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INSTABILITY OF STANDING WAVES TO THE
INHOMOGENEOUS NONLINEAR SCHRODINGER
EQUATION WITH HARMONIC POTENTIAL

JIANQING CHEN AND YUE LIU

ABSTRACT. We study the instability of standing-wave solutions
"¢, () to the inhomogeneous nonlinear Schrédinger equation

. 2 b -1 N
ipe=—LDp+zl o —|z’|o[P "y, zERT,

where b > 0 and ¢,, is a ground-state solution. The results of the

instability of standing-wave solutions reveal a balance between

the frequency w of wave and the power of nonlinearity p for any
fixed b> 0.

1. Introduction

Considered here is the nonlinear Schrodinger equation with harmonic po-
tential and inhomogeneous nonlinearity (INLS-equation henceforth)

(1.1) ipr = —Do+ |z — |z|’lofP Mo, zeRN, >0,
with the initial profile

where ¢ = ¢(x,t) : RN x Ry — C is a complex-valued function, N >2, A =
2
Zj.vzl%,p>1 and b> 0.
J
Equation (1.1) is a model from various physical contexts in the description
of nonlinear waves such as propagation of a laser beam and plasma waves.
For example, when b= 0, it models the magnetic confining trap in the study
of the Bose-Einstein condensates (BEC). With b > 0 on the inhomogeneous
nonlinearity, it can be thought of as modeling inhomogeneities in the medium.
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The nonlinearity enters due to the effect of changes in the field intensity
on the wave propagation characteristics of the medium and the nonlinear
weight can be looked as the proportional to the electron density (see [1], [16],
[19], [26], [27]). The nonlinearity in the inhomogeneous medium usually can
be considered in the form of f(z,|¢|?)e in general, where f(z,|p|?) is the
nonlinear index of refraction which depends on the medium. Berge [4] also
studied formally the stability condition for soliton solutions depending on
the shape of f(z,|¢|?). In our case, we assume that the preliminary laser
beam creates a situation that the nonlinear index of refraction has the form
V(|z])|e[P~! with V(|z|) could be unbounded. In particular, V(|z|) = |=|®
with b > 0.

The goal of this paper is to derive conditions on w, p, and b for orbital insta-
bility of standing-wave solutions !¢, (x). This type of problem goes back to
the works [3], [7], [28] which were concerned only with autonomous versions of
Equation (1.1). The autonomous cases are simpler because of the possibility
to use dilation invariances. Subsequently, there had been several works for
the NLS-equation with harmonic potential (for example, see [13], [24]) with
the autonomous nonlinearity and also constant potential but nonautonomous
(inhomogeneous in this paper) nonlinearities (see [10], [12], [14], [15], [18],
[20]). The present paper is the first one to combine these two cases.

A crucial ingredient to obtain the instability result is the use of a new
Gagliardo—Nirenberg type inequality in Lemma 1.1, and it is possible to have
more applications to other more general nonlinearities.

To study the INLS-equation, an important issue that is often related to
whether or not global existence obtains for arbitrary classes of initial data is
the stability of the standing-wave solutions e’“!¢(z) of Equation (1.1), where
the localized functions ¢ are called ground-state solutions of Equation (1.6).
The orbital and asymptotic stability of these special solutions have been a
central theme of development for more than three decades (cf. [2], [5], [7],
[17], [25], [28], etc.). For example, when b =0, the Cauchy problem (1.1)—
(1.2) and the issue of stability of standing waves of the INLS-equation have
been studied extensively (cf. [6], [13], [22], [24]). For inhomogeneous nonlinear
Schrédinger equation without potential, i.e.,

(1.3) i<pt+A<p+K(x)|ga|p71<p:0, zeRN,

Fibich, Liu, and Wang ([12], [20]) have proved the stability and instabil-
ity of standing waves of Equation (1.3) for p > 1+ 4/N and K(e|z|) with ¢
small and K € C*(R™) N L>®(RY). Merle [21] also showed the existence and
nonexistence of blow-up solutions of (1.3) for the critical power p =1+ %.
On the other hand, based on Hardy inequality, Fukuizumi and Ohta [14] ob-
tained the result of the instability of standing-wave solutions e™“!¢,,(z) of
Equation (1.3) for a small w > 0 when the inhomogeneity K of nonlinear-
ity behaves like |z|~° at infinity with 0 < b < 2. It was shown in [14] that if
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14+(4—-2b)/N<p<1l+(4—2b)/(N —2),N >3, then the standing-wave so-
lutions e“!¢,,(z) of Equation (1.3) are orbital unstable for a sufficiently small
w > 0.

