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Abstract: This paper considers partial linear regression models when nei-
ther the response variable nor the covariates can be directly observed, but
are instead measured with both multiplicative and additive distortion mea-
surement errors. We propose conditional variance estimation methods to
calibrate the unobserved variables. A profile least-squares estimator associ-
ated with the asymptotic results and confidence intervals is then proposed.
To do hypothesis testing of the parameters, a restricted estimator under the
null hypothesis and a test statistic are proposed. The asymptotic proper-
ties of the estimator and the test statistic are also established. Further, we
employ the smoothly clipped absolute deviation penalty to select relevant
variables. The resulting penalized estimators are shown to be asymptoti-
cally normal and have the oracle property. Estimation, hypothesis testing,
and variable selection are discussed under the scenario of multiplicative
distortion alone. Simulation studies demonstrate the performance of the
proposed procedure and a real example is analyzed to illustrate its appli-
cability.
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1. Introduction

In many applications involving regression analysis, observations of the variables
of interest may include with measurement errors. A general distortion errors-in-
variables partial linear model can be written as

}::XTIBO+9(Z)+65
Y = 6u ()Y +6a(0), (1)
X =9, (U)X + 1y (U),

where Y is an unobservable response variable, X = (X1, Xz, ..., X,)T is an un-
observable continuous covariate vector (throughout this paper, the superscript
“T” denotes the transpose operator on a vector or a matrix), B, is an unknown
p x 1 parameter vector on a compact parameter space ©g C R, 7 is a observed
univariate covariate, and g(-) is an unknown smooth function. The model er-
ror € satisfies E(e|X,Z) = 0 and E(¢?|X,Z) < oo. The confounding variable
U € R! is observable and independent of (X, Z,Y"). For the distortion functions
(¥ ,(-); % 4(+)), the multiplicative distortion function t,,(-) is a p x p-diagonal
matrix given by diag (Q/JN[J(), . a'l/]M,p('))a and the additive distortion function

¥ 4(+) is a p-dimensional vector given by (¢4,1(-),... ,¢A,p(~))T. Moreover, we

assume that (¢ar(-), (), ¥arr(-),%a,(-)), 7 =1,...,p, are unknown contin-
uous distortion functions. Note that (¢,(-), ¥ 4(-)) and (éap(+), 0a(+)) distort

the unobserved X and Y in both multiplicative and additive relations.
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To date, there has been little discussion on the coexistence of the two kinds
of distortion measurement errors in partial linear models. [8] and [38] considered
multiplicative distortion measurement errors (¢4 (U) = 0,14, (U) = 0), and [39]
considered the additive distortion measurement errors (¢ (U) = 1,9 ,-(U) =
1). Multiplicative distortion measurement data usually occur in health-related
studies or medical science research. For example, [7] numerically normalized the
collected data according to body mass index (BMI) to study the relation between
fibrinogen level and serum transferrin level among hemodialysis patients. This
processing of the collected data [7] implies that there may exist a multiplicative
relation between the unobserved primary variables and BMI, which is called the
confounding variable. Unfortunately, the exact relation between the confound-
ing variable and the primary variables is typically unknown, and simply dividing
the confounding variable may lead to an inconsistent estimator of the parameter
for a given statistical model. From another perspective, [25, 26] adopted some
flexible multiplicative adjustments by introducing unknown smooth distortion
functions ¢ (u) and ¥, (u) on the confounding variable. Recently, a number
of researchers have studied multiplicative distortion measurement error models
(see [1, 22, 21, 28, 25, 20, 27, 11, 41, 36]). The topic of additive distortion mea-
surement errors was first considered in [25]. Later, [20] proposed some graphical
techniques for assessing departures from or violations of assumptions regarding
the type and form of the additive or multiplicative distortion.

Regarding additive distortion, [33] proposed a residual-based estimator of the
correlation coefficient between two unobserved primary variables, and showed
that the estimator is asymptotically efficient as if all the variables are observed
exactly, i.e., without distortion. [34] studied the estimation and variable selection
in partial linear single-index models when the response variable and some covari-
ates are measured with additive distortion measurement errors, i.e., ¢pr(u) =1
and ¥Ypr-(u) = 1, 7 = 1,...,p. Suppose that there are no multiplicative dis-
tortions errors (¢ar(u) = Y (u) = 1). If we treat the nonparametric function
9(Z) as a single-index model g(Z) = ¢g(0Z) (0 = 1), the estimation method
proposed in [34] is not applicable to the partial linear model (1.1). Their leave-
one-out component estimation method is not workable because of the identi-
fiability problem for the single-index parameter. The leave-one-out component
estimation method for a single-index parameter can theoretically achieve the
semiparametric efficient bound, and the asymptotic covariance matrix of profile
least-squares estimators is usually invertible, which can be used to construct
asymptotic intervals and hypothesis testing for further statistical inference. In
detail, to use this method, we need to transform the single-index parameter
into v = (/1= vpl% v = (2~ %)H)T, and we must also first esti-
mate (1. Obviously, the leave-one-out component estimation method can not
be used in partial linear models, because § = 1 is a one-dimensional parameter
and 0(_y) is an empty set.

This paper intends discusses partial linear models that contain both multi-
plicative and additive distortion measurement errors. Because the model (1.1)
contains the additive distortion functions ¢a(u) and 94 ,(u), the calibration
estimation proposed in this paper is different from that in [1] and [34]. In [1],
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the authors only considered the existence of multiplicative distortion measure-
ment errors (¢a(u) = ¥a,(u) =0), and used the conditional mean calibration

procedure to estimate (dar(w), Y, ¥arr(u), X, ): Y = %(u), o (u) = %,
X, = W{X—T(U)7 V() = %, r = 1,...,p. In [34], the authors con-

sidered only additive distortion measurement errors (¢pr(u) = Yar-(u) = 1),
and used the conditional mean calibration procedure to obtain the relations
Y - E(Y) =Y - EYU), X — E(X,) = X, — BE(X,|[U), r = 1,...,p. The
authors then used the regression “residuals” {372 — E(SN/Z\Ul), )?m‘ — E()N(”\Ul)}
to estimate the parameters in PLSiMs.

From model (1.1), E(Y|U = u) = ¢y (w)E(Y) + ¢a(u), BE(X U = u) =
Yarr (W) E(Xr) + 14, (u). Note that all the distortion functions (¢ (w), @a(u)),
(Yar,r(u), %4 r(u)) are unknown, and the conditional mean calibration [1] and
residual-based calibration procedures in [34] are no longer workable, because
we can not estimate them through E(Y|U = u) or E(X,|U = u) alone. Con-
sequently, in this paper, we propose a new calibration procedure by coupling
the conditional means (E(Y|U = u), F(X,|U = w)) and conditional variances
(Var(Y|U = u), Var(X,|U = u)). Using these estimates E(Y |U=u), \73L\r(3~/|U:

—

u), B(X,|U = u), Var(X,|U = u), we obtain (¢ (u), a(w), Par (), Par(u))

- _7Aa\z ] % — )N(rfﬁLM‘T(U) . . ~ ol
T (U) X, = RN Note that the calibrated variables (Y, X,.)

and the asymptotic results obtained in this paper are all different from those in
[1] and [34].

With these calibrated variables, we use a profile least-squares estimation to
obtain a root-n consistent estimator of 3. Specifically, we consider the estima-
tion efficiency of the proposed estimators in the case when ¢ 4(u) = 14 ,(u) = 0.
In this setting, without additive distortion, we further propose a second esti-
mator by using the conditional absolute mean technique [2, 41]. The normal
approximation is derived by estimating the asymptotic covariance matrices and
the empirical likelihood-based statistics are proposed to construct two different
asymptotic confidence intervals of the parameter 3.

To make further inferences, we consider the problem of checking whether the
linear combination AB, = b holds. A restricted profile least-squares estimator
and a test statistic are proposed by introducing Lagrange multipliers under the
null hypothesis. Under the null hypothesis, the limiting distribution of the test
statistic is shown to be a standard chi-squared distribution. We also investigate
the asymptotic properties of the estimator and the test statistic under the lo-
cal alternative hypothesis. Finally, to perform variable selection, we propose a
profile penalized least-squares method based on the smoothly clipped absolute
deviation method [4, SCAD]. We demonstrate that the resulting SCAD-based
solution is selection-consistent. Monte Carlo simulation experiments are con-
ducted to examine the performance of the proposed estimation and test proce-
dures.

The remainder of this paper is organized as follows. In Section 2, we propose
the conditional variance calibration for the unobserved variables, present a pro-
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file least-squares estimator of the parameter, and derive the related asymptotic
results. In Section 3, the confidence intervals the of parameter are proposed. Sec-
tion 4 considers the problem of checking whether the linear restriction A3, = b
holds. In Section 5, variable selection for parameter 3, is discussed. Section 6
covers two estimation procedures when only multiplicative distortion exists. Hy-
pothesis testing, confidence intervals construction, and variable selection are also
discussed. In Section 7, we report the results of simulation studies. In Section 8,
we present statistical analysis results using real data. All technical proofs of the
asymptotic results are given in the appendix.

2. Estimation method and asymptotic results
2.1. Calibration

We first calibrate unobserved ¥ and X by using the observed i.i.d. sample
{Yi, X, Ui}?:y To ensure identifiability, it is assumed that

Elpu(U)] =1, Elpa(U)] =0,
E[¢M,T(U)] =1, EW)A,T(UH =0, r=1,...,p.

—~
o o
o~
=

The identifiability conditions (2.1)-(2.2) are introduced by [26, 25], and it is
analogous to the classical additive measurement errors: E(e) = 0 for W = X +e,
where W is error-prone and X is error-free [11, 31].

Define

my(u) = E(Y|U =u), oy (u) =/ Var(Y|U = u),
mg (u) = E(X,[U =u), og ,(u)=1/Var(X,[U=u), r=1,...,p.

Suppose that oy [[_, ox, > 0, where oy = y/Var(Y), ox, = /Var(X,),

r = 1,...,p. Under the independence condition between U and (Y, X), the
identifiability conditions (2.1)-(2.2) and condition (C1) entail that:

o3 (W) = du(Woy, E (o3,(0)) = o, (2.3)
o ) =ty (Wox,, E (U;MU(U)) =ox,, r=1,...,p (2.4)

The relations (2.3)-(2.4) entail that

oar(w) = —w___ 7rw) (2.5)
E(op ) ¥
VYag,e(u) = 701 = UgrlU(U), r=1,...,p. (2.6)

£ (U)?T\U(U)) TXr
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Because the square root of variances oy, ox,’s are used in the denominators
of (2.5)-(2.6), the condition oy [[?_; ox, > 0 should be imposed here. Equiva-
lently, it is required that the covariates X,.’s and response variable Y are non-
constant variables. B

Using (2.5)-(2.6), my(u) = ¢ar(u)E(Y) +¢A(u)~: O (W)E(Y)+ ¢a(u), and
mg (w) =Y (WE(Xr) +Par(u) = Yae(w)E(Xy) +Yar(u), we have

baw) = myw) - —I g, (2.7)
E (o3,(1))
ban) = myg (u) - % g (2.8)

E (o, u(0))
Together with (2.5)-(2.8), we have

V- oaw) P (o)

Y= dm(U) B () {?—m;,(U)} +B(Y), (2.9)
— XVT —Yar(U) E (O’)}MU(U)) s ~
VSN (7 R (79 {X—mg, @} +EX). (210

Thus, the unobserved variables {Y, X,,» = 1,...,p} can be obtained through
(2.9)-(2.10) at the population level. We summarize the calibration procedure as
follows.

e The Nadaraya-Watson estimators are used to estimate ¢pr(u), ¢a(u),
Uar,r(u) and a ;- (u). Define fy(u) = 2 > i1 Kn(Uj — ), here Kp(-) =
h=1K(-/h), K(-) is a symmetric density function, h is a positive-valued
bandwidth. Let

n

. 1 >
e fU g S0~

2
A}2’|U( nth ZKh |:Y} mY(U ):| )
mgr( nth u ZK}L r]a
62 ()= — zn:Kh(U ) [X m (Ul)r.
XelU nh U(U) j=1 ! Y X

We obtain &g, (u) = 6%|U(u), 65,0 () &%MU(U) and
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arrw) = —w ) = —Rae (2.11)
E (UW(U)) E (05(T|U(U)>
~ 05 (u) — — 1 < ~
daluw) =g (u) - — ¥, VY=-3Y, (2.12)
E (o3, (V) =

A 03 (u) = = 1<~

Darw) =g (W) — — X, X=X (213)
A X, E (U)N(T\U(U)) n ;

e Using (2.11)-(2.13), the calibrated variables for {Y;, X,;,7 = 1,...,p}"
are defined as

YimoaU) ¢ Kei=danl) (2.14)
o (Ui)

Vi = .
Yo (Us)

2.2. A profile least squares estimator

In the following, we define A®? = AAT for any matrix or vector A. From model
(1.1), we have

Y —E(Y|Z)=[X - E(X|2)" B, +e. (2.15)

Under the identifiability conditions (2.1)-(2.2) and the independence condition
between U and Z, the model (2.15) is equivalent to

Y — B(Y|Z) = [X —E(')Z\Z)}Tﬁoﬂ. (2.16)

Thus, a profile least squares estimator of 3, (at the population level) is obtained
as

B, = {E{{X—E(ﬁZ)}@ZH_lEHX-E(SQZ)] {Y—E(?\Z)”.

