Illinois Journal of Mathematics
Volume 54, Number 1, Spring 2010, Pages 223-248
S 0019-2082

ON THE INTERSECTION OF FREE SUBGROUPS IN FREE
PRODUCTS OF GROUPS WITH NO 2-TORSION

WARREN DICKS AND S. V. IVANOV

To our friend and colleague Paul Schupp on the occasion of his retirement.

ABSTRACT. Let (G¢ | £ € L) be a family of groups and let F' be a
free group. Let G denote F x *,cr, Gy, the free product of F' and
all the G¢. Let F denote the set of all finitely generated (free)
subgroups H of G which have the property that, for each g € G
and each £ € L, HNGY = {1}. For each free group H, the reduced
rank of H is defined as 7(H) := max{rank(H) —1,0} € [0, 00]. Set

|D|
0 .= :
max{ D2

D is a finite subgroup of G with |D| # 2} €[1,3],

o= inf{se [0,00] : for all H,K € F,

> FH'NK)< s&f(H)f(K)} €[0,00].
HgKeH\G/K
We are interested in precise bounds for o. If every element of F
is cyclic, then 0 = 0. We henceforth assume that some element
of F has rank two.

In the case where G = F' and, hence, § = 1, Hanna Neumann
and Walter Neumann proved that o € [1,2] and it is a famous
conjecture that o =1, called the Strengthened Hanna Neumann
Conjecture.

For the general case, we proved that o € [1,2] and if G has
2-torsion then o = 2. We conjectured that if G is 2-torsion-free
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then o = 1. In this article, we prove the following implications
which show that under certain circumstances o < 2.

If G is 2-torsion-free and has 3-torsion, then o < %.

If G is 2-torsion-free and 3-torsion-free and has 5-torsion, then
o< %

If p is an odd prime number and G = Cp, x Cp, then o <2 —
%. In particular, if G = C3 % Cs then o =1, and if G =
Cs5 * Cs then o < 1.52.

1. Conventions and notation
We now summarize our main general conventions and notation.

CONVENTIONS 1.1. Throughout this article, let G be a group.

All our G-sets will be left G-sets.

For two subsets A, B of a set, the complement of AN B in A will be denoted
by A— B (and not by A\ B since we let G \'Y denote the set of G-orbits of
a G-set V).

To indicate disjoint unions, we shall use the symbols Vv, \/ in place of U,

We shall use the totally ordered set {—oo} VRV {co}.
We will find it useful to have notation for intervals in Z V {oo} analogous
to the notation for intervals in RV {oo}. Let ¢,j € Z. We write

i1 = {Q{)““J Chapen s
ifi>j.

Also, [iToo] :={i,i+1,i+2,...} and [iToo] := [iToo[ V {o0}.

For each set S, let |S| denote the element of [07oo] which is the cardinal
of S if S is a finite set, and is oo if S is an infinite set.

For each n € [1700], let C,, denote a multiplicative cyclic group of order n.

If a, b are elements of G, and S is a subset of G, we shall denote the inverse
of a by @, and we shall write b* := @ba and S :={c* | c€ S}.

We define the rank of G as rank(G) := min{|S]|: S is a generating set of
G} €[07c0]. If G is a free group, we define the reduced rank of G as 7(G) :=
max{rank(G) — 1,0} € [0Toc]; thus, 7(G) = b{? (@), the first L2-Betti number
of G; see Example 7.19 of [6].

We define a3(G) :=inf{|D|: D is a finite subgroup of G with |D| > 3} €
[3To0]; it is understood that the infimum of the empty set is co.

We define 0(G) := a?(sé?EQ € [1,3]; it is understood that > :=1.

Let us fix the hypotheses and notation that will be used throughout the
article.
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NOTATION 1.2. Let L be a set, let (G4 | £ € L) be a family of groups, let F
be a free group, and suppose that G = F x %y Gy, the free product of F' and
the members of (G| £ € L).

Let (t. | e € Ep) be a free-generating family of F', where Ej is an index set
of the correct size.

We now fix a graph of groups and a Bass—Serre tree, using Chapter I of [1]
as our reference.

Let Z:=VZV EZ be the graph defined as follows.

The vertex set has the form VZ:={z, | € L}V {z}={z | € LV {0}},
and the edge set has the form EZ :={e; | ¢ € L} V Ep, and the initial-vertex
function 1z : EZ — V Z maps each element of £FZ to zg, and the terminal-
vertex function 7z : EZ — V Z maps each element of Fy to zy and, for each
€ L, maps e; to zp.

The graph Z has a unique maximal subtree, obtained from Z by delet-
ing Ej.

Let (G, Z) be the graph of groups determined by the map of classes G : Z —
Groups, z+— G(z), defined as follows: G(zg) = {1}, and, for each ¢ € L, G(z¢) =
Gy, and, for each e € EZ, G(e) ={1}. Then G is the fundamental group of
the graph of groups (G, Z) with respect to the unique maximal subtree of Z.
For each e € EZ — FEy, we define t.:=1.

Let T:=T(G,Z) =\ .c, Gz, the Bass-Serre tree of (G, Z). Thus, for each
z € Z, the G-stabilizer of z is G(2),

VI:=\/ Gz, ET:=\/ Ge,

zeVZ ecEZ

and, for each e € EZ and g € G, the edge ge € ET joins t(ge) := gitze to
7(ge) := gteTze.

Notice that G acts freely on ET.

We identify G\ T = Z.

Let F denote the set of all finitely generated subgroups of G which act
freely on T and are then free by Reidemeister’s theorem, Theorem 1.8.3 of [1].
Alternatively, a finitely generated subgroup H of G belongs to F if and only
if, for each g € G and each £ € L, HNGJ = {1}, and then one can see that H is
free by the Kurosh Subgroup theorem, Theorem 1.7.8 of [1], see Theorem 1.7.7
of [1].

We define

o(F) ::inf{se [0,00] : for all H, K € F,

> FHINK)<s-0(G)-T(H) -r(K)} €[0,00);
HgKeH\G/K
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notice that this differs from the notation in [2] by a factor of 6(G). We are
interested in precise bounds for o(F). If every element of F is cyclic, then
o(F)=0. We henceforth assume that some element of F has rank two.

Let H and K be arbitrary elements of F and let S C G be a set of represen-
tatives of H\ G/K. Notice that the value of > o 7(H?NK) does not depend
on the choice of S and is denoted ZHgKeH\é/K 7(H9 N K). We emphasize
that >y wemax THINK) <o(F)-0(G)-7(H) 7(K).

