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MULTIPLICATIVE FUNCTIONAL FOR REFLECTED
BROWNIAN MOTION VIA DETERMINISTIC ODE

KRZYSZTOF BURDZY AND JOHN M. LEE

Dedicated to D. Burkholder

ABSTRACT. We prove that a sequence of semi-discrete approxima-
tions converges to a multiplicative functional for reflected Brown-
ian motion, which intuitively represents the Lyapunov exponent
for the corresponding stochastic flow. The method of proof is
based on a study of the deterministic version of the problem and
the excursion theory.

1. Introduction

This article is the first part of a project devoted to path properties of a
stochastic flow of reflected Brownian motions. We will first outline the general
direction of the project and then we will comment on the results contained in
the current article.

Consider a bounded C? domain D C R, n > 2, and for any x € D, let
X} be reflected Brownian motion in D, starting from X§ = . Construct all
processes X7 so that they are driven by the same n-dimensional Brownian
motion. It has been proved in [BCJ] that in some planar domains, for any
x #y, the limit lim; o log| X} — X}|/t = A(D) exists a.s. Moreover, an
explicit formula has been given for the limit A(D), in terms of geometric
quantities associated with D. Our ultimate goal is to prove an analogous
result for domains in R™ for n > 3.

The higher dimensional case is more difficult to study for several reasons.
First, we believe that the multidimensional quantity analogous to A(D) in
the two dimensional case cannot be expressed directly in terms of geometric
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properties of D. Instead, it has to be expressed using the stationary dis-
tribution for the normalized version of the multiplicative functional studied
in the present paper. Second, non-commutativity of projections is a more
challenging technical problem in dimensions n > 3.

The result of [BCJ] mentioned above contains an implicit assertion about
another limit, namely, in the space variable for a fixed time. In other words,
one can informally infer the existence and value of the limit lim,o(X "V —
XF)/e= .Ztv, for ve R™. The limit operator .Zt, regarded as a function of
time, is a linear multiplicative functional of reflected Brownian motion. Its
form is considerably more complex and interesting in dimensions n > 3 than
in two dimensions.

Our overall plan is to begin with the differentiability in the space variable
of the limit operator .,Zt, which has been proved in the companion paper [Bu2].
Then we will prove the existence and uniqueness of the stationary distribution
for the normalized version of A;. And then we will prove the formula for the
rate of convergence of | X] — X7| to 0, as t — oco.

The immediate goal of the present paper is much more modest than the
overall plan outlined above. We will deal with some foundational issues related
to the application of our main method, excursion theory, to the convergence of
semi-discrete approximations to the multiplicative functional described above.
We will briefly review some of the existing literature on the subject, so that
we can place out own results in an appropriate context.

The multiplicative functional .Zt appeared in a number of publications
discussing reflected Brownian motion, starting with [A], IW1], and later in
[IW2], [H]. None of these publications contains the analysis of the deterministic
version of the multiplicative functional. This is what we are going to do in
Section 2. In a sense, we are trying to see whether the approach of [LS] could
be applied in our case; that approach was to develop a deterministic theory
that could be applied to stochastic processes path by path. Unfortunately, our
result on deterministic ODE’s does not apply to reflected Brownian motion,
roughly speaking, for the same reason why the Riemann—Stieltjes integral does
not work for integrals with respect to Brownian motion.

Nevertheless, our deterministic results are not totally disjoint from the sec-
ond, probabilistic section. In fact, our basic approach developed in Lemma 2.9
is just what we need in Section 3. Also, Lemma 2.2 proved to be very useful
as one of the key ingredients of the proof of the main theorem in [Bu2].

The main theorem of Section 3 proves existence of the multiplicative func-
tional using semi-discrete approximations. The result does not seem to be
known in this form, although it is obviously close to some theorems in [A],
[IW1], [H]. However, the main point is not to give a new proof to a slightly
different version of a known result but to develop estimates using excursion
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techniques that are analogous to those in [BCJ], and that can be applied to
study X7 — X/.

We continue with some general review of literature. The differentiability
of X7 in the initial data was proved in [DZ] for reflected diffusions. The
main difference between our project and that in [DZ] is that that paper was
concerned with diffusions in (0, 00)™, and our main goal is to study the effect of
the curvature of 0D. Deterministic transformations based on reflection were
considered, for example, in [LS], [DI], [DR]. Synchronous couplings of reflected
Brownian motions in convex domains were studied in [CLJ1], [CLJ2], where it
was proved that under mild assumptions, X¥ — X} is not 0 at any finite time.
Our estimates in Section 3 are so robust that they indicate that Theorem 3.2
holds for the trace of a degenerate diffusion on 9D, defined as in [CS], [MO],
with the density of jumps having different scaling properties than that for
reflected Brownian motion. In other words, the main theorem of Section 3
is likely to hold in the case when the trace of the reflected diffusion is any
“stable-like” process on 0D. We do not present this generalization because,
as far as we can tell, the multiplicative functional ./Zt does not represent the
limit limg | o( X7V — X7) /e for flows of degenerate reflected diffusions.

2. Deterministic differential equation

2.1. Geometric preliminaries. Throughout this section, M will be a C?,
properly embedded, orientable hypersurface (i.e., submanifold of codimension
1) in R", endowed with a C! unit normal vector field n. The properness
condition means that the inclusion map M < R™ is a proper map (the inverse
image of every compact set is compact), which is equivalent to M being a
closed subset of R™. For any R > 0, let Mpr denote the intersection of M
with the closed ball of radius R around the origin in R", and note that Mg
is a compact subset of M.

We consider M as a Riemannian manifold with the induced metric. We
use the notation (-,-) for both the Euclidean inner product on R™ and its
restriction to 7, M for any x € M, and | - | for the associated norm.

For any z € M, let m, : R™ — T, M denote the orthogonal projection onto
the tangent space 7, M, so

(2.1) 1.z =12 — (z,n(x))n(x),

and let S(z): T,M — T, M denote the shape operator (also known as the
Weingarten map), which is the symmetric linear endomorphism of 7, M as-
sociated with the second fundamental form. It is characterized by

(2.2) S(z)v=—-0yn(z), veT,M,

where 0, denotes the ordinary Euclidean directional derivative in the direction
of v. The eigenvalues of S(x) are the principal curvatures of M at x, and its
determinant is the Gaussian curvature. We extend S(x) to an endomorphism
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of R™ by defining S(z)n(x) = 0. It is easy to check that S(z) and 7, commute,
by evaluating separately on n(x) and on v € 7, M.

If v: [0,T] — M is a curve in M, a vector field along 7y is a map v : [0,T] —
M such that v(t) € 7,4 M for each t. This is equivalent to the equation
(v(t),n(y(t))) =0 for all ¢, or more succinctly (v,no~)=0. If v is a C*
vector field along a C! curve «, the covariant derivative of v along v is the
vector field Dyv(t) along 7 given by the orthogonal projection onto TM of
the ordinary derivative of v(t):

Dyv(t) :=my@y V' (1) = V(1) = (v'(£), n(y(1)))n(v(t)).

Because (v(t),n(y(t))) =0, the product rule yields (v/(t),n(v(t))) = —(v(t),
(no~)(t)), and therefore the covariant derivative can also be written

Dyv(t) = v/ (t) + (v(t), (mo ) (t))m(y(t))
=v'(t) = {v(t), S(v())Y' (1)) m(v(1)).

The following lemma expresses some elementary observations that we will
use below. Most of these follow easily from the fact that C' maps satisfy
uniform local Lipschitz estimates, so we leave the proof to the reader. For
any linear map A : R™ — R", we let || A]| denote the operator norm.

