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We discuss the existence of global solutions to the magnetohydrodynamics (MHD) equations, where the effects of finite Larmor
radius corrections are taken into account. Unlike the usual MHD, the pressure is a tensor and it depends on not only the density
but also the magnetic field. We show the existence of global solutions by the energy methods. Our techniques of proof are based on
the existence of local solution by semigroups theory and a priori estimate.

1. Introduction

Magnetohydrodynamics (MHD) concerns the motion of
conducting fluids, such as charged particles in an electro-
magnetic field, and has an extensive range of applications
in mathematics and physics. MHD has been the subject of
many studies by physicists and mathematicians because of
its environmental importance, rich phenomena, and math-
ematical challenges. When the magnetic field is strong, the
charged particle undergoes gyromotion and it affects the
fluid motion. The radius of gyro motion is called the Larmor
radius. The fluid description with the finite Larmor radius
(FLR) effects is referred to as the gyrofluid or the Landau
fluid and such effects are reflected in the pressure and the
heat flux. Usually, in the MHD, the pressure is isotropic and
scalar, which depends on the density. On the other hand,
in the gyrofluid, the pressure is anisotropic and depends on
both the density and the magnetic field. Another difference
is that the pressure is no longer a scalar. Instead, it is a
tensor derived from the moment equations and consists of
the gyrotropic and gyroviscous tensors. The gyrotropic part
consists of the pressures parallel and perpendicular to the
magnetic field, and the gyroviscous tensor is derived from
the moment equations for pressure by a Chapman-Enskog
expansion.

In this paper, we are interested in the existence of global
solutions to the one-dimensional MHD equations with the
FLR corrections in the pressure discussed above. We first
construct the local solutions by the semigroup theory to
linearized equations for a small time. Then, the existence of
global solutions is proved by extending the local solutions
globally in time based on a priori estimates of solutions.

As far as the derivation of gyrofluid is concerned, Chew et
al. [1] proposed the gyrotropic tensor. The gyroviscous tensor
was first introduced by Thompson and an improvement
was made by Yajima [2] and Khanna and Rajaram [3]. In
particular, the general form of the gyroviscous tensor was
derived by Hsu et al. [4]. Recently, Ramos [5] discussed
the heat flux terms for the gyrofluid, and Passot and Sulem
[6] discussed the closure relations for the gyrofluid. For the
existence of solutions to MHD, Chen and Wang [7] showed
the existence of global solutions to the piston problem. Hu
and Wang [8] obtained the existence of global weak solutions
in three dimensions for MHD equations, by using the
Faedo-Galerkin method. Many authors have investigated the
existence of global solutions to viscous systems. Matsumura
and Nishida [9] treated the initial value problem for equations
of motion of viscous and heat conductive gases in three
dimensions, and they obtained the global solution for their
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equations in H> with a method based on iteration and
energy method. Many applications of the energy method are
discussed in [10]. Slemrod [11] proved the existence of global
solutions for nonlinear thermoelasticity with initial data
being sufficiently small and smooth in one dimension, apply-
ing the contraction mapping theorem for existence of local
solutions. In this regard, the existence of a global solution
to partial differential equations of the hyperbolic-parabolic
type has received much attention in the last decades; see
[9,11].

We organize the rest of the paper as follows: Section 2
presents a derivation of the equations of nonlinear Landau
fluid. Section 3 shows the existence of a local solution. In
Section 4, we establish a priori estimate. In Section 5, the
existence of global solutions is proved by extending the local
solutions in time based on a priori estimates of solutions. We
also show the asymptotic behavior of solutions.

2. Derivation of Landau Fluid Equations

In this section, we will look at the model for describing
Landau fluid and derive the equations from MHD equations
in three dimensions.

pe+ V- (up) =0,

(pu), +V-(pu®@u)+V-P

=lij+yAu+(/\+y)V(V-u), ¢y
c
b-Vx(uxb)=-Vx(»Wxb),

V-b=0.

