suppose that M >0 and that D is a bounded C'! open set
in R2. If x and y are in the same component of D with

1
= (0p(@) Vn(y)) <z -yl < c(dp(x) Aon(y))
for some ¢ > 1, then there exists C17 = Ci7(c, D) > 0 such that for every a €
[0, M]
Gp(z,y) < Crr.
Proof. Without loss of generality, we assume 6p(z) < dp(y). If 16p(y) <
|z — y| < 26p(x), then the lemma follows from Lemma 4.8. In the case

36p(z) < |z —y| < cdp(x), since x,y are in the same component of D, we
use Proposition 2.2 and a standard Harnack chain argument. (]

THEOREM 4.10. Suppose that M >0 and that D is a bounded C*! open
set in R2. There exists C1g = C13(D) > 0 such that for every a € (0, M] and
allz,ye D

1
¢ < 1 1+——-.
GD(xay)—Cls Og< + m_y|2)

Proof. Let L = max{2diam(D),2}.
(i) If |z — y| < 1/4, by Lemma 4.8 applied to B(z, L),

o o 1 1
Gp(z,y) < Ghny(Ty) <a log(m> < czlog (1 + W)

(i) If 1/4 < |z —y|, by (2.12) and Corollary 4.7,

a a QL= _ L
Gh(w,y) < Gy (@,9) S CHp-1,0) (L7 e, L7y) <3 log<m>

1
< czlog(4L) < cq < cslog <1 + |:C—y|2) 0

Now we are ready to prove Theorem 1.1 for d = 2. Recall that fp(z,y) is
defined in (4.7).

Proof of Theorem 1.1 when d=2. By Theorem 4.4, we only need to con-
sider the upper bound. We divide its proof into two steps.

Step 1. We first consider the case that = and y are in the same component
of D. Without loss of generality, throughout this proof, we assume dp(z) <

dp(y)-
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Fix zo € D with kR < dp(z0) < R, and let e, := xkR/24. Choose Q,Qy €
0D with |Q, — 2| =dp(z) and |Q, — y| =0p(y). We consider the following
five cases separately.

(a) If 5p(z) > e1x%/32, by Theorem 4.10

1
Gh(z,y) <c log(l + W) <cy log(l + fD(x,y)).

(b) Suppose dp(r) <e1x2/32 and 6p(y) > e1k/4. Let r:=¢e1k/16 and put
r1 = Ay j2(Qr). One can easily check that |29 — Q.| > and [y — Qz| > 7. So
by (2.9), Theorem 2.3 and Theorem 4.10, we have
G (z,20)

Gh(z,y) < CgGaD(fﬂhy)m
D )

<cdp(x) <csfolx,y)

for some cs,cq,¢5 > 0. Note that fp(z,y) < c¢g in this case because D is
bounded and |z — y| > dp(y) — dp(x) > e1k(1/4 — k/32) > 0. So it follows
from the above display and Lemma 4.3 that

Gh(z,y) < crlog(1+ fp(w,y))-

(c) Suppose dp(r) < e1k?/32, 6p(y) < e1k/4 and |x —y| < Sp(y)/2. From
0p(y) < |z —y|+ dp(x) we conclude that dp(y) < 20p(z) and so |z —y| <
0p(z). This together with Lemma 4.8 gives that

dp(y)
|z —y|
(d) If 16p(y) < |z —y| < (24/K?)0p(x), by Lemma 4.9,

G%(ﬂf,y) < C10 <cn log(l + fD(xay))

(e) The remaining case is

G (z,y) chlog( ) < colog(1+ folz.y)).

2

E1K E1K
bp(e)< g5 dp(a) <dply) < =
and
2 0
|z —y] >max{§5D(:r), D2(y)}.

We claim that in this case

(4.22) Gh(z,y) <crafp(x,y).

By Lemma 4.3, the above implies that G%(z,y) < c13log(l + fp(z,y)) since
in this case

Folz,y) = 22@00W) )

|z —y[?

We now proceed to prove (4.22) by considering the following two subcases.
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(i) (24/k%)6p(x) < |z —y| < (4/K)dp(y): Let r:=4p(y)/3. Put a1 =
Ay j2(Qz). One can easily check that |20 — Q.| > 7 and |y — Q.| >7. So
by (2.9) and Theorem 2.3, we have
G (z, 20)
GaD(l‘l,Zo)

dp(z)

GaD(x’y)SCpLG%(xl»y) |J)—y‘

S 015Gcb(1'13 y)

Moreover,

24 3 6 72
?50(55) <lr—y|< 5\531 -yl < ;5D(y) < $5D($1),

implying that
3 36
3(s) <l 3l +dn(e) < (5 + 75 ) o 1.
It follows from Lemma 4.9 that G%,(x1,y) < ¢16. Therefore,
p(x)
[z —yl
(i) dp(z) < ép(y) < (k/4)|z — y|: Let r:=3(|lz —y| Aer). Put zy =
A 2(Qz) and y1 = A, /2(Qy). Then, since 20 — Q| > 7 and |y — Q.| >,
by (2.9), we have
—1 GaD(xl’y) G‘b(ny) GaD(xlay)
€19 7 <= <co~——~
G (x1,20) — G%(x, 20) GY%(x1,20)
for some ci9 > 1. On the other hand, since |zo — Q,| > r and |21 — Q,| >,
applying (2.9),

Gh(x,y) <cir

<cisfp(z,y).