LEMMA 2.1. For any R >0 andT > 0, there exists a constant K depending
only on M, R, and T such that the following estimates hold for all z,y € Mg,
0<l,r<T,t>0 andzeR"™:

(2.3) [0 = my|| < Kz =y,
(2.4) 1S(@)| < K,

(2.5) 18(x) = Sl < K|z —yl,
(2.6) HetS(z)H < Kt

(2.7) le=t5@)|| < X,

(2.8) |5 —1d|| < K1,

(2.9) Hels(x) —elSW) | < Kllz -y,
(2.10) Hels(“’) - ers(”)H < K|l —r,

(2.11) In(z) —n(y)| < Kz —yl.

Another useful estimate is the following.

LEMMA 2.2. For any R > 0, there exists a constant C depending only on M

and R such that for all w,x,y,z € Mg, the following operator-norm estimate
holds:

[ 0 (my — ma) 0 || < CJw —ylly — 2 + |w — z[|z — 2]).
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Proof. Using the fact that n is a unit vector field and expanding |n(x) —
n(y)|? in terms of inner products, we obtain

(n(z),n(y)) = 5 (@) +n(y) ~ () - n()P) =1~ 5In() ~ 0l

Suppose w,z,y,z € Mg and v € R". If m,v =0, then the estimate holds
trivially, so we may as well assume that v € 7,, M. Expanding the projections
as in (2.1) and using the fact that 7,,v =v, we obtain

o (Ty — )TV
=m.(v—(v.n(y))n(y)) — 7 (v - (v,n(z))n(z))
= (v—(v,n(y))n(y))
— ({(v,n(2))n(2) - (v,n(y))(n(y),n(z))n(z))
— (v — (v,n(z))n(z))
+ ((v.n(2))n(z) — (v,n(2))(n(z),n(z))n(z))
=—(v,n(y))n(y) + (v,n(z))n(z)
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Using the fact that (v,n(w)) =0, this can be written

Tz (7Ty - Wx)ﬂwv = _<V7 n(w) - Il(y)> (n(y) - II(Z))

+(v,n(w) - n(z))(n(z) - n(2))
= 5(v,n(w) —n(y))n(y) - n(z)|*n(z)

+5{(v.n(w) = n(2))[n(@) - n(z)*n(2).

— N =

The desired estimate follows from (2.11) and the fact that
In(z) —n(y)]® < (In(z)| + n(y)|)n(@) - n(y)| < 2Kz - yl. O

2.2. Analytic preliminaries. Let T" be a positive real number. We let
BV([0,T];R) denote the set of functions u : [0,7] — R of bounded variation,
and NBV([0,T];R) C BV([0,T]; R) the subset consisting of functions that are
right-continuous. By convention, we will consider each u € NBV([0,T]; R) to
be a function defined on all of R by setting u(t) =0 for t <0 and u(t) =
u(T) for t > T'; the extended function is still right-continuous and of bounded
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variation. With this understanding, we will follow the conventions of [F], and
most of the properties of NBV([0,7];R) that we use can be found there.

It is easy to check that NBV([0,T];R) is closed under pointwise products
and sums. Functions in NBV([0,7]; R) have bounded images, at most count-
ably many discontinuities, and well-defined left-hand limits at each disconti-
nuity. In particular, they are examples of cadlag functions (continue a droite,
limites a gauche). (In fact, NBV([0,T];R) is exactly the set of cadlag func-
tions of bounded variation.) For any uw € NBV([0,7];R) and any s € [0,7],
we set

u(s=) = limu(t)

and we define the jump of u at s to be
Ags(u) =u(s) —u(s—).

Note that u(0—) =0 and Ag(u) = u(0) by our conventions.
It follows from elementary measure theory that for each u € NBV([0,T];R),
there is a unique signed Borel measure du on [0,T] characterized by

du((a,b])) =u(b) —u(a), te][0,T].

Because this measure has atoms exactly at points ¢ € [0,7] where u is dis-
continuous, we have to be careful to indicate whether endpoints are included
or excluded in integrals. For example, we have the following versions of the
fundamental theorem of calculus for a,b € [0,T7:

du = u(b) — u(a); /[ ) du=u(b) —u(a—);

(a,b]
/(a’b) du = u(b—) — u(a); /[%b) du=u(b—) —u(a—).

The total variation of u, denoted by ||dul|, is given by either of two formulas:

i=1

= / |dul.
[0,7]

It follows from our conventions that ||u||ee < ||du|| (where || - || is the usual
L norm).

For v € NBV([0,T];R), we will use the notation u_ to denote the function
u_(t) =u(t—). Note that u_ has bounded variation, but is left-continuous
rather than right-continuous.

K
(|dul| = SUP{Z Ju(2;) —u(zi-1)|: 0=20 <71 <+ <y, :T}
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LEMMA 2.3. For any u,v € NBV([0,T];R) and a,b € [0,T], the following
integration by parts formula holds:

(2.12) /(a,b] udv + /(a’b] v_ du=u(b)v(b) — u(a)v(a).

Proof. This follows as in [F, Thm. 3.36] by applying Fubini’s theorem to
the integral [, du x dv, where Q is the triangle {(s,t) : a <s <t <b}. O

LEMMA 2.4. The following product rules hold for u,v € NBV([0,T];R):
d(w) =udv+v_du
=u_dv+vdu

=udv+vdu— Z A, (w)Ag, (v)ds,,

where d5, is the Dirac mass at s;, and the sum is over the (at most countably
many) points s; € [0,T] at which both w and v are discontinuous.

Proof. The first two formulas follow immediately from (2.12) and the def-
inition of d(uv). For the third, we just note that the measure (v —v_)du is
supported on the set of points where v and v are both discontinuous, and for
each such point s;,

(v(si) —v—(si))du({si}) = (v(si) = v(si=)) (u(si) — ulsi—))
= A, (u)Ag, (v). O

We will be interested primarily in vector-valued functions. We let NBV (][0,
T];R"™) denote the set of functions v: [0,7] — R™ each of whose compo-
nent functions is in NBV([0,T];R), and NBV([0,T]; M) C NBV([0,T];R"™)
the subset of functions taking their values in M. The considerations above
apply equally well to such vector-valued functions, with obvious trivial modi-
fications in notation. For example, if v,w € NBV([0,T]; R™), we consider dv
and dw as R"-valued measures, and Lemma 2.3 implies that

/ (v, dw) + / (W dv) = (v(b), w(b)) — (v(a), w(a)).
(a,b] (a,b]

Suppose v € NBV([0,7]; M) and v is an NBV vector field along . Note
that the fact that v takes its values in a bounded set, on which n is uniformly
Lipschitz, guarantees that no~ € NBV([0,T];R"™).

We generalize the notion of covariant derivative for NBV vector fields by
defining

Dv=dv+(v_,d(novy))no~.

One motivation for this definition is provided by the following lemma, which
says that if v(0) is tangent to M and Dv is tangent to M on all of [0, 7], then
v stays tangent to M.
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LEMMA 2.5. Suppose v € NBV([0,T]; M) and v € NBV([0,T];R"™). If
v(0) € T,yM and (Dv,no~) =0, then v(t) € T,(,)M for all t € [0,T].

Proof. Using Lemma 2.4, we compute

0= (Dv,nov)
=(dv,noy)+ <<V—ad(n07)>n0’y,n0fy>
=d(v,noy)—(v_,d(no~))+ (v_,dmo~))(novy,no~)
d

Thus if (v(0),n(y(0))) =0, we find by integration that (v(t),n(y(t))) =0 for
all ¢. 0

2.3. An existence and uniqueness theorem. The main purpose of this
section is to prove the following theorem.

THEOREM 2.6. Let M C R" be a C?, properly embedded hypersurface, and
let v € NBV([0,T];M). For any vo € Ty M, there exists a unique NBV
vector field v along v that is a solution to the following (measure-valued)
ODE initial-value problem:

Dv = (Sox)vdt,

(2.13) “(0) = vo.

Before proving the theorem, we will establish some important preliminary
results. We begin by dispensing with the uniqueness question.