The core of H\ T, denoted core(H \ T), is the (finite) possibly empty
subgraph of the quotient graph H \ T consisting of all those vertices and
edges which lie in cyclically reduced closed paths in H \ T

Let X :=core(H \T), Y :=core(K\T), W:=\ gcore((HINK)\T).

For each x € VX, degx () denotes the valence of x in X, the number of
points in the link of x.

There are natural graph maps X - 2, Y -2, W — Z.

For each £ € LV {0}, we let V,,X denote the set of those vertices of X
which are over zy, that is, map to zy under the map VX — VZ. For each
i € [0700], we define

VX ={zeVX|degx(z)=1} and Vo, X:={zeVX|degx(x)>i}.
Similarly, Vg, X = ViX NV X, Vg0 X = Vo X N V)X,
We define 7X := Ziemm[(%(i —2)|V;X|). Notice that

2EX|= > (ilViX])

1€[2700[
= > ((-2WViX)+ > @ViX])=2rX +2[VX|,
1€[2700[ i1€[2T00[

and, hence, 7X = |[EX| — |[VX|=7(m (X)) =7(H).

Similar notation applies for Y and W, and we have 7Y =7(K), and 7W =
Yngrema/k THINK).

Since H and K are arbitrary elements of F, if we show that 7W < st X7Y
for some s € [0, 00], then we have o(F) < IR

The following was seen in Section 6 of [2] which expanded an argument
introduced by Sykiotis in the proof of Theorem 2.13(1) in [11], which in turn
expanded an argument introduced by Stallings.

We denote the pullback of the graph maps X — Z and Y — Z by X xz
Y C X xY. The graph X xz Y may have more than one component and
may have vertices of valence less than 2. There exists a natural graph map
1 : W — X xzY. The map ¢ is injective on edges and also on vertices over the
vertex zg. Let £ € L. To each x € V), X, there is associated a certain subset A,
of G such that deg x (z) = |A;|. Toeachy € V)Y, there is associated a certain
subset B, of G such that degy (y) = |By|; the inversion map gives a bijection
between B, and the set denoted B in Section 6 of [2]. To each w € VY, there
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is associated a pair (z,y) =¥ (w), a certain element ¢,, € Gy, and a certain
subset
Cw Crep(cw, Ay X By) :={(a,b) € Ay X By |ab=cy,}
such that degy, (w) = |Cy|. Moreover, for each (x,y) € V;y X xy.,3 V)Y, the
elements of (Cy, |w € ¢~ ({(x,y)})) are pairwise disjoint in A, x B, C Gy x
Gy.
In particular, W is finite.

2. Summary

Let Notation 1.2 hold.

In the case where G = F and, hence, 6(G) =1, Walter Neumann [9], gen-
eralizing results of Hanna Neumann [7], [8], proved that o(F) € [1,2]; it is
conjectured that o(F) =1 and this is called the Strengthened Hanna Neu-
mann Conjecture.

In [2], which evolved from [4], [5], we proved that, for the general case,
a(F)€[1,2] and if G has 2-torsion then o(F) =2. We conjectured that if G
is 2-torsion-free then o(F) =1 (thus generalizing the Strengthened Hanna
Neumann Conjecture); in this article, we obtain some partial results on this
conjecture which show that it is possible to have o(F) < 2.

In outline, the article has the following structure.

In Section 3, we give a useful inequality which arises from the study of
paths in the Bass—Serre tree and was suggested by an argument of Tardos.

In Section 4, we give some inequalities that arise from the study of repre-
sentable products.

In Section 5, we show, in Theorem 5.3, that if G is 2-torsion-free, then

Y FHINK)< %ﬂH)f(K);
HgKeH\G/K

hence, if, moreover, G has 3-torsion then o(F) < %. We show also that if G
is 2- and 3-torsion-free, then

> FHONK) < 3F(H)F(K);
HgKeH\G/K

hence, if, moreover, G has 5-torsion then o(F) < 2.
In Section 6, which does not use Section 5, we show, in Theorem 6.3, that

. . . 4+2V3
if p is an odd prime number and G = C), * Cp, then o(F) <2 — (2(1):,’7)5)2.

Here, 0(G) = 1% and F is the set of finitely generated free subgroups of G.
If G=C3%Cs, then o(F)=1, o(F)0(G) =3, and F(HNK) < 37(H)7(K);
recall Example 2.8 of [2] in which #(H N K) =37(H)7(K) = 3.
If G=C5x*Cs, then o(F) < 1.52, o(F)0(G) < 2.52, and 7(H N K) <
2.527(H)7(K); recall Example 2.8 of 2] in which #(HNK) = 37(H)7#(K) = 15.
In the Appendix, we give a proof of an inequality used in Section 6.
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3. Paths in trees

In this section, we examine paths in the Bass—Serre tree and deduce a useful
inequality, by expanding an argument introduced by Tardos in the proof of
Lemma 3 of [12].

NoTATION 3.1. Let Notation 1.2 hold.

Let EX denote a copy of EX given with a bijection EX — EX, e — e,
and let the inverse EX — EX also be denoted e — é. For each e € EX, define
t(e) :=7(e) and 7(€) :=t(e). Define E*'X := EXV EX. Let B4 X :={e€
E*'X | degx (te) > 3}. Notice that |E4 X| =3, pgqo0ilViX|.

A nontrivial reduced path in X is a finite sequence p = (e1,€a,...,eN_1,€N)
in E¥1X such that N € [170o[ and, for each i € [2TN], Te;_1 = te; and &1 #
e;. In this event, we call e; the initial edge of p, te; the initial vertex of p,
en the terminal edge of p and Tey the terminal vertex of p. We define the
inverse of p as p:= (eny,en—1,...,€2,€1). We call N the length of p.

Let P(X) denote the set of nontrivial reduced paths in X.

The foregoing notation applies to any graph.

Since G acts on T, there is a natural G-action on P(T).

Let p e P(T).

We shall study Gp C P(T).

Recall that X is the core of H\T. We define P(H \ T,p):=H \ Gp C
PH\T), and P(X,p):=(H\ Gp) NP(X) CP(X). Thus, P(X,p) denotes
the set of paths in X whose lifts to T lie in Gp. Since H acts freely on T,
every path in X has exactly one lift to T' for each lift of the initial vertex.
Since G need not act freely on T, it is possible for two different elements of
Gp to have the same initial vertex. Since G acts freely on ET, two different
elements of Gp cannot have the same initial edge, and the same holds for
H\Gpin H\T. Let E.P(X,p) denote the set of those elements of F; X
which occur as initial edges of elements of P(X, p).