16y - Gpy,20) <819Gap($17y1)
19 GaD(xluy) o G%(y,ZO) - G%(xlay)
Putting the four inequalities above together we get
o2 Gh(z1,51) < Gh(z,y) <2 Gh(z1,51)
1 G%(l‘l,ZO)GGD(yl,ZQ) N G%<x7ZO)G%}<yaZO) - G‘b(l‘l,ZQ)GHD(y]_,Zo)

Moreover, %|x —y| <l|z1—y| <2z —y| and

4 1 64
§(5D($1) Vép(y)) < §|x =yl <z -y < Hg—al((SD(xl) Aép(y1)).

Thus by Lemma 4.9 and Theorem 2.3, we have
Gp(@,20)Gp (Y 20)
GH(w1,20)GH (Y15 20
for some cag, co1 > 0. This completes the proof of the claim (4.22) and there-
fore of the theorem when x and y are are in the same component of D.
Step 2. Next, we consider the case that = and y are in two different

components of D. This part of the proof is the same as the second part
of the proof of Theorem 1.1 when d > 3 [that is, the paragraph containing

GD(z,y) < e

] <cafp(z,y)



SHARP GREEN FUNCTION ESTIMATES FOR A 4 A®/2 1007

(3.12) and (3.13)]. The only place that needs modification is the proof of
sup,cp Eo[m5] < 22 < 00. When d =2, we can not use (3.5) to deduce it.
However, since D is bounded, there is K > 0 so that D C B(0,K). It follows
from Step I that

sup  E.[rp] < sup E.[750,i)] < €23 <00

z€D,ac(0,M] 2€B(0,K),ac(0,M]

This completes the proof of Theorem 1.1. O

THEOREM 4.11 (3G theorem for d = 2). Suppose that M >0 and that
D is a bounded CV' open set in R2. Then there exist positive constants
Ci9 = C19(D,a, M) and Co9 = Coo(D,, M) such that for all z,y,z € D and
a € (0, M]

Gh(z,y)Gh(y, 2)
G%(x,2)

< Cro(log(1+ fp(x,y)) +1og(1+ fp(y,2)) +1)

1 1

Proof. Note that, if x, z are in different components of D, either x,y or y, z
are in different components of D. Thus, by Theorem 1.1 for d =2 and the
fact that a € [0, M], we have

Gh(2,9)Gh(y,2) ‘o log(1+ fp(x,y))log(1+ fp(y,2))

<
Gh(z,2) - log(1 + fp(z,2))
for some ¢; = ¢1(M, D, ). Now following the proof of [18, Theorem 6.24], we
get the theorem. O

REMARK 4.12. By considering how many different components of D that
z,y and z fall into, we could get more precise 3G estimates with the de-
pendence on a explicitly spelled out. Theorem 4.11 will not be used in the
remainder of this paper.

5. One dimensional case

In this section we assume d =1 and prove Theorem 1.1 for this case. We
will follow the ideas in [29].

Let X be the supremum process of X defined by X, =sup{0V X, : 0<
s <t} and let X"~ X be the reflected process at the supremum. The local
time at zero of X — X% is denoted by L% = (L% : ¢t >0) and the inverse
local time by {77 : ¢ > 0}, where 7/ :=inf{s: L% >t}. The inverse local time
{r%:t >0} is a subordinator. The (ascending) ladder height process of X
is the process H® = (Hf : t > 0) defined by Hf = X7.. The ladder height
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process is again a subordinator. It follows from [29] that H® is a special
subordinator with Laplace exponent given by

1 [ 1og(62)2 + a0 \)
5.1 YA = — de
(5.1 (1 [T OEEE
and that the drift coefficient of H® is 1. When a =0, we have x°()\) = \.
Thus, if V* is the potential measure of H* and V*(z) = V*([0,x]), then, for
every a > 0, V® has a continuous, decreasing and strictly positive potential
density v* such that v*(0+) =1. When a =0, we have v* = 1. The following
results is a uniform version of [29, Proposition 2.3] in our present special case.

LEMMA 5.1. Let M and Ry be positive constants. There exists a constant
C21 = C21(M, Ry) € (0,1) such that for all a € [0, M] and z € (0, Ra],

Cor <v*(2) <Coy' and  Corw <V(x) < Oy,

Proof. Since H® is special, the potential density v* is a decreasing function.
Hence, infoc;<pr, v*(t) = v*(R2). It follows from (5.1) that the Laplace expo-
nent x* is continuous in a. Thus, the potential measures converge vaguely,
and by continuity and monotonicity of v®, we get that v(t) — v®(t) as a — b
for all t > 0. In particular, v%(Ry) — v°(Ra). Therefore, c¢; =
infoci<pr,,0<a<ar v®(t) > 0. Since v%(¢) <1 for all £ >0 and all a >0, we
get that ca =supg;<r, 0<a<n v*(t) = 1. Choose c3 = c3(M, Rz) € (0,1) such
that c3 <c; <cp <cj'. Since V(z) = [ v(t)dt, the claim follows immedi-