We define Sy (z) and Sx(2) = (sx, (2), .. .,sXp(z))T as
Sy(z)=E(Y|Z=2), sx (2)=EX,|Z=2), r=1,...,p.

To obtain the estimator of 3, we use local linear estimators to estimate Sy (z)
and sx, (z). These estimators are defined as

: Qua(2)M, g 3(2) = Qua(2)M,, 5(2)

Sy(z) = , 2.17
v(z) Qu2(2)Qno(2) — [Qui (2)]? (217)
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R Qn2(z)Mno X (Z) - in(z)Mnl X (Z)
H Py _ s X s X , 218
x:(2) O (9)0m0(2) — (O () 219

1) —~ —~ ~ —~ ~
where, M,; () = b= Y0y (572) K (%2 ) W with W; = Vi or Wi = X,

w
§=0,1,7r=1,...,p, and Q. (2) = n}“ Sy (Zh—zz) K (Zhjz), w=0,1,2.
Based on (2.16), the profile least squares estimator of 3 is obtained as

n

B = {%Z [Xi—SX(ZZ-)}m}_ (2.19)

=1

x%i{f(z — S’X(Zi)} {YQ - SY(ZZ')};

=

where X; = (Xu,..., X,0)" and Sx(Z) = (8x,(Z0), ... éx,(Z) "
After obtaining estimator 3, using the relation g(z) = E(Y — X 8,|Z =

~ ~T
z) = E(Y — X By|Z = z), the nonparametric part g(z) is estimated by using
the local linear estimator

(9(2),9'()) = arg min 3 {¥; - X:B—a.—b.(2 - 2} K, (Zi - 2) (2.20)
i=1

here, hs is the bandwidth. After simple calculation, we have

T02(2)Vao(2) = Tn1(2) Vo (2)

§(2) = a, = , 92.21
where,
1 n ZZ —Z o Zl — 2z ~ —~T A
Vna() = T@;( ha ) K( ha >[Yi_XiB]
1 - Zz —Z « Zi —Z
Tho(z) = n—hQZ;< ™ ) K< » ),5_0,1@_0,1,2.

In the following Theorem 2.1 and Theorem 2.2, we present the asymptotic results
of estimators B and §(z).

2.3. Asymptotic results

We now list the assumptions needed in the following theorems.

(C1) The distortion functions ¢(u) > 0 and ¥,(u) > 0 for all u € [UL,UR],
r=1,...,p, where [Ur,,Ug] denotes the compact support of U. Moreover,
the distortion functions ¢ar(u), pa(u), Yar-(uw)’s and ¥4 - (u)’s have third
order continuous derivatives. The density function fy(u) of the random
variable U is bounded away from 0 and satisfies the Lipschitz condition
of order 1 on [Ur,,UR].
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(C2) For some r > 4, E(|Y|") < o0, E(|X|") < 00, s = 1,...,p. The matrix
3o defined in Theorem 2.1 is a positive-definite matrix.

(C3) The density function of Z, fz(z) is bounded away from zero on Z, where
Z is a compact set in R'. Moreover, fz(z), BE(Xs|Z = 2), E(Y|Z = 2)
and ¢(z) have bounded continuous second order derivatives on Z.

(C4) The kernel function K(-) is a symmetric bounded density function sup-
ported on [—A, A] satisfying a Lipschitz condition. K(-) also has second-
order continuous bounded derivatives, satisfying K (j)(j:A) =0, po =
[ s?K(s)ds # 0 and pgz = [ K?(s)ds > 0.

(C5) As n — oo, the bandwidths h and h; satisfy nh* — 0, % — 0 and

log? n
nh?

(C6) The tuning parameters \; j = 1,...,p satisfy A\; — 0, \/nA; — oo as
n — 0o, and

nh$ — 0 and — 0.

liminfnﬁooliminfuﬁwp&j (w)/A; > 0.

These conditions are not restrictive and are satisfied in most practical sit-
uations. Condition (C1) is the typical smoothing assumptions in the distor-
tion measurement errors literature, see also in [2, 32]. Conditions (C2)-(C3)
are needed for the asymptotic normality of our statistics. See, for example
[35]. Conditions (C4) is a common condition for kernel function K(-), and the
Epanechnikov kernel satisfies this condition. This condition ensures the ker-
nel smoothing estimators -1 Y77 | K(Y5=) and =3 | K(%=2) positive.
[1] considered to use high-order kernel function K*(t) = 33(3 — 7t2)I{|t| < 1}
such that [¢*K*(¢)dt = 0 but [¢*K*(t)dt > 0. The high-order kernel function
K*(t) has zero value and negative values when [t| > \/3/7. For example, the

involved estimators with -1- 3" | K*(%=%) may produce negative values, and
this is the drawback of the high-order kernel function. Condition (C5) is on
bandwidths (h, k1) in the nonparametric kernel smoothing. For bandwidth hq,
Condition (C5) requires that the “optimal” rate of order n~'/> can be used [35].
For bandwidth h, a under-smoothing condition nh* — 0 is needed. The con-
sequence of under-smoothing is that the biases of the nonparametric estimates
are kept small and preclude the optimal bandwidth for h. Condition (C6) is the
technique condition involved in SCAD [4].
In the following, we define

S =F {[X - E(X\Z)}®2} , Boe=EFE {62 (X - E(XIZ)]®2} ,

G Pl = diag( F 2 @ - 1,
X1
[% + %] al0) - 11>,
and
— 2
Zosrn = E{ (6 (U) 1] [% + ﬂ 8,
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g

—G(X, ¢ (U))By

Theorem 2.1. Suppose conditions (C1)-(C5) hold, we have
\/’r_l ('@ - ﬁ()) i> N (OI)’ 261208261 + E¢M7¢NI) .

Remark. The first term X5 0. 3; " is the usual asymptotic covariance matrix
for the profile least squares estimator when data are exactly observed [6], i.e.,
o) =1, da(u) =0, Ya,(u)=1and Ya,(u) =0, r=1,...,p. If the model
error e is further independent of X, this term reduces to E(e?)Xy ! The second
term X, ,, is caused by the multiplicative and additive distortion measure-
ment errors involved in the response variable and covariates. It is interesting to
see that the additive distortions ¢ 4(u) and ¢4, (u)’s have no effect on the es-
timation of B,. If we further assumed that ¢pr(u) = Yar-(u) =1, 7 =1,...,p,
then the term X4 , = 0. In this case, the estimator is efficient because the effect
of additive distortions vanishes, which coincides with the asymptotic result of
Theorem 1 in [39]. In other words, the profile least squares estimation procedure
can automatically eliminate the effect induced by the additive distortions. And
the profile least squares estimation procedure can also eliminate both the effect
of multlphcatwe and additive distortions for estimating Sy, when Sy, = 0, i.e.,

Avar(ﬁr) =er 3y 120520 er, where BT is the r-th component of ,3, e, is a p—
dimensional vector with 1 in the r-th position and 0’s elsewhere, r = 1,...,p,
and Avar(B,.) stands for the asymptotic variance of B,. obtained in Theorem 2.1.

Theorem 2.2. Suppose conditions (C1)-(C5) hold, as he — 0, nhy — o0,

Vs (562) - ()~ 28 (2)) L v (0,227 L)

where 0%(z) = E { {}7— 9(2) — EETBOF |Z = z}

Remark. When the multiplicative distortions ¢as(u) and ¢as(u)’s vanish
(dp(u) = Yar,(u) = 1), the asymptotic variance o%(2) = E[e?|Z = z] +
Var(¢pa(U) — 1 4(U)*By), which coincides with the asymptotic variance of The-
orem 2 in [39]. Moreover, the estimator §(z) is asymptotically efficient when the
additive distortion functions further satisfy P(¢pa(U) — ¥4 (U)TB, = 0) = 1,
i.e., the asymptotic bias and asymptotic variance of §(z) are the same as those
obtained in [5] and [6].

3. Confidence intervals
3.1. Asymptotic normal approxrimation

According to Theorem 2.1, the (1 —a) x 100% (0 < a < 1) confidence interval
for By, can be obtained by estimating the asymptotic covariance matrices. Let
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&=Y; — ,BTXZ —4g(Zy),i=1,...,n, we define
2oLy [x-sez]” m- iy e [x- sz
SN ( X1 —71)2 1)r-
G(Xm’l;b (Uz)) = dia A 2 + 5 lb ,1(Ui) -1 )
" g( Fomp 2 1™ |
(Xpi _Z)z 1 n )
© S 51 |Y ,p(Ui)_l )
2[B(og,n ()] 2 [ Y }
and
. 1 . (v, —Y)* 1) .
by MY (b (Ul)_l ( ~ +
= 2 { “ (-] 2[E(oy,p (V)]
®2
G U }
Moreover,

62 = 6;[‘2 262 er + 6T2¢,M’,¢,M€T. (31)

Based on the estimator 62, the (1 — ) x 100% (0 < o < 1) confidence interval

for Bo, is
N
(ﬂr - —Ra/2 Br + _Z<x/2> )
n n

where 3, is the r-th component of 3, Zo /2 is the quantile satisfying P(N(0,1) >
Zos2) = /2.

3.2. Empirical likelthood method

Empirical likelihood (EL) method proposed by [24] is another popular method
to construct confidence intervals without estimating the asymptotic covariance
matrix. The EL method is an appealing nonparametric approach for construct-
ing confidence intervals (regions) for the parameter of interest. There is a large
and growing literature extending empirical likelihood methods to many sta-
tistical problems. For example, [12, 10, 1, 17]. In the following, we construct
confidence intervals of 3, based on the EL principle.

The EL method needs an auxiliary vector p, ;(8') = ( 1 3),..., pﬂ- BNt

n,t

with the property of that Eg, ;(8") = 0 when 8’ = 3,. Recalling that model
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(2.16) is a linear regression model, the “ideal” auxiliary random vector can be
constructed as

0na(8) = [X: = Sx(20)) (Vi = $v(20) = [X: = Sx(2)]" B') .

Since {V;, X;}7_, are unavailable, we use the “calibrated” variables {¥;, X ; }
We now define the calibrated EL principle by plugging in {Yl Sy( i), X

SX(Zi) j—1 into @n,i(5/)5

1,(8) :—2max{210gnpl p2>02p,—1 szp,” _0}
where
$ni(B) = {Xz - S'X(Zi)} <5Afz — Sy (Z;) — [Xz - S'X(Zi)}Tﬁ’> .

The Lagrange multiplier method entails ,,(3') = 250 log{l + AT ni(B)},

where \ is determined by 2 S0 #(ﬁ()ﬁ/) =

e

Theorem 3.1. Suppose conditions in Theorem 2.1 hold, Zn(ﬁo) asymptotically
converges in distribution to xg, namely, a centered chi-squared distribution with
p degrees of freedom.

From Theorem 3.1, we can construct a confidence region of 8, by I, = {3 :
I.(8") < ca}, where ¢, denotes the a-quantile of the X2 distribution.

4. Hypothesis testing

In the previous section, we consider the estimation and confidence intervals of
Bo- Another interesting topic is whether certain explanatory variables can sig-
nificantly influence the response. In many important statistical applications, in
addition to model information in model (1.1), let us give some prior information
about B, in the form of a set of linear restrictions as follows:

Ho:ABy=b, MHi:AB,#b, (4.1)

where A is a known k x p full-rank matrix, rank(A) = k < p and b is a known
k-vector constants. This hypothesis test is used to check the special structure
of parameters 8, or the influence of the components of X.