LEMMA 2.7. Let v € NBV([0,T]; M). If v,v € NBV([0,T];R") are both

solutions to (2.13) with the same initial condition, they are equal.

Proof. Suppose Vv is any solution to (2.13). Observe that Lemma 2.5 implies
that v(t) is tangent to M for all ¢, so (v,no~v)=0. Let R =] oo, SO
that v takes its values in Mgi. With K chosen as in Lemma 2.1, define
fENBV([0,T];R) by f(t) =e 2K!|v(t)|?. Then Lemma 2.4 yields

df = e 251 <_2K|v2 dt + 2(v,dv) — Z<Asﬂ’» Asiv>5si>

%

= g 2Kt <—2K|v2dt —2(v,noy)(v_,d(nov))

+2(v,(Soy)v)dt — Z(Asiv, Asiv>(5si>

%

_ 2K (2«‘,’ (Som)v) = K|vf)di =37 IAs,iv|26Si> .
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Since (2.4) shows that (v, (S o~v)v) < K|v|?, this last expression is a nonpos-
itive measure on [0,7]. Integrating, we conclude that f(¢) < f(0), or

V(D) < v .

In particular, the only solution with initial condition vy =0 is the zero solu-
tion. Because (2.13) is linear in v, this suffices. O

To prove existence, we will work first with finite approximations. Define a
finite trajectory in M to be a function v € NBV([0,T]; M) that takes on only
finitely many values. This means that there exists a partition {0 =1ty <t; <
<+ <tm =T} of [0,T] such that «y is constant on [t;,t;+1) for each i. For such
a function, dy = 31" A, (1)8;, and a3 = X7, A, (7).

Suppose v is a finite trajectory in M and vo € 7y )M. Let 0 =19 <--- <
t,, =T be a finite partition of [0,7] including all of the discontinuities of =,
and write x; =(¢;). Define v: [0,7] — R" by
(2.14)

V(t) _ e(t—tk)Szk Wzkte(tk_tkfl)‘s’kfl Ty e(tz—h)Szl ﬂ.xle(h—to)&no Vo,

where k is the largest index such that ¢, <t¢. Observe that the definition of
v is unchanged if we insert more times t; in the partition.

LEMMA 2.8. Let v: [0,T) — M be a finite trajectory. For and any vo €
Ty0)M, the map v defined by (2.14) is the unique solution to (2.13), and
satisfies

(2.15) v(t)] < eIvol,
(2.16) ldv] < C,

where C is a constant depending only on M, T, and ||d~||.

Proof. An easy computation shows that

dv = (So)vdt+ Y (mev(ti—) = v(ti—))d,
i=0
m
= (Soy)vdt+ Y (v(t;=),n(v(t:) —n(y(ti—)))n(y(t:)d,
i=0
from which it follows that v solves (2.13).

To estimate |v(t)|, observe first that the operator norm of each projection
75 is equal to one. Let K be the constant of Lemma 2.1 for R = ||dv||. Using
(2.6), we have the following operator norm estimate for any finite collection
of points x1,...,2; € Mg and real numbers ly,...,1; € [0,T]:

(217) ||elj87v'j o 7sz 0---0 ellswl 0 My, || S eKlj N eKll = eK(lj+"'+l1).
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Applying this to the definition of v proves (2.15). Then, using (2.15) and
(2.11), we estimate

v ]| /[ (Soy)vldt+ Y [(v(ti=),n(v(t:) = n(y(ti=))n(v(t:)|

0T i=0
m
< KeXtdt+ " eXTK|y(t;) — y(ti—)|
(0,77 i=0
< C(1+[|dvl]). O

LEMMA 2.9. Suppose v and 7 are any finite trajectories in M defined on
[0,T] and starting at the same point, and v, Vv are the corresponding solutions
to (2.13). There is a constant C' depending only on M, T, ||7]lco, and ||7] oo
such that the following estimate holds:

[V =Vlleo <CA+[ldv[ + 17N II7 = Fllol Vol

Proof. Lemma 2.8 shows that ||v||s and |||l are both bounded by C|vg|
for some C depending only on M, T, ||7]|ec, and ||7]|c. Fix t € [0,T], and let
0=ty <--- <t <t denote a finite partition that includes all of the disconti-
nuities of v and 7 in [0,¢]. We introduce the following shorthand notations:

tki1 =1, li =11 — 1,
x; = y(t;), z; =5(t:),
T =Ty, T =Tz,.

Observing that movo = vy and T4 1V(t) = V(t), we can write v(t) — V() as
a telescoping sum:
v(t) =v(t)

k
= E el’“S’“ T+ eli+lsi+lﬂi+1(€li5iﬂ'i — %H_lelisi)%i e ell‘sl %16l0$0V0.
1=0

By (2.17), the compositions of operators before and after the parentheses
in the summation above are uniformly bounded in operator norm by e*7.
Therefore,
k
V() = V()| < KT " ||miga 0 (55 o m = Figr 0 €5) 0 [ vo-
i=0
Using the fact that S; and m; commute, as do §Z and 7;, we decompose the

middle factors as follows:

LiSi o Ty _%i-i-l Oelisi) O%i =Tj4107; © (

6li5i _ elisi) o %i

LS

mir10 (e
+ g1 0 (M —Tip1)omoe

We will deal with each of these terms separately.
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For the first term, (2.9) implies
e — el < Klilavg — Tl < Klilly = Fl oo,
and after summing over ¢, we find that this is bounded by KT||y —7||co. For
the second term, Lemma 2.2 allows us to conclude that
741 0 (i = i) 07y 0 5|
LS
lle

S CO(lwipr — willws — Ti| + @i — Tiga ||Ti1 — Ti)
<Ce |y = Flloo(JTia — il + |Tig1 — Fil)-
After summing, this is bounded by CeXT||y — || (||dy]| + ||d¥]|). This com-
pletes the proof. O

LEMMA 2.10. Let v € NBV([0,T]; M) be arbitrary. For any ¢ >0, there
exists a finite trajectory 7 : [0,T] — M such that ||y —F|lec <& and ||d7] <
1]

Proof. Let € be given. Since v is cadlag, for each a € [0,T], there exists
d > 0 such that for ¢ € [0,T7,

(2.18) tela,a+9) = |v(t) —~v(a)| <e,

€
(2.19) te(a—d,a) = |y(t)—~(a—)| < 3"
By compactness, we can choose finitely many points 0 =ag < a1 <+ < @y, =
T and corresponding positive numbers dy, ..., d,, so that [0,T] is covered by
the intervals (a; — d;,a; +0;), t =1,...,m. Because they are a cover, for each
i=1,...,m we can choose b; such that

b; € (ai,l,ai,1 + 61'71) n (ai — 51-,@1-).
Now define a finite trajectory 7 : [0,7] — M by

~ 1—1)s t 71— abi )
’Y(t): ’Y(CL 1) G[a 1 )
’}/(bl)7 te [bz,az)
It is clear from the definition of the total variation that ||d7|| < ||dvy]|]. We will
show that |7 —¥|lec <e.

Let ¢t € [0,T] be arbitrary. For some 4, either ¢ € [a;—1,b;) or ¢ € [b;,a;).
In the first case, since [a;—1,b;) C [a;—1,a;—1 + d;—1) by construction, (2.18)
yields

(&) =7 = [ (t) = ~(ai-1)] <e.
On the other hand, if t € [b;,a;) C (a; — d;,a;), (2.19) yields
[y (&) =A@ = [y () = v(bi)] < |7 (1) = v(ai=) [+ [y(ai=) = ~(bs)]
e €
< 5 + 5,
so we reach the same conclusion. (|
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LEMMA 2.11. For any v € NBV([0,T]; M), there exists a sequence of fi-
nite trajectories Y %) : [0, T] — M satisfying ||dy®)|| < ||dy|| and converging
uniformly to ~y.