0
ately. O

THEOREM 5.2. Suppose that M > 0. For any bounded open interval D in
R, there exists a constant Cos = Cao(a, M, D) > 1 such that for all x,y € D
and all a € (0, M],

Cs ((6D<x)6D<y))1/2 A M)

|z =yl
op(x)d
<Gph(z,y) <Cx ((5D($)5D(y))1/2 A %) :
Proof. The proof of the lower bound is similar to that of Theorem 4.1 and
[29, Proposition 3.3]. Using our Lemma 5.1 instead of [29, Proposition 2.3],

we can follow the proof of [29, Proposition 3.1] to get the upper bound. We
omit the details. O

Integrating the estimate in Theorem 5.2 with respect to y yields the fol-
lowing corollary.

COROLLARY 5.3. Suppose that M > 0. For any bounded open interval D
in R, there exists a positive constant Caz = Cas(a, M, D) > 1 such that for all
x €D and all a € (0, M],

023151)(%) S Ex [Tg} § 0235D($).
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Using Corollary 5.3, we can repeat the proof of Theorem 1.1 for d > 3
case (see also [29, Theorem 3.8]) to generalize Theorem 5.2 to general (not
necessarily connected) bounded C1! open sets. Recall that g% is defined by
(1.2).

THEOREM 5.4. Suppose that D is a bounded CY open set in R. There
exists a positive constant Coy = Coy(a, M, D) > 1 such that for all x,y € D
and all a € (0, M],

CillgaD(xay) S GaD(‘rvy) S 0249%($7y)~

6. Martin boundary and Martin kernel estimates

Throughout this section, we assume that d > 1 and D is a bounded C!
open set in R? with characteristics (R, A) and the corresponding x. We will
show in this section that the Martin boundary and the minimal Martin bound-
ary of D with respect to X can both be identified with the Euclidean bound-
ary 0D of D. With the boundary Harnack principle given in Theorem 2.3,
the arguments of this section are modifications of the corresponding parts of
[5], [16], [26], [28]. For this reason, most of the proofs in this section will be
omitted.

The next lemma follows from Theorem 2.3.

LEMMA 6.1. Suppose that M >0 and that D is a bounded C1! open set
in R%. There exists a positive constant Cos = Cos5(D,a, M) such that for all

€ (0,M], Q€ 9D, r € (0,R/2), and nonnegative function u in R? which is
harmonic with respect to X® in D N B(Q,r) we have

k
(6'1) U(AT(Q)) §025<%) U(A(/{/2)kr(Q)), k=0,1,....

LEMMA 6.2. Suppose that M > 0. For every b € (0,00), there exist Cog =
Cog(M,b) >0 and Coy = Ca7(M,b) > 0 such that for all xo € RY, a € (0, M]
and r € (0,0],

(62) 0267"2 S Emo [Tg’(xg,r)] S 0277'2
and
(63) E, [T]%(onr)] < C277"5B(x0,r) (.’E)

Proof. See [15, Lemmas 2.3 and 2.4] or [35, Lemmas 2.2 and 2.3] for a proof
of (6.2). The inequality (6.3) follows easily from Theorem 1.1. In fact, by
(2.11) and Theorem 1.1 (with Mb(Z=®)/ instead of M)

" a2/, _
E. [T50m] = TZ/( G5 (rla,2)dz < er®dpo (r o)
B(0,1

= crdp(o,r) (). -
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For an open set U C R%, let
(6.4) K (z,2) ::/UG‘i,(amy)J“(y,z)cly7 (z,2)eUxT".
Then by (2.4), for any nonnegative measurable function f on R?,
BLAf(X5 )Xty 7 Xip) = [ Ko@) () e

From (6.4), Theorem 1.1 and Lemma 6.2, we immediately get the following
proposition.

PROPOSITION 6.3. Suppose that M > 0. There exist Cag >0 and Ca9 >0
such that for all a € (0, M] and r € (0,R) and zo € R,

(6.5) K200y (@,y) < Cagr(r — |z — o) (Jy — x0| — )47
for (z,y) € B(xg,r) X B(zg,r)c

and

(66) Ky (@0,y) 2 Coor®ly — a0l =~ for y € Blao,r) -

Using (6.6), the proof of the next lemma is similar to that of [26, Lemma 4.3]
or [28, Lemma 5.3]. Thus, we skip the proof.

LEMMA 6.4. Suppose that a >0 and that D is a bounded C''' open set
in R, There exists a positive constant Csy = Cso(D,a,a) such that for all
QedD,re(0,R/2) and we D\ B(Q,r),

GH(A-(Q),w) 20307’2/ 7z = Q|/2)GH(z,w) dz.
B(Q,r)°
Using (6.5), Lemmas 6.1 and 6.4, the proof of the next lemma is similar to
that of [26, Lemma 4.4] or [28, Lemma 5.4]. Thus, we skip the proof.