In the above system p is a density, u = (u,uy,u;) is a
velocity, V is the gradient operator, j = (c/4m)V x b is
the current vector, ¢ is the speed of light, y, A are viscosity
coefficients, b = (b, b,,b;) is the magnetic field, and »
is the magnetic diffusivity acting as a magnetic diffusion
coeflicient of the magnetic field. The magnetic field consists of
the large ambient field oriented in the x-direction and small
perturbation.

In the gyrofluid, we assume that the pressure term P has
the following form:

p="p"+P, ()

where P’ and P' are called the gyrotropic tensor and the gyro-
viscosity tensor, respectively. For P Chew et al. [1] deduced
that the lowest order form of the plasma pressure may be
expressed in terms of pressures parallel and perpendicular to
the field.

P°=p, (I-beb)+pbeb, 3)
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where p, is the perpendicular pressure, p; is the parallel
pressure, I is the identity matrix, ® denotes the Kronecker

tensor product, and b is the unit vector in the direction of
b. Kulsrud [12] observed that the perpendicular pressure is
proportional to B/v, and parallel pressure is proportional to
1/v’B%; that is,

OCB
proc

(4)

Py g

where v = 1/p, v is specific volume, and B = \lZ?:l bi2 is the
magnitude of the magnetic field. Based on his observation,
we use in this paper

p, =

>

B

! (5)
1

D= 54

V3BZ'

The gyroviscosity tensor P' is derived from the ten-moment
equations, where the pressure tensor P satisfies

ip+v-up+(p-V)u+(P-Vu)T

dr
(6)
+ £ bxP-Pxb]=0.
m
We write the above relation in the following way:
[P b+ Ti]
7)

1[d
= —[—P+PV-u+P-Vu+(P~Vu)T )
Q |dr

where Tr = —b x P is the transpose of P x b and d/dt =
0/0t + u - V denotes the convective derivative, Q = oB,/mc
is the gyrofrequency, where o is the electron charge, m is the
mass of particle, c is the speed of light, and B is the magnitude
of the constant ambient field assumed to be oriented in the x-
direction and approximately equal to B. In the gyrofluid, Q is
large. If we assume P’ = O(1) and P' = O(1/Q), then from
(7) we obtain

[P1 xb+ Tr]
17 d ®

~ = [—PO+P0V-u+P°-Vu+(P°-Vu)T].
Q ldr

Solving the above system for P!, Hsu et al. [4] obtained
1 (~ SR 1T
Pl= o {oxs- (1+300) + [bxs-(1+300)] |, ()

where



International Journal of Differential Equations

0 0 0
S=|=+u-V|P +[(P" -Vu)+Tr|. 10
(2 +uev)e [P va) ], o)
When the ambient magnetic field is oriented in the x-
direction, P' is decomposed as P' = P + P'', where P*
is the central part of gyroviscous term given by

Px ny Pxz
PIO = Pyx Pyy Pyz >
Pzx pzy P2z
Pxx = 0,
P
Pyy =P = _ﬁ (u3y + u2z) > (11)

pyz = pzy = 5_5 (uZy - u3z) >

-1

Pzx = Pxz = 6 [pl (u2x - uly) - 2P\|“2x] >
1

pxy = pyx = 5 [(pJ_u3x - ulz) - 2pllu_%x] >

and P is a small correction and a tensor whose components
are of the order O(|g||[Vu|), where q = (b,,b;). The
gyroviscous terms are dispersive as discussed in [2,13]. In the
one-dimensional case, the constraint V - b = 0 implies that b
is a constant, and based on nondimensionalization, we may
set b, = 1 without loss of generality. Then, (1) reduces to

pe+ (uyp), =0,
1
P’ + P! —<—v b) b
p(ut+u1ux)+( + )x oV xb)x

= (u0),»

g + (g -w), = (v4,),»

(12)

where

pi(l—blz)+p”bf
P’ = _pLB;B;+pI|E;B; )

—PLZ’;ZZ +p||El73

(. v.q)3
X ()=

v, e I’ (;H");

3
[ 0
1 Uz,
P=|Qg (P -2p) % )
1 Uy
__5(PJ__ZPII)%
™
w = .
LU3
(13)

