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This paper studies a time discretization for a doubly nonlinear parabolic equation related to the p(x)-Laplacian by using Euler-
forward scheme. We investigate existence, uniqueness, and stability questions and prove existence of the global compact attractor.

1. Introduction

The investigation of the asymptotic behavior for nonlinear
parabolic equations involving the so-called p-Laplacian oper-
ator has been addressed by several authors in the last decades,
in both bounded and unbounded domains, with constant or
variable exponents (see [1-8]). One way to treat this question
is to analyze the existence and structure (regularity and finite
or infinite dimensionality of the attractor generated by the
solutions of the governed equation (see [9]). The existence
of the global attractor for the related semigroup acting on
the natural weak energy space L”(Q) has been proved in
(7,10, 11].

In this paper, our goal is to study the time discretization
for a doubly nonlinear parabolic equation associated with
the p (x)-Laplacian, where in addition to usual questions of
existence, uniqueness, and stability of the solutions, we will be
concerned with the existence of absorbing sets and the global
attractor as well. The problem under consideration is of the
form

9B (w)

3 —Aput f(xt,u)=0 in Qx]0,00[,

u=0 on 0Q x]0,00[, @

ﬁ (u)|t:0 = ﬁ (uO)

where A yu = div(|[Vul’™Vu), p € C(Q) with 1 <
p(x) < +o0o, B is a nonlinearity of porous media type, f is

in Q.

a nonlinearity of reaction type, and Q) is an open bounded set
of RN with smooth boundary.

Existence results and qualitative properties concerning
the solutions of the continuous problem (1) and more general
problems have been obtained by many authors in the last
decade. We cote the papers [1-6, 12] and the references
therein.

Our motivation to study problem (1) is the fact that
it is considered in particular as a model of an important
class of non-Newtonian fluids which are well known as
electrorheological fluids (see [13]).

This paper is organized as follows: In Section 2, we give
some preliminaries and notation. In Section 3, we discretize
problem (1) by using Euler-forward scheme and obtain
existence, uniqueness, and stability results.

Finally, in Section 4 we show the existence of absorbing

sets in WOI’P (x)(Q) N L*(Q), which in turn ensures the
existence of a compact global attractor.

2. Preliminaries

We begin with a review of some basic results that will be
needed in the subsequent sections. The known results are
stated without proofs. We shall however provide references
where the proofs can be found.

We first introduce the space LF)(Q) and W**"(Q)) and
state some of their properties.
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Let Q stand for a regular open bounded set of RY and
p : Q —]1,+00[ be a measurable bounded function as a
variable exponent. Denote

p =ess ;relgf)p (x)
)
and p* = supinfp (x).
x€Q)
We define the variable exponent Lebesgue space LF*™)(Q2) by
P9 (@) = fus
u is a mesurable real-valued function, p,,) (1) (3)
= J [u (x) [P dx < oo} ,
Q
endowed with the Luxembourg norm

plx)
lull sy = inf {A > O,J < 1} ) (4)
Q

The following results can be found in [14-17].

ulx)

Lemma 1. Let p : Q —]1,+00[ be a measurable function
with1 < p~ < p(x) < p* < co. Then, we have

min {Pp(x) (u)l/‘if s Pp() (u)l/P } < "””P(x)
. . )
< max {py 07, pyiy @)}

for allu € LP™(Q).