Let e and €’ be elements of F X. We say that e is linked to €’ in X if there
exists a non-trivial reduced path in X through vertices of valence 2 which has
initial edge e and has terminal edge &’; some authors call such a path a super-
edge. This path is clearly unique and we say that the path links e to ¢’. The
inverse of this path links ¢’ to e. Since X is a core graph, each element of
FE, X is linked to a unique element of F; X.

The foregoing notation also applies with Y and W in place of X.

PRrROPOSITION 3.2. Let Notation 3.1 hold and suppose that G is 2-torsion-
free. Let p € P(T). Then the following hold.
(i) InP(H\T), any two distinct elements of H\ Gp have distinct initial
edges.
(i) |[ELP(X,p)|+ |E.P(X,p)| < |EL X|.
(if) 21E W] < |E. X|[E, Y],
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Proof. Let e € EX'T denote the initial edge of p.

(i) Cousider any g1,g2 € G such that Hgie = Hgoe in H\ T. Since G
acts freely on E*'T, we see that Hg; = Hgs and, hence, Hg,p = Hgop.
(ii) By induction on the length of p, we may assume that the inequality
holds for all paths that are strictly shorter than p.
If E+P(X, p) N E+P(X, f)) = @, then,

|E4P(X,p)| +|E.P(X,p)| = |E,P(X,p) UE,P(X,p)| < |E, X]|.

Thus, we may also assume that E, P(X,p)N E,P(X,p) # 0.

In particular, there exists a unique g € G such that p and gp have the same
initial edge, e. Let q € P(T') denote the longest common initial segment of p
and gp.

It is clear that E,P(X,p) C E4P(X,q) and E,P(X,p) C E,P(X,q).
Hence, |E+P(X, p) U E+P(X, f’)l < |E+P(X, q)'

Also, we have factorizations p = q-x and gp = q-y, where the dot indicates
concatenation of possibly empty sequences. Thus q-x=p =gy - gq.

Consider first the case where x and y are strictly shorter than q. Then
there exists a factorization p = gy - z - x with z € P(T'), and, here, gy -z =
q and z-x = §q = gz - g°y. Hence, z = §z and, taking inverses, we see
that z = gz, and hence z = gz = g%z. Since G acts freely on ET, g% = 1.
Since G is 2-torsion-free, g =1. Thus, z =z. It follows that z has even
length, and that the middle pair of terms are mutually inverse, which con-
tradicts the fact that z is reduced. Hence, x and y must be at least as long
as q.

Thus, q is strictly shorter than p and there exists a factorization of the
form p=q-r-gq, which gives gp =q - gr - gq. It is possible that r is an
empty sequence. Since q is the longest common initial segment of p and gp,
we see that r- gq and gr - gq have the same initial vertex and different initial
edges. For all gy € G, there are factorizations Hg1p = Hg1q- Hgir - Hg19q
and Hg1gp = Hphq- Hg1gt - Hg19q. Hence, in H\ T, Hgip and H g, gp have
the initial segment Hgiq in common while Hgir - Hg1gq and Hgigt - Hg19q
have the same initial vertex, but, since H acts freely on T, they have different
initial edges. Thus, the two paths separate immediately after Hg;q forming
a vertex of H \ T of valence at least 3.

The path q induces a natural embedding of E.P(X,p) N E.P(X,p) in
E,P(X,q) as follows. Suppose that we have g; € G such that Hgie € E{P(X,
p)NELP(X,p). We define the image of Hgye in E;P(X,q) to be the initial
edge of Hg,q, or, equivalently, the inverse of the terminal edge of Hg;q; this
is an element of E,P(X,q), since, in X, the two paths Hgp and Hggp
have the initial segment Hg;q in common and then separate forming a ver-
tex of X of valence at least 3 from which Hg;q returns. This gives the
desired embedding. It follows that |[ELP(X,p)NELP(X,p)| < |EL+P(X,q)|.
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Now,

|[E+P(X,p)| +|E+P(X,p)| = |E,P(X,p) UE,P(X,p)|
+|E4P(X,p) N E4P(X,p)|
< |E,P(X.q)| +|E,P(X, Q) <|E,X],

by the induction hypothesis. This proves (ii).

(iii) We extend 1 to include an injective map : EW — EXxz,EY C
EXxEY.

Let us suppose that Hp links e to ¢ in X. Then Hp links ¢’ to e.

Consider any f € E,Y. Suppose that (e, f) € Y(ELW). Let ¢y~ 1(e, f) de-
note the unique element of £, W mapped to (e, f) by ¥. Then ¢~t(e, f) is
linked to an element of E,W by some path which necessarily lies in P(W, p).
It follows that f is the initial edge of some element of P(Y,p), that is,
feELP(Y,p).

Thus, {f € B, Y : (e, f) € p(E- W)} C B, P(Y;p).

Similarly, {f € ELY : (¢/, f) e (E4W)} CELP(Y,p).

Using the analogue of (ii) for Y, we deduce that

{f €ELY : (e, f) e W(EW)H+Hf € ELY 2 (€, f) e p(EL W)} < [ELY.
Since e € F X is arbitrary, we may sum over all e € E; X and find that
2{(e, ) € By X x ELY : (e, f) € p(EL W)} < |4 X || B, Y],

O

and (iii) follows.

We record the following restatement of (iii) in the vocabulary of Nota-
tion 1.2.

COROLLARY 3.3. Let Notation 1.2 hold.
If G is 2-torsion-free, then Zke[3Too[(2k|VkW|) < Zi,je[3Too[(ij“/iX| X
ViYT).

4. Representable products

In this section, we record some inequalities which arise from the study of
representable products and which will be applied in the subsequent sections.
We shall frequently use the following observation.

LEMMA 4.1. If A and B are finite subsets of G, then

> min(|A],[rep(c, A x B)|) = _|rep(c, A x B)| =|A x B| =|A||B.
ceG ceG

We shall frequently use the following, also.
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LEMMA 4.2. Let Notation 1.2 hold, and let r € [0Too[ and X € [1,00[ and
€ [0,00]. Suppose that, for allt € L, and allx € Vy -, X, and ally € Vy »,Y

Z min(r7 [rep(c, Az X By)|) > min(u, |Az||By| — A(|Az] — 7)(|By| — 7“))
ceGy

Then

Z ((k =) Vi)

ke[(r+1)Too]

< Z (max(ijfu,)\(ifT)(]’*7'))|V1'X||ij|)'
4,7€[(r+1)Too[

Proof. We first decompose the left-hand sum into an L part and a {0} part.

> ((k=n)|VeW])

kel(r11) oo

= Z (max(k —7,0)|[Va W)
ke[0Too]

= Z max (degy, (w) — r,0)
weVW

Z Z Z Z max(degw(w) -7, O)

(€ LV{0} 7€V, X ye V)Y w1 ({(2.9)})

Z Z Z Z max(degw(w) -, 0).