LEMMA 6.5. Suppose that a >0 and that D is a bounded C1'' open set
in R, There erist positive constants Cs1 = Cs1(D,a,a) and Czy = C32(D, v,
a) <1 such that for any Q € dD, r € (0,R/4) and w € D\ B(Q,2r/k), we
have

E.[Gh (X7

a
TDNBy,

,w): X2

4 € B(Q,r)] < Cs1C5Gh(x,w), =€ DN By,
NBE
where By := B(Q, (k/2)*r), k=0,1,....
Let zo € D be fixed and set
Gh(@,y)
M8 (z,y) = =L ,
b ( ) G%) (-'170) y)
Now the next theorem follows from Theorem 2.3 and Lemma 6.5 (instead
of [5, Lemma 13] and [5, Lemma 14], respectively) in very much the same way
as in the case of symmetric stable processes in [5, Lemma 16] (with Green
functions instead of harmonic functions). We omit the details.

x,y €D, y# .
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THEOREM 6.6. Suppose that a >0 and that D is a bounded C1' open set
in RY. There exist positive constants Ry, My, Cs3 and 3 depending on D, a
and a such that for any Q € 0D, r < Ry and z € D\ B(Q, M;r), we have

B
T —
M ()~ MpGe| < G (1)L e DnB@n),
In particular, the limit impsy—., M7 (z,y) ezists for every w € 0D.

As the process X*P satisfies Hypothesis (B) in Kunita and Watanabe
[30], the process X*P has a Martin boundary: For every a € (0, M], there
is a compactification DM of D, unique up to a homeomorphism, such that
M%(z,y) has a continuous extension to D x (DM \ {z¢}) and M%(-,21) =
M$ (-, 22) if and only if z; = 25 (see, for instance, [30]). The set M D =
DM\ D is called the Martin boundary of D for X%P. For 2 € 9M D, set
Mg (-, z) to be zero in D°.

For each fixed z € 9D and x € D, let

Mp(a,2)i= lim Mp(x.y),

which exists by Theorem 6.6. M, is called the Martin kernel of D with respect
to X. For each z € 9D, set M (x, z) to be zero for x € D°. By Theorem 6.6,
M$(z,x) is jointly continuous on {z € D : dp(z) > 2¢} x 9D, and hence on
D x 9D after letting ¢ | 0.

The following Martin kernel estimate is an immediate consequence of the
Green function estimates in Theorem 1.1. Recall that D(x) denotes the com-
ponent of D that contains x. Define
“;Li(:l?i, if x € D(x0),2 € 0D(x0) or

x €D\ D(xg),z € 0D\ (0D(xo) UOD(z)),
q f2(@) if x € D(x0),2€ 9D\ dD(zo),

lo—z]

a= 2@ it 2 e D\ D(x0),2 € dD(x0).

|z—z|4?

(6.7) hp(z,z):=

THEOREM 6.7. Suppose that M >0 and that D is a bounded C*' open set
in R, There exists C3yq := C34(x0, D, o, M) > 1 such that for all a € (0, M],

Cath (x,2) < M$(x,2) < Cashy(x,2) forx € D,z€dD.

Theorem 6.7 in particular implies that M (-, z1) differs from Mg (-, z2) if
z1 and z9 are two different points on 0D.

Now using our Green function estimates, (6.5) and Lemma 6.1, one can
follow the arguments in the proofs of [26, Lemmas 4.6 and 4.7] and [28, Lem-
mas 5.6 and 5.7] and get the next two lemmas.

LEMMA 6.8. Suppose that D is a bounded CU1 open set in R?. For every
z2€0D and BC BC D, M}y(X1a,2) is Py-integrable.
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LEMMA 6.9. Suppose that D is a bounded C1' open set in R?. For every
2€0D and x € D,

(6.8) Mp(z,2) =E,[Mp(XE

T%(z,r)

,2)] for every 0 <r < %(R/\ép(x)).

Unlike the case in the proofs of [16, Theorem 2.2] and [26, Theorem 4.8],
IP’r(ng € 9U) # 0 for every smooth open set U. Thus, we give the details of
the proof of the next result.

THEOREM 6.10. For every z € 0D, the function x— Mg (z, z) is harmonic
in D with respect to X®.

Proof. Fix z € 9D and let h(z) := M%(x,z). Consider an open set Dy C
Dy, C D and z € D; and put
1
r(z)= 5 (RAdOp(z)) and B(z)=B(z,r(z)).
Define a sequence of stopping times {T,,m > 1} as follows:
Ty =inf{t>0: X} ¢ B(X{)},
and for m > 2,
T, — Tm—1+ TB(X%m_1) olr, ., if X%mil € Dy,
T, otherwise.
Note that X;‘gl € 9Dy on (,_ {T,, <7f, }. Thus, since limy, o Trn = 7f,
P,-a.s. and h is continuous in D,
lim h(Xf,)=h(X}; ), on (ATn <5, }

m— 00
n=1

and, since h is bounded on Dy, by the dominated convergence theorem

lim E, [h(X%m); ({Tn <7} =Ea (X3 ); (AT, < Tgl}] .
n=0

m—00

n=0

Therefore, using Lemma 6.9
h(r) = lim E.[h(XF )]

= lim E, lh(X%m); AT =75, }]
n=0

+ lim E,
m— 00

n=0

h(X3,); (VT <7, }]

=E, h(ngl )i U {Tn = Tf)l}‘|
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+Eq | (X7 ); ({Tn <7h,}
n=0
= E.[h(XTg )] O

A consequence of Theorems 6.6, 6.7 and 6.10 is that, when D is a bounded
CY! open set, the Martin boundary of X% can be identified with the Eu-
clidean boundary 9D of D.