Proposition 2. The space (Lp(x)(ﬂ),ll.llp(x)) is a separable,
uniform convex Banach space, and its conjugate space is
L19(Q), where 1/p(x) + 1/q(x) = 1. Moreover, for any u €
LPY(Q) and v € L19(Q), we have

1 1
d|s<—+—> Y. 6
UQ”” ot ) Wl Wl (6)

Let WP (Q) denote the space of measurable functions
u such that u and the distributional derivative Vu are in
LP®¥(Q). The norm

oally pisy = Nl ey + IVl @)

makes WP (Q) a Banach space.
Let

C,(Q)={px:Q—[pp']

C (1,00); p is a continous function} ,

(8)
We say that p € C,(Q) satisfies the log-Holder condition in
Qif
Vx,y € Q,
b=yl <1, ©)

P -p(|<w(x-y]),
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where w satisfies

limsup w (7) In (l> < 00. (10)
0t T
It is well known that if p(x) satisfies the log-Holder condition

(9), then the space C*(Q) is dense in WP *)(Q)). Moreover,
we can define the Sobolev space with zero boundary values,

WO1 P (x)(Q) as the completion of C;°(Q), with respect to the
norm ||.||W1,P<x>(m.
Let us recall the following versions of Poincaré’s inequal-

ity.
Lemma3. If p : Q —]1, +00[ is continuous in Q, then there
exists a constant C such that

lullpe) < C 1Vl iy » ()

for all u € WyP™(Q) and thus ull, p and |Vully are

equivalent norms in WOI’P(X)(Q).

Let us next consider the modular version of Poincaré’s
inequality.

Lemma 4. Let p(x) be an element of L°(Q) and let u €

WHPE(Q). There exists a constant C depending only on Q such
that

Pp(x) (u) < Cppx) (Vu). (12)

3. The Semidiscretized Problem: Existence,
Uniqueness, and Stability

Let 3 be a continuous increasing function with 5(0) = 0. For
t € R, we set

v(t) = L B(7)dr. (13)

We consider the following Euler-forward scheme associated
with (1):

BU") - TAp(x)U" +1f (x,nt,U") = B (U”_l)

in Q,
. (14)
U"=0 onoQ,

ﬁ(UO) =B(ug) inQ,

where N7 = T, with T being a fixed positive real, and 1 <
n < N. We shall be concerned with the following two cases:
uy € L°(Q) or u, € L*(Q).

3.1 Case I: uy € L*(Q). We assume the following hypothe-
ses:

(H,) the function f8 is an increasing and continuous from
R to R such that B(u) < Clu|* ' forany u € R with 1 < & <

p .
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(H,) for & € R, the map (x,t) — f(x,£,§) is
measurable and, a.e. in QxR*, & — f(x,t,&) is continuous.
Furthermore, we assume that there exists C; > 0, such that,
for a.e. (x,t) € Q x R", we have sign(€). f(x,t,&) > —C;.

(H,) there exists C, > 0, such that, for almost (x,t) €
QxR &Er— f(x,1,&) + C,B(&) is increasing.

Lemma 5. Assume (H,) and (H,). Then, for alln € {0, .., N},
we have U" € L™(Q).

Proof. To show that U' € L®(Q), we can write (17) as
~TA U = B(ug) - B(U") - 2f (x,7.U"),

1 Lp(x)
U e Wyo.

(15)

Then, by (H,), (H,), and Theorem 4.1 of [18], we can conclude
thatU! € L®(Q). Then, by a simple induction, we deduce that
U" e L®(Q) foralln =0,.,N. O

Theorem 6. Assume (H,), (H,), and (H;). Forn =0,...,N,

there exists a unique solution U" of (14) in Wol’p(x)(ﬂ) NL®(Q)
provided that 0 < 7 < 1/C,.

Proof. We can write (14) as
—TA iy U" = B(U"™) = B(U") = tf (x,n7,U")

U" e WP Q).