LeLV{0} z€Vy e 5> X Y€V 5 Y wedp 1 ({(=,y)})

For the L part, we have

Z Z Z Z max (degy, (w) —r,0)

CEL €V 5r X YEV e > Y wey—1 ({(z,y)})

=> > > > max(|Cyl| - 1,0)

CeLaeVyr »>r X yeVyr s Y wed = ({(z,9)})

=2 > > > 2. max(|Cul = ,0)

LeL €V~ X yeV)p Y c€Ge {wed— 1 ({(z,y)})|cw=c}

< Z Z Z Z max (|rep(c, Ay x By)| —1,0)
LELTEV)) »r X YEV o 5, Y c€Gy

as the C, are pairwise disjoint

=2 > 2 > (repleAn x Byl
LeLx€Vyp - X yEV)p 5, Y c€Gy
—min(r, [rep(c, Ay X By)l))
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= Z Z Z <|Ax||By| - Z min(r, |rep(c, Ay X By)|))

LeL ZEEV/K)>,,‘X yEV/ZY>TY ceGy

by Lemma 4.1

SZ Z Z max(|Am||By|—,u,/\(|A$|—7“)(\By\—T))
(eL TV » X YEV 4 5, Y

by hypothesis

= > > max(degy (z)degy (y) — p,

LeLxz€V)p ~r X YEV g 50 Y
)\(degX (z) — r) (dng (y) — 7"))
For the {0} part, we have

Z Z Z max (degyy, (w) —r,0)

m6VV/O,>7~XY yEV/O,>TY wew—l({(x’y)})
< Z Z (degx (z) — 1),

z2€V)0,>r X YEV)0, 5, Y

since, over zp, ¥ ({(z,y)}) has at most one element, and if there is an
element, it is of degree at most deg (x). Since A > 1, it follows that we have

> (k=rWW))

ke[(r+1)Too]

< > Y > max(degy(x)degy (y) — p,

LeLV{0} €V~ X yEV)y 5, Y
A(degx (z) —r) (degy (y) — 7))
< Y Y max(degy(w)degy (y) — p,

z€Vs, X yeVs, Y
A(degy (z) — ) (degy (y) — 7))

= > (max(ij — A -G - ) ViX|[V;Y]). O
i,7€[(r+1) 00|

We recall the following.

THEOREM 4.3 ([2]). Let Notation 1.2 hold. Then the following hold.
(i) If A and B are finite subsets of G such that |A| > 2 and |B| > 2, then
Zmin(Q, [rep(c, A x B)|) > min(2a3(G), |A||B| — (JA] - 2)(|B| — 2)).
ceG
(ii) ZkG[SToo[((k - 2)[ViW]) < Zi,je[SToo[(maX(ij - 2a3(G), (i — 2) x
(G- 2)VX V). )
(i) > pesroof(F = DIVAWI) <32, jesroo (i — 6)[ViX|[V;Y]).
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(iv) If as(G) >4, that is, G is 3-torsion-free, then
> (E=2Wiwl) < > ([ -)WiX[[V;Y).
k€[3700[ i,5€[3Too[

Proof. (i) is Theorem 5.10 of [2].

(ii) which is implicit in Section 6 of [2], follows by applying Lemma 4.2
with (r, A, 1) = (2,1,2q) together with (i).

(iii) and (iv) follow from (ii) since we are considering expressions where
i+j>6. O

In the remaining sections, we shall be looking at various analogous asser-
tions for >, c3100(((k — 3)[VeW]) obtained by studying }° ., min(3, [rep(c,
A x B)|), although work of Grynkiewicz [3] on Abelian groups has shown that
there can be no simple sharp bound.

5. 3-torsion or 5-torsion in G
In this section, we show that if G is 2-torsion-free and a3(G) =3 then
o(F) < %, and if G is 2-torsion-free and a3(G) =5 then o(F) < %.

LEMMA 5.1. Let A and B be finite subsets of G such that |A| > 3 and
|B| > 3. Then exactly one of the following holds.

(5.1a) " min(3, [rep(c, A x B)|) > |A||B| - g(m\ —3)(|1B| - 3).
ceG

There exists some subgroup H of G of order four such that A
is a left coset of H and B is a right coset of H.

Proof. Tf |B| =3 then, by Lemma 4.1, equality holds in (5.1a).
Consider the case where |B| > 5. Let A’ be a three-element subset of A.
Then

Z(Zmin(?), |rep(c, A x B)D) > 2(2 min(37 [rep(c, A" x B)|))

ceG ceG
=2|A’'||B| by Lemma 4.1
= 6|B| > 6|B| - 3(]A] = 3)(|B] - 5)
= —3|A||B| + 15| A| + 15|B| — 45,

(5.1b)

and (5.1a) holds.
Thus, we may assume that |B| =4, and, by symmetry, we may also assume
that |A| = 4. We may further assume that (5.1a) fails, that is,

S min3,[rep(e, A x B))) < |411B| — (14| - 3)(|B| ~3) = .

ceG
By Lemma 4.1, > .~ (min(4, |[rep(c, A x B)|)) = 16. Hence, there are at least
three elements of G which appear four times in the A x B multiplication table,
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once in every row, and once in every column. Choose ag € A and by € B
such that agbg appears in every row and every column. By replacing A with
aoA and B with Bbg, we may assume that 1 occurs in every row and every
column, and that 1 € AN B. A familiar argument then shows that A =B
and that A is a subgroup of G of order four, as follows. Let 1, a, b denote
three distinct elements of G which appear in every row and every column.
Let ce A—{1,a,b} and let d € B — {1,a,b}. If b=a, it follows that cd =1,
and that ad = ca = a, and that ca = ad = @, and that a* = 1. If ab# 1, then
ab¢ {1,a,b}, and then either (a?, ad,ca) = (1,b,b) or (a?,ad,ca) = (b,1,1). If
(a?,ad,ca) = (1,b,b), it follows that b2 = 1, and that bab = a. If (a2, ad,ca) =
(b,1,1), it follows that a* =1. In all events, A= B and A is a subgroup of
order four, and (5.1b) holds. Here, > ., min(3,[rep(c, A x B)|) =12 < 2I

and (5.1a) fails. O
COROLLARY 5.2. Let Notation 1.2 hold. Suppose that G has no subgroup
of order 4.
Then

> (-avhs Y (Se-au-smxivy).

ke[4100] i,j€[4Too[

Proof. This follows by applying Lemma 4.2 with (r, A, u) = (3, %,oo) to-

gether with Lemma 5.1. O

THEOREM 5.3. Let Notation 1.2 hold. Suppose that G is 2-torsion-free.
Then the following hold.