A positive harmonic function v for X®P is minimal if, whenever v is a
positive harmonic function for X @D with v <w on D, one must have v = cu
for some constant c. The set of points z € 9M D such that M@ (-, z) is minimal
harmonic for X% is called the minimal Martin boundary of D for X®P.

With the explicit estimates from Theorem 6.7, by the same argument as
that for [16, Theorem 3.7], we have the following.

THEOREM 6.11. Suppose that D is a bounded C*' open set in RY and
a>0. For every z € 0D, M%(-,2) is a minimal harmonic function for X*P.
Thus the minimal Martin boundary of D can be identified with the Euclidean
boundary.

We know from the general theory in Kunita and Watanabe [30] that non-
negative superharmonic functions with respect to X® (or equivalently, su-
perharmonic functions with respect to X that vanish on D¢) admit a Martin
representation. Thus, by Theorem 6.11 we conclude that, for every superhar-
monic function u > 0 with respect to X%? there is a unique Radon measure
win D and a finite measure v on 0D such that

(69) uw) = [ Goleantin + [ Mpla o).
D D
Furthermore, u is harmonic for X%? if and only if the measure p = 0.

7. Perturbation results

In this section, we assume d > 1 and fix ¢ > 0. We consider a symmetric
Lévy process Z which can be thought of as a perturbation of X, and show
that under certain conditions, the Green function of Z”, the process Z killed
upon exiting a bounded C*! open set D, is comparable to the Green function
of X®P see Theorem 7.13. Together with Theorem 1.1, this gives sharp
bounds for the Green function G% of ZP.

The approach of this section is motivated by [19], where perturbations of
pure jump Lévy processes are discussed. Even though they consider pure
jump Lévy processes, some results work for our case as well.

Throughout this section, Z is a symmetric Lévy process in R? such that its
Lévy measure has a density JZ (z,y) = jZ (y — x) with respect to the Lebesgue
measure. We assume that

ji (@) = j%(x) = 5% (x)
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is nonnegative and integrable in R? and put J := [5,j{(y)dy. We also
assume that the transition density of the Lévy process Z exists and we denote
it by p?(t,z,y) =p?(t,y — ).

Recall that p*(t,z,y) = p®(t,y — ) is the transition density function of X¢.
It is well known that (see [15], [37])

a —d/a 5 1—d/2 —d/2,—calw—y|* /t b
(71) p (t7z7y)§01(t Nt )/\<t e Y + |x_y|d+o¢>’
(t,z,y) € (0,00) x R? x R?
for some ¢; = ¢;(a,d,a) >0, i =1,2. Thus, by following the proof of [19
Lemma 2.6], we have the following.

LEMMA 7.1. pZ(t,z) is bounded on the set {(t,x): t>0,|z| >¢e} fore>0.

Recall that for every bounded open set D, G, is the Green function of
X %P We know from [27, Corollary 3.12] that there is a constant ¢ = ¢(D, a) >
0 such that

(7.2) B [Th]Ey[TH] < Gp(,y), =yeD.

The proofs of the following three results are the same as those of [19,
Lemmas 2.2, 2.4, 2.5]. So we omit their proofs here. In the remainder of this
section, the dependence of the constants on Z will not be mentioned explicitly.

LEMMA 7.2. For every bounded open set D, there exists Css = Cs5(D,a) >0
such that for all zx € D and t > 1 we have

p(b (t’ €T, y) < C35t_2Ew [TI%]Ey [TI%]

For any open set U C RY, 7Z :=inf{t >0: Z; ¢ U} denotes the first exit
time from U by Z. We denote by ZP the subprocess of Z killed upon leaving
D and p%(t,x,y) the transition density for ZP.

LEMMA 7.3. For every bounded open set D, there ezist a constant Csg =
Cs6(D,a) > 1 such that for every x € D,

O:’;SlEx [Tg] <E.[rh] < C36E, [Tg]

LEMMA 7.4. For every bounded open set D and any x € D and t > 0, we
have

pA(t,x,) <elelpdh(t,x,-) ae
If, in addition, we assume that pZ(t,-) is continuous then we have for x,y € D,

z 2Tt _ .
(7.3) E.lp (t—TD,Zz y):t>71p] < e By [p(t — 7, Xia,y) 1 t > T

Using the above lemmas (for Lemma 7.4, only its first part is needed), and
following the proof of [19, Theorem 3.1], we have
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THEOREM 7.5. For every bounded open set D, there exists Csy = Cs7(D,
a) >0 such that for every x € D,

(7.4) Gp(x,y) < CyrGh(z,y) ae yeD.