(16)

By using (H,), (H,), and applying Theorem 4.3 of [19] and
Lemma 5, we deduce the existence of at least one solution
U" e WP (Q)n L®(Q) forn=1,...,N.
Let us now prove the uniqueness. For simplicity, we set
w=U",
f(xw) = f(xnt,U"), (17)
and g (x) = ﬁ(U"_l).
Then, problem (14) reads
—TA pyw + 17 (xw)+pw=9gx), we W()I’P(x). (18)

If w, and w, are two solutions of (14), then
= TA @) + TA @, + T (f (x, ;) = f (x, wz))

+ B (@) - Blw) =0

Multiplying (19) by w; — w, and integrating over ) give

(19)

<—TA po@1 + TA ywy, 0y — w2>

o JQ (F (vw) = F (ow)) (@ —w)dx (5

+ | (Blw)-B@) (@ -w)dx =0

where (.,.) denotes the pairing between WhP® () and
wh(Q).
Then, applying (H;) yields

L (7 (x, @) - T (%, wz)) (w; — w,) dx
(21)

>-Cy | (Blw) - B(@)) (@i -~ wy)dx.

Now by using (21) and the monotonicity of the p(x)-Laplacian
operator, (20) reduces to

(1-76) | (B@)-B@)) (@ -w)dx<o ()
Then by (H,), we get w, = w, for 7 < 1/C,. O

Theorem 7. Assume (H,) and (H,). Then, there exists a
constant C(T,u,) > 0, depending on T, u, 5, and Q, but not
on N, such that, for alln = 1, .., N,
(i)
10"l < C(Touo). (23)
(ii)
* n : k||*
J v (B(U"))dx + TZ "U "LP(x) < C(T,uy),
Q k=1 (24)

where o depends either on p~ or p*,
(iii)
Y B -pU N scmm). @)
k=1

Proof. (i) From Lemma 5, we have U" € L%(Q). Then,
multiplying (14) by |S(U") |k B(U") and integrating over (), we
get

[, 1B ax—r | a0 18U L") dx
vo | B ) (xnnU) dx 26)

- | 18O B (U

Since B(0) = 0 and fand —A ,,, are monotone, then we have

p(x)
. L AU [BUMFBUYdxz0.  (27)

Therefore, we obtain

18U < 1B@ e |80 ).,

+Cr|BUM]; -

(28)

Hence,

k+1

I8 (Un)"k+2 S “ﬁ (Uﬂ_l)||k+2 +Cr | (Un)"k+2 : (29)



By simple induction, we get

18U )sz < 18U + NCr. (30)

Finally, as k — 00, we obtain (23).
(ii) In order to prove (24), we multiply (14) by Uk (with k
instead of n). By using (H,), we get

[ (B0 BV (08)

<, |,

Thanks to the properties of the Legendre transformation, we
get

[ v (@)dx-[ v (BU))as

(32)
< | (BUY)-p(U*))Utax
Then, we have
[ ey GEpe

1 () 56,

Finally, after summation of (33) from k=1 to n, we deduce that

J, v (U
ey min ([0 1) 60

7Y |0 |y + |, w7 (B dx
k=1
We set

o5, = min (JO*L, o [0 ) 39)

Then, the continuity of 5 and the use of Lemma 5 allow us to
conclude to the proof of point (24).

(iii) To prove point (25), we multiply the first equation of
(17) by B(U¥). By using (H,), we get

[ (60 - B W) (") as .

k k k
T JQ AU B (U )dx <Cr "/3 (U )||L1(Q)
With the aid of the elementary identity,
2a(a-b)=a*-b*+(a-b)?, (37)

for any reals a and b, we get from (36) that

[T TGl

LX(Q)

i CORY Gl

LX(Q)

(38)

<CrlB(U)-
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Now, we take the sum of (38) from k = 1 to n to obtain

1By + Z B(U*)- (")}

LX(Q)

(39)

<Cr "/3 (Uk)"Ll(Q) + "/3 (MO)";(Q)‘

Thus, by (H,) and Lemma 5 we deduce (25). O

Lemma 8. For all u,v € WO1 P (x)(Q), there exists a positive
constant « depending either on p*™ or p~ such that, for 1 <
p(x) < 2, we have

Pp(x) (V(u—v))z/ <C< A u+AP(x)v,u—v>. (40)

P

Proof. If 1 < p(x) < 2, for any x € Q, then we have the
following inequality for any &, 7 € R":

(18] + )™= (e & = a7 ) (€= )

>5E-nf°

(41)

By setting & = Vu and # = Vv and integrating over Q, we get
o' J Vi — Vy|P™) dx
Q
J ((|Vu|p(x Vu — |Vy|P™)" Vv) (42)
Q

(x)/2 _
V(=) X (VU] + V) O g

Then, by Holder’s inequality we get
8P 2 J Vi — Vy|P™) dx
Q

< H((qul‘D(x)_2 Vu — |Vy|P™)2 Vv) .