More recently, for K that decays at infinity like |2|~° for some b € (0,2),
de Bouard and Fukuizumi [10] use minimization on the Nehari manifold and
Jeanjean and Le Coz [18] use a version of the mountain pass theorem to estab-
lished the stability of the standing-wave solutions e’“!¢,,(x) of Equation (1.3)
for a small w >0 when 1 <p <14 (4—2b)/N. These stability and instabil-
ity results ([10], [14], [18]) are also obtained and improved by Genoud and
Stuart [15] through an implicit function theorem to obtain the continuous de-
pendence of the solution ¢, on the small w > 0. However, little is known for
the inhomogeneous nonlinear Schrédinger equation (1.1) mainly due to the
unbounded coefficient |z|?,b > 0 in the nonlinearity.

Recently, we established an improved inequality of Gagliardo—Nirenberg
type interpolation (see [9, Theorem 2.3]) to study the Cauchy problem and
the existence of standing-wave solutions of the INLS-equation in the case of
b> 0. More precisely, let N >2 and H}(RY) = {ue H{(RY); u(z) = u(|z|)}.
Define

5= {ue HE)ue) = ulol). [ leulo) < +o0}.
Then ¥ endowed with the inner product
(u,v)s, = R/(Vuw + || 2u 4 uo)
is a Hilbert space whose norm is denoted by
Jull2 = / (IVuf2 + [ 2lul? + [uf?).

Define

N+2 2b .
.yt iEN23,
+o0, it N =2.

The following improved inequality of Gagliardo—Nirenberg type interpolation
is crucial to establish the existence of the standing-wave solutions for Equa-
tion (1.1). We leave the proof of this inequality in the Appendix.

LEMMA 1.1. Assume that N >2,b>0 and 1+ % <p<p. Then there is
a constant C > 0 depending only on N,p, and b such that for any v € H}(RN),

N(p—1)—2b 2(p+1)—(N(p—1)—2b)
i

Jutr<e(fivar) (1)

Using this inequality, one can also obtain [9, Proposition 3.1] the local
existence of the Cauchy problem (1.1) and (1.2) in X.
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PROPOSITION 1.2. Let N >2, b>0 and 1+ 2b/(N —1)<p<p. For
any po € X, there is a T =T (||pollz) > 0 and a unique solution ¢ of (1.1)
with ¢ € C([0,T),X) and ¢(0) = . Moreover, we have the conserved particle
number

(1.4) [1e#= [ 1o

and the conserved energy

1
(15)  Bl)= [(9eP +lafle) - = [lal'lel* = Blwo)
for allt €10,T), where either T = +oo or T < 400 and limy_,p- ||¢|ls = +oc.

The main purpose of the present paper is to determine w, b, and p such
that the standing-wave solutions e™¢(z) of INLS-equation are unstable in 3.
Our results reveal that there is a balance among the frequency w, parame-
ter b related to the unbounded inhomogeneity and the power of nonlinearity
p when the instability of standing waves is concerned. We emphasize that
the arguments used in [13], [14] cannot be used here due to the unbounded
coefficient |z|® in the nonlinearity.

By a standing wave, we mean a solution of (1.1) with the form

@($,t> = 6iwt¢w(z)7
where w € R is a given parameter and ¢, is a ground-state solution of the
following stationary problem

{—A¢+w¢ + |20 = |27~ g,

(16) zeRN, pEY, d 0.

Before stating the main results, we introduce several notations:
1
(A7) Lo = [(FuP 4l + o)~ g [lalup

(18)  Lufw)= [(Vu+ faPluf + oluf - |x|b\u|p+1>,

(1.9) S, ={ue;u#0,—Au+wu+ |z|?u=|z/uP " u}
and
(1.10) G,={ueS,;L,(u) <L,(v) for all v e S, }.

An element in G, is often referred to as a ground state of (1.6), since
it minimizes the action L, (u) on S,. Please note that with the help of
Lemma 1.1, the functional L, and I, are well defined on X. It is shown
[9, Theorem 4.2] by Lemma 1.1 that G, is not empty for any w > 0. More
precisely, defining the following minimization problem

dw) =inf{L,(u);u#0,ue X, I,(u) =0},
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then we have the following lemma.

