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This paper is concerned with the existence of asymptotically almost automorphic mild solutions to a class of abstract semilinear
fractional differential equations Dfx(t) = Ax(t) + D‘t’"lF(t, x(t), Bx(t)),t € R, where 1 < a < 2, A is a linear densely defined
operator of sectorial type on a complex Banach space X and B is a bounded linear operator defined on X, F is an appropriate
function defined on phase space, and the fractional derivative is understood in the Riemann-Liouville sense. Combining the fixed
point theorem due to Krasnoselskii and a decomposition technique, we prove the existence of asymptotically almost automorphic
mild solutions to such problems. Our results generalize and improve some previous results since the (locally) Lipschitz continuity
on the nonlinearity F is not required. The results obtained are utilized to study the existence of asymptotically almost automorphic
mild solutions to a fractional relaxation-oscillation equation.

1. Introduction

The almost periodic function introduced seminally by Bohr
in 1925 plays an important role in describing the phe-
nomena that are similar to the periodic oscillations which
can be observed frequently in many fields, such as celes-
tial mechanics, nonlinear vibration, electromagnetic theory,
plasma physics, engineering, and ecosphere. The concept of
almost automorphy, which is an important generalization
of the classical almost periodicity, was first introduced in
the literature [1-4] by Bochner in relation to some aspects
of differential geometry. Since then, this pioneer work has
attracted more and more attention and has been substan-
tially extended in several different directions. Many authors
have made important contributions to this theory (see, for
instance, [5-17] and the references therein). Especially, in [5,
6], the authors gave an important overview about the theory
of almost automorphic functions and their applications to
differential equations.

As a natural extension of almost automorphy, the con-
cept of asymptotic almost automorphy, which is the central
issue to be discussed in this paper, was introduced in the

literature [18] by N'Guérékata in the early eighties. Since
then, this notion has found several developments and has
been generalized into different directions. Until now, the
asymptotically almost automorphic functions as well as the
asymptotically almost automorphic solutions for differential
systems have been investigated by many mathematicians;
see [19] by Bugajewski and N'Guérékata, [20] by Diagana,
Hernandez, and dos Santos, and [21] by Ding, Xiao, and
Liang for the asymptotically almost automorphic solutions
to integrodifferential equations, see [22] by Zhao, Chang,
and N’Guérékata for the asymptotically almost automorphic
solutions to the nonlinear delay integral equations, and see
[23] by Chang and Tang and [24] by Zhao, Chang, and
Nieto for the asymptotically almost automorphic solutions
to stochastic differential equations, and the existence of
asymptotically almost automorphic solutions has become one
of the most attractive topics in the qualitative theory of
differential equations due to its significance and applications
in physics, mathematical biology, control theory, and so on.
We refer the reader to the monographs of N'Guérékata [25]
for the recently theory and applications of asymptotically
almost automorphic functions.
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With motivation coming from a wide range of engineer-
ing and physical applications, fractional differential equations
have recently attracted great attention of mathematicians
and scientists. This kind of equations is a generalization of
ordinary differential equations to arbitrary noninteger orders.
Fractional differential equations find numerous applications
in the field of viscoelasticity, feedback amplifiers, electri-
cal circuits, electro analytical chemistry, fractional multi-
poles, neuron modelling encompassing different branches of
physics, chemistry, and biological sciences [26-32]. Many
physical processes appear to exhibit fractional order behavior
that may vary with time or space. In recent years, there
has been a significant development in ordinary and partial
differential equations involving fractional derivatives; we
only enumerate here the monographs of Kilbas et al. [26, 27],
Diethelm [28], Hilfer [29], Podlubny [30], Miller [31], and
Zhou [32] and the papers of Agarwal etal. [33, 34], Benchohra
et al. [35, 36], El-Borai [37], Lakshmikantham et al. [38-41],
Mophou etal. [42-45], N'Guérékata [46], and Zhou et al. [47-
50] and the reference therein.

The study of almost periodic and almost automorphic
type solutions to fractional differential equations was initi-
ated by Araya and Lizama [11]. In their work, the authors
investigated the existence and uniqueness of an almost
automorphic mild solution of the semilinear fractional dif-
ferential equation

Dix(t) =Ax(t) +F(t,x(t)), teR, 1<a<2, (1)

when A is a generator of an «a-resolvent family and D}’ is the
Riemann-Liouville fractional derivative. In [51], Cuevas and
Lizama considered the fractional differential equation:

Dix (t) = Ax (t) + DI 'F (t, x (1)),
)
teR, 1<a<2,

where A is a linear operator of sectorial negative type on
a complex Banach space X and the fractional derivative is
understood in the Riemann-Liouville sense. Under suitable
conditions on F(t, x), the authors proved the existence and
uniqueness of an almost automorphic mild solution to (2).
Cuevas et al. [52, 53] studied, respectively, the pseudo almost
periodic and pseudo almost periodic class infinity mild
solutions to (2) assuming that F : R x X — X and
(t,x) — F(t,x) is a pseudo almost periodic and pseudo
almost periodic of class infinity function satisfying suitable
conditions in x € X. Agarwal et al. [54] studied the existence
and uniqueness of a weighted pseudo almost periodic mild
solution to equation (2). Ding et al. [55] investigated the
existence and uniqueness of almost automorphic solution to
(2) assuming that F : R x X — X and (t,x) — F(t,x) is
Stepanov-like almost automorphic in t € R satisfying some
kind of Lipschitz conditions. Cuevas et al. [56] studied the
existence of almost periodic (resp., pseudo almost periodic)
mild solutions to equation (2) assuming that F: Rx X — X
and (t,x) — F(t,x) is Stepanov almost (resp., Stepanov-
like pseudo almost) periodic in t € R uniformly for x € X.
Chang et al. [57] studied the existence and uniqueness of
weighted pseudo almost automorphic solution to equation

International Journal of Differential Equations

(2) with Stepanov-like weighted pseudo almost automorphic
coeflicient. He et al. [58] studied also the existence and
uniqueness of weighted Stepanov-like pseudo almost auto-
morphic mild solution to (2). Cao et al. [59] studied the
existence and uniqueness of antiperiodic mild solution to
(2). In [60], Cuevas et al. showed sufficient conditions to
ensure the existence and uniqueness of mild solution for (2)
in the following classes of vector-valued function spaces: peri-
odic functions, asymptotically periodic functions, pseudo
periodic functions, almost periodic functions, asymptotically
almost periodic functions, pseudo almost periodic func-
tions, almost automorphic functions, asymptotically almost
automorphic functions, pseudo almost automorphic func-
tions, compact almost automorphic functions, asymptotically
compact almost automorphic functions, pseudo compact
almost automorphic functions, S-asymptotically w-periodic
functions, decay functions, and mean decay functions.

Recently, Xia et al. [61] established some sufficient criteria
for the existence and uniqueness of (u,7)-pseudo almost
automorphic solution to the semilinear fractional differential
equation

Dix(t) = Ax(t) + DI 'F (£, Bx (1)), teR, (3)

where 1 < « < 2, A is a sectorial operator of typew < O on a
complex Banach space X and B is a bounded linear operator.
The fractional derivative is understood in the Riemann-
Liouville sense. Their discussion is divided into two cases, i.e.,
F:RxX — X, (t,x) — F(t,x) is (4, v)-pseudo almost
automorphicand F : R x X — X, and (t,x) — F(t,x)
is Stepanov-like (u,v)-pseudo almost automorphic. Kavitha
et al. [62] studied weighted pseudo almost automorphic
solutions of the fractional integrodifferential equation

Dix(t) = Ax(t) + DI 'F(t,x (1), Kx (t)), teR, (4)

where 1 < « < 2 and
Kx(t) = Jt k(t—-s)h(s,x(s))ds, (5)

A is a linear densely defined sectorial operator on a complex
Banach space X, F : Rx X x X — X, and (¢, x,y) —
F(t, x, y) is a weighted pseudo almost automorphic function
int € R for each x,y € X satisfying suitable conditions.
The fractional derivative is understood in the Riemann-
Liouville sense. Mophou [63] investigated the existence and
uniqueness of weighted pseudo almost automorphic mild
solution to the fractional differential equation:

Dix (t) = Ax (t) + DY'F (t, x (t), Bx (1)), ©
6
teR, 1<a<?2,

where A : D(A) ¢ X — X is a linear densely oper-
ator of sectorial type on a complex Banach space X, B :
X — X is a bounded linear operator and F : R x X X
X — X,and (t,x,y) — F(t,x,y) is a weighted pseudo
almost automorphic function in t € R for each x,y € X
satisfying suitable conditions. The fractional derivative Dj' is
to be understood in Riemann-Liouville sense. Chang et al.
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[64] investigated some existence results of p-pseudo almost
automorphic mild solutions to (6) assuming that F : R x X x
X — Xoand (t,x,y) — F(t,x, y) is a y-pseudo almost
automorphic function in t € R for each x, y € X satisfying
suitable conditions. For more on the almost periodicity and
almost automorphy for fractional differential equations and
related issues, we refer the reader to [65-67] and others.