(43)
(x)/2
V(u—v))p ll X ||(|Vu|
2/p(x)
(2=p(x))p(x)/2
1) [S—
Let
I :j (16?972 Vit = (93792 V) V (1 - v) dx
? (44)
and ] = J (IVul + |Vv)P™ dx
Q
and « and & be such that
(12 = max (1 2, (1) (45)
and
JE = max (72, () rR), (46)
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Then, we get
or'/? L Vi — Vo dx < 2% (D215, (a7)
Therefore, we have
82 J;) [Vu — V[P dx

&' «/2 48
<2 <—Ap(x)u+Ap(x)v,u—v> (48)

’ (Pp(x) (Vi) + Py (VV))E'

Hence, by (24) of Theorem 7 we get the desired result. O

Lemma 9. Assume p(x) > 2. Then, for allu,v € Wol’p(x)(ﬂ),
we have

() b0 (V-

2 (49)

< <—Ap(x)l/l + Ap(x)v, u— V> .

Proof. As p(x) > 2, forany x € Q, then we have the following
inequality for any &, € RN

(P21l ) 6=y = () 6= (50

By setting £ = Vu and # = Vv and integrating over Q), we get

o
(l> J Vi — Vv|P™) dx
2 Q

(51)

< J (1VulP97? Vi = [V P92 V) (V (u - v)) dx
Q

Hence

1\/
(5) Pp(x) (V (u - V)) < <—AP(X)U + AP(X)V, u-— 'V> . (52)

O

We can also derive a uniqueness result for problem (17) if
we replace (H;) by the following hypothesis:

(H,) for all M > 0, there exists C,, > 0 such that, if |§| +
|E'] < M, then

|f(t,x,E)—f(t’x’f')|9
<Cu(B®-B(E))(E-E),

(53)

where

o'
0=9 ,_
p

with o’ being a positive constant to be prescribed below.

or 1 <p(x)<2,
f P for all x € Q, (54)
for p(x) =2,

Proposition 10. Assume (H,), (H,), and (H,). Then, problem
(14) has a unique solution for all 0 < T < 1, where 1 is a
prescribed constant.

Proof. Let w; and w, be two solutions of (14).

First case: suppose that 1 < p(x) < 2, for all x € Q. Then,
from (20) and by using Lemma 8 and Holder’s inequality, we
get

TCPp(x) (V(w, - “’2))2/“
o [ (B@)~B@) (@ -w)dx (59

<7t "? (x,0,) - f (x, wz)"Lm(Q) lleoy = @, 1 g -

Let A be such that
/A
Pp(x) (@) —w,)
56
_ 1/p 1/p* 56)
= max (Pp(x) () — ) > Pp(x) () - w,) ) >
and
21
o=—,
o
(57)
1 1
- + - =1.
o 0

Then, by (H,), (H,), and (H,), Lemma 4, and Young’s
inequality, we get

2/
7CPp(x) (V(w, ~w,))

<(5-1)[ (Bl -p@) @ -w)dx  8)

o

2/
+ C,Tapp(x) (V (w0 - @)™

Therefore, for 0 < T < (C/C")Y©™D we get w; = w,.
Second case: suppose that p(x) > 2, for all x € Q. From
(20) and by using Lemma 9 and Young’s inequality, we get

r(2) e (7 - )

2

o | (Blw)-Bl@))(w ~w)dx

1 _ _ 2 (59)
< e o[G0 T o)) ax
P+ P+/P/7
+ T om i;\_/[ J |, — w2|‘D(x) dx.
Q



Then, by using (H,) and (H,) we get
1\
w(3) Pow (V@ - @)

< (1) [ BBl @-a)dx

p
p+ P+/Plf
™ C
M J |w; = w2|‘D(x) dx.
p Q

Thus, from Lemma 4 we get

t(2) (7 01 - 03)

e
S p—]\_/[pp(x) (V (@ - wy)).