Proof. This is an immediate consequence of Lemma 2.10. O
Now we can prove the existence and uniqueness theorem.

Proof of Theorem 2.6. Given v as in the statement of the theorem, let ()
be a sequence of finite trajectories converging uniformly to v as guaranteed

by Lemma 2.11. For each k, let v(¥) be the solution to (2.13) for v =¥,

as defined by (2.14). Then Lemma 2.9 guarantees that the sequence v(¥) is

uniformly Cauchy, and hence there is a limit function v : [0, 7] — R™ such that
v(®) — v uniformly. Tt is straightforward to check that v € NBV([0,T]; R").
Moreover, since each v(¥) is tangent to M and v(*) — v uniformly, it follows
that v is also tangent to M.

We need to show that v solves (2.13) for . It suffices to show for any
w € NBV([0,T];R™) that

/[O’T] (w,dv) = — /[O’T] (w,no){(v_,d(no~))
’ /[O,T] (w, (Sor)v) dt

If we write w=w' +w=, where w' is tangent to M and w+ is orthogonal
to M, this is equivalent to the following two equations:

2.20 wt,dv) = — wh,noy)(v_,dno~)),

( ) /[07 ]< ) /[07 ]< ) (nov))
W dV = W (;O Y V) at.

(2'21) \/[;)’ ]< ) > /[0’ ]< 7( ) > t

Because w is proportional to n, wb = (w' no~y)no~y. The fact that v

is tangent to M means that (no~,v) =0, from which we conclude
0=d(non,v) = (nov,dv) + (v_,dnon)).
Therefore,
(wh,dv) = ((w,noynoy,dv)
= (w,noy)(noy,dv)
— —(whnoy)(v_dnor)),
from which (2.20) follows.
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On the other hand, from Lemma 2.3 we conclude that

T *WT A% — V_ W—r
/[O,T]<W dv) = (W (T),v(T)) / (v_,dw)

(0,77

= lim <<WT(T),V(IC)(T)> —/ <vgc),dw—r>>
k—o0 [0,7)
= lim <WT,dv(k)>
k—o0 [0,T]
= lim </ w ' no~y® v@,d no~®
pn (<[ (P d(non®))
+ [ <WT,(SOfy(k))V(k)>dt).
[0,7]
Since (w',no~®) converges uniformly to (w',no~) =0, and the measures

<vg€), d(no~y®)) have uniformly bounded total variation, the first term above
vanishes in the limit. Since both v(¥) and S o~ converge uniformly, the
last term above converges to f[o 7] (w', (Sov)v)dt. This proves (2.21). O

2.4. Stability. In this section, we wish to address the stability of the so-
lution to (2.13) under perturbations of the trajectory . For applications to
probability, we will need to consider perturbations in a weaker topology than
the uniform one.

We define a metric dg on NBV ([0, T]; R™), called the Skorokhod metric, by
ds(3,7) = jof max(y 70 Ao, A~ 1d ),

where A is the set of increasing homeomorphisms A : [0,7] — [0,T]. We wish
to show that the solution to (2.13) is continuous in the Skorokhod metric,
as long as we stay within a set of trajectories with uniformly bounded total
variation.

Because the Skorokhod metric is not homogeneous with respect to con-
stant multiples, it will not be possible to bound dg(v,v) directly in terms of
ds(7,7). For this reason, we will work instead with the solution operator: for
any NBV trajectory v : [0,7] — M, this is the endomorphism-valued function
A:[0,T] — End(R"™) defined by

A(t)vg =v(t),

where v is the solution to (2.13) with initial value vy, and extended to an en-
domorphism of R" by declaring A(t)n, ) = 0. As before, || A(t)| will denote
the operator norm of A(t), and we set

[Alloe = sup{[lA(#)] : £ € [0, TT}

t
sup{|‘|l‘f ?| :t€[0,T], vo € Ty M, v07é0}.
0
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It follows easily from the results of the preceding section that for any v €
NBV([0,T]; M), the solution operator A is in NBV([0,7]; End(R")), and
Lemma 2.9 translates immediately into the following estimate.

LEMMA 2.12. Suppose v and 7y are any finite trajectories in M defined on
[0,T] and starting at the same point, and A, A are the corresponding solution
operators. There is a constant C depending only on M, T, ||dv||, and ||d¥]|
such that the following estimate holds:

A= Ao < Clly = Flloo-

Next, we need to examine the effect of a reparametrization on the solution
associated with a finite trajectory.

LEMMA 2.13. Let v : [0,T] — M be a finite trajectory, let X: [0,T] — [0,T]
be an increasing homeomorphism, and let ¥ =~y o A. There is a constant C
depending only on M, T, and ||dvy|| such that the solutions v and v to (2.13)
associated to v and ¥ with the same initial value vo satisfy

(2.22) |V =V oA <ClA—1d]eo|vol-

Proof. As in the proof of Lemma 2.9, fix ¢t € [0,7] and let 0 =tg < t; <
.-+ <t <t be the points in [0,¢] at which v is discontinuous. Set tj41 =1,
x; =(t;), and t; = A(¢;), so that v and 7 are given by

v(s)=x; it <s<tigq,
F(s) = a; if; <s<tif1.
We will also use the notations
li=tiy1 —ti,
I = i1 — i,
Si = S(x;),
T = Ta,;-
We can write V(A(t)) — v(t) = V(tx11) — v(try1) as a telescoping sum:

V() — v(t) = (Id —elr+1 =Bt )S) g (\(1))
k
+ Z ek Sk T+ - el'i+15'i+1,n.i+1
i=1

o (e(ti+1—ti)si7.‘-ieli—15i—l _ elisiﬂ-ie(ti_ti—l)si—l)

Ii 28 o . el~1$1

OT;—1€ Trlel(]SOVO.

(To verify this equation, it is important to note that the exponential expression
e(te+1=t+1)Sk in the first term combines with the factor e(**+1=t)% in the
expansion of V(A(t)) to yield a term that begins with e(*s+1=t)S% and cancels
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a similar expression in the ¢ = k term of the summation.) By virtue of (2.8),
the first term is bounded by a constant multiple of |tpy1 — tri1||vo| < ||A —
Id||oo|Vo|. As before, the compositions before and after the parentheses in the
summation are uniformly bounded in operator norm, so we need only estimate
the sum

k
ZHe(tHl*ti)Si om0 elifl'si—l _ elisi om0 e(tifti,l)Sifl H
i=1
Using the fact that m; commutes with S;, we can rewrite the ith term in
this sum as

Helisi om0 (e(ti—th:)Si _ e(ti_zi)si—l)el:—lsi—l H

ti—1:)Si—1 H ||el1‘,—151:—1 H

< [let el

‘e(ti—ﬂ;)&: _

From (2.6) and (2.9), this last expression is bounded by C|t; — &;||x; — zi_1].
Summing over ¢, we conclude that this is bounded by C||A —Id || |dy]]. O

LEMMA 2.14. Suppose ~v,7: [0,T] — M are finite trajectories starting at
the same point, and let A, A be the corresponding solution operators. There
exists a constant C depending only on M, T, ||dv||, and ||d¥|| such that

(2.23) ds(A, A) < Cds(7,7).

Proof. Let 6 =dg(v,7) and let € > 0 be arbitrary. By definition of the
Skorokhod metric, there is an increasing homeomorphism A : [0,7] — [0, 7]
such that ||y —F o A|eo <d+4¢ and ||A —Id || < +e. Let Ay be the solution
operator associated with 7oA. Then || A — A;||co < C(d +¢€) by Lemma 2.12,
and || A—A; 0 \||oe < C(6+¢) by Lemma 2.13. Thus by the triangle inequality,

dS(A7 A) é dS(AvAl) + dS(Al,A)
< A = Auloo +max((|A = Ar o Mloo, [|A — Td||oc)
< C(0+¢e)+max(C(6+¢),e).