Here are some assumptions that we might put on the process Z.

(A1) The transition density p% (t,z,y) of ZP is continuous and strictly posi-
tive in (0,00) x D x D.

(A2) There exist positive constants ¢ and p such that j¢(z) < c[z|*~¢ on
B(0,1).

(A3) There exists Ry > 0 such that inf,c (0, ry) 5% (z) > 0.

Without loss of generality, we may and do assume that the constant p in
(A2) is less than 1. Clearly assumption (A2) implies (A3).

PROPOSITION 7.6 ([27, Corollary 3.11]). Suppose that (Al) and (A3) hold.
Then for every bounded open set D, there exists constant Cszg = C3g(D, ) >0
such that

(7.5) CasEL[TEIE, 18] < G%(x,y) for all (z,y) € D x D.

For the remainder part of this section, we assume D is a bounded C*!
open set in R?.

LEMMA 7.7. Suppose that (A1) and (A3) hold. Then for every e >0, there
exists C39 = Cs9(e, D,a) > 0 such that for all x,y € D satisfying |x —y| > ¢,

G (x,y) < C39GE(2,y).

Proof. Tt follows from Theorem 1.1 that there exists ¢; = ¢ (D, a) > 0 such
that

(7.6) e 'E 18] < 6p(x) < a1EL[rh], € D.

Combining (7.6) with Theorem 1.1 yields that there exist c¢2,c3 > 0 so that
for all z and y € D with |z —y| > ¢,

Gp(x,y) < c20p(2)0p(y) < csEa[TH]Ey[7p].
Therefore, by Lemma 7.3 and Proposition 7.6 we get
Gh(w,y) < caBo[rB]E, [75] < esGh (2, y)
for some positive constants cg4,c5 > 0. [l

The next lemma can be proved by following the arguments in the proofs
of [34, Lemmas 7, 9]. So we skip the proof of the next lemma.

LEMMA 7.8. Suppose that (Al) holds. For all x,w € D, we have

G (2, w) < G (2, w) + / / G (2 9)7 (y — 2)Gb (2, w) dy d.
D JD
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PROPOSITION 7.9. Suppose that d >3 and that (A2) holds. There exists a
positive constant Cyo = Cao(D,a) such that for every (z,w) € D x D

/ / G (2, 9)fE(y — 2) G (2, w) dy dz < Cao G (@, w)l — w|*2,
DJD

Proof. Using the generalized 3G inequality (Theorems 3.5) for the Green
function of X®, one can easily get the following

[ [ bt - 265w dyd:
DJD
—zlP~ddyd
< cGh(z,w) |x—w|d_2// ly dz| yaz
pJp |l —yl?72]z —w|d=2
—zlP~ddydz
+|x—w|d71// |y d_‘l Y —
pJp T =yl |z —w]
—zlP~ddydz
+|x—w|d_1// ly d_‘Q Y -
pJplz—yl |z — wl

+|x—w|d |y—z|p_ddydz
o=y TJe — w1
DJD Y

for some constant ¢ =¢(D,a) > 0. Now combining the above with [19, Lem-
ma 3.12],we easily get the conclusion of the proposition. O

PROPOSITION 7.10. Suppose that d > 1 and that (A2) holds. There exists
a positive constant Cy1 = Cy1(D,a) such that for every (z,w) € D x D

(SD({E)(SD(U))
|z —wld=—r "

/ / G (2,9)5 (y — )G (zsw) dy dz < Cay
D JD

Proof. Recall that for every d > 1, G% (z,y) < ¢1 % by Theorem 1.1.

Therefore, by following the arguments in the proof of [34, Lemma 8] we have

o 1 dp(x)
. Ty <P
(77) | Gbea) ety < o2
Thus
. @ p(z)
/DGD(xay)jl(yZ)dySCSW
and so, since G4 (z,w) = GH(w, z), by (7.7)
~a a a 1
[ [ elamitts -G wdyds < cson(a) [ Ghlaw)— s
pJp D |z — 2|4
dp(x)dp(w)

SC4 |£L’—U}‘d7p . ‘:l
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LEMMA 7.11. Suppose that d € {1,2}, T >0 and that (A1) holds. Then
there exists a constant Cyo = Cya(a,T) >0 such that

sup (pa(t,x,y) — ¢ 2Jat Z(t T y)) < Oyt —4/2,
0<t<T
Proof. Recall that p?(t,y — x) := p?(t,z,y) and p®(t,y — x) = p*(t,z,y).
Let Z be a pure jump Lévy process with Lévy density j¢ in R? independent
of Z. Then Z is a compound Poisson process with transition probability given
by

PZ(t,~) Jaté' fjatz l

The process Z + Z has the same distribution as X®. Thus, the distribution of
X is equal to the convolution of pZ(t,-) and PZ(t,-). Consequently, we have

& tht,. % (72)n (p
pa(t,x):pz(t,l')e_j“t—f—e_jatz p ( ) (]1) ( )

n!

n=1
It follows from Lemma 7.4 and (7.1) that for 0 <t <T
p7 () * (J1) " (2) < et (t,) * (41) " ()
< Clejat(ja>n(t—d/a A t—d/2) < Cgt_d/er“t<ja)n

for some positive constants c1,ce. Thus, it follows from Lemma 7.4 and the
above two displays that for 0 <t <T

p(t,x) — —2Jat Z(t x) =p*(t,x) — —Jat Z(t x) + e_j"'t(l — e_J"'t)pZ(t,ac)

e t"*d/2(‘7a)

<y +(L—e )t x).