Equation (6) is motivated by physical problems. Indeed,
due to their applications in fields of science where characteris-
tics of anomalous diffusion are presented, type (6) equations
are attracting increasing interest (cf. [68-70] and references
therein). For example, anomalous diffusion in fractals [69] or
in macroeconomics [71] has been recently well studied in the
setting of fractional Cauchy problems like (6). For this reason,
(6) has gotten a considerable attention in recent years (cf. [51-
64, 68-71] and the references therein).

To the best of our knowledge, much less is known
about the existence of asymptotically almost automorphic
mild solutions to (6) when the nonlinearity F(f,x, y) as a
whole loses the Lipschitz continuity with respect to x and
y. Motivated by the abovementioned works, the purpose
of this paper is to establish some new existence results of
asymptotically almost automorphic mild solutions to (6).
In our results, the nonlinearity F RxXxX —
X, (t,x,y) — F(t,x,y) does not have to satisty a
(locally) Lipschitz condition (see Remark 22). However, in
many papers (for instance, [11, 51-64]) on almost periodic
type and almost automorphic type solutions to fractional
differential equations, to be able to apply the well-known
Banach contraction principle, a (locally) Lipschitz condition
for the nonlinearity of corresponding fractional differential
equations is needed. As can be seen, our results generalize
those as well as related research and have more broad
applications. In particular, as application and to illustrate
our main results, we will examine some sufficient conditions
for the existence of asymptotically almost automorphic mild
solutions to the fractional relaxation-oscillation equation
given by

Ou (t, x) = Ou(t, x) — pu(t,x) + 0" [W ()

. 1 .
'Sm<2+cost+cos \/§t> [sinu(t,x) +u(t,x)] (7)

+ve M [u(t, x) +sinu(t, x)]] , teR, x €[0,m]

with boundary conditions u(t,0) = u(t,7) = 0,t € R, where
a(t) € BC(R,R") is a function and p, p, and » are positive
constants.

The rest of this paper is organized as follows. In Section 2,
some concepts, the related notations, and some useful lem-
mas are introduced and established. In Section 3, we prove
the existence of asymptotically almost automorphic mild
solutions to such problems. The results obtained are utilized
to study the existence of asymptotically almost automorphic
mild solutions to a fractional relaxation-oscillation equation
given in Section 4.

2. Preliminaries

This section is concerned with some notations, definitions,
lemmas, and preliminary facts which are used in what
follows.

From now on, let (X, | - ) and (Y, | - [ly) be two Banach
spaces and BC(R, X) (resp., BC(R x Y x Y, X)) is the space
of all X-valued bounded continuous functions (resp., jointly
bounded continuous functions F : R xY xY — X).
Furthermore, Cy(R,X) (resp., Co,(R x Y x Y, X)) is the
closed subspace of BC(R, X) (resp., BC(R x Y x Y, X))
consisting of functions vanishing at infinity (vanishing at
infinity uniformly in any compact subset of Y x Y, in other
words,

" lim [lg(t.x, y)| =0 uniformly for(x, y) € K, (g)
—+00

where K is an any compact subset of Y x Y). Let also L(X) be
the Banach space of all bounded linear operators from X into
itself endowed with the norm:

ITNyx) = sup {ITx] : x € X, fIx]| = 1}. )

For a bounded linear operator A € L(X), let p(A) and D(A)
stand for the resolvent and domain of A, respectively.

First, let us recall some basic definitions and results on
almost automorphic and asymptotically almost automorphic
functions.

Definition 1 ((Bochner) [1] (N’Guérékata) [6]). A continuous
function F : R — X is said to be almost automorphic
if for every sequence of real numbers {s;}, there exists a
subsequence {s,} such that

®(t) = lim F(t+s,) (10)
is well defined for each t € R and

n@me (t—s,) =F(t) foreachteR. (1)
Denote by AA(R, X) the set of all such functions.

Remark 2 (see [6]). By the point-wise convergence, the
function @(t) in Definition 1 is measurable but not necessarily
continuous. Moreover, if @(t) is continuous, then F(t) is
uniformly continuous (cf., e.g., [17], Theorem 2.6), and if
the convergence in Definition 1 is uniform on R, one gets
almost periodicity (in the sense of Bochner and von Neu-
mann). Almost automorphy is thus a more general concept
than almost periodicity. There exists an almost automorphic
function which is not almost periodic. The function F : R —

R given by
) (12

2+ cost + cos V2t

F(t) = sin(

is an example of such functions [72].

Lemma 3 (see [5]). AA(R, X) is a Banach space with the
norm ||Fllo, = sup,rllF@®)



Definition 4 (see [6]). A continuous function F : RxYxY —
X is said to be almost automorphic in t € R uniformly for all
(x, ) € K, where K is any bounded subset of Y XY, if for every
sequence of real numbers {s;}, there exists a subsequence {s,}
such that

Jim F(t +5s,,x,y) = ©(tx, y) exists

(13)
for each t € R and each (x,y) € K

and

lim ©(t —s,,x,y) =F(t,x, y) exists
n—aoo
(14)
for each t € R and each (x,y) € K.

The collection of those functions is denoted by AA(R x Y x
Y, X).
Remark 5. The function F : R x X x X — X given by

1
2+ cost + cos \/ft

F(t,x,y) = sin< ) [sin (x) +y] (15)
is almost automorphic in t € R uniformly for all (x, y) € K,
where K is any bounded subset of X x X, X = 12[0, 7.

Similar to Lemma 2.2 of [73] and Proposition 3.2 of
[63], we have the following result on almost automorphic
functions.

Lemma6. Let F: Rx X xX — X be almost automorphic in
t € R uniformly for all (x, y) € K, where K is any bounded
subset of X x X, and assume that F(t,x,y) is uniformly
continuous on K uniformly for t € R, that is, for any € > 0,
there exists § > 0 such that x,, x,, y;, y, € K and ||x; — y,|| +
llxxy, = y,ll < & imply that

IE (£, x1,x,) = F(t, 1, ;)| <& VteR. (16)

Let x, y : R — X be almost automorphic. Then the function
Y : R — X defined by Y(t) = F(t,x(t), y(t)) is almost
automorphic.

Proof. Suppose that {s,} is a sequence of real numbers. Then
by the definition of almost automorphic functions, we can
extract a subsequence {7} of {s,} such that

(P) lim x(t+7,)=%(t) foreachteR,

(P,) lim X(t-7,)=x(t) foreachteR,

(P,) lim y(t+7,)=y() foreachteR,

(Py) lim y(t-7,)=y(®) foreachteR,

17)
(Ps) Jim F (¢ +1,,xy) = F(tx )
foreacht e R, x,y € X,
() Jim F(t-7,%3) = F(5,%7)

foreacht € R, x,y € X.
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Write
Y(t)=F(txt),7(t), teR. (18)
Then
Y (+z)-Y@)|
= ||F(t+r,,,x(t+rn) y(t+1,))
~F(Lx@®),50)|
(19)
<|Ft+t,x(t+7,),y(t+7,))

—F(t+1,X (), 70|+ |F(t+1,X 1), 7®)

~Fx®,7m)].

Since x(t) and y(t) are almost automorphic, then x(t), y(t)
and X(t), and (t) are bounded. Therefore we can choose a
bounded subset K ¢ X x X, such that

(x(®),y®) €K,
(x(),y(@1) €K (20)
Vt € R.

By (P,), (P;), and the uniform continuity of F(t,x, y) in
(x(t), y(t)) € K, we have

lim [F (£ + 7% (04 7,),y (0 7,))
n—o00 (21)

—F(t+71,x(t),7®)| =
Moreover, by (Ps),

Tim [F(t+7,%(0,70) - F(L20),70)| =0, (22)

so remembering the above triangle inequality, we deduce that

lim “Y (t+7,) - Y(t)" =0 foreachteR.  (23)
Using the same argument we can prove that

hm "Y t—71 Y(t)“ =0 foreachteR. (24)

This proves that Y(t) is almost automorphic by the definition.
O

Remark 7. 1If F(t,x, y) satisfies a Lipschitz condition with
respect to x and y uniformly in t € R, i.e., for each pair
XX Y1 Y2 € X,

IF (6.1, %,) = F (8, 31, 3)|
< L(|l,

(25)
=l + %2 = 32|

uniformly in ¢+ € R, where L > 0 is called the Lipschitz
constant for the function F(t,x, y), then F(¢,x, y) is uni-
formly continuous on K uniformly for ¢t € R, where K is any
bounded subset of X x X.
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Remark 8. 1f F(t, x, y) satisfies a local Lipschitz condition
with respect to x and y uniformly in t € R, i.e., for each pair
X1, %0 Y ¥ € X,t €R,

|F (£, x1, ;) = F(t, y1, 35|
< L) (Jxr = 3l + [le2 = 22])»

(26)

where L(t) € BC(R,R"), then F(t, x, y) is uniformly con-
tinuous on K uniformly for t € R, where K is any bounded
subset of X x X.