LEMMA 1.3 ([9, Theorem 4.2]). Assume w >0, N>2 and b>0. If 1 +
2b/(N — 1) <p < p, then d(w) >0 and d(w) is achieved by a ground-state
solution ¢ of Equation (1.6).

REMARK. Note that the issue of uniqueness of a ground state is open for
this equation in the case of b > 0. The frequencies w could be negative due to
the harmonic potential [13] as far as the existence of ground state is concerned,
see also [11] for related result.

DEFINITION 1.4. We say that the standing wave e“!¢,, is stable if for any
g > 0 there exists § > 0 with the following property: if @g € X and ||¢g —
¢w||2 < 67 then

S inf t) —e'? <sg,
OS?EOO;QRH@() e oz

where (t) is a solution of (1.1) with p(0) = ¢g. Otherwise, e™“!¢,, is said to
be unstable.

The main results of the present paper may now be enunciated.

THEOREM 1.5. Let N > 2, b >0 and po(N) = (N? + 2Nb + 4 +
4v/N2 + Nb+1)/N2. If1+2b/(N —1) <p<p and po(N) < p < p, then the
standing wave €“'¢,, is unstable for all w € (0,+00), where ¢,, is the ground
state solution of Equation (1.6).

Note that po(N) does not seem optimal, since po(N) > 1+ (4 +2b)/N. In
fact, without harmonic potential, the exponent 1+ (4 + 2b)/N is optimal [8].
We next have the following theorem.

THEOREM 1.6. Let N > 2, b>0 and max{1+2b/(N —1),14+(442b)/N} <
p < p. There is w, >0 such that for any w € (w«, +00), the standing wave
et is unstable for all w € (wy,+00), where ¢,, is the ground state solution
of Equation (1.6).

The plan of this paper is as follows. In Section 2, the properties of the
ground-state solutions ¢, are described. The main results of the paper are
also stated to give focus to the technical developments which follow the general
idea of [23] in Section 3 and Section 4, where instabilities are established.

NOTATION. As above and henceforth, we denote the norm of the space
LI(R™) by |- ]¢,1 < ¢ < oo and denote the integral [,y dz simply by [ unless
stated otherwise. We also denote various positive constants by C.

2. Ground-state solutions

In this section, we will give some properties of the ground-state solutions
¢, of Equation (1.6).
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LEMMA 2.1. Let ¢, € G,, N >2,b>0 and max{1+2b/(N —1),1+ (4 +
2b)/N} < p<p. Then we have that

(1) /|gv|b|qbw|erl :inf{/|xb|v|p+1;v7é0,v62,[w(v) :0}
:inf{/|xb|v|p+1;v;«é07v62,lw(v) <O};
@) Lo(6.) —inf{m); ves, [P = [ x|b|¢w|f°“}.

REMARK. When b= 0, similar results have been proved in [13]. But when
b> 0, the use of Lemma 1.1 (the improved inequality of Gagliardo—Nirenberg
interpolation) is essential. Without Lemma 1.1, the functionals in Lemma 2.1
may not be well defined.

Proof of Lemma 2.1. (1) Since Ly, (v) = $1,(v) + 2&;:1) [ z|Plv[P+L, we see
that

d(w) = inf{L,(v);v#0,ve X, I,(v) =0}
. p—1 by, (p+1. _
_mf{Q(p—i—l)/m [P0 #0,ve X, [,(v)=0,.
Since ¢, € S,,, we know from Equation (1.6) that I, (¢, ) =0. That is

/ (VP + 216wl + wldul?) = / 2P|l

Lemma 1.3 implies that d(w) = L, (¢,,). Therefore,

4) = Lo() = 5o [ lalloulr.

Define

-1
dl(w):inf{2é;+1) /|x\b|v|p+1; U#O,UGZ,IW(U)SO}.

Clearly, d; (w) < d(w). It remains to prove that d(w) < d;(w). Indeed, for any
v#0 and I,(v) <0, A> 0, we have that

I(w) = A2 (/(|W|2 12l + w]of2) — AP / |xb|v|p+1).