1

— n!
Since by (7.1) p®(t,x) < e3t=%? for 0 <t < T, we reach the conclusion of the
lemma in view of the above display. O

We also need the following lemma.

LEMMA 7.12. Let D be a CYt open set with CY' characteristics (R, A).
Then there is a constant Cys >0 such that for all x € D and t > 0,

5D(J?)
t+ vt

Proof. When t > 1, the above inequality follows immediately from Markov’s
inequality and (7.6). To establish the inequality for the case of 0 <t < 1, we
will use a result from [12].

We will only give the proof for the case d > 2. The proof in the case
d =1 is similar but simpler. Without loss of generality, we can always as-
sume that R <1 and A > 1. By definition, for every @ € 9D, there is
a Cllfunction ¢g: R™1 — R satisfying ¢g(0) =0, Vg(0) = (0,...,0),

Pw(Tg > t) < 043
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Vool <A, |[Vog(x) — Véo(z)| < Alz — 2|, and an orthonormal coordi-
nate system CSq : y = (¥,ya) such that B(Q,R)NU ={y = (y,y4) € B(0, R)
in CSq : ya > ¢(y)}. Define
P () = x4 — do(T),

where (Z,z4) are the coordinates of z in C'Sg. Note that for every @ € OU
and x € B(Q,R) NU, we have (1+A%)"Y2pqo(x) <oy (z) < pg(x). We define
for 1,79 >0

Dq(ri,r2) :={y €U :r1>pg(y) >0,|y| <ra}.
Note that for b > 0,

b b ’ ;
Po(rp>1) <P, (TDQ(50:TO) > 1> + P (XTbDQ(ﬁo:ro) €D and "Pa(G0.r0) = 1)
b b
<E, [TDQ (50’7“0)} +Ps (XTbDQ(éon‘m © D).

Thus by [12, Lemma 3.5], there is a constant ¢; = ¢; (R, A, a) so that for every
be (0,a

(7.8) P, (15 > 1) <c16p(x) for every z € D.

Note that for 0 < A< 1, A™'D is a C!! open set with C™! characteristics
(R,A). Hence by the scaling property of X% in (2.10), we have from (7.8)
that for ¢ € (0,1],

—Q [e3 5
Po(rhp >1t) = Pt*1/2z(7—:—ti2/2p)/(2 ) > 1) < Clét*1/2D(t_1/2x) —a D\/(;;)
This completes the proof of the lemma. O

THEOREM 7.13. Suppose that conditions (A1) and (A2) hold. There exists
Cys =Cys(D,a) >0 such that

(7.9) CiltGE(x,w) < G (z,w) < CuGh(x,w), (z,w)€ D x D.

Proof. By (7.4) and Lemma 7.7, we only need to show the second inequality
in (7.9) for |z — y|> < e, where ¢ € (0,1) is a constant to be chosen later. We
consider the cases d > 3 and d < 2 separately.

(a) d > 3: Applying Lemma 7.8 and then Proposition 7.9, we get

GaD(I'?y) S G%('ray) + chaD(gjvyM‘T - y|d72'
Choose € > 0 small so that
1
a1Gh(a,y)le —y*™ < SGh(w,y) if v —y| <!/

Thus,
Ghlx,y) <2GH(xy) if |z —y| <"/
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(b) d <2: We first note that, since p% (t,2,y) < c2(t=¥* At=4/2) by (7.1),
using the semigroup property,

%w%w:/ﬁﬁ&%@/ﬁﬁ&AM%W&mwmw
D D
< et A1) / P (t/3,,2) dz / P (8/3,w,y) dw
D D

= co(t VNP (78 > t/3)P, (18 > 1/3).

By Lemma 7.12, we get

P (ta,y) < es(t™Y Atd/z)(élz/%) A 1) (513/(;’) A 1>

< ey (YN YN (2)0p (y).

Consequently,
(7.10) | sty < csty 50 (@)in()
to
for every tg >0 and x,y € D.
Since

pp(ta,y) =p"(ta,y) — B [p*(t — 75, XTa,y) 1 t > 7h)]
and

ph(t,x,y) =p?(t,a,y) —Bo[p? (t — 75, Z-2.y) : t > 73],
it follows from (7.3) that

Pp(t,z,y) = p(t,2,y) —Eu[p*(t — 75, X7, y) : t > 7]

)
<pi(ta,y) —e P B P (t— 75, Z,z,y) s £ > T
=p"(t,z,y) — e 2t (p? (t,z,y) — ph(t,2,y))
<pt,z,y) + ph(ta,y) — e 2T lpZ (1,1, y).