) Yngremeyx TH! NEK) < Zr(H)F(K).

(ii) If as(G) =3, that is, G has 3-torsion, then o(F) < 2.

(iii) If as(G) > 5, that is, G is 3-torsion-free, then ZHgKeH\G/K F(HIN
K) <3r(H)r(K).

(iv) If a3(G) =5, that is, G is 3-torsion-free and has 5-torsion, then
o(F) <3

Proof. (i) We have
W =" (T(k—2)|ViW])

ke[3To0[
= > @VIWD+ D (E-2VW)+ Y (4(k-3)[ViW])
ke[3700[ ke[3700[ kel4To00[
< >0 GIVXIIVYD+ D (5 —6)|[ViX[[V;Y))
i,j€[3T00[ i,j€[3T00[
+ > (10(i—3)(j - 3)|ViX[[V;Y])
i,j€[4T00[

by Corollary 3.3, Theorem 4.3(iii), and Corollary 5.2
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= > (6(2ij —5i— 55+ 14)|ViX||V;Y])

i,5€[3T00]

= >0 (6(26 -2~ ~ (i +5 - 6)[ViX[[V;Y])
i,5€[3T00]

< Y (126-2G-2ViX|[V;Y)

i,5€[3700]

=12.2rX - 27Y =48rX7Y =14 - 2—74 -rXTY.

(ii) If a3(G) =3, then §(G) =3, and, by (i), o(F) < 24 = &.
(iii) As before, we have

20, = > (10(k —2)|ViW])

k€[3T00[
= Y VD4 D (4k—2)|VaW])
ke (3100 k€31 00]
+ > (4k -3
kel4Too]
< > VXY + YD (4 - 8)|ViX|[V;Y)
i,j€[3T00[ i,j€[3T00[
+ Y (106 - 3)(j - 3)|[ViX||V;Y])
i,j€[4T00[

by Corollary 3.3, Theorem 4.3(iv), and Corollary 5.2.
= Y ((15i5 — 30i — 305 + 58)|V; X[|V;Y])

i,j€[3100]
= Y (156 -2)( —2) - 2)[ViX[|V;Y])
i,j€[3700]
< > (15 -2)(G - 2ViX[[V;Y])
1,j€[3To0[
=15-2rX - 2rY =607 X7Y =20-3 -7 X7Y.
(iv) If a3(G) =5, then 6(G) = 2, and, by (iii), o(F) < HLG) =32 O

REMARKS 5.4. Let Notation 1.2 hold. Combining Theorem 6.5 of [2] with
the above, we see the following.

If a3(G) =3 then W < 6.007X7Y, and if G is 2-torsion-free then 7W <
343 XTY.

If a3(G) =4 then 7V <4.007X7Y, and G has 2-torsion.

If a3(G) =05 then W < 3.347X7Y, and if G is 2-torsion-free then 7W <
3.00F X7Y.
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If a3(G) > 5 then FW < 2.807 X7Y.

6. CpxC)

In this section, we show that if p is an odd prime number and G = C,, * C,,,

(4+2v3)p

For convenience, we recall a classic result.

THEOREM 6.1 (Pollard’s Theorem [10]). Let p be a prime number, suppose
that G has order p, let A and B be subsets of G, and let r € [07T min(|A|,|B])].
Then

(6.1) > min(r, [rep(c, A x B)) > r - min(p, |A| + |B| - r).
ceG

Proof (Pollard [10]). By induction on |A|, we may assume that the ana-
logue of (6.1) holds for smaller A.

If |A| <1, then (6.1) is easily verified. Thus, we may assume that |A| > 2.

By replacing A with agA for any ag € A, we may assume that 1 € A.
If AB = B, then (A)B C B, but (A) = G since |A| > 2, and, hence, either
B =0 or B=G, and again (6.1) is easily verified. Thus, we may assume
that AB # B. Here, there exists some a; € A such that a;B # B. There
then exists some b; € B such that a;b; ¢ B. By replacing B with Bb;, we
may assume that a; € A— B and 1 € AN B. Thus, the induction hypothesis
applies to (AN B, AU B) and to (A — B,B — A).

Let T;, ¢ € [115], denote the multiplication tables that arise as follows.

ANB B-A ANB B-A A-B
AnNB [ T, T, ANB [ T, T, T
A-B [ T, T, A-B T,

We see that Ts is the transpose of Ty and, hence, for each ¢ € G,

(6.2) rep(c, A x B)| = |rep(c, (AN B) x (AU B))|
+ ‘rep(c7 (A-B)x (B- A))‘

If r < |AN B|, then, by (6.2), replacing (A, B) with (AN B, AU B) does not
increase the left-hand side of the inequality in (6.1) and does not change the
right-hand side of the inequality in (6.1), and the desired conclusion follows
by the induction hypothesis applied to (AN B, AU B). Thus, we may assume
that r > |AN B|.

By Lemma 4.1,

(6.3) Y min(JANB],

ceG

rep(q(AﬁB) X (AUB))D =|ANB|-|AUB|.
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Since |[A—B|+|B—A|—(r—|ANB|)=|AUB| —r <p, the induction
hypothesis applied to (A — B, B — A) gives

(6.4) Zmln r—|ANB|, |rep( (A—B) x (B—A))’)
ceG
> (r— [ANBI)(AUB| - 7).

It follows from (6.2) that, for each ¢ € G, both r = (|[ANB|)+ (r—|[AN B|)
and |rep(c, A x B)| are at least as big as
min(|AN B, [rep(c, (AN B) x (AU B))|)
+min(r — [AN B, |rep(c, (A — B) x (B — A))|).
Summing (6.3) and (6.4), we find that
me ,|rep(c,Ax B)|) > |[ANB|-|[AUB|+ (r—|ANB|)- (|JAUB| —r)

ceG
=r(|JANB|+|AUB|—r)=r(|A|+|B|—r).