We convert the equations to the Lagrangian coordinates so
that there are no convective derivatives. Then,

vy — g, =0, (14)
U, + (pL (1 —Ef) +p"515)y + (% (b5 + bf))
(15)
- <Q>
v /y ’
+ (puB+ BE) + (),
(16)
u 1 u
(gt )
e (0.5 + pBE), + (),
17)
Uy, 1
(T g )
(vby), + (-1p) , = <%b2y)y » (18)
(b, + (), = (1) 19)

We discuss the Cauchy problem for the above equations with
the initial data

(v =7,9) (5,0) = (o> vy = ¥, 9) - (20)

We consider u = u(y,t), v =v(y,t), and q = q(y,t) denoting
the unknown functions of ¢+ > 0 and y € R, the initial
data where v approaches to a positive constant v > 0 as
y — +00, and the magnetic field b approaches to (1,0,0) as
y — *oo.

For this purpose, we define the Banach space X(J) as
follows:

(w,v-7,q) € C°(J,H?);

u,q, € I’ (H);

(21)

sup ||(u,v - 7,9) ®)|, <M, infv(y,t) >m, M,m >0,



where ] = [0, T] is the time interval, || - ||, is the H 2 norm, and
we denote L? norm by |l - Il

3. Existence of Local Solution

The proof of the existence of local solutions is standard.
However, for the sake of completion, we briefly explain
the proof here. We construct a sequence of functions that
converges to a function satisfying the Cauchy problem. This
method gives a sequence of approximation on (u, v, q) to the
solution where the nth approximation is obtained from one or
more previous approximation(s). We linearize (14)-(19) and
consider the following iteration:

W - uﬁ'}’, Y-y,

1 ~(n-1) 1 A(Vl 1)
”u <P¢n )< <b1 >>+Pﬁn )(1 >>
y
(n)
1/ (n-1)\2 w0y _ [ My
+(§(b2 )+(b3 ))y‘ =T A
y
N~ (n—1) ~(n-1) N~ (n—1) ~(n-1)
U (pl 578" 4 5", }
(n—1)
+ (b )y
(n) (n-1)
Uy 1/ w1 -1\ %3y
- <v(” 5t (P -2 o ) (22)
y

(n—1)~(n-1) (n—-1)~(n-1)
ug';’+<p"”b” 5" 4 0 R )y

& (b )

Y
() (n-1)
[ My l( (n-1) . (- 1)) Uay
D Py 2p y=0 |2
y
(n-1).(n) (n-1) L
(), + (), = ()

— _ 1
(V") + (), <v<n—1>b3(§)>y'

We find the existence of the local solutions of the nonlin-
ear equations (14)-(19) by iteration. Let U™ = (™ )™~
%,q™). We show the existence of U™ for given U™V by the
semigroup theory and the energy estimate for U™.

Theorem 1 (energy estimate). For each m > 0 and M > 0
there exist T > 0 and C depending on m and M, such that
U™ e C°(J; H?) and that for each n the initial value problem
with the initial data (uy, v, — v,q,) for linearized equations
(14)-(19) has a unique solution satisfying the energy estimates:
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|(.q) ®)];

t
< exp™ " () O + C om0 | ol ).

L [(,.9,) @ (23)

t
<™ ([(.0) O + Com ) [ Yol ar ).

v ()15 < exp® (IIV(O)II§+L Ilhllfdr>,

where g and h are known functions belonging to X(J).

It is not difficult to show that {U™} with the initial data
@™ v, g")(y,0) = (ug,vy» qo) is the Cauchy sequence in
C°(J; H*), which proves the following theorem. The proof is
omitted.

Theorem 2. For allm > 0 and M > 0, there exists T(m, M)
such that if |lug, vy — v, qoll, < M, infv(y,0) > m, then the
initial value problem for (14)-(20) has a local solution in X(J).

4. A Priori Estimates

To prove the existence of global solutions we need a priori
estimates where we estimate u, v, and g, and the first
and second derivatives of them. We define the energy and
dissipation terms as E(t) and F(t), respectively:

E(®) = = (Iull} + g3 + 1= 9I).