Definition 9 (see [6]). A continuous function F : R — X

is said to be asymptotically almost automorphic if it can be
decomposed as F(t) = G(t) + O(t), where

G(t) € AA(R, X),
(27)
(1) € Cy (R, X).

Denote by AAA(R, X) the set of all such functions.
Remark 10. The function F : R — R defined by
Ft)=G(@)+D(t)

e < 1 ) -1t (28)
= sin +e
2 + cost + cos V2t

is an asymptotically almost automorphic function with

1
2+ cost + cos V2t

G(t)zsin( )EAA(IR,R),

(29)
ot =e"ec,RR).

Lemma 11 (see [6]). AAA(R, X) is also a Banach space with
the supremum norm || - || .

Definition 12 (see [6]). A continuous function F : R x Y x
Y — X is said to be asymptotically almost automorphic if
it can be decomposed as F(t, x, y) = G(t,x, y) + O(t, x, y),
where

G(tx,y) € AARXY x Y, X),
(30)
O(t,x,y) €eCy(RXY XY, X).

Denote by AAA(R xY xY, X) the set of all such functions.

Remark 13. The function F : R x X x X — X given by

F(t,x,y)=G(t,x,y)+ D (t,x,y)

sin( ! ) [sin(x) +y] (31
2+ cost + cos V2t 4 (3D

+e M x +sin (y)]

is asymptotically almost automorphic in t € R uniformly for
all (x, y) € K, where K is any bounded subset of X x X, X =
L?[0,7] and

1
2+ cost + cosV2t

G(t,x,y) = sin< ) [sin (x) + y]

cAAR X X x X, X), (32)

D (t,x,y) = e " [x+sin(y)] € Cy (R x X x X, X).

Next we give some basic definitions and properties of
the fractional calculus theory which are used further in this

paper.

Definition 14 (see [26]). The fractional integral of order > 0
with the lower limit ¢, for a function f is defined as

L

GRSy

r (t—9s)" f(s)ds, t>ty, a>0 (33)

0

provided that the right-hand side is point-wise defined on
[ty> 00), where I' is the Gamma function.

Definition 15 (see [26]). Riemann-Liouville derivative of
order « > 0 with the lower limit ¢, for a function f :
[ty, 00) — R can be written as

« _ 1 d_n ! A
Dif®) = I'(n-a)dt" L (=9 fE)ds (34)

t>ty, n—-1<a<n

The first and maybe the most important property of
Riemann-Liouville fractional derivative is that, for t > ¢,
and « > 0, one has D(I“f(t)) = f(t), which means
that Riemann-Liouville fractional differentiation operator is
a left inverse to the Riemann-Liouville fractional integration
operator of the same order «.

It is important to define sectorial operator for the defini-
tion of mild solution of any fractional abstract equations. So,
let us now give the definitions of sectorial linear operators and
their associated solution operators.

Definition 16 ([74] sectorial operator). A closed and linear
operator A is said to be sectorial of type w and angle 0 if
there exist 0 < 0 < /2, M > 0, and w € R such that its
resolvent p(A) exists outside the sector w +Sg == {w+A: 1 €
C, |arg(-A)| < 6} and

o = 2

A So-
|A—w| ¢w+ 0 (35)

Sectorial operators are well studied in the literature,
usually for the case w = 0. For a recent reference including
several examples and properties we refer the reader to [74].
Note that an operator A is sectorial of type w if and only if
wl — A is sectorial of type 0.

Definition 17 (see [75]). Let A be a closed and linear operator
with domain D(A) defined on a Banach space X. We call A



the generator of a solution operator if there are w € R and
a strongly continuous function S, : R* — L(X) such that
{AY: Rel > w} < p(A) and

AT -4 x = J eMS,, (1) xdt,
0 (36)

Rel > w, x € X.

In this case, S, (¢) is called the solution operator generated by
A

Note that if A is sectorial of type w with 0 < 0 < 7(1-«/2),
then A is the generator of a solution operator given by

1 —Atyoa—1 o -1
S, (t) = — A AT —A) dA,
L= 5 Le (A - 4) (37)

where y is a suitable path lying outside the sector w + 24 (cf.
(74]).

Very recently, Cuesta in [74](Theorem 1) has proved that
if A is a sectorial operator of type w < 0 for some M > 0 and
0 <0 < (1 - «/2), then there exists C > 0 such that

CM

W for t > 0. (38)

1 @)l 0 <

In the border case & = 1, this is analogous to saying that A
is the generator of a exponentially stable C,,-semigroup. The
main difference is that in the case « > 1 the solution family
S, (t) decaysliket™*. Cuesta’s result proves that S, (¢) is, in fact,
integrable.

In the following, we present the following compactness
criterion, which is a special case of the general compactness
result of Theorem 2.1in [76].

Lemma 18 (see [76]). A set D ¢ Cy(R, X) is relatively com-
pact if

(1) D is equicontinuous;
(2) limyy_, o, x(t) = 0 uniformly for x € D;

(3) the set D(t) := {x(t) : x € D} is relatively compact in
X foreveryt € R.

The following Krasnoselskii’s fixed point theorem plays a
key role in the proofs of our main results, which can be found
in many books.

Lemma 19 (see [77]). Let U be a bounded closed and convex
subset of X and ], ], be maps of U into X such that ], x+],y €
U for every pair x,y € U. If ]| is a contraction and ], is
completely continuous, then J,x + J,x = x has a solution on
U.

3. Asymptotically Almost Automorphic
Mild Solutions

In this section, we study the existence of asymptotically
almost automorphic mild solutions for the semilinear frac-
tional differential equations of the form
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Dfx (t) = Ax (t) + DY 'F (t, x (t), Bx (1)),
(39)
teR, 1<a<?2,

where A : D(A) ¢ X — X is a linear densely defined
operator of sectorial type of w < 0 on a complex Banach
space X, B : X — X is a bounded linear operator and
F:RxXxX — X,and (t,x,y) — F(t,x, y) is a given
function to be specified later. The fractional derivative D is
to be understood in Riemann-Liouville sense.

We recall the following definition that will be essential for
us.

Definition 20 (see [63]). Assume that A generates an inte-

grable solution operator S,(f). A continuous function x :
R — X satisfying the integral equation

x(t) = [ S, (t-0)F(o,x(0),Bx(0))do, teR (40)

is called a mild solution on R to (39).

In the proofs of our results, we need the following
auxiliary result.

Lemma 21. Given Y(t) € AA(R, X) and Z(t) € Cy(R, X), let

D, (t) = [ Se (t—9)Y (s)ds,

t
D, (f) = J Sy (t—8) Z (s)ds, (41)
teR.
Then @,(t) € AA(R, X), @,(t) € Co(R, X).
Proof. Firstly, note that
o 1 lw| V%
= 42
L 1+|w|s"‘ds o sin (/o) forl <a<2  (42)
Then
t
o, 0] = HJ S (t— )Y (s)ds
+00
= J S (MY (@t -71)dr
’ (43)

©0 1
<CMI|Y —dr
l ||ooj0 o

_CM ||V 7

Y >
asin (/) ¥ leo

which implies that @, (¢) is well defined and continuous on R.
Since Y (t) € AA(R, X), thenforany e > 0and every sequence
of real numbers {5;}, there exist a subsequence {s, }, a function

Y(t),and N € N such that

"Y (s+s,)-Y (s)" <e "
for each n > N and every s € R.
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Define
—_— t ~
D, (1) = J T(t-s)Y (s)ds. (45)
Then
|©) (£ +5,) -, (1)) = HJHS" S, (t+5,—5)Y (s)ds

—Jt Se(t=5)Y (s)ds

JH)OS‘X ()Y (t+s,—s)ds
0

+00 (46)
- J Sa ()Y (t—-s)ds
0
o 1 -
<CM L T el “Y (s+s,)— Y(s)“ ds
CM |w| ™% re
asin (/)
for each n > N and every t € R. This implies that
O, (1) = lim @, (+s,) (47)

is well defined for each t € R.
By a similar argument one can obtain

nli_r)noofﬁil (t—s,) =@, (t) foreachteR. (48)

Thus ©,(t) € AA(R, X).