Since p > 1, we have that I(Av) — I(v) <0 as A— 1 and I(Av) >0 for A >0
and A sufficiently small. Therefore, there is A\g € (0,1) such that I,(Agv) =0.
Hence,

p—1 p—1
4) < Luo) = 5o [laPlol ™ < 2 [laltlop .

It then follows that d(w) < dj(w). This completes the proof of (1).
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(2) We also define

d2<w>=inf{Lw<v>;vez, [rattor= [ |xb|¢w|p“}.

Since ds(w) < L, (¢.,), it suffices to prove that L,(¢,) < ds(w). For any v
satisfying [ |z[°|v[P! = [ |z[°|¢,[PT!, we claim that I,(v) > 0. Indeed, since
JlzPloPtt = [z]°|¢u|PT, v#0. If I,(v) <0, then similar to those in the
proof of (1), we obtain a A; € (0,1) such that I,(Av) =0. Using the first
equality of (1), we have that

/ 2l < / 2P APt = AP+ / 2Pl = AP+ / 2|7+,

This is impossible because of A; € (0,1) and p > 1. The claim is proved.
Therefore,

1 p—1 b
L,(v)= =1, —_— p+l
) =510+ 3077 / 2" o]

-1
> o7 [lallol
2(p+1)
D — 1 b p+1
= w = Lu(¢u )
st [ lallo.d (6.)
which implies that
dQ(W) > Lw(d)w)
This completes the proof of (2). O

As in [13], [14], [23], we introduce the following notations.
vMz) = )\%U(/\CL'), A>0,vel,
N;s(¢w) = {v;inf{|lv — eo.lls; 0 R} < 6}, 6>0,
and
N(p—-1)—2b
v) = V|2 = |z |v]? = ————— |zl |oPtt ), wvex.
Q)= [ (90 = ool = FE= 2o
In dealing with the instability issues just raised, the following two lemmas

will be useful.

LEMMA 2.2. If B3E(¢))|a=1 <0, then there is positive constants €1 and
81 with the following property. for any v € N5, (dy) satisfying ||v]|3 = ||¢u |3,
there exists A(v) € (1 —e1,1+¢€1) such that

E(¢,) < E(v) + (A(v) —1)Q(v).

Proof. From the assumption 03E(¢})[a=1 < 0 and the continuity of
O3E(v*) in A and v, there exist 1 >0 and §; > 0 such that 93E(v}) <0
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for any A€ (1 —e1,1+¢;) and v € N5, (¢,). Since O\ E(v*)|a=1 = Q(v), the
Taylor expansion at A =1 gives
EWM<E®+A-1)Qw), Ae(l—e1,1+¢e1),vEN;s (¢o).
For any v € N, (¢) = {v;inf{|jv — ¥ ¢, |=;0 € R} < 61}, we put
2
M) = (LIEL1@al 1 Mo
Jlaltlofpt? '

Then we have [ |z|*|v* )P+ = ['|z]%|¢, [P+, and we can take &; small enough
such that A(v) € (1 —e1,1+¢&1). Furthermore, in view of (2) of Lemma 2.1, if
||'U||% = H¢w”%v we have

BAY) = L () = 0

> Lu(6.) = 119013 = B(@.).
Consequently, we have
E(6.) < B(v) + (Av) = 1)Q(v)
for any v € N, (6., satisfying [|o]3 = |63 O

DEFINITION. Let §; be the positive constant in Lemma 2.2 and let
A={v€N;, () E(v) < E(¢w), |vl3 = l¢]3,Q(v) < 0}.
For any g € N5, (dw), we define the exist time from Nj, (¢,,) by
T(po) = sup{T > 0;p(t) € N5, (¢),0 <t < T,
where ¢(t) is a solution of (1.1) with ¢(0) = ¢q.

LEMMA 2.3. If O3E(¢))|x=1 < 0, then for any ¢o € A, there exists eg =
go(po) >0 such that Q(p(t)) < —eo for 0 <t <T(pp).

Proof. Take pg € A and put e3 = E(¢,,) — E(po) > 0. In view of Lemma 2.2
and the conserved identities, we have

(2.1) &2 < (Me(t) = 1)Qe(1), 0=t <T(p0).

Therefore, we see that Q(p(t)) #0 for 0 <t < T(gp). Since the function ¢ +—
Q(¢(t)) is continuous and Q(pp) < 0, we have Q(p(t)) <0 for 0 <t < T(pp).
Now using Lemmas 2.2 and (2.1), we obtain that

€2 €2
—Q(p(t)) > T((p(t)) > g, 0<t<T (o).