Letting € — 0, we obtain

Here is our main stability result.

THEOREM 2.15. Given positive constants R and T, there ezists a con-
stant C' depending only on M, R, and T such that for any trajectories v, €
NBV([0,T]; M) starting at the same point and with total variation bounded by

R, the corresponding solution operators A and A satisfy

(2.24) ds(A,A) < Cdg(,7).
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Proof. By the argument in the proof of Theorem 2.6, there exist sequences
of finite trajectories converging uniformly to v and 7 whose solution operators
converge uniformly to A and j, respectively. Thus for any € > 0, we can
choose finite trajectories 4" and 7', with corresponding solution operators A’
and A’, such that

1V =M <& 17 =Tl <e,
A~ Allos <&, A — Al <e.
Then by the triangle inequality,
ds(v',7") <ds(v',7) +ds(v,7) +ds(7,7) <ds(v,7) + 2.
By Lemma 2.14, we have
ds(A', A') < Cds(v',7) < Cds(7,7) + 2Ce.
Thus by the triangle inequality once more,
ds(A,A) < dg(A,A) +ds(A, A) + ds (A, A)
<e+ (Cds(v,7) +2Ce) +e.
Letting € — 0 completes the proof. O

2.5. Base trajectories of infinite variation. In the probabilistic context,
we will have to analyze the situation when the base trajectory ~ does not
have finite variation on finite intervals. We will now present an example
showing that some of the results proved in this section do not extend to (all)
functions v of infinite variation. Hence, arguments using piecewise-constant
approximations in the probabilistic context will require some modification of
our techniques.

EXAMPLE 2.16. Let M C R? be the parabola M = {(z1,72) € R? : 15 =
22}, with the orientation of M chosen so that ||S,|| <1 for all z € M. Let
~(t) = (0,0) for t € [0,1], and for even integers j > 2, let

wj= (71577,  forte [2k5 70, (2k+1)577),
k=0,1,...,5%/2 -1,
(6= gy = (<5157, for te [(2h+ 1), 2k +2)j7),
k=0,1,...,5%/2—1,
(j_laj_2)7 for t =1.
Clearly, v; — v in the supremum norm on [0,1], so dg(v;,7) — 0. Let vo =
(1,0) and let v;(t) be defined as in (2.14), relative to ~y;. Similarly, let v(t)
be defined by (2.14) relative to 7. We have v(1) = eS©.0vq # (0,0).

There exists ¢; > 0 such that for all j > 2, z € 7, M, we have |r, z| < (1 -

c1j7?)|z|, and similarly, |, 2| < (1 —¢1j7?)|z|, for z € T,;, M. This implies

that for some co <1, |v;(1)| = |(7, oy, )j3/2v0\ < ¢}, Hence, lim; o, v;(1) =
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(0,0) # v(1). This shows that results such as Lemma 2.9 do not hold for
(some) functions v which do not have bounded variation.

3. Multiplicative functional for reflected Brownian motion

Suppose D C R™, n > 2, is an open connected bounded set with C? bound-
ary. We let n(z) denote the unit inward normal vector at € 0D; because 9D
is of class C?, it follows that n(x) is a C! function of . Let B be standard d-
dimensional Brownian motion, x, € D, and consider the following Skorokhod
equation,

¢
(3.1) Xt:ac*—i—Bt—i—/ n(X,)dLs for t > 0.
0

Here L is the local time of X on 0D. In other words, L is a nondecreasing con-
tinuous process which does not increase when X isin D, i.e., fOOO 1p(Xy)dL, =
0, a.s. Equation (3.1) has a unique pathwise solution (X, L) such that X; € D
for all t >0 (see [LS]).

We need an extra “cemetery point” A outside R™, so that we can send
processes killed at a finite time to A. Excursions of X from 0D will be
denoted e or e, that is, if s <u, X, X,, € 0D, and X; ¢ 9D for t € (s,u) then
es ={es(t) = Xirs,t €[0,u—s)}. Let ((es) =u — s be the lifetime of e;. By
convention, es(t) = A for t > (,s0 e, = A if inf{s >¢: X; €ID} =t.

Let o be the inverse local time, that is, oy =inf{s >0: Ly > t}, and &, =
{es: s < o,}. Fix some r,e >0 and let {etl,etz,...,etm} be the set of all
excursions e € & with |e(0) — e({—)| > . We assume that excursions are
labeled so that ¢ < tr4q for all k and we let £, = L;, for k=1,...,m. We
also let to =inf{t >0: X; € D}, £y =0, b1 =7, and Al =l1 — l. Let
xp =€ (C—) for k=1,...,m, and let xo = X3,.

In this section, the boundary of D will play the role of the hypersurface
M, that is, M = 0D. Recall that S denotes the shape operator and =, is the
orthogonal projection on the tangent space 7,0D, for x € 9D. For vo € R™,
let

(3.2) vy =exp(ALy,S(Tm))Ta,, - - - eXp(AL S (21)) T4, exp(ALyS(x0)) Ty Vo-

Let A, . be a linear mapping defined by v, . = A, - vo.

We point out that the “multiplicative functional” .,Zt discussed in the In-
troduction is not the same as A, defined in this section. Intuitively speaking,
A, = Ag , although we have not defined A, in a formal way.

Suppose that 9D contains n nondegenerate (n — 1)-dimensional spheres,
such that vectors perpendicular to these spheres are orthogonal to each other.
If the trajectory {X;,0 <t <r} visits the n spheres and no other part of 9D,
then it is easy to see that A, . =0 for small € > 0. To avoid this uninteresting
situation, we impose the following assumption on D.
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ASSUMPTION 3.1. For every x € 0D, the (n — 1)-dimensional surface area
measure of {y € 0D : (n(y),n(z)) =0} is zero.

THEOREM 3.2. Suppose that Assumption 3.1 holds. With probability 1,
for every r >0, the limit A, :=lim._,o A, . exists and it is a linear mapping
of rank n — 1. For any vq, with probability 1, A, .vo — A,vo uniformly on
compact sets.

REMARK 3.3. Intuitively speaking, A,vg represents the solution to the
following ODE, similar to (2.13). Let v(t) = X (o¢), and suppose that vo € R™.
Consider the following ODE,

Dv=(Soy)vdt, v(0)=my,Vo.

Then A, is defined by v(r) = A,vg. We cannot use Theorem 2.6 to justify
this definition of A, because v ¢ NBV([0,7];0D). See [A], IW1] or [H] for
various versions of the above claim with rigorous proofs. Those papers also
contain proofs of the fact that A, is a multiplicative functional of reflected
Brownian motion. This last claim follows directly from our definition of A,.

In the 2-dimensional case, and only in the 2-dimensional case, we have an
alternative intuitive representation of |4, vg|. Let u(z) be the signed curvature
of 0D at x € 0D with respect to the inward normal; thus p(x) is the eigenvalue
of S(x). Then

|ArvO|=exp(— [ wx st) TT Inea(0)), n(es(C—))lIvol.

es€E

REMARK 3.4. Recall that B is standard d-dimensional Brownian motion
and consider the following stochastic flow,

t
(3.3) szx—l—Bt—i—/ n(XY)dL: for ¢t >0,
0

where L7 is the local time of X* on dD. The results in [LS] are deterministic
in nature, so with probability 1, for all # € D simultaneously, (3.3) has a
unique pathwise solution (X?,L%). In [Bu2], it was proved that for every
>0, a.s., lime o supy. |y <1 [(X30TY — X70) /e — Apv| =

The rest of this section is devoted to the proof of Theorem 3.2. We precede
the actual proof with a short review of the excursion theory. See, for example,
[M] for the foundations of the theory in the abstract setting and [Bul] for
the special case of excursions of Brownian motion. Although [Bul] does not
discuss reflected Brownian motion, all results we need from that book readily
apply in the present context.