If the null hypothesis Hg is true, the condition AB, = b can be used to
estimate B,. A restricted profile least squares estimation procedure by using
Lagrange multiplier technique is proposed as:

Zn:{y Sy (Z [Az‘—SX(Zi)}Tﬂ}2+2AT(Aﬁ—b),

i=1
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where A is a k x 1 vector of the Lagrange multipliers. Differentiating W,, (8, A)
with respect to 3 and A,

W (B, ) T ~ e 4
g =2ATA 2 ;:1 {Xi - SX(Zi)}

X {Y — Sy (Z;) — [X - S*X(zi)fg} —o, (42
IWn(B,A) _

Using the estimator 3 defined in subsection 3.1, the restricted estimator BR of
B, derived from the first equation (4.2) satisfies

i {Xi - gX(Zi>:| |:YA; - SY(Zi):| =38 — AT (4.3)

=1

Note that the profile least squares estimator ,3 in (2.19) satisfies

Zn: |:Xz - SX(Zi)} {Yz - SY(Zi) - |:Xz - S’X(Zi):|T,B} =0. (4.4)

i=1
Together with (4.3)-(4.4), we have

38=308; — AT (4.5)
Then, equation (4.5) entails that

Brn=B+3"ATA (4.6)

Recalling that the estimator ﬁR in the second equation (4.2) satisfies AﬁR -b=
0, we multiply A on both sides in equation (4.6) and obtain

b=ABy = AB + AS AT, (4.7)
From (4.7), we obtain
A — -1 N
A= (AE 1AT) (A,B - b) . (4.8)

We substitute expression A in (4.8) to (4.6), and the restricted least squares
estimator of 3, is obtained as

Bn=B-3 AT (Ai’lAT)_1 (AB - b) . (4.9)

We now present the asymptotic normality of BR.
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-1
Theorem 4.1. Let Q4 = I, — X, A" (AZalAT) A. Suppose conditions
of Theorem 2.1 hold, under the null hypothesis Hg, we have

Vn (BR - 50> L5 N(0,24%5 03014 + QaZy,, 4, Qh).

Remark. From the definition of 4, it is seen that AQ, = 0. Then, the
asymptotic covariance matrix of ABR — AR, under the null hypothesis Ho is
a zero matrix, this is because the linear constrain ABR = b holds true in (4.2)
when we estimate 3.

To test hypothesis Hgy, we propose to use a weighted quadratic forms of
AB - b. Intuitively, if the null hypothesis Hy is false, i.e., A3, # b, the value
of |AB — b|| should be significantly large. The test statistic for testing Ho is
defined as

T.=n(AaB- b)T (az7's3 AT+ zmwﬂ,,MAT)_1 (48-0).

Theorem 4.2. Suppose conditions in Theorem 2.1 hold, under the null hypoth-
esis Ho, we have

L
7;L — X%a
where X% s a centered chi-squared distribution with degrees of freedom k.

Next, we consider the local alternative hypothesis
Hin: ABy=b+n"%c, c#0. (4.10)

In the following, we present the asymptotic results of ,@R and 7T, under the local
alternative hypothesis H1,.

Theorem 4.3. Suppose conditions in Theorem 2.1 hold, under the local alter-
native hypothesis Hi,, we have

—1
(a) let ne = —%5 AT (AzglAT) c,
vn (BR - /80) 5 N(ne, 2455 ' Soc Ty ' 2y + Qa5 2a),
-1
(b) let 7o = T (AzglzlerglAT +AS,,, AT) ,

To =5 X3 (me),

where X%(T(c) is the moncentral chi-squared distribution with degrees of
freedom k, and 7. is the noncentrality parameter.
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5. Variable selection

In the process of data analysis, the advent of modern technology allows many
variables to be easily collected in scientific studies. Typically, many of them are
included in the full model at the initial stage of modeling to reduce the model
approximation error. It is of fundamental interest in statistical modeling to
determine which variables should be selected and retained in the final statistical
model. One popular variable selection method is the penalized least-squares
method, which has been extensively studied over the past two decades. The
least absolute shrinkage and selection operator [29, LASSO] and the smoothly
clipped absolute deviation [4, SCAD] have been extensively discussed and are
widely used.

Model (2.15) is a linear regression model with respect to 8. It is of interest
to determine which covariates have nonzero effects on the response. There are
a number of penalized variable selection methods for partial linear regression
models (see, for example, [30, 18, 13]). In this section, we use the SCAD penalty
function to select the nonzero component of 3;. The SCAD penalty function
pe(+) satisfies pc(0) = 0, p-(0+) > 0, and its first order derivative is

pe0) = {1 <+ {25 g > )16 > 0
(a—=1)¢

where, a is some positive constant with ¢ > 2 and ( is a tuning parameter.
From the perspective of Bayesian statistics, [4] suggests using a = 3.7, and so
this value will be used throughout the remainder of this paper. For variable
selection in multiplicative distortion measurement error models, [9] considered
the use of Lasso-type penalty functions for simultaneous variable selection and
parameter estimation in a linear regression model. There has been no discussion
in the literature of the variable selection problem when both multiplicative and
additive distortion exist in the partial linear model considered in this paper. To
solve this problem, we propose the following SCAD penalized estimator:

Bp = argngn{; 2": {Yz — Sy (Z:) — {Xz - SVX(sz)}Tﬁ}Q (5.1)

+nZPC5< Bs')}a

where p¢(-) is the SCAD penalty function with the tuning parameter (.
We now study the sampling property of the resulting penalized least squares

T
estimators. Without loss of generality, assume that 8, = (ﬂal, ,8({2) , where

Bo.1 denotes the py x 1 nonzero components of 3, and By 5 is a (p — po) x 1
vector containing zeros. In addition, X; consists of the first pg components of
X and v, (U) consists of the first py components of 1 ,,(U). Moreover, we
define the following notation:

Soq=E {[Xl _ E(X1|Z)]®2} . Seer=E {62 (X1 — E(X1|Z)]®2} ,
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(X1 — E(X1))?
203(1

Gr (X1, 314 (1) = diag< [ + 5] B - 1,

+_

B (Xpo — E(XPO))2 1
20%(170 2

[¥a1,p0(U) = 1] )

=
=

Boombaen = E{ on@) -1 | E S5 1 ] s

®2
_Gl(Xla"/"M,l(U))IBO,l‘| },

Re¢, = {p21 (1Bo1Dsign(Bor), - - - P, (|Bopo I)sign(ﬁopo)}»

S, = diag{pt, (1Bor)). 2L, (1Bopo)

Theorem 5.1. Under the conditions (C1)-(C6), the penalized estimator Bp =
AT AT \T
(BraBra)  satisfies:

(a) (consistency) with probability tending to one, BP,Z =0;
(b) (asymptotic normality)

Vi (o1 + Z¢,) {(BP,I - 5071) — (B0 + EC1>_1 RCl}

L
—_ N (0170’ EOe,l —+ 20712451‘471/,”]712071) .

Remark. The extra-bias \/nR¢, is induced by the SCAD penalty function.
If we impose conditions /nR¢, — 0 and X¢, — 0, the asymptotic result
of Theorem 5.1(b) is the same as Theorem 2.1 if the non-zero components of
By were known beforehand. Moreover, the SCAD penalty also automatically
shrinks the zero components of 3, to zeros. With an appropriate choice of the
tuning parameter ¢, Theorem 5.1 indicates that the proposed variable selection
procedure possesses the oracle property. We now discuss the choice of the tuning
parameter.

We adopt the BIC selector to choose the regularization parameters ¢;’s [16]
by reducing the p-dimensional regularization parameters ((1,...,{,) to a single
dimension. Let (. = (o6, 7 = 1,...,p, where 6, is defined in (3.1). The BIC
score for {y can be defined as

logn

BIC(¢o) = log{MSE(Co)} + Ney,

n

N . . T, )% .
where MSE(Gp) = LY {y; — Sy (Z:) — | Xic — Sx.¢(2)] ﬁm} L Xig
and Sx ¢(Z;) consist of the components of X; and Sx(Z;) according to ﬁP,C,
respectively. N¢, is the number of nonzero coefficients of B p.¢» Where B p is the
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resulting penalized estimator of B, with tuning parameter ¢ = ((1,...,¢p)7,
where ¢, = (o0,. Thus, the minimization problem over (; reduces to a one-
dimensional minimization problem through (. The minimizer of the tuning
parameter (y can be obtained by a grid search. Based on our experience in sim-
ulations, 30 grid points, evenly distributed over the range of (j, are sufficient.

6. Comparison for no additive distortion scenario
6.1. Estimation

In the previous sections, we consider the coexistence of multiplicative and ad-
ditive distortion measurement errors. In this section, we consider a special case
of pa(U) =0, ¢ 4(U) = 0, i.e., there is no additive distortions:

Y =ou(U)Y, X =1, (U)X, (6.1)

We propose to use the recently studied conditional absolute mean calibration
method [2, 41, CAMC] to estimate 3, and we discuss the asymptotic efficiency
of estimator [3 and the CAMC estimator.

If a random variable S satisfies F(S) = 0, it is easily seen that Var(S) = E[S—
E(9)]? = ES?. Thus, under the multiplicative distortion setting (6.1), one can
also use (2.8)-(2.10) and (2.14) to calibrate the unobserved response variable and
covariates by the estimated ¢4 (u) and 94 ,(u)’s. Another estimation procedure
is to directly use the model assumption ¢4(U) = 0 and 1 4(U) = 0 without
estimating them. We now consider the later estimation procedure. According to
(2.5)-(2.6) and (6.1), under the condition oy [[?_, ox, > 0, we have

Y X,
Y=—_ X, =—2' _ r=1,...,p.
0 (U) Yo (U) b

Use directly (2.11), the calibrated variables are defined as

> }/z > Xri .
Yy == y Xypi=———, r=1...,p, i=1,...,n
o (Us) Y (Ui)

Let Xy = (Xvii,..., Xvpi)T, using (2.17) and (2.18), the parameter G, is
estimated as

o - {0

X

[sz - Sx(Z )}®2}1 (6.2)

S|

710

{XVz ~Sx(Z )} {}A/V,i - SY(Zi)} .

1
n

N
Il
_

The estimators (2.19) and (6.2) require the condition oy [[V_, ox, > 0, which
is equivalent to P(Y = E(Y)) + >.*_, P(X, = E(X,)) < 1. In other words,
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none of the variables is a constant variable. The CAMC method proposed in [2]
and [41] is by using

_B(Y|[U=u) E(Y||U=u)
e E(Y) (6:3)
E(X,|[U=v) E(X||U=u)

E(X.)) E(X)

The equations (6.3) and (6.4) require the condition E(|Y|)[[*_; E(|X,]) > 0,
which is equivalent to P(Y = 0) 4+ >.?_, P(X, = 0) < 1. In other words, none
of the variables {Y, X,,r = 1,...,p} is a zero variable under the condition
E(Y)TT’—, E(|X,]) > 0. Although {Y, X,.,r = 1,...,p} is unobserved, ¥ = 0
if and only if ¥ = 0 under the model assumption (6.1). Thus, the condition
E(|Y)TT?_, E(|X,|) > 0 is much weaker than the condition oy [[_, ox, > 0.

It is remarkable that the CAMC method is applicable for model (6.1) but
not for model (1.1). When ¢4 (u) # 0 and 4 ,(u) Z0,r=1,...,p, the CAMC
method (6.3) is infeasible. It is seen that E(|Y | |U = u) = E(|¢p (w)Y +¢a(u)]),
because ¢4(u) and ¢pr(u) are two unknown functions, and only one equation
(6.3) is not workable anymore. [2] proposed the CAMC method to estimate the
conditional mean function E(Y|X = z), and [41] used CAMC for model checking
problem. We now propose another estimator of 3, based on the CAMC method.
The Nadaraya-Watson estimators of ¢ps(u) and ¢ar.(u) are defined as

Y (u) = , r=1,...,p. (6.4)

A n — 1 nooL
Oup(u) = Z —uw)|Yil, [Y|== Z Yi (6.5)
nfU i=1 i
bagy r(0) = — ZKh —u)|Xnl, X Z | Xil- (6.6)
nfu(u )\X | i=1
Using (6.5)-(6.6), we obtain the CAMC calibrated variables {YCJ,)A(CJ.“T =
1,...,p}" as
9 }71 > jzri
Yoo=——"—, Xcri=——"7"—, r=1,...,p. (6.7)
o, (Ui) Yy, (Ui)

Let XC,i = ()A(C)li, e ,)A(C)pi)T, using (2.17) and (2.18), the parameter 3, is
estimated as

Be = {%i {Xc,i - S’X(Zi)}®2}

x% znj [Xei—8x(z)} Ve - Sv(z)}.