So putting €9 = e2/€1, we have Q(¢(t)) < —¢p for 0 <t <T'(pg). The proof of
Lemma 2.3 is complete. O
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3. Proof of Theorem 1.5

In this section, we will prove Theorem 1.5. The idea is originated from Ohta
[23]. More precisely, we will determine w and p such that 03 E(¢}})|x=1 <0,
where ¢,, is the ground state solution of (1.6). The proof of Theorem 1.5 is
approached via the following two lemmas.

LEMMA 3.1. Let ¢, be the ground-state solution of (1.6). If N>2,b>0
and max{1+2b/(N —1),14 (44+2b)/N} <p < p, then

20+ 1)+ (N(p—1) — 2b)
3 Voul* - 2|2 > 0.
@0 1ol - S T J e >

Proof. Since ¢, is the ground-state solution of (1.6), I,(¢,) =0 and
Q(éw) =0. From Q(¢.) =0, we get that

62 [l = 200 [0 - leioup)

It is deduced from (3.2) and I,,(¢.) =0 that

(3.3) (1— %) /|V¢w|2+ (1+%) /Ix\2|¢w|2

+w/|¢>wl2=

As w > 0, the assumption on p implies that
2(p+1)+ (N (P_l)_2b)/ 20, 12
v¢w 2 x ¢w > 0.
J v - S (== ] e
This completes the proof of Lemma 3.1. 0

LEMMA 3.2. Let N >2 and b>0. If po(N)<p<p and 1+ 2b/(N —1) <
p < p, then for any w >0,

OE(¢)a=1 <0
Proof. Denote R(¢,,) = 0?E(¢))|x=1. Then

54 R - | (|v¢w|2+3|x2|¢w|2

(N(p—1) —20)(N(p—1) —2b—2) pt1
- als o).
Since Q(¢)) =0, (3.2) and (3.4) yield that
6 )= (1- TENERE2) fvap

+ (34 TEZUERZ2) [ 2
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Or, what is the same,

I O

N(p—1)—2b+4
< [ (1vouP - S oyl Plou )

As p>po(N)>1+ (44 2b)/N, an elementary computation yields

N({p-1)—2b+4 < 2(p+ 1)+ (N(p—1) —2b)

Np—-1)—2b—4~ 2(p+1)—(N(p—1)—2b)’

It now follows from (3.1) and the inequality 4 — (N(p — 1) — 2b) < 0 that
R(¢u) = 3B(65)Ix=1 <0

as claimed. 0

(3.7)

Proof of Theorem 1.5. Since ¢,, is the ground state solution of (1.6), it
is found from Lemma 3.2 that Q(d,) = O\E(¢))|x=1 =0, 93 E(¢))[r=1 < 0.
Since Q(¢,,) = AE(¢)), we have E(¢)) < E(¢,) and Q(¢)) <0 for A > 1
sufficiently close to 1. Furthermore, since ||¢}]|2 = [|d. |3 and limy_; ||¢ —
bu|ls =0, we have ¢} € A for A\ > 1 sufficiently close to 1. Let o, (t) be the
solution of Equation (1.1) with ¢, (0) = ¢. Note that |z|¢)(z) € L2(RY), we
obtain from Proposition A.3 (see the Appendix) that

(55) L eI =5Qen(0). <t <T(e),

It then follows from Lemma 2.3 that there is £, > 0 such that

(3.9) Qlpa(t) < —ex, 0<E<T(S)):

It is now concluded from (3.8) and (3.9) that T(¢))) < +oco. The proof of
Theorem 1.5 is complete. O

4. Proof of Theorem 1.6

Theorem 1.5 seems satisfactory since we got the instability of standing-
wave solutions for any w > 0. However, we need the nonlinear growth slightly
large, i.e., po(N) < p < p. As we have pointed out in the introduction, po(N) >
14 (442b)/N and po(N) does not seem optimal. On the other hand, for the
inhomogeneous nonlinear Schrédinger equation without potential