An “exit system” for excursions of the reflected Brownian motion X from
0D is a pair (L}, H") consisting of a positive continuous additive functional L
and a family of “excursion laws” {H*},csp. In fact, LT = Ly; see, for example,
[BCJ]. Recall that A denotes the “cemetery” point outside R™ and let C be
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the space of all functions f : [0,00) — R™U{A} which are continuous and take
values in R™ on some interval [0, (), and are equal to A on [¢,00). For 2 € 9D,
the excursion law H® is a o-finite (positive) measure on C, such that the
canonical process is strong Markov on (g, c0), for every tg > 0, with transition
probabilities of Brownian motion killed upon hitting 0D. Moreover, H* gives
zero mass to paths which do not start from xz. We will be concerned only
with “standard” excursion laws; see Definition 3.2 of [Bul]. For every x € 0D
there exists a unique standard excursion law H” in D, up to a multiplicative
constant.

Recall that excursions of X from 9D are denoted e or e, that is, if s < u,
Xs, Xy €0D, and X; ¢ 0D for t € (s,u) then e; = {e,(t) = Xiy5,t €[0,u—9)}
and ((es) =u — s. By convention, es(t) = A for t > (, so e = A if inf{s > ¢:
Xs;€0D} =t.

Recall that oy =inf{s > 0: Ly >t} and let I be the set of left endpoints
of all connected components of (0,00) \ {t >0: X; € 9D}. The following is a
special case of the exit system formula of [M],

B4 B[SV se)| =B [V X as=B [ v ()
tel 0 0

where V4 is a predictable process and f : C — [0, 00) is a universally measurable

function which vanishes on excursions e; identically equal to A. Here and

elsewhere H*(f) = [, fdH".

The normalization of the exit system is somewhat arbitrary, for example,
if (Ly, H®) is an exit system and ¢ € (0,00) is a constant then (cLq, (1/c)H?T)
is also an exit system. Let PY denote the distribution of Brownian motion
starting from y and killed upon exiting D. Theorem 7.2 of [Bul] shows how to
choose a “canonical” exit system; that theorem is stated for the usual planar
Brownian motion but it is easy to check that both the statement and the proof
apply to the reflected Brownian motion in R™. According to that result, we
can take Ly to be the continuous additive functional whose Revuz measure
is a constant multiple of the surface area measure on 9D and H®’s to be
standard excursion laws normalized so that

0 Ay 1o Lo zten(x)

(3.5) H7(4) = lim 5P (4),

for any event A in a o-field generated by the process on an interval [tg, 00),
for any to > 0. The Revuz measure of L is the measure dx/(2|D|) on 9D,
that is, if the initial distribution of X is the uniform probability measure p
in D then E# fol 14(X,)dLs = [,dx/(2|D|) for any Borel set A C 9D, see
Example 5.2.2 of [FOT]. It has been shown in [BCJ] that (L, H*) = (L, H")
is an exit system for X in D, assuming the above normalization.

Proof of Theorem 3.2. The overall structure of our argument will be simi-
lar to that in the proof of Lemma 2.9.
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We will first consider the case r =1. Let ¢; =277, for j > 1. Fix some j
for now and suppose that ¢’ € [gj11,¢;). Let

{et{7et§;v""etzn,j} ={ee€& :]e(0) —e(C—)| =z &5}
{et'laetéa"wet:n,} ={ecé& :le(0) —e(¢—)| =€}

We label the excursions so that ti < ti 41 for all k and we let Ei = Lti for
k= L. mj. Similarly, ¢, <t for all k and b, = Ly, .for k=1,...,m.
We also let ty =t =inf{t >0: X, € D}, ly=105=0, &3, o =C0 =1,
Al =0 — 0], and Al =0 — 0. Let x], = ey (C=) for k=1,....,my,
and x, :et;(f—? for k= 1,4...4,m’. Let ) =Xy,

Let o/ (s) = a3, for s € [¢},4,,,) and k=0,1,...,m;, and 77 (1) =~/ (], ).
Let +'(s) =}, for s€ [{, £}, ) and k=0,1,...,m/, and (1) =+'(£;,,).

For vp € R™, let

and x5 = Xy .

v/ = exp(Al, S(),. N, - - exp(AHS (a1))m,; exp(ALS ())m,4 vo,

v = exp(AL,, S(x,,)) Ty - exp(ALS(x))) Ty exp(ALyS () Ty Vo-

Let 0=4y <--- < /{41 =1 denote the ordered set of all Ei’s, 0<k<
mj +1, and £}’s, 0 <k <m'+1. In the definition of ¢;’s, we followed the
proof of Lemma 2.9 word by word, for conceptual consistency, although the
set of £}’s is the same as the set of £}s.

We introduce the following shorthand notations, A; = £; 11 — ¢;,

] ~ !
Z; :’Yj(&% ;=7 (éi),
Si = S(xy), Si = S(;),
T = Mg, T =Tz,
Observing that moTovo = TV and 7,11V’ = v/, we can write v/ — v/ as a

telescoping sum:

m
Vj —v = E eAmS'm T - 6A11+1511+1
=0

X 7TZ'+1(€AiSi7TZ' — %iJrleA'iSi)ﬁ- R 6A181 %16A080%0V0.

By (2.17), the compositions of operators before and after the parentheses in
the summation above are uniformly bounded in operator norm by a constant.
Therefore, for some ¢; depending only on D,

m
(3.6) v =V <er Y Imiga o (e om — Fipy 0 e®) o il vol.
=0
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Using the fact that S; and m; commute, as do gz and 7;, we decompose the
middle factors as follows:

(3.7) ig1 O (eAisi O — Wiy1 0 eAigi) o
=Tt om0 (ePiSi — eAigi) oT;
Ai§i'

+mip10(m —Tp1) 0T 0€

We will deal with each of these terms separately.
For the first term, we have by (2.9),

(38) i omo (3 — e S) oy < ¢S — e

< cAjlzi — 7l
For the second term, Lemma 2.2 and (2.6) allow us to conclude that

(39) ||7Ti+1 o (ﬂ-i _7~ri+1) O%ioeAi’SiH

I

<cs(|zivr — zil|lzi — Til + [@ip1 — Tiga||Tigr — Til)
<ca(|ip1 — zillzi — Tl + [vip1 — Tiga[|Tigr — 7o)
We will now estimate Esupy<,<,, |2; —7;|. Suppose that x; # Z; for some i.

Then there exist k1 and ks such that 6{%1 < 622 < €£1+1’ Ti= xil, and 7; = x%z.
Hence,

(3.10) {lx; — 4 >a}CU{ sup |zl — X >a}.
kthAC(el)<t<t],, X;€0D

Intuitively speaking, the last condition means that the process X deviates by

more than a units from xfﬂ (the right endpoint of an excursion e o ), when X

1
is on the boundary of D, at some time between the lifetime of this excursion

and the start of the next excursion in this family, € .
1+

Since D is C?, standards estimates (see, e.g., [Bul]) show that for some
ag,c5 >0, all z € 9D and a € (0,a9),

(3.11) 1/(csa) < H*(le(¢C—) — 2| > a) < cs/a.

It follows from this and (3.4) that there exists ¢g so large that for any stopping
time 7" and a € (0,a0),

(3.12) P (e : |es(¢—) —es(0)| > a,s € (T,0(Lr + cga))) > 3/4.