1=

We now present the asymptotic results for the estimators BV and BC. Define
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the following notations:

o (W@ - DX W)~ DX
POX V) =t (R, S ),

(
Qd’M,"»bM =E { [Wﬁo - F(X7¢M(U))/80:|

Theorem 6.1. Suppose conditions (C1)-(C5) hold, we have

\/ﬁ (BV - 60) i> N (Opa 251205261 + 2¢M1"/)1\4) )

\/E (BC - /60) i> N (Opv 261206261 + QdJMﬂ/’M) :

Compared with Theorem 2.1, it is seen that estimators ,3‘/ and 3 have the
same asymptotic mean and asymptotic covariance matrix. This is not surprising
because the additive distortions ¢4(U) and 1 4(U) has no effect on the profile
least squares estimator 3, and the distortion model (6.1) assumed that ¢4 (U) =
0 and ¥ 4(U) = 0. As a result, it is natural that BV and B have common
asymptotic mean and asymptotlc covariance matrix.

For the CAMC estimator ,BC, it is seen that [)'C is more asymptotically
efficient than By, when 4, 4 v — Lo, 18 a positive definite matrix, and vice
versa. In details, we denote the asymptotic variance of BV,,. (the r-th component
of BV) as Avar(BVﬂ«) and the asymptotic variance of chr (the r-th component
of B.) as Avar(Bc,,.). We have

Avar(Bc,) — Avar(fy,,.)
— B2 Var(ou(D) { E(Y?) _ E[Y - EO))Y] 3}

[E(Y])2 4ol 4
B(X?)  BX, - E(X,)"] 3
+ B Var (@ (U { B(X.)P 7 Z}
) B(YX,)  BUY - E0)?(X, - B(X,)% 3
2/3‘”{ BV DE(X]) 10%0% 4}

xCov(pm (U), Y (U)).

It is seen that if the response variable Y is exactly observed, i.e., ¢pr(u) = 1,
then Var(¢a (U)) = 0 and Cov(pay (U), ¥ar(U)) = 0, the difference between
the asymptotic variances Avar(fy.,) and Avar(8c,,) reduces to

E(XQ) E[(XT _E(XT))4] 3} .

B, Var(Par,(U)) { [E(|X:D]2 - 404 4

It is also seen that if the true parameter Sy, = 0, we have

Avar(Bv’T) = Avar(BC,r) = 6?25120625167«.
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When Sy, = 0, both Bc and ,@V result in asymptotic efficient estimators, i.e., the
profile least squares estimation with different calibration procedures eliminate
the effect caused by the multiplicative distorting functions ¢ (u) and ¢ar,(u)’s.

We directly substitute estimators 3 with 3y, or B in the (2.20) and (2.21),
and obtain the estimators gy (z) and gc(z), respectively. In Theorem 6.1, the
estimators ,@V and Bc have root-n convergence rate, and local linear kernel
smoothing estimators gy (z) and go(z) have root-(nhs) convergence rate, which
is slow than the former one. So the asymptotic result of gy (z) and §o(z) are the
same as those in Theorem 2.2, but the asymptotic variance o2(z) is calculated
under the model (6.1).

6.2. Confidence intervals

(1) Confidence intervals based on By .
According to Theorem 6.1, the (1—«) x100% (0 < o < 1) confidence interval
for By, can be obtained by estimating the asymptotic covariance matrices. Let

€y, = f/’v’i - B)T/le —gv(Z;),i=1,...,n, here gy (z) is obtained from (2.21)

by substitute 8 with B3y,. We define

Sv= o3 [Xvi-8x(2)] 7, Bve= 138, [Xva-8x(2)]
and
P . (XV,lz - ?1)2 17>
Gy ( Xy, (U;)) =di ( - 5+ 5| |Yma(Us) =1,
vl = e | 3 L=
(XVJH - Z)Z 1 )
.y = + = 'l/} p(U’L) - ]- 9
2[B(og, ()] 2 [ Y }
ZADV@MJI’M = 1 i { [[&M(Uz) - 1} < gAVJ — Y)2 3 1) AV
nia Q[E(UY\U(U))] 2
®2
_GV(XVJ’"?)M(UZ’))IBV] }
Moreover,

A1~ A —1 ~
~2 T T
Oyr = € 2V 2V,EZ:V er + €r 2V»¢M7’¢M6T'

Based on the estimator 67, ., the (1 —a) x100% (0 < « < 1) confidence interval

for By, is
) )
5 GV,T 5 GV,r
By =\ —=Z2as2, Bve t 1\ —Z2ay2
n n
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(2) Confidence intervals based on B
Let éc; = )A/c,i — BZJA(CJ- —gc(Z;),1=1,...,n, here gc(z) is obtained from
(2.21) by substitute B with BC. We define

n n

N 1 N N ®2 . 1 ®2
Yo = 5; [XC,i *SX(Zi)] , X = - ;Gcz |:XCZ - Sx(Z )] ,
and
)N(i—Xc,i Xi_XC,i
F(Xe o (U >>—d1ag<' ul = Kol - 1Xpil Z 1) ”'>,
| X | | X5
Vil = [Vl -
C,i s ; -
Q¢M,¢M = nz TIB _F(XC’,ia’l/)M_(Ui))ﬁC‘| .
=1
Moreover, we define
A1 A .1 R
a%, =elSo Yo X0 e +€TTQ¢M7¢M67~. (6.8)

Based on the estimator Er%ﬂ,, the (1 —a) x100% (0 < o < 1) confidence interval
for By, is

~ g ~
C,r Cr
BC,T’ - Ra/2s BC,T + Raj2 | -
n n

(8) Empirical likelihood method

Analogous to Section 3.2, we now define two calibrated EL principles by plug-
ging in {Yv,;—Sy (Z:), Xvi—Sx (Z)}=y and {Yoi—Sy (Z:), X 0i—Sx (Zi) 1y
into p,, ;(8"):

ZV,TL(/B/) = _2maX{Zl Tlp, 1p; >0, sz =1 szanz = 0}7

[C,n(ﬁ/) = _Zmax{zlog(npz) Di Z 0 sz =1 szan z(ﬂ/) = O}a
i=1 i=1 i=1

where

PvniB) = [Xw - S’X(Zi)] (ffv,i — Sy (Zi) - [XVZ - SX(Zi)}Tﬁ/) ,
GcniB) = [Xcl - SX(Zi)} (ch,i — Sy (Z) - {XcZ - S’X(Zi)rﬂ') :

Similar to the proof of Theorem 3.1, both Iy, (8) and I, (8,) asymptotically
converge in distribution to xfj. Thus, we can construct two empirical likelihood

based confidence regions by Iy, = {3 : va(ﬁ,) < ¢o} and Ic, = {8
lC,n(ﬁ/) S Coz}'
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6.3. A hypothesis testing

For the parameter hypothesis testing problem (4.1), the test statistics are defined
as

1

Ton = n(AB, - b)T (A%, Sy, 5, AT+ 4By, 0, A7)
x (ABy ~b),

Tem = n (ABC - b)T (AﬁiglﬁlcﬁeﬁlglAT + AQ, 4, AT)il
x (4B~ b).

We have the following asymptotic results.
Theorem 6.2. Suppose conditions in Theorem 1 hold, under the null hypothesis
Ho of (4.1), we have

L 2 L 2
TV,n > Xk» TC,n ? Xk-

Under the local null hypothesis Hi, of (4.10), we have

L L
Tvin — Xo(me)s  Tom — Xa(moe)s

where X% (mc.,c) is the noncentral chi-squared distribution with degrees of freedom
k, and mc,c is the noncentrality parameter:

-1
e = cT (Az(;leEzglAT +AQ, AT) c.

From Theorem 6.2, we can use two test statistics Ty, and 7¢,, to check the
hypothesis Hp in (4.1). It is seen that if m¢ . > e, Te,n performs asymptotically
more powerful than 7y, for detecting the local alternative hypothesis Hi,;
if mc. = 7., both two statistics are asymptotically equivalent. If the local
alternative hypothesis H1,, is given in advance, we can use the larger value of
estimators 7. and ¢ . to decide which statistic is better.

6.4. Variable selection

Analogous to (5.1), the penalized estimators of 3, are defined as

n

BRV = arg H,lr_;n{% Z {Yv’i B gY(Zi) - [Xv’i - SX(Zi)}Tﬂ}

le)}7

P
+n Zp<s (
s=1

2
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n

2
Bpo = arg mﬁin {% Z {}A/C,i —Sy(Z;) - [Xc,i - gx(Zi)}Tﬁ}

BSI)}7

p
+n) pe,(
s=1

where pc(+) is the SCAD penalty function with tuning parameter ¢. Similar to
Theorem 6.1, the asymptotic result of Bpy is the same as Theorem 5.1. Now

we present the asymptotic results of [:] p.c- In the following, we define

F1(X1,%1(0))

_ dia (a1 (U) — 1)|1 X4 (V1,0 (U) = 1) X, |
=d g( E(Xi) 7 E(Xp) )

Q¢NI,¢1V[,1 = E{ {%60,1 - Fl(Xl’wM,l(U))IBO,l:| } .

Theorem 6.3. Under the conditions (C1)-(C6), the penalized estimator BRC =
~T ~T T )
(IBP,QL ﬂp,qz) satisfies:

(a) (consistency) with probability tending to one, BP,C,Z =0;
(b) (asymptotic normality)

R -1
Vi (Bo1 + ¢,) {(/BP,C',I - ﬁo,1) — (Zo1+Z¢,) Rcl}
L
—_ N (01,0,206,1 + 20719¢1\47'¢’]\4,12071) .
To choose the regularization parameters (;’s for the penalized estimator B P.Cs

we also adopt the BIC selector suggested by [16]. Let ¢; = (o6¢,;, where 6¢ ;’s
are defined in (6.8). The BIC score for {p can be defined as

BIC(Go) = log {MSE(Gy)} + 2£™

N,
n Co»

. . . . T 2
where, MSE(¢o) = 257, {Yai Sy (Z:) — | Xeie — x.¢(2)] ﬁmc} ,

XC‘,LC and §X7<(Zi) consist of the components of XC,i and S’X(ZZ—) according
to Bp ¢ ¢, respectively. N¢, is the number of nonzero coefficients of Bp ¢ ¢,
where 3 p.c,¢ is the resulting penalized estimator of B, with tuning parameter

¢=(¢,...,¢)T, with ¢; = (o6¢,;. Based on our experience in simulations, 30
grid points are set to be evenly distributed over the range of (p.

7. Implementation

This section reports the results of simulation studies to demonstrate the perfor-
mance of our proposed estimators. The Epanechnikov kernel K () = 0.75(1 —
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t2)I{]t] < 1} is used here. According to condition (C5), the bandwidth h; can be
chosen as the optimal convergence rate, but the bandwidth h should be chosen
for under-smoothing (nh* — 0). The consequence of under-smoothing is that
the biases of the non-parametric estimates are remain small and preclude the
optimal bandwidth for h. The asymptotic variances of the proposed estimators
for B, depend on neither the bandwidths (h, k1) nor the kernel function K (t).
Hence, we can use the rule of thumb: h = 6yn=/3, hy = 6;n"/5, and with
6y being the sample deviation of U and 6z being the sample deviation of Z.
This method is fairly effective and easy to implement in practice. Our experi-
ence suggests that the numerical results are stable when we shift several values
around the data-driven bandwidths.

Example 1. We consider the model
Y = Bo1 X1+ BoaXs + BozXs + 2Sin(7TZ) + €. (71)

A total of 1000 realizations are generated and sample sizes of n = 300, n = 500,
and n = 1000 are considered. By = (Bo1, Bo2, Bo3)* = (2,-0.1,0)T, (X, Z) ~
N4(/Lx,zx) with ux = 04><1 and EX = (O'ij)lgi,nga 035 = (05)|Zij| The
model error € is independent of X and generated as N(0,0.52). The variable U
follows the uniform distribution UJ0, 1], and the distortion functions are chosen

— 2 .
as opr(U) = BUWOATHD D (1) = U? — L, 4hpa(U) = 1+ 05sin(270),

Yar(U)=U—3, buma(U)=1— %’ Yap(U) =U? -3 ¢us(U) = Z(U—;s)
and Y4 3(U) = (U — §)3.