N | —

. (24)
2 2 — 2
FO= 1 [l lo -, )

First, we multiply (15), (16), and (17) by u,, u,, u5, respectively,
and we perform integration by parts with respect to y. Then,
by adding the resulting integrals, we obtain

(o]

1 Rl |
HOCT

(u)dy+J.

NI»—A

r

(0]

Jmuly 1—b2)+P"b —p”)
|ty (-p. BB+ BB dy
j w, (~p. BB, + pybiBy) dy



International Journal of Differential Equations
+ J_O:O uy,bydy + J-_O:O us,bydy
[z @ e[ (S)e
- J: Uy, <u_12/y + é (p.-2py) u—zy)d)’

—f:o%y(Q— 51)(17 —2P||) )d)”

v
(25)

where p; = p; (¥, B) is a constant of integration, B = 1. Note
that the two terms containing () are canceled and they cause
no problem in a priori estimates. To carry out the estimates,
we use (14), (18), and (19) for Uyys Uy Usys and the relations

~ 1
bl_E’
— b2

=2 26
~ b
b, = =.
> B

in (25).

We also combine the fourth, the fifth, and the sixth terms
on the left-hand side of (25). Then, the sum of the three terms
leads to

[e¢] 1 [ee]
d
J—oo (ZVZBZ >t a J—oo v B
© 1 B 1 bz
! Lo (Zb”)y <_ vt 332> el @7)

© 1 B 1 b
H (b)) (S 455 ) 2
J_oo<v )\ v 3B B Y
We now integrate with respect to t and expand the term

1/2v*B? by the Taylor series. Then, linear terms for v cancel,
and we have

j: %Zj:uf (y,t)dy + JOO (1 - %)(B B)dy

-0 v'B

j (B), dy

t oo t oo u
+ J J us,bydy dr + J J ydyd‘r
0 J-co 0J-c0 V

5
oo 1 3 5
<[ S (noyay
00 24
el B 1 \b
SN (;%)y (-5 * 55) gtvete
B 1 B 1 \b
SN (;bw)y (-5 * o) e
(28)

We note that, for the third integral on the left-hand side of
(28), the integrand is estimated from below in the following
way:

_ 2 —\2
A7 (v-9)° 23 (B - B)
3 _ _ _
< = (v-7v)°+ ﬁ (v—-") (B—B) (29)
3 —\2
+ % (B—B)

Next, we estimate q = (b,,b;). For this purpose, we
multiply (18) and (19) by b,, b;, respectively, and perform the
integration with respect to y and ¢. Then we obtain

1
J_OO v (0, )dy+j W (y.1) dy

t oo t oo
+JJ bdydT+Jj " dy dr

0

t o0
[ Sy (88 dyar (30)

0 —

t oo t oo
- J J Uy, bydy dr — J J us,bydy dr
0 J-oo —00

0

< J %vbzz (y,0)dy + J

—00

1
EVI%Z (,0)dy.

To get the estimate for v,, we multiply (15) by v,/v and
integrate with respect to y, and we obtain

oo V — —
J_ _ultdy+ J- y (pJ_ (1 _blz) +P|\b12)y dy
CVy (1o
Ly (G ) & 3y
_ [ Vl(ﬂ)
- J—oo v\ ydy'

By using (14), the term on the right-hand side becomes

Vy(”w) V)’(Vt) Vy Vy(”)/)
| — = = | — = = 1 = = | = .
viv/, wv\v/, w (log V)ty v \v/ (32)

So,

. J“’ 2o (1-8) epl) dy ()



We use the product rule for the second term on the left-hand
side of (33):

d v v v
wloy)=u () rm o0
And we use
b,b y+ bb (35)
y B

for the derivatives of b, and b;. Then integrating with respect
to t, we have

[ %(%)zwy—li
[
4‘1%(%)
L
LI
L
[ e
J
J
J
[

v
uljydy

»by, v, dy dt

+

N 5b;, v, dy dt

g bzzvf,dy dr

8

(36)