(61)

Hence, when 0 < 7 < ((1/2)P7p_/C.C§;/P7)1/(p+_1) we have
W, = ,. O

3.2. Case 2: u, € L}(Q)

Theorem 11. Assume that (H,), (H,), and (H;) hold true.
Then, forn = 0,..., N, there exists a unique solution U" of

(14) in WOI’P(x)(Q) provided that 0 < T < 1/C where C is some
positive constant.

Proof. The proofs of existence and uniqueness are the same
as those of Theorem 6. Therefore, we omit them. O

Now, we consider the following assumption:

(Hs) for any & € R, the map (x,t) +— f(x,1,§) is
measurable and, a.e. in Q xR", & — f(x,t,£) is continuous.
Furthermore, we assume that there exist r € C,(Q) with
r(x) > sup(2, p(x)) and positive constants C5 and Cg such
that

sign (&) f (x,1,8) > C &7 - .. (62)
Then, we have the following stability theorem.

Theorem 12. Assume that (H,) and (Hs) are fulfilled. Then,
there exists a constant C(T,u,) > 0 such that, for all n =
L,.,N,

n n '
L y" (B(U"))dx + Tk; "Uk"ip(x) * CT; "Uk":m

(63)
<C(T,uy),
2 2 2
max 2 W)L+ B (U7) - (0], o
< C(T,uy),

where « and &' are two constants each depending either on p*
oronp .

International Journal of Differential Equations

Proof. Since the proofis nearly the same as that of Theorem 7,
we just sketch it.

The argument that allowed us to get (34), with (H;),
allows also us to write

N
[ v (B dx Y pys (V04)
k=1
N
+7) P (U) (65)
k=1

J k *
<10 [0+ [ v (Blu)

By using Lemmas 4 and 5, (H,) and Young’s inequality, we get
that for all 7 > 0 there exists C, (T, u,) > 0 such that

[, v (B ax Y gy (V0°)
k=1
T P (UF) (66)
k=1

N
< anpp(x) (VUk) +C, (T,up).
k=1

Since v (B(u)) is positive then, for a suitable choice of 7, we
infer from (66) that
7Y ppio (UF) < G, (Toug). (67)
k=1

By taking « and o such that

0T,y = min (1P 10T )

, . . (68)
[0, = min (|0 JU)
and using (66) and (67), we deduce that
[RACCOESN Uy R o Uy WA
< C(T,uy).
As in (39), by using (H;), we get
18O e + Y18V - BU e
k=1 (70)

<Ct “/3 (Uk)HLl(Q) +[B (”0)"?,2(9) :

Hence, by (H,), (67), and Lemma 5, we deduce (64). [l
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4. Absorbing Sets in WO1 P (x)(Q): Existence of
the Attractor

In this section we consider the following problems: for all
integer n > 0

B(U") = A oy U" + 1f (x,n7,U") = B(U"")
inQ, (71)

U"=0 indQ,

with U° = u, and 7 fixed such that 0 < 7 < 7, where 7, =
min(1, 1/C,).

We assume that (H,), (H,), and (H;) hold true in all the
remaining section.

The result of Theorem 6 on the existence and uniqueness
of the solution of (14) allows us to definea map S, on L*(Q)N

WP () by setting
s,Ut =U" (72)
Since S, is continuous, we have
S'U° =U" (73)

The existence of an absorbing set in WO1 P (x)(Q) N L®(Q)
allows us to prove the existence of a global compact attractor
(see [9]). This will be done next in Theorem 14.