Since Z(t) € Cy(R, X), one can choose an N; > 0 such
that | Z(t)|| < € for all ¢ > Nj,. This enables us to conclude
that, for all t > N,

N,
@, )] < LO S (t - ) Z (5) ds

+

Jt Sy (t—35)Z(s)ds
N,

Nl 1

<CM ”Z"oo J_ m S

t 1

CM _d
e JN11+|w|(t—s)“ s

ds

- CM | Z]l, JNI 1
- |w]| —oo (t—9)*

CM |w| % 7ze
a sin (71/x)

7
_ CM|Zlg, 1
T el (@-1) (- N
CM |w|™V* e
acsin (/)
(49)
which implies

Jim @, )] = 0. (50)

On the other hand, from Z(t) € Cy(R, X) it follows that there

exists an N, > 0 such that [Z(¢)| < ¢ for all t < -N,.
This enables us to conclude that, for all f < —N,,,
t
|, ()] = J Se(t - ) Z () ds
00
t
<[ Ise-9lizones
00
(51)
t 1
< CM. _
SLX, Lt @l (=9
_CM || ™V/* e
"~ asin (m/a)
which implies
Jim @, 6)] = 0. (52)
O

Now we are in position to state and prove our first main
result. To prove our main result, let us introduce the following
assumptions:

(H,) F(t,x,y) = F,(t,x, y) + E,(t,x, y) € AAA(R x X x
X, X) with

F (tx,y) € AAR x X x X, X),
(53)
F,(t,x,y) € Cy (R x X x X, X)

and there exists a constant L > 0 such that, forall t € R and
XX Y15 2 € X,

[Ey (£ %15 x5) = Fy (£ y1, )|

(54)
< L(floey =yl + ez = 32 -

(H,) There exist a function (f) € Cy(R,R") and a
nondecreasing function ® : R™ — R* such that, for all
t e Rand x, y € X with ||| + [yl < 7,

I, (t, %, y)| < B(®) @ (r)

o (55)

o)
and 1}3 igof =P

Remark 22. Assuming that F(t, x, y) satisfies the assumption
(H,), it is noted that F(t,x, y) does not have to meet the



Lipschitz continuity with respect to x and y. Such class of
asymptotically almost automorphic functions F(t, x, y) are
more complicated than those with Lipschitz continuity with
respect to x and y and little is known about them.

Let B(t) be the function involved in assumption (H,).

Define
o(t) = [ B(s)

————ds, teR. 56
oo 1+ || (t —s)* (56)

Lemma 23. o(t) € Cy(R,R™).

Proof. Since B(t) € Co(R,R™), one can choose a T; > 0 such
that || 3(t)|| < e for all ¢ > T;. This enables us to conclude that,

forallt > T,
h B(s)
,[.Oo 1+ |w|(t-s)* ds

t B(s)
" Ll T+ [0 (t—3)° ds”
T, 1

N e

lo (O <

(57)
t 1 d
SJTI 1+ |w| (t-s)* s
T, -1/«
Al J L gy Jo ™ me
lw] Joco (t—5) asin (/)
_ 1Bl 1 ol /% e
0l @-1)(t-T,)*"  asin(r/a)
which implies
Jim o (0] = 0. (58)

On the other hand, from B(t) € Cy(R,R") it follows that
there exists a T, > 0 such that ||(t)|| < € forall t < -T,.
This enables us to conclude that, for all t < —T),

‘ B(s)
=1 —E¥ 4
ool =| [ bz

(59)

Jt 1 ||V e

<eg = >

—o 1+ || (t —s)* asin (7r/a)

which implies

tﬂf{loo lo @l = o0. (60)
O

Theorem 24. Assume that A is sectorial of type w < 0. Let
F: R x X x X — X satisfy the hypotheses (H,) and (H,).
Put p, == sup, 0(t). Then (39) has at least one asymptotically
almost automorphic mild solution provided that

CML (1 + [Blly(x)) | ™/* 7
asin (/) (61)
+CM (1 + [|Bllx)) prps < 1.
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Proof. The proof is divided into the following five steps.

Step 1. Define a mapping A on AA(R, X) by

(Av) (t) = J:t Sq (t —5)F, (s,v(s),Bv(s))ds, )

teR

and prove A has a unique fixed point v(¢) € AA(R, X).
Firstly, since the function s —  F;(s,v(s), Bv(s)) is
bounded in R and

IfAv] (DI < I_ IS5 (¢ = )| |Fy (s, v (s), Bv (s))] ds

¢ 1
<cM LO e GYCMORZION LS
(63)
¢ 1
<ol | e

_CML o™ 7 |Fy

acsin (/)

>

this implies that (Av)() exists. Moreover from F, (t, x, y) €
AAR x X x X, X) satistying (54), together with Lemma 6
and Remark 7, it follows that

Fl ('i V() )BV ()) € AA (R> X)
64
for every v(-) €e AA(R, X). (64

This, together with Lemma 21, implies that A is well defined
and maps AA(R, X) into itself.

In the sequel, we verify that A is continuous.

Let v, (t), v(t) be in AA(R, X) with v, (t) — v(t) asn —
00; then one has

t
I[Av,] (&) - [Av] ()] = j S, (t—5)

-[F, (s,v,,(s),Bv, (s))

—F, (s,v(s),Bv(s))]ds| < L Jl [Ss (& = 5)|

v, () = v (5)|| + | B, (s) = Bv(s)||] ds

t 1
< CML L E (1+1BllLx) v, (8)

o 1+ |w|(t--s

—v(s)| ds < CML (1 + 1Bl x)) Ve = Voo
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t 1
j L 4
—oo 1+ |w| (t =)

~ CML(1 + By x) lw| V%

acsin (/)

s =¥l
(65)

Therefore, as n — o0 and Av, — Av, hence A is
continuous.

Next, we prove that A is a contraction on AA(R, X) and
has a unique fixed point v(t) € AA(R, X).

In fact, let v (t), v,(t) be in AA(R, X), and similar to the

above proof of the continuity of A, one has
[[Av,] @) — [Av,] (t)"

CML (1 + | Blly ) lo| * (66)
= "Vl - VZ“OO ’

acsin (/)
which implies
[[av] @) - [Av,] ()],

CML (1 + Bl ) o™ 7 (67)
< b [vi = valleo -

asin (71/x)

Together with (61), this proves that A is a contraction on
AA(R, X). Thus, Banach’s fixed point theorem implies that A
has a unique fixed point v(t) € AA(R, X).

Step 2. Set
Q,={wt) e Cy(R,X): lw®) <r}. (68)

For the above v(t), define I' := T* + I on Cy(R, X) as
t
(Tw) @) = J S, (t—>s)

“[Fy (s, v(s) +w(s),B(v(s) +w(s)))

—F, (s,v(s),Bv(s))] ds, (69)

(FZw) (t) = [ Se (t=$)F, (s,v(s)

+w(s),B(v(s) +w(s)))ds

and prove that I' maps () into itself, where k, is a given
constant.

Firstly, from (54) it follows that, for all s € R and w(s) €
X)

IF, (5,7 (s) + @ (s), B(v(s) + @ (s)))
~F (5,v(s),Bv(s))| < L[llw )l + 1Bw ()] (70)
< L(1+Blly(x)) lw ()1l

which implies that
FGvO)+w(),Bv()+w()-F (v(),Bv())
€Cy(R,X) forevery w(:) e Cy(R,X).

9
According to (55), one has
||F2 (s, v(s)+w(s),B(v(s)+w (s)))|| <B(s)
- O (llw (s) + Bw (s)|| + su{g |v(s) + Bv (5)||)
<BE® ((1 + 1Bl o) 0 O o
+(1+ Bllx) Su[g ||V(5)||> =p(s)
O ((1 +[|Bllx)) | lw ()l + Suﬂ}; IIV(S)IID
for all s € R and w(s) € X with |Jw(s)| £ r; then
E(Gv(E)+w(),Bv()+w()) € Gy (R, X) 3
7

(
as B(-) € Cy (R,RY).

Those, together with Lemma 21, yield that T' is well defined
and maps C,(R, X) into itself.

On the other hand, in view of (55) and (61) it is not
difficult to see that there exists a constant k, > 0 such that

CML (1 + ||Blly(x)) lw| /% 7

asin (/)

0

(74)
+CMp, @ ((1 + 1Bl x)) (ko +sup v (S)II))

< k.

This enables us to conclude that, for any t € R and w,(t),
w,(t) € Q.

Jt Se (t—5)
[F, (s,v(s) + w; (s), B(v(s) + w; (5)))

fm St =)

“F, (5,v(s) + w, (), B(v(s) + w, (5))) ds

[(r'w;) @) + (Fw,) () <

—F, (s,v(s),Bv(s))] ds| +

<[ o9l v

+ @, (), B(v(s) + @, (5)))

—F, (s,v(s),Bv(s))] ds + th IS2 (¢ = s)|
By (5,7 () + @5 (), B(v (5) + w, (9)))] ds

' 1
<cm | 7 o 0]

o 1+ |w|(t—-s
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+||Bawy (s)]|] ds

t
+CM J B(s) 7 (o ] + B )]

o L+ |w|(t-s

+ V(&) + By ()l) ds < CML (1 + |1 Bl x))

t

1

. —d M O ((1
“wllloo J_w 1+ |(U| (t_s)(x S+C G(t) ((

+ 1Bl ) (|oa]l o + 1V (9lleo))
_ CMLw| ™7 (1 + Bl )
a asin (71/«)

+ CMp,® (1 + 1Bl ) (J@s oo + 1V ()leo))

3 CML (1 + |[Bllyx)) | /* 7

lwlloo

sin (1) ko + CMp,® ((1

+ ||B||n_(x)) (ko + 17 (9)lloo)) < kos
(75)

International Journal of Differential Equations

which implies that (Flwl)(t) + (szz)(t) € Q. Thus T maps
€y, into itself.