(1.1) Estimation of B,. In Table 1, we report the mean, standard errors and
mean squared errors for the true estimator ﬁT (the profile least-squares estima-
tor [14] using the simulated dataset {Y;, X;, Z;}™_,), the proposed estimator 3
and the naive estimator ﬁ ~ (the profile least squares estimator using the dataset
{}NQ,’)\(/Z-, Z;} | without calibration). Unsurprisingly, ,éT performs better than
,3, because the MSE values for ﬁT are all smaller than those for ﬁ For the pro-
posed estimator ﬁ7 all the mean values are close to the true value (2,—1,0)7T,
and the MSE values decrease as the sample size n increases. In Theorem 2.1, we
show that the estimator B,. is asymptotically efficient when By, = 0. In Table
1, we see that MSE values for the estimator Bg are very close those for the
true estimator BTg when n = 1000. The naive estimator B n has a large bias,
especially when estimating £By1 and SBgp2. All MSE values for the naive estimator
are greater than those for the true estimator and proposed estimator in this ta-
ble. This indicates that ignoring the multiplicative distortion functions ¢ (U),
oa(U), ¥ar,r(U) and ¢4, (U) increases the bias and results in an inconsistent
estimator, even when the sample size n is large.

(1.2) Confidence intervals. We report the 95% normal approximation (NA)
confidence intervals and empirical likelihood (EL) confidence intervals for §,,
s = 1,2,3. The results are reported in Table 2. In Table 2, as the sample size
n increases, we see that both the NA confidence intervals and the EL confi-
dence intervals achieve satisfactory performance, both in terms of the average
length of the confidence intervals and the coverage probabilities. The NA con-
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fidence intervals are wider and have larger coverage probabilities than the EL
confidence intervals. Note that the EL method does not need to estimate the
asymptotic variances of estimators, whereas the NA method does. Generally,
the NA asymptotic intervals and the EL method are both recommended when
the sample size is large.

(1.3) Restriction Estimator. We consider the restricted estimator under two
constraints A; = (2,—1,0) (i.e., 2801 — Bo2 = 5) and As = (—0.5,1,0) (i.e.,
—0.58p1 + fo2 = —2). In Table 4, the MSE of the restricted estimator for Sy
using A; is much smaller than the value in Table 1, and the MSEs for £y; and
Bos have improved slightly. This indicates that the restricted condition A; can
improve the estimation efficiency for By without sacrificing much estimation
efficiency for 8y; and By3. For Ay, the MSE of the restricted estimator for Gy,
s = 1,2, 3, is much smaller than the value in Table 1, which again implies that
the restricted condition Ay improves the estimation efficiency for 3.

(1.4) Hypothesis test. We consider the following test problem for model (7.1),

Hy: ABy =0, H,:AB,=c, c#0, (7.2)

where A; = (0,0,1) and ¢ = 0.05,0.10,...,0.40 for the alternative hypothesis
H1. Under the null hypothesis H,,, we set B, = (2, —1,0)T, and B, = (2, —1,¢)T
for H1. The simulation results for the test statistic 7,, are reported in Table 4.
In Table 4, as the value of ¢ increases, the power function increases rapidly. The
power function tends to 1 as the sample size n increases, which shows that the
test statistic 7, is powerful for this test problem.

TABLE 1
Simulation results of Mean (M), Standard Error (SD) and Mean Squared Error (MSE) for
true estimator Br, the proposed estimator B, and the naive estimator BN‘ MSE is in the
scale of x1073.

n = 300 n = 500 n = 1000
M SD MSE M SD MSE M SD MSE
Br,1 2.0002 0.0504 2.5417 2.0005 0.0378 1.4348 1.9989 0.0271 0.7317
B 1.9689 0.0977 10.5076 1.9902 0.0640 4.1945 1.9966 0.0418 1.7603
By 1.7459 0.0710 69.6039 1.7476 0.0546 66.6695 1.7420 0.0397 66.1176
Bro -1.0005 0.0534 2.8584 -0.9996 0.0441 1.9407 -0.9993 0.0312 0.9688
B2 -0.9761 0.0668 5.0392 -0.9870 0.0484 2.5142 -0.9924 0.0328 1.1337
BN,Q -0.8683 0.0684 22.0162 -0.8688 0.0528 19.9913 -0.8676 0.0391 19.0435
BT,g -0.0006 0.0565 3.1923 0.0009 0.0447 1.9898 -0.0003 0.0308 0.9464
Bs -0.0006 0.0605 3.6625 0.0019 0.0471 2.2233 -0.0006 0.0312 0.9776
BN,B 0.0080 0.0783 6.1981 0.0071 0.0597 3.6161 0.0065 0.0407 1.7020

Example 2. We conduct 1000 simulations from model (1.1) by choosing 8, =
(2,-1.5,0.5, 0,0,...,0)" and g(z) = 2sin(rz), where the length of 3, is set
to be 10, 20 and 30, i.e., the number of zero components of 3, is 7, 17 and
27, respectively. The covariate (X, Z) follows normal distribution N (0, X) with
3 = (04))1<i,j<(p+1)s 0ij = (—0.5)1"791, p =10, p = 20 and p = 30. The model
error ¢, the confounding variable U, and the distortion functions ¢ (U) and
¢4 (U) are the same as those in Example 1. The distortion function for X, is
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TABLE 2
Simulation results of confidence intervals. “NA” stands for the normal approximation and
“EL” stands for the empirical likelihood. “Lower” stands for the lower bound, “Upper”
stands for upper bound, “AL” stands for average length, “CP” stands for the coverage

probabilities.
n = 300 n = 500 n = 1000
B B2 B3 B1 B2 B3 B1 B2 B3

NA Lower 1.8073 -1.1158 -0.1351 1.8648 -1.0927 -0.1047 1.9120 -1.0683 -0.0739
Upper 2.132° -0.8368 0.1347 2.1094 -0.8780 0.1045 2.0835 -0.9169 0.0745

AL 0.3247 0.2789 0.2699 0.2446 0.2174 0.2093 0.1715 0.1514 0.1483

CP 94.1% 96.3% 96.3% 95.5% 96.7% 97.0% 96.4% 95.9% 96.5%

EL Lower 1.8070 -1.1058 -0.1214 1.8733 -1.0863 -0.0937 1.9184 -1.0592 -0.0661
Upper 2.1313 -0.8490 0.1238 2.1021 -0.8879 0.0948 2.0766 -0.9278 0.0674

AL  0.3243 0.2567 0.2452 0.2288 0.1984 0.1885 0.1581 0.1318 0.1336

CP 94.6% 94.3% 95.5% 94.5% 95.9% 95.5% 94.7% 94.9% 95.3%

TABLE 3

Simulation results of Mean (M), Standard Error (SD) and Mean Squared Error (MSE) for
Br with A1By =5 and A28y = —2. All values of MSE are in the scale of 1073.

A =(2, 1,0 Ay =(—05,1,0)

M SD MSE M SD MSE
n = 300
Bo1  1.9971 0.0287 0.8340 1.9849 0.0661 4.5999
Bo2 -1.0057 0.0575 3.3363 -1.0075 0.0330 1.1499
Bosz 0.0071 0.0592 3.5538 0.0112 0.0572 3.4048
n = 500
Bo1 2.0005 0.0239 0.5755 1.9968 0.0545 2.9828
Loz -0.9989 0.0479 2.3020 -1.0015 0.0272 0.7457
Bosz 0.0036 0.0470 2.2212 0.0059 0.0457 2.1302
n = 1000
Boi 2.0012 0.0135 0.1839 2.0015 0.0292 0.8551
Boz -0.9975 0.0270 0.7358 -0.9992 0.0146 0.2137
Bos 0.0002 0.0311 0.9721 0.0011 0.0300 0.9045
TABLE 4
Stmulation results for power calculations of Tn in Example 1.
n = 300 n = 500 n = 1000
Significant level 0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10
c=0.00 0.012 0.057 0.108 0.011 0.053 0.106 0.011 0.051 0.102
c=0.05 0.018 0.079 0.138 0.023 0.129 0.206 0.078 0.208 0.331
c=0.10 0.101 0.299 0.432 0.197 0.427 0.578 0.524 0.795 0.875
c=0.15 0.329 0.591 0.732 0.600 0.842 0.914 0.942 0.991 0.997
c=0.20 0.621 0.860 0.915 0.902 0.981 0.992 1.000 1.000 1.000
c=0.25 0.877 0.966 0.990 0.988 0.998 1.000 1.000 1.000 1.000
c=0.30 0.970 0.994 0.999 0.998 0.999 1.000 1.000 1.000 1.000
c=0.35 0.993 0.997 1.000 1.000 1.000 1.000 1.000 1.000 1.000
c=0.40 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
T
set to be Y (U) = W, Yar(U)=U"— =5, r=1,...,p. The sample

size n in this example is chosen as n = 300, n = 500 and n = 1000.

To measure the selection and estimation accuracy, we define wy g, we,g, and
Wo,8, as the proportions of underfitted, correctly fitted and overfitted models.
In the case of overfitted models, “17, “2”, and “> 3” are the proportions of
models including 1, 2, and more than 2 insignificant covariates. We denote the
mean squared error ||Bp — B,|2 as Mseg,, where Bp is the final penalized
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estimators. Moreover, “Cg " and “INg 7 denote the average number of the zero
coefficients that were correctly set to be zero, and the average number of non-
zero coefficients that were incorrectly set to be zero, respectively.

In Table 5, we report the true penalized estimator (using the true covariates
(Y, X, Z)), the penalized estimator 3 p, and the naive penalized estimator (using
the observed data (Y;, X;, Z;) directly without calibration). We see that the val-
ues of “Cg,” for the true penalized estimator and ,3 p are close to the true values
7 (p=10),17 (p = 20), and 27 (p = 30), and that “INg " is close to 0. However,
the naive penalized estimator falsely penalizes the non-zero components of 3, to
zero, and the values of INg  are nonzero even for large sample sizes. For the true
penalized estimator and the penalized estimator 3 p, the proportion of models
that are correctly fitted (column w. g, ) is above 90% when n = 300, and 100%
when n = 1000. The proportions of models that are underfitted (column w,, g, )
and overfitted (columns under w, g,) for the true penalized estimator and B P
are about 0% and 10% when n = 300 and n = 500, respectively. In the overfit-
ted case, the proportion of models including 1 insignificant covariate dominates
the cases including 2 or more insignificant covariates, and the latter is close
to 0% in most situations. This indicates that the true penalized estimator and
,@ p are most likely to select a final model that is very close to the true model.
Moreover, the mean squared errors Mseg, for B p are much smaller than for the
naive penalized estimator. The naive penalized estimator definitely ruins the
oracle property of the SCAD penalty function, giving larger values of Mseg, .
The large biases can not be eliminated even when the sample size n increases
to 1000, which coincides with the simulation results reported in Table 1. When
the sample size n = 300, the percentage of underfitted models (columns under
Wy, 8,) is about 8%, which implies that the naive penalized estimator eventually
produces an incorrect model. This again indicates that ignoring the distortion
measurement errors in the variable selection process will ruin the oracle property
and result in a wrong model.