This completes the proof. O

COROLLARY 6.2. Let Notation 1.2 hold. Let p be a prime number and
suppose that every element of (G¢ | ¢ € L) has order p. Let r € [0Too]. Then

> ((k=n)|VeW])

ke[(r+1)Too]

< Z (max(ij—rp, (i—?“)(j—r))WiXHVjYD'
i,jE[(r+1)T00[

Proof. This follows by applying Lemma 4.2 with the same r and (A, u) =
(1,7p), together with Pollard’s Theorem 6.1. O

Let p be an odd prime number and suppose that G = C), * C,; here, 6(G) =
;;%2 and F is the set of finitely generated free subgroups of G. The following
result restricts o(F). For example:

for Csx*Cs, o(F)=1, o(F)O(G)=3, 20(G) =6;
for Oy Cs, o(F) <15 o(F)O(G) <252,  20(G)=3.3;
for  CyxCy, o(F)<1. 68 o(F)O(G) <235,  20(G)=2.8;
for 011*011, ( )Sl U(f)e(G)SQQ 29(G):241
If G=C3xCs, then F(HNK) < 377(H)77(K); Example 2.8 of [2] has 7(H

K)=3r(H)r(K)=3.
If G=C5xC5, then 7(H N K) < 2.527(H)7(K); Example 2.8 of [2] has
F(HNK)=1.6r(H)r(K)=15.
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THEOREM 6.3. Let Notation 1.2 hold, let p be an odd prime number and

suppose that L is nonempty and that each element of (Gy | ¢ € L) has order p.
Then the following hold.

() o(F) <2- S0 <.

(ii) If p=3, then o(F) =1.

Proof. (i) It suffices to prove the result in the case where L is finite and F
is finitely generated. Then G embeds in C, * Cp,, and we may assume that
Cp * Cp, that |L| =2 and that F = {1}. Thus, Z has three vertices, and the
vertex zo has valence two. Hence, in W, X, and Y, each vertex has valence
at most p.

Now

W = Y ((k—2)[ViW])
ke[37p]
< Y2 (max(ij -2, (i —2)(G — ) X[V Y),
1,j€[31p]
by Corollary 6.2 with r =2 or Theorem 4.3(ii), where a3(G) = p.
Putting bounds := Zi,je[BTp] (max(6ij — 12p,6ij — 123 — 125 + 24)|V; X| x
|V;Y]), we see that 127FW < bounds.

Also,
127 = Y (6(k—2)|ViW)

ke[31p]

= > QEVEWD+ D (4(k—3)|[ViW))

ke[31p] kel41p]

< > (viX||[v;Y))

4,5€[31p]
+ ) (dmax(ij — 3p, (i — 3)(j — 3)) [ViX||[V;Y]),

,5€[31p]

by Corollaries 3.3 and 6.2 with r = 3.

Putting bounds := 3}, ;¢ (31, (max(5ij — 12p, 5ij — 12i — 125 + 36)[V; X| x
|V;Y]), we see that 127W < bounds.

Hence, 127W < min(bounds, bounds). Let & := M“I)?);W. By Theo-
rem A.3.1 of the Appendix, min(bounds,bounds) < 3x(27X)(27Y). It then
follows that 127FW < 12k7X7Y, and, hence, o(F) < Since 0(G) = 25,

it can be shown that !

£o_2p=2)(4p—6+3V3) _,  (4+2V3p _
0(G)  (2p—3+/3)? (2p—3+/3)?
This proves (i).

7

o(F) <
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(ii) If p = 3, then (i) shows that o(F) < 1, and Proposition 2.10 of [2] shows
that o(F) > 1. O

Appendix: A technical inequality

In this appendix, we prove an inequality that is used in the proof of Theo-
rem 6.3.

A.1. Statement of the inequality

NoTATION A.1.1. Let p be an odd prime.
._ 2p(4p—6+3V/3)
Let x:= @p—3v3)?
Let [0, oo[[STp] denote the set of all functions of the form x : [31p] — [0, 00|,
i—x(7).

[[3Tp]

For any x,y € [0, 00 , we define

s(x) =Y (i —2)x(i),

i€[37p]

boundy (x,y) == Y (max(6ij — 12p, 6ij — 12i — 125 + 24)x(i)y(4)),
1,j€[31p]

bounds(x,y) := Y (max(5ij — 12p, 5ij — 12i — 125 + 36)x(i)y(j)).-
1,j€[31p]

LEMMA A.1.2. With Notation A.1.1, % <kK.

. . 2 2, 2(2=v3)p(p—3)
Proof. Tt is straightforward to check that pr1 < p—_"l + oD (@31 73)
2p(4p—6+3v3)

@p—3+v3)E =

The purpose of this appendix is to show that, for all x,y € [0, oo[mp],

min(bounds(x,y), bounds(x,y)) < 3xs(x)s(y).

If s(x) =0 or s(y) =0, then the inequality is easily seen to be true. For
most of the argument, we shall think of x and s(y) as fixed.

A.2. Keeping x and s(y) fixed

NotAaTION A.2.1. Let Notation A.1.1 hold.

We fix s € ]0,00[ and x € [0, 00?17,

Let A:={y¢€ [0,00[[3“’] : s(y) =s}.

Let bounds(—): A — [0,00[, y — bounda(x,y), and similarly for
boundsz(—).

For each j € [31p], we define

S
Yi-: [3Tp] - [0,00[, mi— 5j,7nj_72-
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Then {y; | j € [3Tp]} is the set of vertices of the simplex A.

REMARKS A.2.2. Let Notation A.2.1 hold.

Let 5 € [37p)].
We find that
(A.2.1) bounds(y,) = - i2 Z max(6ij — 12p, 615 — 12 — 125 + 24)x(i),
1€[37p]
(A.2.2) bounds(y;) = - 5 Z max(5ij — 12p, 5ij — 120 — 125 + 36)x(1).
1€[31p]

We then have two expressions for % bounds (y;):

j—2

(A-2.3) = bounda(y;) = > (6ig — 120 — 125 4 24)x(i)
i€31(p—(-1))]
+ > (6i — 12p)x(i)
i€l(p—(j-2))17)
and
(A2.4) 1= 2 bounds (y ) = > (6ig — 120 — 125 4 24)x(i)
S

i€[37(p—(5—2))]

+ > (60 — 12p)x(i).

i€[(p—(—3))Tp]
Putting j =p—1 in (A.2.3), we see that
p—3

(A.2.5) bounds (y,—1) = > (6ip — 6i — 12p)x(i).
1€[37p]

Putting j =3 in (A.2.4), we see that

1
(A.2.6) ~ bounds (ys) = D> (60— 12)x(i) + 6px(p)
i€[31(p—1)]
= ) (60— 12+ 5;,12)x(i).
1€[37p]

Similarly, we have two expressions for % bounds(y;):

i—2

(A2.7) ? — bounds(y;) = ST (5ij — 120 — 125 + 36)x(i)
i€31(p—(5-2))]
+ > (i — 12p)x(i)

i€[(p—(F—3))Tp]
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and

(A.2.8)

—2 bounds(y;) = > (Big —12i— 125 4 36)x(i)
i€[31(p—(j—3))]
+ Y (5ij — 12p)x(i).
i€l(p—(—4))1]
Putting j =3 in (A.2.8), we see that

(A.2.9) —bound3 (¥3) Z 3ix(1
i€[37p]

LEMMA A.2.3. Let Notation A.1.1 hold. Then at least one of the following
holds.