0

g
g
g
g

t o)
1Yy 10 .2
N L Lx, S (B +82), dyar

8

8

534 ydy dr

8

8

B3b2 (byby, +bsby, ) v,dy dr

8

12
233 ——b; (byb,, + byby ) v,dydr

(0]

(00

(byby, +bybs, ) v,dy dr

Now, by adding (28), (30), and (36) together, we obtain

3

ro %Z“IZ (y.t)dy + J: % (V—vy>2 (y,t)dy

—0c0 1

+‘L)O%vb22( )dy+J —vbz(y,t)dy
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IN
—
8
<
—
b
QU
=
+
—
|
<
RSN
—~~
=
=
QU
=

+L —vb (y,O)dy+J l<v—y>2(;">0)d)’

[e] Vy t roo
| wZdy | [ bbyvdyds
t roo 2
[ | Zgbbrdydr
t oo
2
—L Lo b (b, + b, ) v dydr
t oo
2
—L | gt (b, b ) vydy e
J~t

. Jm e (B +biby)) vy dyde
0 J-oo

too 1Vy3
23 4yd
+J>0.|>7002 % 7
+”°° D (02 +82) dydr
. S\t

(37)

where

b b
T R (38)
v*B V3B Vv B*

Using Cauchy Schwarz inequality, we estimate the rest of the
terms on the right-hand side. For example, consider
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t o0 2
I j gty vdydr

0 —

t roo 2

| | Zgtburdyar (39)

< CJ sup |b,| J |v b2y|dyd‘r,
by Sobolev embedding theorem, and we have
0 1/2

sup by < (J (82 +8) dy> . (40)

Y —00
Thus,
t roo
[ [ gttmydydr
0 1/2
< Csup (J (b22 + bzzy) dy) (41)

t —

t oo
|| Gew)dyar<cewF .

0

Therefore,
E,()+F () <E 0 +C(E®)+EW®)F(®), (42)

where

1 2 2 2 |V
Ey(®) = 5 {lull” + I =) + [ +||7H ,

t
R0 = [ {lul + lol + o}

Second, we need to estimate the first derivatives of u
and g. For that purpose, we multiply (15), (16), and (17)
by —uy,,, —t4,,, and —us,, respectively, and integrate with
respect to y and ¢. Similarly, we differentiate (18) and (19) in
»» multiply them by b,, and by, respectively, and integrate
with respect to y and t. Then we obtain

(43)

1 1
J_OO Sty (1) dy + L)o Sty (1) dy

+Jﬁ usy(y,t)dwj -vb , (n:t)dy

t
J 3y (y,t)dy + L J ulyydyd‘r
J J uzyydydT+J J u3yydydr
J J zyydyd‘r+J j 42 dydr

1
SL -uly(y,o)dwj -uZy(%O)dy

1 |
* LO Sty (1,0)dy LO 5V, (3, 0)dy

Vy

ﬁuzyuzyydy dr

Vy

ﬁu3yu3yydy dr
t oo

—j j i by by dy dr
t oo

—j J by by dy dr
t oo

[ nbbadyar
t oo

—j J v, by bydy d
t oo

—j J w, byby dy d
t oo

[ ] by

t oo 1
[ | Gbrdrds
t

t oo 1 o0 )
. L j by ydydT+2£J L)O 2, dydr

0

t oo t roo
+ 2¢ J J ugyydy dr +2¢ L j_ ugyydy dr
t

e 2
LO Bdydr.
(44)

) 3C
vydydr + - J

0

For the second derivative of v, take the derivative with respect
to y of (15) and multiply by v,,/v. Then we perform the
integration with respect to y and ¢.