Step 3. Show that T is a contraction on Q-
In fact, for any w, (t), w,(t) € Q, and t € R, from (54) it
follows that

I[Fy (5, v () + w; (5), B(v(s) + @, (5)))
—F (5,v(s), B (5))]

—[F, (s,v(s) + w, (s), B(v(s) + w, (s)))

t
|(T'wy) &) - (T'w,) 0] = H J Sy (t=9) [(Fy (s,v(s) + w, (5), B(v(s) + 0, (5))) = F, (5, v(5), Bv(5)))

—(F, (s,v(s) + @y (5),B(v(s) + w, (5))) = F, (s,v(s),Bv(s)))] ds

t
- w, (s)" ds <CML(1+ ||B||u_(x)) ““’1 - “’2"00 J_

_leloo’

which implies that

[(Te) @ - (M) )],

3 CML (1 + |[Blly(x)) o] /* 7

- asin (7r/«) o1 = @],

(78)

Thus, in view of (61), one obtains the conclusion.

Step 4. Show that I is completely continuous on Q-

Given & > 0. Let {w ;%) ¢ Qp with 0 — w, in
Co(R,X) as k — +00. Since o(t) € Cy(R,R"), one may
choose a t; > 0 big enough such that, forall t > ¢,,

® (1 + 1Bl o) (ko + M) 0 () < 52 (79)
Also, in view of (H,), we have
F, (5,v(s) + g (5), B(v(s) + wg (5))) )

— F, (s,v(s) + wy (s), B(v(s) + wy (s)))

(76)
—F (5,v(s), Bv(s)]| < L[[w; (5) — w, ()]
+ || Bw, (s) = Bw, (s)[|]] < L (1 + 1Bl x)) ||, (5)
— Wy (5)" .
Thus
t
<L See= 91+ 110 fer 9
- (77)
1 _ CML(1+ Bl x) lo| ¥ o
o L+ |0t -5 asin (r/«) !
forall s € (—o0,t,] as k — +00 and
IE, (5v () + @ (), B(v () + @i ()
—F (v () + @ (), B(v() + @y (1))
(81)

<20 ((1+ [1Blli) (ko + IVleo)) B ()
e L' (~oo,t,].

Hence, by the Lebesgue dominated convergence theorem we
deduce that there exists an N > 0 such that

‘ 1
oM Lx, T+jol(t—s" IE; (s, v ()
+ 0w (5), B(v(s) + w (5))) = F, (s, v () (82)

+wy (s),B(v(s) +w, (s))]|ds < g
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whenever k > N. Thus

t
|(rwy) () - (T%w,) ()] = “ J Sy (t = 5) Fy (5, (s)
+w (), B(v(s) + wy (s))) ds — J't S, (t

= $)F, (5, v(s) + wy (), B(v(s) + wy (5))) ds

ty 1
<CM — ||IF, (s,
| il LACUE

+wg (s),B(v(s) + wg (5))) = F, (s, v (s)
+wy (s),B(v(s) +wy (5)))] ds + 2CM@ ((1

B(s)
1+ |w|(t-s)"

(83)

max{t,t;}
 1Bli) (ko + 1)) |
1

ty
< CMJ L

—oo 1+ |w| (t - s)* 72 (s v (9

+w (s),B(v(s) +w(s)) = F, (s, v(s)
+wy (s),B(v(s) +wy ()] ds + 2CM® ((1

2¢e

€
+[1Bllx)) (ko + IVll)) 0 (2) < S+t "¢

whenever k > N. Accordingly, I'* is continuous on Q-

In the sequel, we consider the compactness of T

Set B,(X) for the closed ball with center at 0 and radius r
in X,V = T2(Q,), and z(£) = T*(u(t)) for u(t) € Qy . First,
for all w(t) € Q, andt € R,

o) o] =|[_s.e-9

“F, (s,v(s) +w(s),B(v(s) +w(s)))ds

< CMo () @ ((1 + 1 Blli) (Ko + IVleo)) »

and in view of o(t)
Lemma 23, one concludes that

lim (sz) (t) =0 uniformly for w (t) € € .

|t|—+00

As

|(rPw) )] = [OO S, (t = 5) Fy (s, (s)

jom 5 ()

+w(s),B(v(s) +w(s)))ds

‘E,(t-T1,v(t-1)

+w(t-1),Bv(t-1)+w(t-1)))dr

Hence, given ¢, > 0, one can choose a £ > 0 such that

Lm S« ME,(t-1,v(t-1)

+w(t—T),B(V(t—T)+w(t—T)))dTII

< &

Thus we get

z®) e&c({Sa MEAvIN+0 ), B +oW):0<7<E t-E<A<E, |wlg <1}) + B (X),

where ¢(K) denotes the convex hull of K. Using that S_(-) is
strongly continuous, we infer that

K={S,(0)F,(A,v() +w(A),B(rv(A) +w(A)):0
<7< t-E< A< ol <7}

is a relatively compact set and V' ¢ &c(K) + B, (X), which
implies that V is a relatively compact subset of X.

Next, we verify the equicontinuity of the set {(T2w) (1) :
w(t) € Q }.

Let k > 0 be small enough and #,,¢, € R and w(t) € Q.
Then by (55) we have

|26) @) - (Fo) @] = | I lea-9

‘F,(s,v(s)+w(s),B(v(s) +w (s)))” ds

t—k
B CACERERNUES)
By (s,v(s) + w(s),B(v(s) + w(s)))] ds
4
R CXCESERNCED)
ti-k
“F, (s,v(s) + w(s),B(v(s) +w(s)))| ds
< CM® ((1+ 1Bl x)) (ko + IVlloo))
. J " B0
¢

L L+ o] (8 - 9)”
] ISa (2 = 5) = Soc (£, = 5)|

ds + @ ((1 + [IBllyx)) (ko

+ W) sup

se[—oo,t; -k

t-k
) J, B(s)ds + CM® ((1 + [|Blly(x)) (ko

1

(84)

€ Cy(R,R"), which follows from

(85)

(86)

(87)

(88)
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+¥l.o)) fk( A

1+ | (t, - s)"

L{X ds — 0
1+ |w| (¢ —s)
ast,—t;, — 0, k — 0,
(90)

which implies the equicontinuity of the set {(T*0)(®) : w(t) €
(PN

"Now an application of Lemma 18 justifies the compact-
ness of I'*.

Step 5. Show that (39) has at least one asymptotically almost
automorphic mild solution.

Firstly, the complete continuity of I, together with the
results of Steps 2 and 3 as well as Lemma 19, yields that T
has at least one fixed point w(t) € € ; furthermore w(t) €
Co(R, X).

Then, consider the following coupled system of integral
equations:

v(t) = [ Sy (t—=8)F, (s,v(s),Bv(s))ds, teR,

w(t) = [ Sy (t—5)

[F (v (s) +w(s),B(v(s) + w(s))) ©1)

—F,(s,v(s),Bv(s))] ds + Jt Sy (t—5)

“E,(s,v(s) +w(s),B(v(s) +w(s))ds,
teR.

From the result of Step 1, together with the above fixed point
w(t) € Cy(R, X), it follows that

(v(®),w (@) € AAR, X) xC (R, X) (92)
is a solution to system (91). Thus
x(t)=v(t)+w(t) e AAA(R, X) (93)
and it is a solution to the integral equation
t
x(t) = J S, (t—5)F(s,x(s),Bx(s))ds, teR; (94)
that is, x(¢) is an asymptotically almost automorphic mild
solution to (39). (I

Taking A = —p”I with p > 0 in (39), the above theorem
gives the following corollary.

Corollary 25. Let F : R x X x X — X satisfy (H;) and
(H,). Put p, = sup,.go(t). Then (39) admits at least one
asymptotically almost automorphic mild solution whenever

CL(1 +|Blly(x)) prt

asin (/)

+C(1+Bllux) prpr < 1. (95)
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Remark 26. 1t is interesting to note that the function « —
asin(mr/«)/ pr is increasing from 0 to 2/pr in the interval 1 <
« < 2. Therefore, with respect to condition (61), the class of
admissible terms F, (¢, x(¢), Bx(t)) is the best in the case & = 2
and the worst in the case o = 1.

Theorem 24 can be extended to the case of F, (¢, x, y)
being locally Lipschitz continuous with respect to x and y,
where we have the following result.

(H) F(t,x, y) = F(t,x, y) + By(t,x, y) € AAAR x X x
X, X) with

F (t,x,y) e AARXx X x X, X),

(96)
F,(t,x,y) € Cy (R x X x X, X)
and for all x1,x,,y;, 5, € X, t € R,
|Fy (£, %15 x5) = Fy (8 1 )|
(97)

<L) (||x, - )’1" + ||x2 - J’z") >
where L(t) is a function on R.