(A.2.10a) bounds(x,y) < 6pls(x)s(y) < 3ks(x)s(y).
p—

(A2.10b)  (p—3)x(3) > Z (pi —4p+1i)x(i), and, hence, p>5.
i€[41p]

Proof. Suppose that (A.2.10b) fails. We shall verify that (A.2.10a) holds.

The second inequality in (A.2.10a) holds by Lemma A.1.2.

Let Notation A.2.1 hold.

By linearity, it suffices to show that, for each j € [31p], %s(x)s -
bounds(y;) is non-negative.

Using the definition of s(x) together with (A.2.9), we find that

p;l( 6p s(x)s—bound3(}’3)> = Z 6p(i —2)x Z (p — 1)3ix(7)

-1
5 O\P i€[31] i€[31)

Z 3(pi — 4dp + i)x(i),

i€[37p]

and this is nonnegative since (A.2.10b) fails.
Suppose that j € [41p], and, hence, that p > 5. Using the definition of s(x)
together with (A.2.8), we find that

A —

Z 6(j — 2)p(i — 2)x(7)

i€[31p]
- > (p—1)(5ij — 120 — 125 4 36)x(i)
i€[31(p—(j-3))]

- > (p—1)(5ij — 12p)x(i)

i€[(p—(i—4))Tp]
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= > (pij —12p+5ij — 12i — 12 + 36)x(i)
i€[31(p—(j—3))]
+ ST (pig +5ij — 12pi — 12pj + 12p* + 12p)x(i)
1€[(p—(j—4))1p]

= D (P =12+ +46 - 3)( - 3))x()

i€[31(p—(3—3))]
> (e-9E-26-2)
i€[(p—(j—4))Tp]
+10(p+1—-0)(p+1—4)+2(p—1)(p—5))x(i).
This is nonnegative and (A.2.10a) holds. O

LEMMA A.2.4. Let Notation A.2.1 hold.
Let j,j' € [3Tp]. If j <j’, then bounds(y;) < bounds(y;).

Proof. 1t follows from (A.2.1) that %bougdg (y;) = 6 Dic[31p max(i— 25:?,
i — 2)x(7). Since j < j’, we see that —2;’%; < —2]?3:12, and, hence, max(i —
2p—2i

i~ 2) <max(i — 22]?3:2; ,i —2). The result follows. O

LEMMA A.2.5. Let Notation A.2.1 hold.
If (A.2.10b) holds, then, for all j € [41p], bounds(y;) < bounds(ys).
Proof. Using (A.2.8) and (A.2.9), we find that

j—2

(bounds(ys) — bounds(y;))

= ) 3i(j —2)x() - > (5ig —12i— 125 4 36)x(i)

1€[31p] i€[31(p—(3—3))]

- Y (5ij—12p)x(i)

i€[(p—(i—4)1p]
= > (=2ij +6i + 12 — 36)x(i)
i€[31(p—(j-3))]
+ > (=26 —6i+12p)x(i)
i€l(p—(j—4)17)
=(6j—18)x(3)+ > (—2ij+6i+ 125 — 36)x(i)
i€[41(p—(j—3))]
+ > (=205 — 6i+ 12p)x(i)
i€((p—(j—4)17]

67 — 18
; — Z (pi —4dp+i)x(i)
i€[4Tp]

>
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+ > (—2ij+6i + 125 — 36)x(i)
i€[47(p—(3—3))]

+ Z (—2ij — 66+ 12p)x (i) since (A.2.10b) holds
i€[(p—(5—4))1p]

1 . . .
:pT?)( Z ((65 — 18)(pi — 4p +1)
i€[47(p—(5—3))]

+ (p — 3)(—2ij + 6i + 125 — 36))x(i)

+ Z ((65 — 18)(pi —4p+1i) + (p — 3)(—2ij —6i+12p))x(i))
i€l(p—(G—9)1p]
1

:Tg( > (125 + 4pij — 12pi

P79 Nieuro—-3))

—36i — 365 — 12pj + 36p + 108)x(7)

+ Z (12p* — 24pi + 4pij — 24pj + 36p + 12ij)x(i)>
i€[(p—(i—4)1p]

1 _ ‘ .
— (X ateni-au -6

—3
P9 Nicuto—(j-3))]

LY Upli-3)G -3+ 12— i) j))x(z’))
i€[(p—(5—4))1p]
>0. O

LEMMA A.2.6. Let Notation A.2.1 hold. If (A.2.10b) holds, then
bounds(y3) < bounds(ys).

Proof. We have

l(bounds (y3) — bounds(ys))
= Y Bix(i)— Y (6i—12408;,12)x(i) by (A.2.6) and (A.2.9)

i€[31p] i€[37p]
=3x(3)+ D B(—i+4—04)x(i)
i€[41p]
> Z-e%;p] %(pi —4p +1i)x(i)
+ Z —i+4—0;,4)x(7) since (A.2.10b) holds
i€[47p]
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3 o | |
i€[41p]
- | — 4Ap 40— pi +4p — 4pb; p + 3i — 12 +128; ,)x(i
=55 D (i i pidp— 4pSiy + 31— 124 126,,)x(0)
i€[47p]
12
=5 2. (i-3x(0)
i€[41(p—1)]
>0. O
LEMMA A.2.7. Let Notation A.2.1 hold. For all j € [4]p], bounds(y,) <

bounds (y;).

Proof. By (A.2.4) and (A.2.7), we see that %(boundg(yj) —bounds(y;))
is equal to ;31— (j—2y) (05 — 12)X(8) + 22— (j—3))1p) 9% (¢) which is non-
negative. O

LEMMA A.2.8. Let Notation A.2.1 hold.