Example 3. We generate 1000 realizations from model (7.1). The sample size
are chosen to n = 300, n = 500 and n = 1000. The variables (X, Z,¢,U) are
the same as those in Example 1. The multiplicative distortion functions are

o (U) = BWU=0"D Ly (T7) = 14 0.3c0s(2n0), Yara(U) = U2 + 2 and
Yum,s(U) = %—U 3. The additive distortion functions are set to be zero functions,
ie, pa(U)=0,%a,(U)=0,r=1,...,p. We compare the performance of the
estimators (By, Bo) and their confidence intervals, test statistics (Tvns Tem)
and penalized estimators (B PV B p.c)- Note that the estimation method pro-
posed in [1] can not be used in this example because E(X,) =0, r=1,...,p.
In Table 6, it is not surprising that the true estimator performs better than
the proposed estimator, because the MSE values for BT are all smaller than
ﬁv and BC, and their mean values are close to the true value (2,—1,0)T. The
performance of BV is slightly better than that of BC. The latter has a slightly
larger MSE. In Theorem 6.1, we have shown that the estimator BT is asymp-
totically efficient when Sy, = 0. In Table 6, we see that the MSE values for the
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TABLE 5
Simulation results for Example 2. “T” stands for the true penalized estimator, “P”
standards for the penalized estimator Bp, and “N” stands for the naive penalized estimator.
All values of Mseg,, are in the scale of 1073,

wo.pg (%) _No of zeros
(Po: 90) wu,By (%) wepy (%) 1T (R)” 27 (%) "> 3" (%) Mseg, Cpy,  MNg,

n = 300

3,7 T 0.0 98.1 1.9 0.0 0.0 5.3655  6.981 0.000

3,7 P 0.0 91.0 8.6 0.4 0.0 11.6584 6.906 0.000

3,7 N 8.4 88.8 2.7 0.1 0.0 208.6972 6.967 0.084
n = 500

3,7 T 0.0 100 0.0 0.0 0.0 3.5145  7.000 0.000

3,7 P 0.0 99.9 0.1 0.0 0.0 7.2799  6.999 0.000

3,7 N 3.1 96.6 0.3 0.0 0.0 202.1424 6.997 0.031
n = 1000

3,79 T 0.0 100 0.0 0.0 0.0 1.8867  7.000 0.000

3,7 P 0.0 100 0.0 0.0 0.0 3.4036  7.000 0.000

(3,7 N 0.5 99.5 0.0 0.0 0.0 195.0048 7.000 0.005
n = 300

(3,17) T 0.0 98.7 1.2 0.1 0.0 6.0981 16.986 0.000

(3,17) P 0.0 94.6 5.0 0.4 0.0 14.0470 16.942 0.000

(3,17) N 7.2 87.3 5.2 0.3 0.0 205.6913 16.942 0.072
n = 500

(3,17) T 0.0 100 0.0 0.0 0.0 3.7067 17.000 0.000

(3,17) P 0.0 99.7 0.3 0.0 0.0 7.2445 16.997 0.000

(3,17) N 4.1 95.5 0.4 0.0 0.0 201.2426 16.996 0.041
n = 1000

(3,17) T 0.0 100 0.0 0.0 0.0 1.9170 17.000 0.000

(3,17) P 0.0 100 0.0 0.0 0.0 3.5003 17.000 0.000

(3,17) N 0.2 99.8 0.0 0.0 0.0 194.4349 17.000 0.002
n = 300

(3,27) T 0.0 99.1 0.0 0.0 0.0 5.6787 26.991 0.000

(3,27) P 0.0 90.0 8.7 0.7 0.2 13.1403 26.893 0.000

(3,27) N 7.8 83.6 7.7 0.9 0.0 208.6185 26.895 0.078
n = 500

(3,27) T 0.0 100 0.0 0.0 0.0 3.6449 27.000 0.000

(3,27) P 0.0 99.2 0.8 0.0 0.0 7.3020 26.992 0.000

(3,27) N 2.8 96.5 0.7 0.0 0.0 202.0266 26.993 0.028
n = 1000

(3,27) T 0.0 100 0.0 0.0 0.0 1.7407 27.000 0.000

(3,27) P 0.0 100 0.0 0.0 0.0 3.3344 27.000 0.000

(3,27) N 0.8 99.2 0.0 0.0 0.0 194.5244 27.000 0.008

estimators Bv’g and Bc’g become very close to those for the true estimator BT’g
as the sample size n increases. Moreover, their MSE values are also close to those
in Table 1. This again implies that the multiplicative distortions and additive
distortions asymptotically have no effect on estimating Byp3 = 0, regardless of
the choice of distortion functions.

In Table 7, we report the 95% NA confidence intervals based on the estimator
BV associated with EL confidence intervals, and the NA confidence intervals
based on the estimator Bc associated with EL confidence intervals for 3,
s =1,2,3. In Table 7, the NA confidence intervals according to BC are slightly
wider than for ﬁv, but the coverage probabilities are slightly larger than the
empirical likelihood confidence intervals. Additionally, the EL method produces
more accurate coverage probabilities than the NA method (see also Table 2).

In Table 8, we compare the performance of the test statistics Ty, and ¢ p
for the hypothesis testing problem 7.2. Simulation results are similar to those
in Table 4. As the value of ¢ increases, the power functions of 7y, and T¢,
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increase to a rapidly as the sample size n increases. It is clear that T¢, is
more powerful than 7y, and this coincides with the confidence intervals of Sy3
reported in Table 7. As the 95% confidence intervals based on Bc are slightly
wider than those for BV, if one uses the complement sets of the 95% confidence
intervals to reject the hypothesis 7.2, the complement sets of the confidence
intervals according to 50 are more powerful than those for ﬂv The simulation
results in Table 8 also reveal that 7¢,, (based on B) is more powerful than

Tvm (based on By).

TABLE 6
Simulation results of Mean (M), Standard Error (SD) and Mean Squared Error (MSE) for
true estimator ,@T, the proposed estimators ﬁv and B, and the naive estimator By . MSE
is in the scale of x1075.

n = 300 n = 500 n = 1000
M SD MSE M SD MSE M SD MSE
Br,1 1.9972 0.0501 2.5169 2.0009 0.0403 1.6246 1.9989 0.0280 0.7858
éV,l 1.9822 0.0558 3.4256 1.9924 0.0449 2.0718 1.9958 0.0311 0.9859
30,1 1.9690 0.0577 4.2963 1.9794 0.0457 2.5095 1.9833 0.0313 1.2614
BN,l 1.8835 0.0608 17.2547 1.8850 0.0482 15.5462 1.8835 0.0330 14.6514
BT,Q -0.9978 0.0556 3.1008 -1.0009 0.0445 1.9853 -1.0005 0.0321 1.0341
Bv,z -0.9784 0.0626 4.3797 -0.9891 0.0494 2.5585 -0.9928 0.0347 1.2603
Bc,g -0.9787 0.0632 4.4477 -0.9893 0.0499 2.6080 -0.9933 0.0350 1.2745
BN,z -0.8497 0.0595 26.1239 -0.8520 0.0475 24.1497 -0.8514 0.0334 23.1959
BT,B -0.0006 0.0547 2.9924 0.0002 0.0443 1.9649 0.0015 0.0305 0.9351
,év,a -0.0052 0.0566 3.2321 -0.0033 0.0461 2.1416 -0.0018 0.0306 0.9447
Bc,;z -0.0045 0.0590 3.5057 -0.0020 0.0472 2.2324 0.0004 0.0317 1.0093
BN,B -0.0715 0.0583 8.5270 -0.0698 0.0471 7.0912 -0.0699 0.0324 5.9402

TABLE 7
Simulation results of confidence intervals. “NAV” stands for the normal approzimation
based on By, “ELV” stands for the corresponding empirical likelihood method. “NAC”
stands for the normal approrimation based on BC, “ELV” stands for the corresponding
empirical likelihood method.

n = 300 n = 500 n = 1000
B1 B2 B3 B1 B2 B3 B1 B2 B3

NAV Lower 1.8567 -1.1215 -0.1351 1.8929 -1.0974 -0.1023 1.9257 -1.0701 -0.0729
Upper 2.1151 -0.8428 0.1226 2.0926 -0.8806 0.0950 2.0673 -0.9159 0.0668

AL 0.2584 0.2787 0.2542 0.1997 0.2167 0.1973 0.1416 0.1542 0.1398

(@) 96.3% 96.7% 96.5% 95.7% 96.3% 96.3% 95.8% 95.6% 96.4%

NAC Lower 1.8414 -1.1239 -0.1363 1.8786 -1.0989 -0.1066 1.9124 -1.0714 -0.0753
Upper 2.1044 -0.8451 0.1305 2.0870 -0.8795 0.1016 2.0549 -0.9156 0.0727

AL 0.2629 0.2824 0.2669 0.2020 0.2194 0.2082 0.1425 0.1558 0.1481

CP 96.3% 96.7% 96.7% 95.5% 96.7% 97.0% 95.5% 95.7% 96.1%

ELV Lower 1.8637 -1.1153 -0.1201 1.8996 -1.0844 -0.0930 1.9321 -1.0585 -0.0658
Upper 2.1070 -0.8499 0.1092 2.0859 -0.8939 0.0847 2.0609 -0.9275 0.0603

AL 0.2432 0.2653 0.2294 0.1863 0.1905 0.1778 0.1287 0.1309 0.1263

CP 96.0% 94.5% 95.2% 95.2% 94.9% 95.1% 94.7% 94.6% 95.4%

ELC Lower 1.8504 -1.1173 -0.1250 1.8861 -1.0850 -0.0965 1.9193 -1.0591 -0.0679
Upper 2.094 -0.8492 0.1164 2.0735 -0.8935 0.0909 2.0480 -0.9279 0.0654

AL 0.2445 0.2680 0.2415 0.1873 0.1915 0.1875 0.1286 0.1312 0.1334

CP 94.7% 94.5% 95.5% 94.6% 94.7% 95.7% 94.7% 94.8% 95.9%
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TABLE 8
Simulation results for power calculations of Ty, and Tc . in Example 3.

TV,n TCJL
Significant level 0.01 0.05 0.10 0.01 0.05 0.10
n = 300
c = 0.00 0.012 0.052 0.102 0.010 0.054 0.104
c=0.05 0.018 0.078 0.150 0.016 0.073 0.137
c=0.10 0.081 0.253 0.363 0.085 0.259 0.385
c=0.15 0.272 0.544 0.658 0.311 0.575 0.713
c=0.20 0.557 0.769 0.854 0.607 0.848 0.912
c=0.25 0.783 0.904 0.942 0.852 0.954 0.974
c=0.30 0.887 0.938 0.953 0.970 0.994 1.000
c=0.35 0.929 0.963 0.970 0.997 1.000 1.000
c = 0.40 0.935 0.958 0.966 1.000 1.000 1.000
n = 500
c = 0.00 0.011 0.051 0.095 0.011 0.053 0.102
c=0.05 0.034 0.109 0.196 0.027 0.105 0.196
c=0.10 0.178 0.393 0.515 0.184 0.413 0.562
c=0.15 0.540 0.764 0.852 0.595 0.826 0.917
c=0.20 0.767 0.897 0.923 0.895 0.976 0.991
c=0.25 0.928 0.959 0.969 0.992 0.997 1.000
c=0.30 0.946 0.970 0.984 0.995 1.000 1.000
c=0.35 0.966 0.998 1.000 1.000 1.000 1.000
c=0.40 1.000 1.000 1.000 1.000 1.000 1.000
n = 1000
c = 0.00 0.010 0.049 0.101 0.012 0.051 0.104
c=0.05 0.061 0.193 0.301 0.063 0.212 0.333
c=0.10 0.413 0.686 0.780 0.499 0.763 0.849
c=0.15 0.812 0.902 0.931 0.922 0.987 0.993
c=0.20 0.923 0.952 0.962 0.997 0.999 1.000
c=0.25 0.942 0.968 1.000 1.000 1.000 1.000
c=0.30 0.987 1.000 1.000 1.000 1.000 1.000
c=0.35 1.000 1.000 1.000 1.000 1.000 1.000
c = 0.40 1.000 1.000 1.000 1.000 1.000 1.000

Example 4. In this example, we conduct 1000 simulations from model (1.1)
to examine the performance of the penalized estimators 3 py and B pc- The
sample sizes are set to be n = 300, n = 500, and n = 1000. The parameter 3,
the variables (X, Z,U,Y, ¢) and multiplicative distortion functions ¢ (U) and
Y- (U)’s are the same as those in Example 2. The additive distortion functions
are all set to be zero: $4(U) =0, ¥a,(U)=0,r=1,...,p.

In Table 9, we report the true penalized estimator (using the true simu-
lated data {Y;, X, Z;}7_,), the penalized estimators BP,V, BP,C, and the naive

penalized estimator (using the distorted data {}71-7AX/,»7 Z; ¥, directly without
calibration). The simulation results are all similar to those in Table 5. The val-
ues of “Cg,” for BP,V, 3P’C are close to the true values 7 (p = 10), 17 (p = 20),
and 27 (p = 30), and “INg " is close to 0. The values of w. g, are all above
97%. For wy g, (underfitted model) and w, g, (overfitted model), the values are
all close to 0. However, the naive penalized estimator falsely penalizes the non-
zero components of By to zero because the values of INg are nonzero, even for
large sample sizes, and the values of w, g, are also nonzero. The naive penal-
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ized estimator definitely ruins the oracle property of SCAD penalty function,
giving larger values of Mseg . The large biases can not be eliminated even when
the sample size n increases to 1000, which coincides with the simulation results
reported in Table 5. This again indicates that ignoring the multiplicative distor-
tion measurement errors for the variable selection process will ruin the oracle
property and result in a poor model.