© v,

t oo y
J.J. yyultydydr
oo V
l—b2 dyd
Y )+p" )y y T

0
L2 .
Lt r; o7 b2 +b2)>yydydr

t ooy u
-1l ﬂ(ﬂ)
0J-co V Vv Jyy



and by using (14), the term on the right-hand side of (45)
becomes

Vﬂ(””) ﬂﬂ(&) = 22 (logv)
- - t
v v/ v \v/y v Y

(46)

Il
<
< |:§
—
< |\
~—
-
~
|
<
< |:§
S
< \<<
=
|
<|\>|\<<m

)g

So,

_H‘” AR (47)
—00 v

t ooy . .
=J L}O%(Pl(l-bf)JfPubf)yydydT

FL° Yy (1 EIE
+ —= —( ;) + 3) dydr.
_ 2 yy

0J-c0 V

For the estimate of v, we perform a few estimates. The third
term on the left-hand side of the above equation becomes

L ooy v 0y
JJ yy—ttdydr—J’ 2y, dy

0 14 o V

t roo Vv
[T )
0J-c0o N V /t

(48)

I
S—,
8
2
=
“F
QU
=

t roo y
+ J J y—ytvtdy dr
—c0 V

0
2

t roO Py
g

0 —

We estimate the third term on the right-hand side from the
above equation, and, by using equation (14), we have

2

t o0 V..V
yyVi
L J_OO 2L dyds

t oo [ 2v U, U 22 u?
yP1yPlyy y 1y
=J J < B - )dydr.

0 J-co % V3
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Therefore,

(50)

t Vyy (B 1 1
B2 Bl L D
" Jo J—oo v (V (1 Bz> " V3B4>yydydT

L Yy (1 b2 4 B2 J
+ — —( X +b3) dydr.
2 yy

0J-c0 V

Take the second derivative with respect to y of the last two
terms on the right-hand side. Then, we have

00 1 v 2 [CEY}
LO 3 (%) (nt)dy - L)O Sy

oo 3 B 1
2
+J0J—mvyy[v534+v3_v3B]dydT

_ Jt ro ”iyulyyvydydT

t oo 2
- J J . EvyvyyBydy dr
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t oo 2
+J- J- v v, ydeydT

0

t

R |
+ J-o J-_ 2B B,,dydt
t oo 2
- L J-_OO 2 By dy dr

B dydr

|
S
|
8

2
o 2By

|
-
ll—
g 8

4B vy dr

dydr

|
< -
—
8

4
ARV By,

20

o VBS Vyy ydydT

+ |
S ST
I 20 >
8 8

4
g5 Yy Bydy dr
(0.0]

o VOBt Vy yydydT

5 yydy dT

+ +
S s
— ‘—8

[ee)
Vyybb
o V

+
S
|
8

Vyy
o —bbs,,dydr

2y72y

+
S
|
8

v
b, b, dydr
o V

3y73y

+
S
|
8

v
yyb by, dydr.

(51)

We combine (44) and (51) and we estimate the terms on the
right-hand side as (E(t)"/* + E(t))F(t). Therefore,

E,()+F (1) <E ) +C(E®+EW®)F(®), (52)
where

2
Vyy }
>

£ 0= [ il ol + I} e

£ 0= 3 {Ji + o +
(53)

Third, we differentiate (15), (16), and (17) in y, multiply
them by -u,,,,-u,,,, and —u;,, , and integrate with
respect to y and ¢t. Similarly, we multiply (18) and (19) by

-by,,, and =by ,, respectively, and integrate with respect to

y and t. Then, we obtain

3

[ 18,00 [

1
SV, (1) dy

3

2
t oo u;
R

1

0 b2 t oo b2
J 2 4 dr + J J S g de
-0 V 0J-co V

(o] 1 3 [ee) 1
< J—oo Egufw (y,0)dy + j_oo Evbzzyy (y,0)dy
[P
J 5y, (3.0) dy

t oo 3 2
+ J J Zl‘,_z”yy”tyyy vydy dt

t foo 3 v

yy

[F 8
t roo 3 2y
y

+J J 27 iy lyyydydT

t oo 2
* J J_oo 2Dy by dy dt

t oo 2
e[ [ Snbubdyar

t oo 1
[ byt drdr

t poo
e[ [ by

7 22,0, dyd
+J Jﬁoo 2 02y yyydy 4T

7 202,00, dyd
+J Jﬁoo 2 Py ayyydy 4T

t poo
+J J v, by, bydy d

t oo
+J J v by, bdy d

t poo
t[ | by dydr

t poo
t[ | by dydr

t oo
t[ | bty dydr
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t oo
+jj U,,bsbs,,,dy dT