Theorem 27. Assume that A is sectorial of type w < 0. Let
F: R x X x X — X satisfy the hypotheses (Hl’) and (H,)
with L(t) € BC(R,R"). Put p, = sup,.po(t). Let |L| =

SUP;cR LHI L(s)ds. Then (39) has at least one asymptotically
almost automorphic mild solution provided that
CMLIIL| Jo| ™ 7 (1 + Bl x))
asin (/) (98)
+CMp,p, (1 + 1Bl x)) < 1.

Proof. The proof is divided into the following five steps.

Step 1. Define a mapping A on AA(R, X) by (62) and prove
that A has a unique fixed point v(¢) € AA(R, X).

Firstly, similar to the proof in Step 1 of Theorem 24, we
can prove that (Av)(t) exists. Moreover from F,(t,x, y) €
AAR x X x X, X) satistying (97), together with Lemma 6
and Remark 8, it follows that

Fl ('iv(') )BV ()) € AA (R>X)
99
for every v(:) ¢ AA(R, X). ©9)

This, together with Lemma 21, implies that A is well defined
and maps AP(R, X) into itself.

In the sequel, we verify that A is continuous.

Let v, (t), v(t) be in AA(R, X) with v,,(t) — v(t) asn —
00; then one has

1[Av,] () - [AV] ()] = ||j S, (t—3)
“[Fy (5,v,,(s), B, ()

—F, (s,v(s),Bv(s))] ds|| < [ L(s) S (¢

- s)|| [”v,, (s) - v(s)" + ||an (s) — Bv (s)”] ds
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<CM J, L(s) 7 (1+ "B"[L(X)) [V, ()

o 1+ |w|(t--s

—v(s)||ds < CM (1 + | Blly(x))

100 ~t-m
o e [
0 Jt=emen) 1+ || (£ = 5) «©

<CM(1+ "B"[L(X))

+00 1 o
' T 1ol e L(s)ds ||lv, —v
<mz—:01 + |w| m* Jt—(mﬂ) (s) ) “ n ”oo

_cmi lwl™* 7 (1 + 1Bl (x))

asin (71/«)

“Vﬂ - v“oo :
(100)

Therefore, as n — o0 and Av, — Av, hence A is
continuous.

Next, we prove that A is a contraction on AA(R, X) and
has a unique fixed point v(t) € AA(R, X).

In fact, for v, (t), v,(t) in AA(R, X), similar to the above
proof of the continuity of A, one has

[(Av,) (£) = (Av,) ()]

oM (1 Bo) O
B asin (7r/a) 1 "2leo
which implies that
"(A"l) (t) = (Av,) (t)"oo
CM L] o]/ 7 (1 + | Bl ) (102)
< 1 =2l -

asin (/)

Hence, by (98), together with the contraction principle, A has
a unique fixed point v(t) € AA(R, X).

Step 2. Set
Q, ={w() € Cy(R,X) : lw®)| <r}. (103)

For the above (t), define I := I'' +I'> on Co(R, X) as (69) and
prove that I maps ;. into itself, where k, is a given constant.
Firstly, from (97) it follows that, for all s € R, w(s) € X,

I, (s, () + @ (s), B(v(s) + w(s))
~F (5,v (), BV () < L(s) [lw ()]l + | Bw (s)]I]  (104)
< L(s) (1 + IBllgx) lw ()N
which together with L(s) € BC(R,R™) implies that
FGvO+w(),Br()+w()

—F (v(),Bv()) € G (R, X) (105)

for every w (-) € Cy (R, X).

13
According to (55), one has
||P2 (s, v(s)+w(s),B(v(s)+w (s)))" < B(s)
- @ (||w (s) + Bw (s)|| + su[g [[v(s) + Bv (s)||)
<BE® ((1 +1Blx) [0 O 06)
+ (1 + Bl (x)) Sung IIV(S)II) <B(s)
@ ((1 + Bl x) [Ilw )+ sup IIV(S)IID
for all s € R and w(s) € X with |Jw(s)| £ r; then
E(Gv(E)+w(),Bv()+w()) € Gy (R, X)
(107)

as B(-) € Cy (R,RY).

Those, together with Lemma 21, yield that T' is well defined
and maps Cy(R, X) into itself.

On the other hand, in view of (55) and (98) it is not
difficult to see that there exists a constant k; > 0 such that

CM L]l |w|™* 7 (1 + 1Bl )

o sin (71/)

0

(108)
+CMp,® ((1 + 1Bllyx)) (ko *sup IIV(S)II>>

< k.
This enables us to conclude that, for any t € R and w,(¢),
w,(t) € Oy,

[(T'w) ® + (FPw,) 0] < jt S, (t=5)

[F, (5,v(s) + @, (5), B(v(s) + w; (5)))

—F (s,v(s),Bv(s))] ds Jt Sy t—5)

+

“F, (5,v(s) + w, (s), B(v(s) + w, (5))) ds

<[ L@l -9l ey
B(s)

t
+|Bwy (9)]]] ds + CM Lx, T+wl (=9

*(flooy &) + [|Bwy )] + v ()1 + 1By (s)I]) ds

L(s)

t
<CM _—
J_oo 1+ |w| (t—s)*

(1+1Bllx))

O o

t
w; ()] ds + CM LX, 1+ | (£ — )"

1 Bl (o 9] + v (9)l)) ds < CM (1
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L(s)

t
#1Bloo) ol | e

+ CMo (60 ((1 F1Bl) (nwznm

+sup IIV(S)II))
seR

& J tmm L(s)

<CM ————ds | (1
< —m+1) 1+ || (t - s)* ) (

m=0

+ 1Bl x)) @il + CMp,®@ ((1 + Bl x))

- (uwzum +sup ||v(s)||)>
seR

+00 1 t—-m
<CM _—
(Z 1+ |w|m® J

m=0 t—(m+1)

L(s) ds) (1
+ ||B||n_(x)) ““’1 "oo + CMp,®@ ((1 + ||B||n_(x)) (ko
+sup ||v(s)||)) < CM<Z m) I 1

seR m=0

+ ||B||n_(x)) ko + CMp,® ((1 + ||B||n_(x)) (ko

International Journal of Differential Equations

+sup [lv (S)II))
seR

_ CML| el 7 (1 + 1Bl )

asin (/)

0

+CMp,® ((1 + ||B||n_(x)) (ko + Suﬂg ||V(5)||>>
NS

< ky,
(109)

which implies that (Flwl)(t) + (szz)(t) € Q. Thus I' maps
Qy, into itself.

Step 3. Show that I'' is a contraction on Q-
In fact, for any w, (t), w,(t) € O andt € R, from (97) it
follows that

I(F, (5, v () + @, (5), B(v(5) + w; (5)))
—F, (5,v(s), Bv(5)]
= [Fy (5, (s) + w, (5), B(v () + w, (5)))
—F (5,v(8), Bv(s)]] < L) [Jlwy (5) = @, (9)]

+||Bw, (s) = Bw, (s)||]] < L(s) (1 + IBlly (x)) lwy (s)

(110)

- w, (s)|| .

Thus

t
“(Flwl) t) - (rlwz) (t)“ = HJl Sy (t=3)[(F, (s,v(s) + w; (s), B(v(s) + w, (s))) = F, (s,v(s), Bv(s)))

—(F (s;v(s) + @y (s),B(v(s) + wy(s))) — F, (s,v(s),Bv(s))] ds

t L(s)
@ @dsson | e

<CM ( ¥ rm L(s)

=0 Je—meny 1+ || (8= s)

+00

+1Bllx) w1 — @, < CM(

m=0

_ CM Lo 7 (1 + Bl x

asin (/)

) oy~ a..,

which implies that

|(Ter) 0 - (Tw,) 0],

CMIL| | ™% 7 (1 + 1Bl )
< : ||w1 - “’2"
asin (/)

(112)

0 *

) (5 W) o -l = vt (3L [

< | LOIS =910+ IBlgo) fr

= (1+[1Bllx)) @ (5) = w, (s)]| ds

(111)
L(s) ds) (1

Ao+ Jwlm® Ji—gne)

1
215 ol ma) IZI U+ 1Bl o) leor = @s ]

Thus, in view of (98), one obtains the conclusion.

Step 4. Show that I is completely continuous on Q-
The proof is similar to the proof in Step 4 of Theorem 24.

Step 5. Show that (39) has at least one asymptotically almost
automorphic mild solution.
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The proof is similar to the proof in Step 5 of Theorem 24.
O

Taking A = —p“I with p > 0 in (39), Theorem 27 gives
the following corollary.

Corollary 28. Let F : R x X x X — X satisfy (H}) and
(H,) with L(t) € BC(R,R"). Put p, = sup,.po(t). Let |L| =

SUPer Lm L(s)ds. Then (39) admits at least one asymptotical-
ly almost automorphic mild solution whenever

CILll prr (1 + IBlly(x))
asin (71/x)

+Cpyp, (1 +IBllyx) < 1. (113)

Now we consider a more general case of equations intro-
ducing a new class of functions L(t). We have the following
result.