TABLE 9
Simulation results for Ezample 3. “T” stands for the true penalized estimator, “V”
standards for the penalized estimator Bp .y, “C” standards for the penalized estimator Bp ¢
and “N” stands for the naive penalized estimator. All values of Mseg,, are in the scale of

1073,
wo.gq (%) No of zeros
(Posd0)  wuupy (%) we.g (%) TTTAT 2 (%) "> T (%] Mses, Cpy INgy
n = 300
3,7 T 0.0 99.8 0.2 0.0 0.0 19.2945 6.998 0.000
3,7 V 0.0 99.4 0.6 0.4 0.0 29.7618 6.994 0.000
3,7 C 0.0 99.7 0.3 0.0 0.0 29.6891 6.997 0.000
3,7 N 20.3 77.6 2.0 0.1 0.0 225.8709 6.972 0.203
n = 500
3,7 T 0.0 100 0.0 0.0 0.0 14.5730 7.000 0.000
3,7 V 0.0 99.9 0.1 0.0 0.0 19.8203 6.999 0.000
3,7 C 0.0 100 0.0 0.0 0.0 19.4369 7.999 0.000
3,7 N 14.0 85.7 0.3 0.0 0.0 220.4970 6.997 0.140
n = 1000
3,7 T 0.0 100 0.0 0.0 0.0 11.1170 7.000 0.000
3,7 V 0.0 100 0.0 0.0 0.0 13.8354 7.000 0.000
3,7 C 0.0 100 0.0 0.0 0.0 13.8996 7.000 0.000
3,7 N 6.6 93.4 0.0 0.0 0.0 215.5112 7.000 0.006
n = 300
3,17) T 0.0 99.8 0.2 0.0 0.0 19.1307 16.998 0.000
(3,17) V 0.0 98.5 1.4 0.0 0.1 30.4570 16.981 0.000
(3,17) C 0.0 98.5 1.4 0.1 0.0 28.9576 16.984 0.000
(3,17) N 20.3 75.1 4.2 0.4 0.0 226.2938 16.935 0.203
n = 500
3,17) T 0.0 100 0.0 0.0 0.0 14.9827 17.000 0.000
3,17) V 0.0 99.8 0.2 0.0 0.0 20.9940 16.998 0.000
3,17) C 0.0 99.9 0.1 0.0 0.0 19.5397 16.999 0.000
(3,17) N 14.4 85.3 0.3 0.0 0.0 221.4022 16.995 0.144
n = 1000
3,17) T 0.0 100 0.0 0.0 0.0 11.6909 17.000 0.000
(3,17) V 0.0 100 0.0 0.0 0.0 14.0145 17.000 0.000
(3,17) C 0.0 100 0.0 0.0 0.0 13.6771 17.000 0.000
(3,17) N 7.0 93.0 0.0 0.0 0.0 218.1803 17.000 0.070
n = 300
3,27) T 0.0 99.7 0.3 0.0 0.0 18.3902 26.997 0.000
(3,27) V 0.0 97.6 2.3 0.0 0.1 29.2157 26.974 0.000
(3,27) C 0.0 97.5 2.4 0.1 0.0 28.4769 26.974 0.000
(3,27) N 21.4 72.8 5.3 0.5 0.0 227.5474 26.911 0.214
n = 500
(3,27) T 0.0 100 0.0 0.0 0.0 16.3829 27.000 0.000
(3,27) V 0.0 100 0.0 0.0 0.0 22.1077 27.000 0.000
3,27) C 0.0 99.8 0.2 0.0 0.0 20.7386 26.998 0.000
(3,27) N 14.8 84.4 0.8 0.0 0.0 219.5000 26.991 0.148
n = 1000
(3,27) T 0.0 100 0.0 0.0 0.0 11.6011 27.000 0.000
(3,27) V 0.0 100 0.0 0.0 0.0 15.1849 27.000 0.000
3,27) C 0.0 100 0.0 0.0 0.0 15.1381 27.000 0.000
(3,27) N 7.2 92.8 0.0 0.0 0.0 214.3303 27.000 0.072
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8. Real data analysis

As an illustration, we now apply our method to the analysis of bodyfat data
(http://1ib.stat.cmu.edu/datasets/bodyfat). The dataset contains the
percentage of body fat determined by underwater weighing and various body
circumference measurements for 252 men. In practice, the accurate measure-
ment of body fat is inconvenient and costly. Thus, simple methods of estimat-
ing body fat that are neither inconvenient nor costly are desirable. We used
the partial linear model (1.1) to investigate the relationship between Y -percent
body fat, Z-age, X;-weight, Xo-height, X3-neck circumference, X4-chest circum-
ference, X5-abdomen circumference, Xg-hip circumference, X-thigh circumfer-
ence, Xg-knee circumference, Xg-ankle circumference, X1¢-biceps circumference,
Xj1-forearm circumference, Xio-wrist circumference, and the confounding vari-
able U-the body density determined from underwater weighing. We first present
the patterns of ¢pr(u), pa(u), ¥arr(u)’s and 14, (u)’s in Figures 1-4. The plots
show that all the distortion functions are non-constant.

Corresponding to the covariates (X1,...,X;2)", Table 10 presents the es-
timators of 3, standard errors, p-values, confidence intervals based on NA,
confidence intervals based on EL, and the penalized estimators associated with
their estimated standard errors. The standard errors of the penalized estima-
tor ﬁ p are obtained using the plug-in estimators of the asymptotic covariance
matrices obtained in Theorem 5.1. The estimator ,3 and its associated p-values
show that only variable X5-abdomen is significant; the remaining p-values are
all greater than 0.2. The only 95% NA confidence intervals that does not contain
zero is that of fys. For the 95% EL confidence intervals, only those for So1, Bos
and [p12 exclude zero, implying that these parameters should be significant at
the 5% significant level. The penalized estimator B p indicates that X»-height,
Xs-abdomen and Xqs-wrist are irrelevant to the response Y. The above anal-
ysis suggests that Xs-abdomen is the most important variable in model (1.1).
Intuitively, it makes sense that the percentage of body fat will increase as X5
abdomen circumference becomes larger. Finally, we show the pattern of §(z) in
Figure 5. This figure reveals that g(z) is nonlinear, and that the percentage of
body fat increases from age 2045, decreases slightly from age 4560, and then
increases again from age 60-80. Generally, the parameter estimation results in
Table 10 and the plot in Figure 1 show that Xs-abdomen and Z-age can be
used as the two principal variables for predicting the percentage of body fat in
future health studies.

Appendix A: Appendix
A.1. Three technical lemmas
Lemma A.1. Suppose E(W|U = u) = m(u) and its derivatives up to second or-

der are bounded for all u € [a1,as). E(|W|?) ezists and sup,, [ |w|® f(u, w)dw <
oo, where f(u,w) is the joint density of (U, W). Suppose (U;, W;),i=1,2,...n
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TABLE 10
Estimation results for the body fat data
weight height neck chest abdomen hip
B -0.0213 -0.0836 -0.0634 -0.0082 0.2593  0.0422
Se[a 0.5032 1.0789 1.8082 0.8266  0.9379 1.2342
p-values 0.5001 0.2187 0.5777 0.8745 0.0001 0.5875
left NA -0.0834 -0.2168 -0.2866 -0.1102 0.1435 -0.1102
right NA 0.0407 0.0496 0.1598 0.0938 0.3751 0.1945
left EL  -0.0343 -0.1765 -0.1964 -0.0552 0.2143 -0.0108
right EL -0.0073 0.0024 0.0735 0.0417 0.3053 0.0961
Bp 0  -0.1147 0 0 0.2144 0
Ses, (—) 1.0113 (—) (—) 0.8845  (—)
thigh knee ankle biceps forearm  wrist
B -0.0336 -0.0523 0.0174 0.0285 0.0959 -0.3530
SCB 1.1499 2.4373 2.0280 1.4388 1.5519  4.7116
p-values 0.6423 0.7329 0.8916 0.7534  0.3268  0.2342
left NA -0.1756 -0.3533 -0.2329 -0.1491 -0.0957 -0.9347
right NA 0.1083 0.2485 0.2677 0.2061 0.2874  0.2286
left EL  -0.1036 -0.1933 -0.1536 -0.0845 -0.0531 -0.6710
right EL 0.0373 0.0946 0.1993 0.1444 0.2428 -0.0190
Bp 0 0 0 0 0 -0.4775
Sep, () () () () () 39918

are independent and identically distributed (i.i.d.) samples from (U, W). If con-
dition (C4) holds true for kernel function K(u), and n®**~'h — oo for € <
1 — st we have

1
n

sup
u€lay,asz]

izn; Kn(Ui = w)W; — fu(u)m(u) — %[fU(U)m(u)]"‘thZ
= O(Tn,h),a.s.
where py = [ K(u)u?du, and 7,5 = h® + \/logn/(nh).

Proof. Lemma A.1 can be immediately proved from the result obtained by [19].
U

Lemma A.2. Let M(W) be a continuous function of W = (Y, X, Z) satisfying
E[M?*(W)] < oo. Suppose Conditions (C1)-(C5) hold, we have

_ % zj; { [% + %] Cov(Y, M(W)) + YiE[M(W)}}

x [6ar(Ui) = 1] + ¢a(U)E[M(W)] ¢ + op(n"/?).
Forr=1,...,p, we have
% > (Xri - Xri) M(W;)

i=1
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_1y { {[w + ﬂ Cov(X,, M(W)) + XM-E[M(W)]}

X [Yar,r(Us) = 1] + ¢A,7-(Ui)E[M(W)]} +op(n~1/?).

Proof. Lemma A.2 is the direct result of Theorem 1 in [37]. O

Lemma A.3. Suppose that the Conditions (C1)-(C5) hold. Let M(W) be a
continuous function of W = (Y, X, Z) satisfying E[M?*(W)| < co. Then,

%Z (Vars = %) (W) = %Z (% - i) ZER) oy
Forr=1,...,p, we have

% il (Karri = Xoi) M(W)

= % Zn: (1% — | Xri)) % +op(n~1?).

Proof. Lemma A.2 is the direct result of Lemma B.2 in [40]. See also the Lemma
1.1 in the on-line supplementary material of [41]. |
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A.2. Proof of Theorem 1

Recalling that
pom = {33 [x- 5] ] ()
x% S { & - Sz} {¥i - Sv(20) - X By + [Sx(2)]"By }

_ {l S [Xi - 8x(2)] ®2}_1 D1 + D + Dys) ;

where,

1 ¢ - - T
Dia = > {Sv(Z) - Sv(2) — (Sx(Z) - 5x(2)) By} (A4)
Step 1.1 For the expression D,1, we have

D, = %i{X—X}e Z{X ~Sx(Z)te:  (A5)

+% z”: {SX(Zi) - SX(Zz)} €
i1
= Dui[1] + Dp1[2] + Dpa [3].

Recalling ¢; = Y; — X;Fﬂo —9(Z;) and E(¢;| X, Z;) = 0. Using Lemma A.2, we
have

{X Xpi} e (A.6)
= % an { Xri — E )) %:| Cov(X,,€) + XTiE(e)}

X WJM,T(UZ') - 1] + wA,r(Ui)E(E)} + Op(n_l/Q) = op(n_l/Q),
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Based on (A.6), we have D,1[1] = op(n~'/?). For argument D, [3], directly
using Lemma A.1 and similar to the proof of Theorem 1 in [15], we have D,,1[3] =
op(n~1/?). Thus, we obtain that

1L —1/2
_ - _ e, ) A.
Dy = - Zl (X — Sx(Z)} e +op(n~Y?) (A.7)
Step 1.2 For the argument D,,5, we have
1 - < o % T
Dy = Eg{xi—xi}{m—m—(Xi—Xi) Bo} (A8)
+l Xn:{Xi - Sx(Z:)} {Yz ~Y - (X; - X;)"B }
i3 ’

IS (ox(z0 - Sz} v (X X078,

C Dpo[l] + Dya[2] + Dial3].