(4.1) ipr=—0Dp — |z’ e, xRN,

it is known that 1+ (44 2b)/N is optimal. Namely, for all w >0, if 1 <p<
14 (4+2b)/N, then all the standing waves are stable; and if p > 1+ (4+2b) /N,
then all the standing waves are unstable, see [8]. To obtain the optimal result
of the instability of standing waves e™“!¢,,(z) of Equation (1.1), we need to
find a balance between the frequency w and the nonlinear growth p for any
fixed b > 0. Our next purpose is to prove that if 14 (4+2b)/N < p < p, then a
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sufficient large w > 0, the standing waves e'“!¢,,(z) are unstable, where ¢,,(2)
are the ground-state solutions of (1.6). Define the rescaled function ¢, (z) as
follows:

(4.2) bu(z) = WA (Vwz), w>0.
Then ¢, (z) satisfies
(43) ~Do+g+w 2o =2l o] e, &€ H(RY).

Moreover, ¢,,(z) are the ground-state solutions of Equation (4.3).
Let 11 () be the ground-state solution of

(4.4) —Dp+o=lzl'|opP e, ¢ HIRN).
Define

I,(v) = /(IVU\2 + w2l + o] = |2]°[v[P )
and

1) = [ (V0P +1of? = faPlol?*).

It is observed from Lemma 1.1 that I, is well defined on ¥ and I? is well
defined on H}(RY). Moreover, we have the following lemma.

LEMMA 4.1. Let N >2,b>0 and 1+2b/(N—1) <p < p. Assume ¢, € G,,,
bo () is the rescaled function defined by (4.2) and 1 (x) is the ground-state
solution of Equation (4.4). Then we have

i [ fa3.074 = [ Jalin]?
w—00
(i)  lim IY(¢,) =0,
w—00
(i) lim [[golFy =¢allE.  and
(iv)  lim w’2/|x|2|q~5w\2:0

Proof. (i) First, we claim that for any p > 1 there exists w(u) > 0 such
that I, (p3h1) <0 and I (ué,,) < 0 hold for any w € (w(p), +00). Indeed, from
I,(¢,)=0, that is

/(|VéW|2 +w_2|x|2|¢~5w|2 + |¢~5w|2 - |$|b|¢;w|p+1) =0,
we have that

(45) p 20 (uds) = / (VG +16ul?) — o / PUEN

= [l - 7 =) [ fala.lrt <o

—
~—
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for any p>1 and w > 0. Next, from I?(z)1) =0, i.e.,

Jawunf )= [ fallinf,
we know that for any p > 1,
(4.6) p2 Lo (i)
:/ (Ve + el foal? + il = el i)

o / 2?2 / PN

Since 17 is exponentially decay at infinity, we have that
w2 / |z|?[41]* = 0 as w — +oo.

Thus for any p > 1, there is w(u) > 0 such that for any w € (w(u), +00)

L (uah1) <0.

This completes the proof of the claim. ~
Secondly, from the proof of Lemma 2.1, we know that ¢, () is a minimizer

of

(4.7) inf{/|x|b|v|p+1;v#0,062,fw(7}) <o}
and v () is a minimizer of

(4.8) inf{/ lzPloPT 0 #£ 0,0 € HYRY), I (v) < O}.

It then follows from (4.7) and (4.8) that

/ 2| BulPH < / 2 [P+ = o+ / 2l [ [P

/ P [+ < / 2 P = ! / MUENSE

which imply that
1 -
T /|~T|b|¢1\p+l§/|x|b\¢w|p+1SMP+1/\$|b|¢1|p+la w € (w(p),+o0).

Since p > 1 is arbitrary, we conclude (i).
For (ii), by (4.5) with =1 and (i), we have that

19(B0) = —w2 / 221guf? <0 for any w > 0.

and

Since

P(0.) = A /|V¢w|2+|¢w Ap“/larl 137 >0
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for A > 0, sufficiently small, it follows that for any w > 0 there is u(w) € (0,1)
such that
B (n(w)éo) =0.

In particular,
lim sup p(w) < 1.

w——+00

On the other hand, it is found from the proof of Lemma 2.1 that

Jialttoartt < [laPlu@dn = uwytt [lailr,
which together with (i) implies that
b p+1

liminf p(w) > liminf M =

w—00 w—00 f|$|b|¢w|p+1
This in turn transpires that lim, . . p(w)=1. It is now deduced from
I} (4(w)¢w) = 0 that

lim Il (¢w) =Y.