(H;) There exists a function B(t) € Cy(R,R") such that,
forallt e Rand x,y € X,

I1E, (&, x )] < B @) (el + |[v]) - (114)

Theorem 29. Assume that A is sectorial of type w < 0.
Let F : Rx X x X — X satisfy the hypotheses (H,)

and (H;) with L(t) € BC(R,R"). Moreover the integral
I_too max{L(s), B(s)}ds exists for all t € R. Then (39) has at
least one asymptotically almost automorphic mild solution.

Proof. The proof is divided into the following five steps.

Step 1. Define a mapping A on AA(R, X) by (62) and prove
that A has a unique fixed point v(t) € AA(R, X).

Firstly, similar to the proofin Step 1 of Theorem 27, we can
prove that A is well defined and maps AP(R, X) into itself;
moreover A is continuous.

Next, we prove that A is a contraction on AA(R, X) and
has a unique fixed point v(t) € AA(R, X).

In fact, for v, (t), v,(t) is in AA(R, X) and defines a new
norm

Il = sup {u ®) 1x O} (115)

where p(t) = ¢k Lo maxtLL@Ns 50 q K s a fixed positive
constant. Let C,, = sup,g IS, (t)|l; then we have

O A @O - A, O @[ s¢-0)
[Fy (0,71 (0), Bv, ()

- F,(0,v,(0),Bv,(0))] do

<Cq J_ () L(0) [|v; (0) = v, (0)] +||Bv, (0)

t
~Bn©@lldo=C, [ uOneLE)

15
(@) (1 +11Bllyx) i (@) = v, (0)] do
< o1+ 1Bhgo) 1 -l [ p0p(@)”
Lo - S Bhe)y,
, foo ok [ max LB (3 4
< el oy, )
Jt ke L XL (5 dg
Gl By,
' [OO % (- 50) 4o
_G( +£B||uX))<1_ Kf L(rdf)mv ol
< el Bhooly, o,
(116)
which implies that
laxo-ayoff < Sy )

Hence A has a unique fixed point x € AA(R, X) when k is
greater than C, (1 + || Bl (x))-

Step 2. Set ©, = {w(t) € Cy(R,X) : [lw(®)ll| < r}. For the

above v(t), define I := I'' + I'* on Cy(R, X) as (69) and prove

that I' maps ) into itself, where k, is a given constant.
Firstly, from (97) it follows that forall s € R, w(s) € X,

[Fy (5, v (s) + @ (s), B(v(s) + w(s)))
~F (5,v(s), Bv(s))| < L(s) [llw (s)]| + | Bw (s)]I]  (118)
< L(s) (1 + IBllx) lw () + 1Bw ()1l
which together with L(s) € BC(R, R") implies that
FGvO)+w(),Bv()+w()-F (v(),Bv()) (119)
€Cy(R,X) forevery w(:) € Cy(R,X).
According to (114), one has
[F> (5, v (s) + @ (s), B(v(s) + @ (s)))] < B(s)
“(lew (s) + Bw (s)[l + [|v(s) + Bv (s)I}) < B (s)
(1 +1Bll) llw ()1 + (1 + Bl ) v (1)
< B(s) (1 + 1Bllx)) oo (I + v ()11)
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forall s € R and w(s) € X with ||w(s)| < r; then

EGvO+w(),Br()+w() € C (R, X) W)
121
as () € Cy (R,R").

Those, together with Lemma 21, yield that T' is well defined
and maps C, (R, X) into itself.

On the other hand, it is not difficult to see that there exists
a constant k, > 0 such that

2C, (1+1Bllx) . Co (1+1Blix)
L0 gy S v )1l
k k (122)

< ky»

when k is large enough. This enables us to conclude that, for
any t € R and w, (), w,(t) € O,

p0)(0) 0+ (Fo) o] <uo| [ sc-9

[F, (5,v(s) + @, (5), B(v(s) + w; (5)))

[00 S, (t

—$5)F, (5,v(s) + w, (s), B(v(s) + w, (s))) ds

—F (s,v(s),Bv(s))] ds

+u (1)

t
<Co| BOLE (o @ + B, @) ds
+Co | ®B® (Jos] + v 1 + By
B ONE=C, [ nOROLOE

t
(U BBl o O ds+ €. [ u@m)

B(s)p ()™ (1 + Bl (ool + v ()I) ds

t
< Cy (1 + 1Bllix) || J_Ooy(t) w(s)" L(s)ds

+Cq (1+ Bl ) (sl + v )1 f p(t)

Co(1+ IIBIqu

() B(s)ds = = (o]l

t s
: J ke F e ma L@@ (6 4s 1 (1

International Journal of Differential Equations

+1Bllicx) ([[wa]] + v &)1
. J~t ke_k Jts max{L(‘r),ﬁ(T)}dTﬁ (5) ds

Co (1+ 1Bl (x))

< = ]

t s
- J ke *IEOTL (6)ds + Cy (1 + 1Bl )
—-00

ke * ) BB (5 ds

(Mol + v 1) th
_ (1 + "B"D_(X l“ 1||| J %( k_[tsL(T)dT) ds
+C, (1+ ||B||[L(X>)(|||w2||| +{lv Il

Cod k@
. Jﬁoo I (e ‘ )ds
_ Gy (1+1Bllyx)) <1
B k

C,(1+ ||B||n_(x)) (
e

|l

_ okl L(T)dr) I

- e L) (|

C,(1+ ”B"D_(X

+lv Il < [ []] + S =

+IBllyx)) (|[| s ||| + |||v(s)|||) < ko,
(123)

which implies that (I‘lwl)(t) + (I‘zwz)(t) € O . Thus T maps
®, into itself.

Step 3. Show that "' is a contraction on O, -
In fact, for any w, (), w,(t) € O, and t € R, from (97) it
follows that

I[F (5v(9) + @1 (9), B(r(9) + @, (5))
~Fy (57(5),Bv ()]
~[Fi(57(9) + @, (), B(v(8) + @, ()))
~Fi(5v(), Bv @) < L) [y (5) = 0, (5]
+[[Boy (5) = B ()] < L(s) (1 + 1Bl )
len () =@, 9]

Thus

124)

p® (o) ) - (Mw,) O] = 1) H J_ So (t=5) [(Fy (5, v (s) + @, (5), B(v(s) + w, (5))) = Fy (5,v(s), BV (s)))

= (F; (s, v(s) + wy (5), B(v(s) + w, (5)))

— F, (s,v(s),Bv(s)))] ds

<Co| #OL©@+1Blp0) e @)
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-, (0)|do =C, J u(®p(0) L) ()" (1+[Blyx) |wr (0) —w, (0)] do < C (1+ IBlcx) [ @y

~ol [ u@u© " Le)do -

sz_ HE0H) oy - wy] <

which implies
I{r'e) - (r'e) ol

o« (1+ 1Bl (x))

< —III w — @] -

Thus, when k is greater than C,,(1 + || Bl|y (x), one obtains the
conclusion.

(126)

Step 4. Show that I is completely continuous on Oy .
Given ¢ > 0. Let {w, }

n — +00. Since o(t) € CO(R R*) one may chooseat; >0
big enough such that, for all t > t,,

C O, with w, — w, in O as

(L+1Blu) (ko + 1M 0 () < 35 (127)
Also, in view of (H {), we have
F, (5,v(s) + wg (5), B(v (s) + w (5)))
(128)

— Fy (5,v(s) + @, (), B(v(5) + wy (5)))
forall s € (—00,t,] as k — +00 and
OB GrO) +w,(),B(v() + @, ()
—F, (v () + @y (), B () + @y ()) )] < ()
B (o, O + Iy Ol + | Bawo, O + 1By ()]
+ [Jwo Of + 1 Ol + [Bwy O] + 1By (I) < B (129)
“(alll + 1vIl =+ [[| Beo, ||| + 1 BvIll + [[}ewo|
+ 1Vl + ||| Beoo|]| + 11BvII) < B()
(2 (1+ IBlluc) (ko + 117I1)) € L' (=00,t,] .