Proposition 13. If T satisfies T < 1/C, then there is an
absorbing set B in WOI’P(x)(Q) N L™ (Q). Namely, for any u, €
L®(Q) there exists n(t) such that

”Un“LO"(Q) + "Unlll,p(x) <C, Vnzn(r). (74)

Proof. We multiply (14) by A, = (U” = U"™"). We obtain

</s<v"> AU U> (VU VA,

(75)
+ J f(xnt,U")A,dx = 0.
Q
Let us denote
= | (fema)sCpw). o
0

By (H;), F/;(u) is a convex function and hence satisfies the
standard inequality

Fy (u) (u—v) 2 Fg (u) - Fg(v), (77)
Consequently,
(f (x,n,U"), A)

= (f (6nr,U") + G,B(U"),A,)
- Cz </3 (Un) > An> (78)

> JQ (Fg(U") - Fg(U"™")) dx

-G (B(U"),A,)-

Now, by using (H, ), we get that w(u) is a convex function and
hence we have

v ) @-v) 2y w-y©). (79)

Thus, we obtain

L BU™) (U"-U"")dx
- JQ BU™ -B(U™)) (U - U dx

(
v | B (Ur-U)ax (80)

Q

< | (B -p(U) (Ur-U)ax

+ J;) (1// U -y (U”_l)) dx.
The following inequality holds, for any a and b in R™:

1 1 _
> a?® — — [P < a7 a.(a-b),  (8))

By setting a = VU" and b = VU™ and integrating over
Q, we get

1 o1 -
(;Ppu) U") - P (v 1))
(82)

< J [vU|Pe " vut (ot - vor).
Q

Now, since T < 1/C,, then from (75), we deduce that

1 n n
Pt (U 4 L Fy (U") dx
< %pp(x) (VU""I) + J Fg (U”_l) dx (83)
Q

+C | (v -w(U))dx

On the other hand, by writing
J Fg(u) dx = J F(u)dx +C, J v (u) dx, (84)
Q Q Q

where F(u) = Iou f(x,t, w)dw, we have

1 n n
Pt (U 4 JQP(U )dax
(85)

< %pp(x) (vur) + L F(U"")dx.

Denote the left hand side of (85) by »". By using (H,) and
relations (23) and (24) of Theorem 7 and taking N7 = 1, we
deduce that there exists n, such that

ny+N

T Z y'<a, forallny>n, (86)

n=n,



Then, by applying the discrete version of the uniform Gron-
wall Lemma (see Lemma 7.5 of [11]) with h,, = 0, we obtain

%pp(x) (vu") + J;) F(U")dx<C foralln>=n. (87)

Thus by Lemma 5, we deduce that
||U"||1)P(x) <C forallnzn, (88)

Therefore, from (88) and Theorem 7, we conclude to the
desired relation

“Un“LO"(Q) + "Unlll,p(x) <C, Vnzn(r). (89)
O

Now we are able to state our result on the existence of a
compact attractor.

Theorem 14. Suppose that f(x,t,&) = f(x,&). Then, for u, €
L®(Q), the discretized problem (71) has an associated semi-
group solution S, that maps L (Q) into L*(Q) N WOI’P(x)(Q).
This semigroup has a compact attractor 2 which is bounded
in L°(Q) n WP (q).

Proof. The nonlinear map S, defines a semigroup from
L®(Q) into L*(Q) n Wol’p(x)(Q). By Proposition 13, the
existence of an absorbing ball B, in L*(Q) n WO1 P (x)(Q) is
guaranteed.

We define the w — limit set of B, as

A =w(B,) =] B,) (90)
n>0 m=n

Then, by the results of Temam (see [9]), A, = w(B,) is a
compact attractor which attracts all bounded sets of L*(Q),
which means that, for all u, € L(Q), we have

dist (A, S'uy) — 0 as n — +oo. (91)

O
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