So integrating over [0,%o] with to = (6p(2)dp(y))'/2, which is bounded by
diam(D), we have by Lemma 7.11 and (7.10) that

t() oo
(7T11)  Gh(x,y) = / P () it + / P (1,0, y) dt
0

to
to
SG%(w,y)Jr/ (p“(t,z,y) — e 2T p? (t,a,y)) dt
0
+ sty 250 ()6 (y)

< G4 (x,y) + sty + sty P0p(2)0p(y)
< G4 (z,y) + c7(6p(x)dp (y)) =42,
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Since G4 (z,y) > cs(dp(z)dp(y))* =42 for |z — y|> < Sp(x)dp(y) by Theo-
rem 1.1, we have from (7.11) that

(7.12) Gh(@,y) < Gh(w,y) + co(p(1)0p (1) G (2, y)
if o —y|* < p(2)dp(y).
On the other hand, applying Lemma 7.8 and then Proposition 7.10, we get

dp(z)dp(y)

a Z
GD(J:’y) S GD(]"MU) + C10 |IE B y|d,p .

Since c11 Mg?(y) < G%Y(x,y) for |z —y|?> > dp(z)dp(y) by Theorem 1.1, we
have

(7.13) Gh(,y) < GH(x,y) + crzlz — yI’Gh (x,y).
Now using (7.12) and (7.13), we can choose € € (0,1) small so that
1 .
c2Gp(z,y)le —yl” < 5GH(w,y) if dp(2)dp(y) <lo—yl* <e
and
¢ (3p ()3 (1)) Cp () <

1

2
Thus in these cases, G4 (x,w) < 2G4 (z,w).
For the remaining case dp(x)dp(y) > €, we use (7.11), Lemma 7.3 and (7.5)

Gh(z,y) if |z —y> <dp(x)dp(y) <e.

to get that
Gh(x,w) < (1+e13(0p(2)dp(y)) ") G (,y) < (14 crae™ ) GH (x,y).
The proof of the theorem is now complete. O

We now show that the theorem above covers the case of the sum of a
Brownian motion and an independent relativistic stable process, and the case
of the sum of a Brownian motion and an independent truncated stable process.

For any m > 0, a relativistic a-stable process Y™ in R? with mass m is a
Lévy process with characteristic function given by

E, [eig.(ytm_y(;”)} _ exp(—t((|§\2 + m2/a)a/2 _ m)), ce R<.

Suppose that Y™ is independent of the Brownian motion X°. We define Z™
by Z™:= X+ Y;™. We will call the process Z™ the independent sum of the
Brownian motion X° and the relativistic a-stable process Y™ with mass m.
The Lévy measure of Z™ has a density

J7" (@) = A(d, —a) x|~ (]

-1 o0
Y(r): =27 (d+a)r<d;a> / sdJrTa*lefi‘fé ds,
0

where
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which is a decreasing smooth function of 2. (see [17, pp. 276-277] for details).
Thus,

0< 5! (@) = j*" (w) <l
Moreover, the conditions (A1) and (A2) can be checked easily. Therefore as
a corollary of Theorem 7.13, we have the following.

COROLLARY 7.14. There exists a constant Cys = Cy5(D, ) > 0 such that
Cis'Gp(w,y) <GP (2,y) < CusGp(x,y), z,y€D,
where G4 (x,y) is the Green function of Z™ in D.

By a A-truncated symmetmc a-stable process in R? we mean a pure jump
symmetric Lévy process Y = (Y;)‘,t >0,P,,r € R?) in R? with the Lévy
density A(d, —a)|z| ¢ “1{jz|<r}- Note that the Lévy exponent ™ of Y/\,
defined by

E,. [eig‘(?tkf?ox)} — et O for every z € R? and ¢ e RY,

is given by

(7.14) YA€) = Ald, —a) /{| . %ﬁy)

Suppose that Y is a A-truncated symmetric a-stable process in R? which
is independent of the Brownian motion X°. We define )?{\ =X+ }A’t)‘ for
t > 0. Then X has the same distribution as the Lévy process obtained from
X! by removing jumps of size larger than \.

Unlike the symmetric stable process Y, the process YA can only make
jumps of size less than A. In order to guarantee the strict positivity of the
transition density pD (t x,y) for X* XD , we need to impose the following as-
sumption on D.

DEFINITION 7.15. We say that an open set D in R? is A-roughly connected
if for every x,y € D, there exist finitely many distinct connected components
Ui,..., Uy of D such that x € Uy, y € Uy, and dist(Ug,Ugy1) < A for 1 <k <
m—1.

The following result is proved in [27].

PROPOSITION 7.16 ([27, Proposition 4.4]). For any bounded \-roughly con-

nected open set D in R%, the transition density py (t x,y) for XD g strictly
positive in (0,00) x D x D.

The other conditions (A1) and (A2) can be checked easily. Therefore as a
corollary of Theorem 7.13, we have the following.
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COROLLARY 7.17. Suppose D is a bounded \-roughly connected C*' open
set in R?, d>1. There exists Cug = Cag (D,a) >0 such that

CéfﬁlGlD(xay)Sng(xay)§C46G%)(x7y)a m7y€D7

where G)gk (z,y) is the Green function of X* in D.
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