Hence, by the Lebesgue dominated convergence theorem we
deduce that there exists an N > 0 such that

ty 1
o |, T

||F, (5, v (s) + @i (), B(v () + wy (5)))

Coll PBhoo) o, oy [

ke—k _[U max{L(T),ﬁ(‘r)}d‘rL (O') do

C (1 + "B"n_(X l“ w, w2|“ Jjoo ke_k'[‘;L(T)dTL (0) do = C (1 + "B"n_(X l“ W, - 2|“ J i( kJ't"L(T)dT) do

do

¢ G+ 1Bheo) "B””)’Hil ol

(125)

—F, (s,v(s) +wy (s),B(v(s) + wy (s)))| ds

IN
W m

(130)
whenever k > N. Thus
t
p @ [(FPwr) (1) = (Pwy) O] = @) llj So (£ =5)

B, (5,v(s) + wi (), B(v(s) + wi (s))) ds

- j_toosa (t-s)

F, (5,v(s) + wy (s), B(v(s) +wy (s))) ds

ty 1
<CM —u(t
J_oo 1+ |w| (t—s)“‘u( )

|IBy (5, v/ (s) + @y (), B(v(s) + wy (5)))

—F, (s,v(s) +wy (s),B(v(s) + wy (s)))| ds (131

+CM (2 (1 + ||B||n_(x)) (ko + 11vII))
. J»max{t,tl} ﬁ (5)

t 1+ |w| (t—s)*
“oM || Tt
NEs (5, v (s) + @i (5), B(v(s) + @ (5)))

—F, (s,v(s) +wy (s), B(v(s) + wy ()| ds

£
+CMo (t) (2 (1 + [1Bll(x)) (ko + [I1VI11)) < 3
2¢e
+ = =¢
3

whenever k > N. Accordingly, T* is continuous on O, -
In the sequel, we consider the compactness of I,
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Set B,(X) for the closed ball with center at 0 and radius r
inX,V = F2(®k0), and z(¢) = T2(u(t)) for u(t) € ©, - First,
for all w(t) € O, andf € R,

w® (%) 0] = 10 Hjm St =)

-F, (s,v(s)+w(s),B(v(s) +w(s)))ds

<CM [ cu(t)

oo 1+ |w| (t—s)

. ||F2 (s;v(s)+w(s),B(v(s)+w (s)))" ds

f B(s)
<CM Lo Tl OOl + 10

+ By (s)ll + [1Bw () )II) ds

£E) 2 () (1 + Bllix)

t
<CM —_—
J—001+|w| (t=s)

Il

Thus we get

J+msa(T)Fz(t—T,V(t—T)+w(t—T),B(V(t—T)+w(t—T)))dT

International Journal of Differential Equations

(v &)+ llw(s) ))ds < CMo () (1

+ 1Bl x)) (ko + v (I »
(132)

in view of o(t) € C,(R,R*) which follows from Lemma 23;
one concludes that

lim (sz) (t) =0 uniformly for w(t) € O . (133)
—+00

[¢]

as
(FZw) t) = Jt St =3)F, (s,v(s)

+w(s),B(v(s) +w(s)))ds = Jo Se (1) (134)

‘F,(t-t,v(t—-1)
+w(t-1),Bv(t—-1)+w(-1)))dr.

Hence, for given ¢, > 0, one can choose a & > 0 such that

< &. (135)

z2() € &c({S, M F, v +@(A), B +w ) :0< <& t-E<A<E [lall <ko})+ B, (),

where ¢(K) denotes the convex hull of K. Using the fact that
S, (+) is strongly continuous, we infer that

K=1{S,(MFMLvA)+w}),BrA)+w(A):0
(137)
st<é t-E<A<E (ol <k

is a relatively compact set and V' ¢ &c(K) + Bso(®k0)’ which
implies that V' is a relatively compact subset of © .

(136)

Next, we verify the equicontinuity of the set {(T2w)(t) :
w(t) € @ko}, given &, > 0. In view of (114), together with the
continuity of {S,(#)},-, there exists an # > 0 such that, for all
w(t) € Oy andf, >t witht, — £, <,

Lz [|Ss (ts = s) Fy (5,v(s) + w(s), B(v(s) + w (5)))] ds < %,

(138)

J Su (t2 = 8) = Su (61 = )] B (5,v(9) + (), B (s) + w (M) ds < %
t—n

Also, one can choose a k > 0 such that

1

(1+ ”B”[L(X)) (ko +1lIvIll) ~ sup

se[—oo,t;—k

t—1
L HSe (2 =) = Sa (s = )] Er (5 (9) + @(9), B () + @ (D) ds < %

(139)

ty

_k 81
I8t =9) -8t -9) | CpEds<,
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which implies that, for all w(t) € € and t, > t;,

—00

< (1+11Bllyx) (ko +1IVII) ~ sup

Then one has

1(r°w) (t2) = () )|

< [t 9B v 9+ 00, BEG +0 @] &

+ Ll [[|[Sa (t2 = s) = So (t1 = )] F, (s, v (s) + @ (s), B(v(s) + w (s)))||| ds

1=

t-k
J | [Se (12 = 5) = Sa (81 = $)] Ey (5, v (s) + w(s), B(v(s) + w (s)))||| ds

t—k
+ J I1[1Ss (£, = 5) = Su (£, = $)] B, (5, v (s) + w (5), B(v(s) + w (s)))||| ds

-y
+ J | [Se (12 = 5) =Sy (8, = $)] By (s, v (s) + @ (s), B(v(s) + w (s)))||| ds < &,

t,—k

which implies the equicontinuity of the set {T2w)(t) : w(t) €
O }.

’Now an application of Lemma 18 justifies the compact-
ness of 2.

Step 5. Show that (39) has at least one asymptotically almost
automorphic mild solution.
The proof is similar to the proof in Step 5 of Theorem 24.

19
(140)
t—k €
[Ss (15 = s) = S, (1, —S)“J B(s)ds < T
se[—oo,t; k] -0
Jtz Sy (ty—=8)Fy(s,v(s) +w(s),B(v(s) + w(s)))ds— Jtl Sy (t; = 8)Fy (s,v(s) +w(s),B(v(s) + w(s)))ds
(141)
X [sinu (¢, x) + u (¢, x)]
+ve Ml [ (t,x) +sinu(t,x)] |,
teR, xe0,7],
u(t,0)=u(t,m)=0, teR,
(142)

O

Taking A = —p”I with p > 0 in (39), Theorem 29 gives
the following corollary.

Corollary 30. Let F : R x X x X — X satisfy (H,)
and (H;) with L(t) € BC(R,R"). Moreover the integral

I_too max{L(s), B(s)}ds exists for all t € R. Then (39) has at
least one asymptotically almost automorphic mild solution.

4. Applications

In this section we give an example to illustrate the above
results.

Consider the following fractional relaxation-oscillation
equation:

o u(t,x) = aiu (t,x) — pu (t,x)

_ 1
+8“1[atsin< )
! # ® 2+cost+c05\/§t

where a(t) € BC(R,R™) is a function and p, y, and v are
positive constants.
Take X = L*([0,7]) and define the operator A by

Ag = ‘P” -pp, ¢eD(A), (143)

where

DA) ={peX:9" X, p0)=p(m}cX. (144)

It is well known that Bu = u" is self-adjoint, with compact
resolvent, and is the infinitesimal generator of an analytic
semigroup on X. Hence, pI-Bis sectorial of typew = —p < 0.
Let

Fy (t,x &),y (&)= pa(t)

. 1 .
' sm<2 + cost + cos \/§t> [smx(f) " )’(E)] ’ (145)

Fy (t,x (), y () = ve " [x (&) +sin y (§)].
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Then it is easy to verify that F|,F, : Rx X x X — X are
continuous and F, (t,x, y) € AA(R x X x X, X) satistying

"Fl (t’xl’yl) - F (t’xz’yz)lli

2

sjnyzaa)gn< ! )
0 2+ cost + cos V2t
|[sinx; () + y; ()] = [sinx, () + 3, (9)]|ds (146)
2 2 00 | 1 ?
swa Sln<2+cost+cos \/ft)
(e - %[+ 1 - J’z"i)
that is,
IE, (£, %1, 71) = Fy (8%, ),
< pa () (| = xa, + |31 = ll,) (147)
VteR, x1,y1,%,, 1, € X5
furthermore
IEy (£, %1, 71) = Fy (8%, ),
< ptllalloo (20 = 2o, + 31 = 22],) (148)
Vt € R, x1, y1,%,, ¥, € X.
And
IE, (3, )| < J Ve [ (5) + sin  (s)] ds
0 (149)
<72 (Il + I 2).
that is,
IE; (&% )], < ve™ (Ixll, + 31, 150)

VteR, x,yeX,
which implies F, (£, x, y) € Cy(R x X x X, X). Furthermore

F(t.x,y)=F (txy)+ F(txy)
€ AAA(R x X x X, X).

(151)

Thus, (142) can be reformulated as the abstract problem (39)
and the assumptions (H,) and (H,) hold with

L=ylale,

O(r)=r,

B) = ve M, (152)
pr=1
P

the assumption (HI’) holds with L(t)
assumption (H;) holds.

pa(t), and the

International Journal of Differential Equations

In consequence, the fractional relaxation-oscillation
equation (142) has at least one asymptotically almost auto-
morphic mild solutions if either

-1/

HCM |jal, 7 |p|
a sin (71/)

+CMy < % (153)

(Theorem 24) or

uCM |al | p|

asin (71/x)

(154)

1
+CMv < —
2

(Theorem 27), where [la|l = sup,.g LHI a(s)ds or the integral

Jt max {Ma (s), ve_ltl} ds (155)

exists for all t € R (Theorem 29).
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