If (A.2.10b) holds, then bounda(y,_1) < -2 s(x)s < 3ks(x)s.

p—1
Proof. The second inequality follows from Lemma A.1.2.
Using (A.2.5) together with the definition of s(x), we find that

(p — l)s(p - 3) (p6_p1 S(X)S — bounds (Yp1)>

> (6p(p —3)(i — 2) — (p — 1)(6ip — 6i — 12p))x(i)

i€[31p]

= Y (6p(pi —3i — 2p +6) — (6ip* — 6ip — 12p — Gip + 6i + 12p))x(i)
i€[31p]

= Z (6ip* — 18pi — 12p* + 36p — 6ip® + 6ip + 12p* + 6ip — 61 — 12p)x (i)
i€[317p]

= Y 6(—ip+4p—i)x(i)
i€[31p]

which is positive since (A.2.10b) holds. O

LEMMA A.2.9. Let Notation A.2.1 hold. Then at least one of the following
holds:

(A.2.11a)  For all y € A,min(boundz(y), bounds(y)) < 3xs(x)s.

p > 5 and their erists some point y s ,) € A with the
following properties:
(A.2.11b) (1) forall j€[41(p—1)], y3,» (1) =0,
(ii) boundz(y(s,p)) = bounds(y(s,p))
(iii) for all y € A, min(bounda(y),bounds(y)) <
bounds(y (s,)) = bounds(y(s,p))-
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Proof. By Lemma A.2.3, we may assume that (A.2.10b) holds.

Consider any j € [41p].

It follows from Lemmas A.2.6 and A.2.7 that in traveling along the oriented
line segment [ys,y;] in A, bounds starts strictly below bounds and ends above
bounds. Hence, bound, and bounds agree at a unique point y(s ;) of [ys3,y;].
Notice that min(boundy, bounds) agrees with bounds; on [ys,y (s ;)] and with
bounds on [y (s jy,¥;]-

It follows from Lemma A.2.4 that bound, increases in traveling along
[ys,¥;); and hence min(bounds, bounds) increases in travelling along [ys,
Y.)l-

It follows from Lemma A.2.5 that bounds decreases in traveling along
[y3 ¥;], and hence min(bounds, bounds) decreases in travelling along [y (s,
¥il-

Hence, on [ys,y;], min(bounds,bounds) achieves a maximum value at
Y(3.4)-

(Pi)y linearity, there exists some jo € [47p] such that the maximum value
achieved by min(boundy,bounds) on all of A is bounds(y(sj,)) =
boundg(y(g’jo)).

If jo = p, then (A.2.11b) holds.

Thus, we may assume that jo € [47(p — 1)].

It follows from Lemma A.2.4 that bounds(y;,) < bounds(y,—1), and it
follows from Lemma A.2.8 that bounds(y,—1) < 3ks(x)s. Thus,

bounda(y (s, j,)) < bounda(y;,) < bounds(y,—1) < 3ks(x)s,
and (A.2.11a) holds. O

A.3. Proof of the inequality

THEOREM A.3.1. Let Notation A.1.1 hold. Then, for all x,y € [0700[[3“)],
min(bounds(x,y), bounds(x,y)) < 3xs(x)s(y).

Proof. We may assume that s(x) >0 and s(y) > 0.

If (x,y) is a counter-example then, by Lemma A.2.9, p > 5 and we can fix x
and s(y) and alter y to arrange that, for all j € [4T(p—1)], ¥(j) =0, and (x,y)
is still a counter-example. By the left-right dual of Lemma A.2.9, we can then
fix y and s(x) and alter x to arrange that, for all i € [417(p — 1)], x(¢) =0 and
bounds(x,y) = bounds(x,y), and (x,y) is still a counter-example.

Thus, we are left with four variables x(3), x(p), y(3), y(p) in [0, oo[ subject
to bounds(x,y) = bounds(x,y), where

bounds (x,y) = 6x(3)y(3) + 6px(3)y (p) + 6px(p)y (3) + 6p(p — 2)x(p)y (p),
bounds(x,y) = 9x(3)y(3) + 3px(3)y (p) + 3px(p)y (3) + p(5p — 12)x(p)y(p).
Taking the difference, we find that
(A.3.1) p*x(p)y(p) + 3px(3)y(p) + 3px(p)y(3) — 3x(3)y(3) = 0.
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Also, s(x) =x(3) + (p—2)x(p) >0 and s(y) =y(3) + (p — 2)y(p) > 0.
Define

x(p)

X (x):=2(2p* — 6p+ 3)@ —3(p—1),
Y (y) :=2(2p* — 6p + 3)% —3(p—1).

It is not difficult to show that X (x)s(x) =p(p — 3)x(p) — 3(p — 1)x(3).
Straightforward calculations show that

(3" = X(x)Y (y))s(x)s(y)
=3p°s(x)s(y) — X (x)s(x)Y (y)s(y)
=3p*(x(3) + (p— 2)x(p)) (y(3) + (p — 2)y(p))
— (p(p = 3)x(p) = 3(p — 1)x(3)) (p(p — 3)y (p) — 3(p — y(3))
= (2p* — 6p° + 3p*)x(p)y(p)
+ (6p* — 18p” + 9p) (x(3)y (p) + x(p)y(3)) + (—6p* + 18p — 9)x(3)y(3)
= (2p* — 6p + 3) (p*x(p)y (p) + 3px(3)y(p) + 3px(p)y(3) — 3x(3)y(3))
=0 by (A.3.1).
It follows that X (x)Y (y) = 3p?
Since (X(x) +Y(y))* = (X (X) —Y(y))? +4X(x)Y (y) > 4X (%)Y (
12p?, we see that | X (x) + Y (y)| > 2pV/3.
Since (p — 2)x(p) < s(x), we see that g((xg < -1 and X(x) < p(pp:;) <2,

It follows that X (x) + Y (y) < 3p < 2pV/3. Hence X( )+ Y(y) < —2pV3.
Further straightforward calculations show that

35(x)s(y) (—(p—2)X(X)Y (y) + (p* — 3p) (X (x) + Y(y))
+8p* — 33p® + 36p* — 9p)
=6p(p — 2)(2p° — 6p+3)*x(p)y (p)
+6p(2p° — 6p + 3)* (x(3)y (p) + x(p)y(3)) + 6(2p* — 6p+ 3)*x(3)y(3)
= (2p? — 6p + 3)? bounda(x,y).

) =

<

Hence,

bounds (x,y)

3s(x)s(y)

—(p=2)XY + (p* = 3p)(X +Y) + 8p" —33p° + 36p> — 9p
—(p 2)(3p°) + (p* — 3p)(—2pV/3) + 8p* — 33p” + 36p> — 9p
8p* — 2p>V/3 — 36p° + 6p>V/3 4 42p* — 9p.

(2p® — 6p+3)*

I IA ||
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Thus,
bounds (x,y) < 8p* — 2p° /3 — 36p> + 6p3/3 + 42p% — 9p
3s(x)s(y) (2p? — 6p+ 3)?
_ 3p(4p—6+3V3)(2p -3 V3)?
H2p—3+ V32— 3 V3)?
 2p(4p—6+3v/3)
(2p —3++/3)2
= K/,
expressed in factors that are linear in p. This completes the argument. O
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