Let 73(5,q) be the exit time of X from the ball B(z,a) in R™ with center
z and radius a. Routine estimates show that for some c7,a; > 0, and all
a€(0,a1) and x € 9D,

(313) P* (L(Tg(mﬁﬁa)) > Cga) > 3/4
Let le,o = ti, and

T}, =inf{t>T],: X(t) €0D,|X(t) - X(T},)| > cr¢;}, i >0.
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According to (3.13), the amount of local time generated on (T,‘C7 o T7. ) will
be greater than cge; with probability greater than 3/4. This and (3.12)
imply that there exists an excursion es with |es((—) — e5(0)| > ¢; and s €
(Tk 0,T 1), with probability greater than 1/2. By the strong Markov prop-
erty, if there does not exist an excursion e, with les((—) —es(0)] > ¢; and

s€ (Tg 0 T,ﬂ ;) then there exists an excursion ey with |e,((—) —es(0)| > ¢; and
(Tk o Tk i11), with probability greater than 1/2. Let M] be the smallest ¢
Wlth the property that there exists an excursion e, with |65( —) —es(0)| >¢;
and s € (T,~C szk i+1)- We see that M,g is majorized by a geometric random

variable M ,g with mean 2. Note that
X (T} 1) = X(TL )| < (er + Dgj = ese,
for i < M ,g . Therefore,

(3.14) sup |7l — Xi| < csMje;.
td +C(ek)<t<tk+1,Xt66D

It is easy to see, using the strong Markov property at the stopping times ti,
that we can assume that all {M},k > 0} are independent.

B1

Consider an arbitrary 1 < —1 and let n; =&;". For some ¢g > 0, not

depending on j,

(3.15) P(lg}cax cSM €5 > ngj) =1- (1 - (1/2)1‘)71J

< 17 lfzSﬂl.%
- Cg’ﬂj(]./2)i, lf’L>ﬂ1‘]

Let pg be the diameter of D and j; be the largest integer smaller than
log po. By (3.15), for any (2 < 1, some c¢12 < 00, and all j > 57,

(3.16) E(lg}%ﬁj csM,ggj) < E( maxj68M,gEj>

1<k<n
< Z Cgi&‘]‘—F Z CgiEngﬂj(l/Z)i
i<B1j 1>

< i€ (logaj)2 +cnigj|loge;| < 0125?2.

Let N, be the number of excursions eg with s < o7 and |es(0) —es(¢—)| > €.
For e =¢j, N. =m;. Then (3.4) and (3. 11) imply that N, is stochastically
majorized by a Poisson random variable N, with mean ¢13/e, where ¢15 < 00

does not depend on € > 0. We have Eexp(NE) =exp(c13e (e — 1)), so for
any a >0,

P(N: >a) < P(JT/"S >a)= P(exp(ﬁs) > exp(a)) <exp(cuue ! —a).
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Standard calculations yield the following estimates. For any 83 < —1, (4 <0,
01 > 0, some 0z € (0,d1), and all 03,04 € (0,d2),

(3.17) P(Ns, > 05°) <43,
and

2
(3.18) 5421;261E(N51{N52553654}) <6;.

It follows from (3.14), (3.17) and (3.17) that, for any 3 < 1, some cy6, and
J =71,

(3.19) E( max sup |ac§c - Xt|>
O<k<m; th+¢(el)<t<t],,,X,€0D
§E( max sup |xi—Xt|> + poP(m; >n;)
O<ksny th+¢(e])<t<t],, X, €0D
< E( max CSMisj) +Cl5€?
0<k<n;

B2

S 0125?2 + 015{5? S 016€j .

Note that >_7" ;A; =1. This, (3.19), (3.8) and (3.10) imply that,

m
(3.20) E( sup Z |41 07 0 (€251 — e2iSi) o 7~ri|>

gj+1<e'<e5

<E< sup ZczAi|xi—fi|>

gj+15e'<ej ;7

m
SE( sup max |xifi|ZCQAi>
i=0

ejr1<e'<e; 0<i<m

= CQE( sup  max |z; — fz|)
Ej+1§8/<5j 0<i<m

< E I —Xy|) < 16

<cy nax sup |z, — X¢|) < C16€; "
Osksm; t]+¢(ed)<t<t],,,X+€0D

We will now estimate the right-hand side of (3.10). We start with an
observation similar to (3.10). Suppose that x; # x;41 for some i. Then there
exists k1 such that x; = xfﬁ, and x;41 = xfclﬂ. Note that k;’s corresponding
to distinct i’s are distinct. Hence,

(3.21) {|.Tz — $i+1| > a}

CU sup \:L’i—Xt|>a/2}
ko tAC(el)<t<tl,,,X,€dD

Uley, (0) —ey (=) >a/2}
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J
CU v ~ sup \ack—Xt|>a/2}
ko tptC(er)<t<t],,,X:€8D

U U{|et{€+1(0) — etiﬂ(g_)l >a/2}.
k

Similarly, suppose that z; # Z;y1 for some i. Then there exists ko such that
T; = 9022, and T;11 = x§€2+1. Again, ko’s corresponding to distinct i’s are
distinct. Hence,

{|b§i—§i+1|>a}CU{ sup |x§€—Xt|>a/2}
T “thtClel)<t<t, ,.X,€0D

U{ley,,, (0) ey, (=) >a/2}.
Since ;41 <&’ <¢;, this implies that,

(3.22) {17 = Tiga| > a}

C U _ ~ sup |x?€—Xt|>a/2}
0<k<m,; tpt¢(e})<t<t],, X:€0D

U U flegn(0) — ey (¢-) > a/2}.

OSkSmJ'+1

It follows from (3.10), (3.21) and (3.22) that

(323)  sup Y (e — @illw— Tl + i — T | [T — T
Ej+1§€/<t’;‘j 0<i<m

. 2
J _
<4 Z (ogg)r(njtj sup |7, Xt|>
k

0<i<m +¢(ed)<t<t],,, X, €0D
+8< max sup |zf€th|>
Osk=m; t+¢(e])<t<t],,,X:€0D

X ( Z ley+1(0) _etﬁl(c—”)

Ofkémj'+1
A 2
:4(m+1)<0<nklgx N ~sup |xf€—Xt|>
SHST 1 ¢(ef ) <t<t] 1, X, €0D
T AL )
=E=T (e, ) <t<thy 4, X+ €ID

x( 3 |eti+1(0)—eti+1(C—)|>.

0<k<mji1
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We have the following estimate, similar to (3.17). For any S5 < 2, some
c19 <00, and j > ji1,

2
. <
20 B, ails) <B(m i)
< Z (csiej)® + Z (csiej)?com;(1/2)°
i<Brj i>P1]
< cl7s?| loge; | + 0185?(1ogsj)2 < clgsfs.

We now proceed as in (3.19). For any 5 <2 and j > ji,

: 2
(3.25) E( max sup |27 — Xt|)
0SkSMi 43 1 e(ed)<t<ti,, X+ €OD
, 2
SE( max sup |7, —Xt|)
0<k<n; 7 +C(ek)<t<tk+1,XteaD

+ poP(m; > n;)
N2
J 2
SE(Og}&X VCSMkEj) + C20€;

< 0195 5+ 0208 < 021665

Recall that m is random and note that m <m;,;. We obtain the following
from (3.17) and (3.26), for any (7 < 1, by choosing appropriate G5 < 2 and
ﬁﬁ < _1a

. 2
(3.26) E((m + 1)( max sup |z, — Xt|) )
OSKSM 40 4 e(e el)<t<t}, ,,X,€0D
, 2
SE(ef"’( max sup |x?€—Xt|) )
OSkSM; 40 4 e (e el)<t<t],,,X,€8D

+pP(m+1>¢e)

< 02187 - eppe? < cazell”

Next we estimate the second term on the right-hand side of (3.23) as fol-
lows. The number of excursions €yt with |6t?§+1(0) - eti+1(<7)‘ € [eir1,64] s
bounded by m;41, so

Jj+1

Z |€t{'€+1 (O) t1+1 | < Z mi&i—1.-

ngémj+1 i=J1
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Hence, for any [y < 0, we can choose g < 0, #1 < —1 and ca3 < 0o so that for
all ] Z jl,