Thus, we conclude (ii).
Next, from (i), (ii), and I{(¢)1) = 0, we have that

Jim By = tim [ JaPI3ul+ = [l =l
which yields (iii). o
Finally, it follows from (ii) and I, (¢.) =0 that
Jim w72 [ jafl3, =
which proves (iv). The proof of the lemma is complete. O

Proof of Theorem 1.6. In view of the proof of Theorem 1.5, it suffices to

prove that there exists w, > 0, such that for any w € (ws,+00),

2E(¢))|a=1 < 0. To this end, we firstly apply (3.4) and Q(¢,,) =0 to obtain
that

@9 Rl =4 [Pl DS

x (1— <N(p_1)2_2b_2)> /lwlbm\f’“-
/ 2P |gu 2 = with =¥ 1 / 12?13 ?

[lalttouptt o EEE Y [lapig s,

Since

and
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it follows that
[laloul? w2 [ a2l

JlaPloortt [ lafb|gy [P+

In view of (i) and (iv) of Lemma 4.1, we deduce that
[l=Plgul*

———— =0.
wotoo [ |z[*]y [Pt

In consequence, there is w, > 0 such that for all w € (wy, +00),
R(¢.) <0
because of 1 — (N(p—1) —2b—2)/2 < 0. That is for all w € (w., +00),
OE(92)|r=1 <0.

This completes the proof of Theorem 1.6. O

Appendix

In this section, we first give a detailed proof of Lemma 1.1. The following
two lemmas are useful.

LEMMA A.1 (Strauss’ inequality). Let N >2. For any u € H}, there is a
constant C >0 such that

A (2 ju(z)] < Ox (/ |u|2> % </ |Vu|2> e zeRY

LEMMA A.2 (Gagliardo—Nirenberg inequality). Let 1 < q < ¢*, where ¢* =

% when N > 3 and g* = 400 when N = 2. Then there is a positive constant

C such that for any u € H'(RY),

N(g—1) 2(g+1)=N(g—1)

a2 /u|q+1sc(/|w2) 4 (/W) ;

Proof of Lemma 1.1. By Lemma A.1, we have

(a3)  [laPlut = [ (ol 7 o) 05

D D
<ou( fur) ™ ([ wa)
X /|u|(p+1)_N2f1 .
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On the other hand, since 1+ =25 <p < p, we have that 1 <p— 2b

It is deduced from Lemma A.2 that

(A4) / | D~

T <q".

N(p— 22 -1) 2(p— T+ 1) -N(p— 225 -1)
4
el o) T ()
Since
b +N(p—N2—fl—1) Np—1)—2b
2(N —1) 4 4
and
b +2(p N1+1) N(prLfl*l)
2(N-1) 4
_2(p+1) - (N(p—1)—2b)
4 b
we obtain from (A.3) and (A.4) that
N(p=1)=2 2p 1) = (N (p=1)=20)

/|m| [P+ <C(/|Vu|2) </|u|2> O

Now, we are going to prove the following virial identity.
PROPOSITION A.3. Let ¢(t) € CH[0,T(¢0)),%) be a solution of Equa-
tion (1.1) with initial value p(0) = po(x) € . Then one has

(A5) L lae()B=8Q(p(1)), 0<t<T(g0).

Proof. We only prove Equation (A.5) formally. Since ¢ satisfies Equa-
tion (1.1), we have that

pr = i(Dp — |z + |2’ lP ).
Therefore,
d _ _
GO =2Re [ oo —atm [ @avy

and

S lee®I8 =11 [ (v + avio)

:4Im/@xV<p—4Im/gpt(N<ﬁ+xV¢)
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= —4Im/<pt(N<,5 +22Vp)

~ 4Re / (N + 20V ) (A — |2+ |2 [l 0).

Direct computations show that

Re/(N@+2xV¢)A<p: —2/|V<p|2;

Re / (N + 20V 9)|ef2p = —2 / 2ol

Re / (NG + 22V @)l ol

_N / / &P + Re / 2alal ooV
RN

2
- N / / ol ol ™+ = [ eV (o)

-~/ /|x| ol pH/w*l (NJal? +ba?)

N(p—-1)—2b
:'——7;17——— |||¢P+l

Therefore,

o1 =8( [ 170 - lafiof?) - TE_ D=2 [laplop)
= 5Q(p(1). 0
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