é)w dy dr

[ (5 55) 52) v

[ (5 55 5 v
dydr

freo 1/B 2 u3y>
- —|=- — ) dyd
JO J_Oouzy”' Q <v v3B2> v Jyy vt

(54)

We estimate the terms on the right-hand side as (E(t)l/ 2y
E(t))F(t). Therefore,

Ey(t) +F,(t) <E; (0 + C(E®)' +E(®))F (1), (55)

where

1
Es®) =7 {"”yynz + ||qyy||2}’
t (56)
0

Fy(t) = {"“yyy"z + qu||2} dr.

Finally, by adding (42), (52), and (55), we obtain the following
a priori estimate:

|(wv-7.9) O
t 2 . , 3 2
+ L [Z "D (u,v,q) (t)“ + “D (u,q) (t)“ ]d‘r (57)
k=1

<Cl(wv-7.9) O3 +C(E®)* +E®)F (),

where C is a constant independent of t.

5. Global Existence and Asymptotic Behavior

In this section, we state and prove our global existence
result of the system (22) by combining local solution and a
priori estimate and also show the asymptotic behavior of the
solution. Our main theorem reads as follows.

Theorem 3. Suppose the initial data (u,v — v,q)(0) € H?.
Then, the initial value problem for (14)-(19) has a unique
solution (u, v—v, q)(t) globally in time such that (u, v—v, q)(t) €
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C(0,00; H), D(u,q) € L*(0,00;H*), D(v) € L*(0,00;H")
fort > 0 and has estimate for any t > 0.

(v =7.9) @)
t 2
i J-() |:Z “Dk (u’ Vs 61) (T)"2 + "D3 (u, q) (T)||2 dr (58)
k=1

<Cl(wv-7.q) O
Furthermore, the solution has the following decay property:

|y vy00,) 0] — 0,
I(u,v = ¥,q) (©)]| ;0 — 0 (59)

as t — oo.

Proof. To complete the proof of the existence of global
solutions, we use induction on the local solution and extend
the time. We also prove that a solution exists for all time and
satisfies (58). If M is small and the initial data ¢t = 0 satisfies
(58), then there exists a local solution and therefore there
exists T; > 0 such that the solution exists and satisfies

su u,v—"vq) @), < M.
ogtngl I a) 0], (60)
Then we see that the local solution exists for t < T, and

satisfies a priori estimate (58). Therefore, the Cauchy problem
has a solution

(w.v,q) € (T),2T; H?), (61)

satisfying the estimate (60). Then, the energy estimate for the
local solution and the a priori estimate imply that, for T} <t <
2T, with the initial data (u, v—7, q)(T}), the Cauchy problem
(14)-(20) has a local solution satisfying

sup |[(w,v=7v,q) @), < ||(u,v-7.q) (T})],
T, <t<2T,

(62)
< M.

Then, a priori estimates hold for all . We continue with the
same process for 0 < t < nT}, n = 3,4,.... Thus, we have a
global solution (u, v, q)(t) € C(0,00; H 2) which satisfies the
estimate for all £ > 0.

To prove the assertion (59) concerning the large-time
behavior, we show the decay estimates in detail for u.

Set

Fo) = ro 2 (1,) dy. (63)

Then, since f is a function of bounded variation, by the
Cauchy Schwarz inequality, we have

Lt f’ (s)ds| <2 J: J: 'uyuys

<2 [ [y ] s (o1

dyds

e B <

< sup Jt JOO (ui+ujs)dyds.

0<t<T JO J-00
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This implies that f(t) has a limit as t — oo and it must be
zero. The similar conclusion holds for v — v and g. Therefore,

”(”y’ Yy qy) (t)" — 0. (65)

For the decay estimate of L® norms, using the following
inequality,

(o)
lul?e = sgp ) J_oo |uuy' dy <2 |ul "uy' , (66)
we have
- 7.) O — 0 ()
]
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