(Ogég)fn] , sup |z, — Xt|) ( Z |eyg+1(0) — €1 (C—)|>

7.+¢(e k)<t<tf€+1,Xt€8D 0<k<m, 41
1
< ( <max sup \xi—Xﬂ) g Mi€i1
<
0SkSmi 1 ¢(e])<t<ti,,.X,€0D —
S( max sup \ fc—Xt|)
0SkSmj 4 4 c(el)<t<ti,, , X,€0D
Jj+1 J+1
Bs, o-. ) )
X E €] ni2e; + po E mll{miZni6?8}2€"
=71 i=J1

. +61+1
s,
=EET 4 (e}) <t<t} 4y, X €0D

Jj+1
+ 2p0 E mil{miZniE?S}gi
1=J1
< czgaﬂg ( max sup |z, — Xt|)
OSkSmj g 4 e(el)<t<t],,,X,€0D
Jj+1
+2po E il .0, Ei
i>niel

=71

This, (3.19) and (3.18) imply that for any 19 < 1, by choosing an appropriate
B2 <1 and (s, B9 < 0, we obtain for some cog < 0o and j > jq,

(3.27) E( max sup |$§c - Xt|>
0<k<m; ,j 1+¢(el)<t<tl ,,X+€0D

(3l @i

0<k<mji1
§023€§9E< max sup |7, —Xt|)
OSkSMi 40 4 e(el)<t<t],,, X,€OD
Jj+1
+2poE . E - mil{miznieis}si
1=J1

j+1
< 6246ﬁ9 52 +c25 Z g5, < C265ﬂ
i=J1
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We combine (3.23), (3.26) and (3.27) to see that for any (19 < 1, some
co7 < oo and all j > jp,

E( sup Y (s — @illws — Tl + |wig1 — T [|Tig — 5z|)>
gj+15e'<g; 0<i<m

B1o

I

We use this estimate and (3.10) to see that for any 819 < 1, some co7 < co and
all ] Z jl,

(3.28) E( sup Z||7Ti+1°(7fi—%z‘ﬂ)oﬁoeA’gf‘H)

gj+15e'<ej g

< cor€

m
SE( sup ZC4(|IE¢+1*IE¢||IZ'7§Z'|

ejr1<e’'<¢; i=0
+|Tit1 = Tiga|[Tig1 — 5z|)>
B1o
e

It follows (3.6), (3.7), (3.20), and (3.28) that for any 819 < 1, some cag < 00
and all j > 71,

< core

E( sup  |v/ — v'|) < 0285f1°|v0| = 8277109 vy ).
6j+1£6/<6j

This implies that > -, E(sup,, <o o, |v/ —v'|) < 00, and, therefore, a.s.,

(3.29) Z sup  |v/ — v'|) < 00.
>0 €j+1<e’'<¢;

Note that the definition of v/ given at the beginning of the proof applies in
its current form not only to &’ in the range [¢j41,¢;) but to all ¢’ > 0. It is
elementary to see that (3.29) implies that vq :=lim./ oV’ exists. For every
¢’ > 0, the mapping vo — v’ is linear, so the same can be said about the
mapping vo — v := Ajvg.

Note that the right-hand side of (3.6) corresponding to r € [0,1) is less
than or equal to the right-hand side of (3.6) in the case r = 1. Hence, we can
strengthen (3.29) to the claim that a.s.,

] !
E ( sup sup  |vi— VT|) < 00,
P> 0<r<le;;1<e'<¢gj;

where v/ and v/ are defined in a way analogous to v/ and v/, relative to
r € [0,1]. The analogous argument shows that for any integer ro > 0, a.s.,

Z( sup sup |V¥,*V;,|) < 00.

i>1 0<r<rge;jt1<e’'<ej
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We use the same argument as above to conclude that for any vq, with prob-
ability 1, A, .vo — A, v( uniformly on compact sets.

It remains to show that A, has rank n — 1. Without loss of generality, we
will consider only r =1. Recall definition (3.2) of v, and note that m,,vo €
T,0D. It will suffice to show that for any w € 7,,D such that w # 0, we
have A;w # 0. 4

Recall the definition of 27 ’s and related notation from the beginning of the
proof. It follows from (2.7) that for some ca9 < 0o depending only on D, all
x€0D, zcR™, and all t >0, we have |e!S(®)z| > e~¢29!|z|. Therefore, for any
weT,,D,

V| = |exp(AL, (@), )T, - exp(AHS(2]))m,; exp(AGS(@)))m,, w]

m;
> exp <c29 ;A& ‘W:vinj ﬂwinj T, W
= c30|m,; LI .7rl_gl7r£6W|.
It follows that
VI T Mg g Wl
W e

and, therefore,
m;
IOg |VJ| = log |W‘ + Z(log |7Tx§c e ﬂ—xéﬂ-xiw| — log |7T$i,1 .. Wxgﬂx{WD
k=1

By the Pythagorean theorem, |z|? = |7,2|? 4+ (z/|z|,n(z))?|z|?. This implies
that for some c31 < o0, if z € 7,0D then

Imoz] = (1= eai|z —y[*)|z].

Thus we can find p; > 0 so small that for some c32 and all | — y| < p; and
zc7,0D,

log|m,2| > log|z| — cza|lz — y/*.

Therefore,
(3.30)  log|v’| > log|w| — c32 Z |z, — m?c+1|21{\z{;fz{;+1\§p1}
k=1

mj .. . N
+ Z (1 log |7T${" ks WwéW|
{‘“"i-_w?c+1‘>/)1} ; ; . ’
T g W T W
k=1 | T3 _q zy " xg |

We make p; smaller, if necessary, so that p; /2 = ¢, for some integer jo. Note
that the set of excursions e 192 is finite, with cardinality m, .
k
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The hitting distribution of 0D for any excursion law H? is absolutely
continuous with respect to the surface area measure on 9D, because the same
is true for Brownian motion. This, (3.4) and Assumption 3.1 imply that with
probability 1, for all k=1,2,...,m;,, we have |<n(eti2 (O)),n(etiz( =Nl >
4, for some random § > 0. For large j, because of continuity of reflected
Brownian motion paths, and because excursions are dense in the trajectory,
the only points xi_H such that |9:§~C - z£+1| > p1 can be the endpoints of
excursions €42 1=1,2,...,mj,.

Fix a point €2 and let k( i) be such that a?k( N = . Then xk(J) — xk(J)

as j — 00, again by the continuity of reflected Browman motion, and because
excursions are dense in the trajectory. It follows that for large j, for all
pairs (xk,ka) with |z], — :z:k+1| > p1, we have |(n(z7), n(:z:k+1)>| > ¢/2. This
implies that, a.s., for some random U > —oo, and all sufficiently large 7,

mg |7T

jorce T 5T le
3.31 1,05 log —k 1 0 ) > U.
( ) %( {lzf, =1 1 1>p1} g |7Tm{c_1 ﬂ'x{ﬂ'I%W|

In view of (3.21) and (3.26), for any f7 < 1,

(3.32) Z x] — xl+1|2>
i=0

. 2
<8E(m,( max sup |2] — Xy
0<k<m, k
il +C(ek)<t<tk+1,Xt€6D

+8E (Z ey (0) — ey (C—)|2>
k=1
< C23€§7 + 8E (Z |6t}’; (0) — €4 (C)|2> .

k=1

By (3.4) and (3.11), the expected number of excursions e with |es((—) —
es(0)] € [27771,27% and s € [0,1] is bounded by c332?. It follows that for
some c34 < 00, not depending on j,

mj J
E(Z e (0) — ey (C)2> <D 342772 <35 < o0,
k=1

i=J1

and this combined with (3.32) yields

m;
sup E (Z |z — x?+1|2> < 0.

i>j1 i=0
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In view of (3.30) and (3.31),

my

lijrggéfE(log [vI| - U) > log|w]| — liﬂsipE €32 Z |zl — xiﬂ‘? > —00,

k=1

so, with probability 1, liminf; . [v/| > 0, and, therefore, |v1| # 0. O
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