Let VZ = }A’i, or VZ = Xm and Dz = Yi, or ﬁi = Xm accordingly, V; = Y;, or
Vi=X,or'V; =Z;,and D; =Y;, or D; = X,; or D; = Z;. According to the
2
proof of theorems in Zhang, Lin and Li (2019), as nh® — 0 and % — 0,
Lemma A.1 entails that
SR .
~> (Vi =Vi)(Di = D) = Op((n ™2 + 1% +7,0)%) = op(n™ /%), (A.9)

=1

Using (A.9), we have D,,2[1] = op(n~'/2). For the argument D,,5[2], using F[X —
Sx(2)|Z] = 0 and Cov(Y, X — Sx(Z)) = X083y, Lemma A.2 entails that

%i{xi—sx(zi)}{fc - Yi} (A.10)

- 2
— %Z [w + %} Cov(Y, X — Sx(2)) [oam(Us) — 1]
i=1 Y

+ %Xn: {YiE[X — Sx(2)][pm(Us) = 1] + a(U) E[X — Sx(Z)]}

i=1

+ Op(n_1/2)

i=1 Y

Similarly, we have

L3 X - Sx (20} (X - X0)T8y (A11)
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= Z {% 4 (X — Sx(Zi)} (Xpi — sz‘)ﬁm}

P zl L 2
P b e
r=1 =1

+) {% Z X B[ X — Sx(2)] [Ym,r(Us) — 1] ﬁm}
+ Z {% ZwA,r(Ui)E[X - SX(Z)]ﬂOT} + OP(n—l/Q)

n o 2
= %ZZ [‘X”—E(‘X’”)) + %} [V (U;) — 1] Zoereg‘ﬁo + Op(nfl/Q).

Together with (A.10) and (A.11), we have

Dol = 30 [E B o) - 11308, (A12)

n

Y
1 - Xri -F X7- 2 1
- Z Z % + §:| [wM,r(Ui) — 1} Eoere?ﬁo

1=1r=
).

Under the condition nh$ — 0 and

N =

“+op nil/

162 5 0, the conclusion of (A.1) in [15]
1

entails that sup|Sy(z) — Sy (2)| = op(n~Y*), and supléx, (z) — sx,(2)] =
zZEZ 2€Z

0p(77,71/4), r =1,...,p. According to the proof of Theorem 1 in [38], we can
show that D,,2[3] = op(n~1/?), and also D,;3 = op(n~'/2). Moreover,

%"[ —Sx(z)] L 3 (A1)

Thus, together with (A.7), (A.12) and (A.13), we obtain that
B—By = 5" (Dp1+Dyz+Das) +op(n/?) (A.14)

N
- EZE()l{XFSX(Zi)}q
i=1

+% Z {w + %} [oan(Us) — 1] By

_% » [LX” %} (W1, (Us) — 1] ever By

i=1r=1
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+op(n~Y?).

Using (A.14), we have completed the proof of Theorem 1.

A.3. Proof of Theorem 2

Note that

i) —gle) = T2t Il ) (A15)

Wao(2) —
Tp2(2)To(2) — [T ()]
T2(2)[Vao(2) = Tno(2)9(2)] Tt (2)[Vaur (2) — T (2)g(2)]
T2(2)Tuo(2) — [T (2)]° T2 (2)Tuo (2) — [T ()]
= Sni1(z) — Spa(2).

For the term Sy1(z), using Lemma A.1 and Theorem 1, it is seen that

Vio(2) = Tho(2)9(2)
B A.
& Do) - B /Talo) (A.16)
1 Z N i
- W;K (h—z) [Yi - 9(Z;) - X, go}
X (7
" Fanhs ZK( = ) : (8,-8)
pah2 S L (2)d'(2) .
=50 (B) + e Zf() + op(h? +1//nhy)
1 n Zi — 2\ [ __ k2,
} WZK (h—z) [Yi —9(Zi) - X; ,30} + T2g (2)
+h2fzj(cz)( )( 2 4 op(h2 4 1//mhy).
Directly using Lemma A.1, similar to (A.16), we have
Snal®) = g/(JtZ){/)( L) 1y + 0p(13 + 1/ /o) (A.17)

Together with (A.16) and (A.17), we have

i)~ al2) - 2 e) (A18)

- S K (Zih‘ Z) [ﬁ —9(Z) - Efﬁo} +op(h3 +1/y/nhy).

fz(2)nhy = 2

The asymptotic result of Theorem 2 is directly obtained from (A.18), we have
completed the proof of Theorem 2.
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A.4. Proof of Theorem 3

We first consider the conditional mean calibration. For 1 < r < p, let @ﬁ(ﬁo)
be the r-component of &, ;(8,). We decompose @E:,]i(ﬁo) into following terms:

8
PI(By) = (Vi — Sy (Zi) — [ X — Sx(Z)]"Bo)[Xri — sx,(Z)] + > R,

where,
R, = {Vi—Yi—[Xi— X B} Xei — sx.(Z)],
R, = {Vi—Yi—[X; - Xi]"Be}[ X — X,
R, = {Vi—Yi— (X - Xi]"Bo}sx, (Z) — éx,(Z)],
R, = {Yifsyw) X, — Sx(Z)]"Bo}sx, (Z) — bx, (Z),
R = {Yi—Sv(Z) X, — Sx(Z)]*Bo}[Xri — Xvi],
RUs = {Sv(Z) - 5v(Zi) — [Sx(Z:) — Sx(Z)*Bo}sx, (Z:) — éx, (Z),
R, = {Sv(Z) — 5v(Z) — [Sx(Z:) — Sx(Z)]" B} [Kri — X,
Ry = {Sv(Z) = 8v(Z:) — [Sx(Zs) — Sx(Z:)]" By} [Xoi — sx, (Z:)].
To prove Theorem 3, we need to show that

max oI = op(n?/?), t=1,....8.

It is noted that for any sequence of i.i.d random {V;,1 < i < n} and E[V?] < oo,

we have max Vil

1<i<n \/_

max |(V; — Sy (Z:) — [ X; — Sx(Z:)]"Bo)[Xri — sx,(Z:)]| = op(n'/?).

1<i<n

— 0,a.s.. Then,

Next, for Rl

n,11’

according to the proof of Theorem 1 and Theorem 3 in [37],

max ({V; = YV} [Xi — sx.(Z)]] (A.19)

1<i<n

Yi[Xyi — sx,(Z:)] ‘
om(Us)

[Xri — sx,(Zi)] 4 logn 1/2

1@?2( ‘¢M &M(Ui)

+[oaw) = davr)

= op(nt/?).

Similar to (A.19), we have

max |Rn Ll =o0p(n'/?),  max |Rn Ls| = op(n!/?). (A.20)

1<i<n 1<i<n
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For RE:;]Q, similar to (A.19), we have

lrgla<xn|{y Y}[ — X (A.21)
X max Y;XTl

1<i<n | dar (Ui)var,r (Ui)

+ max [0 (U3) = dar (U][6ar (U) = ban (U)

N Y,
RS PR ATOYS )

o+ max | (U3) = s (U] 0 (U:) = Ga(U3)]

Xm’

én (U)o, (Us)
1

or (Ui) Y, (Ui)
= Op <h4 + 10% + n_l) Op(nl/Q) = Op(n1/2).

n

X max
1<i<n

X |[Wa,r(Ui) = ar (U)][da(Us) — oa(Us)]

+ max
1<i<n 1<1<n
Thus, according to (A.21), we show that

max |R,| = op(n'/?). (A.22)

1<i<n

The conclusion of (A.1) in [15] entails that sup|Sy(z) — Sy (z)| = op(n~1/%),

z€EZ

and sup|3x, (z) — sx, (2)] = op(n™Y*), r = 1,...,p. Similar to (A.21)-(A.22),

z€EZ
we have

ma [{¥; = Yibsx, (2) = éx, (2)] (A23)

< s [oar(U0) — bur (U9 | 5 | mas Jo, (Z0) — ., (Z0)

>~ 11;11'&;(72 M\Yi M\Vq (U) 1<2<Xn SX, SX, i

max 9als) - o2 (U;) | 1<i8n |5x,(Z:) = 8x,(Z)] = op(n'/?).
From (A.23), we show that

max [RUL| = op(n!/?). (A.24)

1<i<n

n,it

Similar to the proofs of |R[r] |, t =1,2,3,5, we have Jnax |R t\ = op(n'/?)
for t = 4,6,7,8. We omit the details. Followed the same argument in the proof
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(2.14) in [23], we have A = Op(n'/?). Thus, max A6, :(Bo)l = op(1). Note
that log(1+1t) ~t — %t2 for t sufficiently smali we have

(80) = 23" (\T6,.4(80) — 51370,4(B0))) +op().  (A25)

=1

Note that \ satisfies the following equation,

l = PAnZ(ﬁO) -0
Z{ 1+AT6,:(8,)

Furthermore,
o l - Prni 60 l .
0 = 241+A pnzlﬁo anzlgo n; /60)
1 % @ /80 {/\ pn 1(160)}
+-— > . (A.26)

i=1 1+)‘ Pn, z(ﬁo)

Above equation (A.26) and max AT 9,.i(Bo)| = op(1) entail that

ni(Bo) +op(n”'/?). (A.27)

M:

\ = (%i@m(ﬁo)@n,i(ﬂo) ) %

i=1

Plugging the asymptotic expression (A.27) to (A.24), we have

1(Bo) = n(%i@n,iwo) (%Z oni(B)oni(B0)T) (A28)

(23 naln)) +on(1).

According the proof Theorem 1, we can obtain that

i(ﬁo) = n(%i“nz(ﬁo) ( Z”nz Bo)kin,i(Bo) ) ( Z“nz /50)
+0P(137

where, rn,i(Bg) = (Vi — Sy (Z;) — [X: — Sx (Z:)]*Bo) [ X i — Sx(Z;)] is indepen-
dent and identically distributed p-dimensional random vector with zero mean.
Theorem 3 for [ (By) follows from the central limit theorem and the Slutsky
theorem.
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A.5. Proof of Theorem 4 and Theorem 5
Step 1 Note that
Bn=B-3 AT {Ai_lAT}A [AB - b} . (A.29)

Under the null hypothesis Hg, we have AB, = b. Using (A.29), it is seen that

IS A —1 A —1 -1 A
Bu—By = (B-8,) - AT{as AT} [4B- 48| (A30)
A —1 ~—1 -1 ~
- [Ip—z AT {Az AT} A} (5—30).

Together with (A.13) and (A.14), the equation (A.30) can be expressed as

; 14T 141" ;

Br — B = {Ip -3'A {Azg A } A} (5 - BO) +op(n~1/?). (A.31)

-1

Define Q4 = I, -2, AT {AEalAT} A, the expression (A.31) entails that

- L _ _
Vi (B~ B ) 5 N(0,24%5" S0 57" Q% + a0, 4, 20).
We have completed the proof of Theorem 4.

Step 2 Under the null hypothesis Hg : A3, = b, using (A.14) and Theorem 1,
we have

Vi (4B -b) =vna (- ,) (A.32)
LN (0, AS 'S0 S AT + AS Ly AT) .
Similar to the analysis of (A.13), we have
AL 'S8T AT L as,, . AT (A.33)
LAx;is AT + A%, 4, AT
The Slutsky theorem entails that
AT STAT 4 A8, g, A] o [vi(aB-b)| (a3q)
—5 N(0, Iy),

where, I is a k X k dimensional identity matrix. Using (A.34), the continuous
mapping theorem entails that

T. = n(a8- b)T {AﬁJ_lﬁleﬁl_lAT + ASy 0, AT] ' (A3)
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L 2
Xk:a

where, X7 is the centered chi-squared distribution with degree of freedom k We
have completed the proof of Theorem 5.

A.6. Proof of Theorem 6

Step 1 It is noted that b = A3, —n~2¢ under the null hypothesis H1,,. From
(A.29), we have

~ ~—1

Bn = B-3'AT {Aﬁ:‘ﬂaﬁ}f1 [AB—b] (A.36)
- B-%'a" {Aﬁ:‘ﬂaﬁ}f1 48— A, +n /2]
= B-3 AT {Aﬁ:‘lATY1 A(B-8)
1287 AT {AﬁJ_IAT}% .
Using (A.30)-(A.31) and (A.36), we have

Br — Bo (A.37)
% - —1 4T I —-1/2
—Qa (6—,60) _ntl2s5A {Azo A } c+op(n1/2).
According to Theorem 1, we have
Vit (Br - 80) (A.38)
—1
L Nz AT {AzglAT} e, 437 B 5510 + Qa5 0, QL)

Step 2 Under the local alternative hypothesis H1, : AB, = b+ n~/?c, using
Theorem 1, we have

NG (AB f b) —Jn (AB — ABy + n*l/%) (A.39)
=VnA (ﬂ - 50) +c
LN <c, AS I8, 31 AT ¢+ A2¢M,¢MAT) .
Using (A.33)-(A.34) and (A.39), we have
=
N

~—1

BTAT A%, A7) s [vi(aB-b)| (a0

1A
b))
T T —-1/2
N <|:A201205201A +A2¢M7'¢’MA :| C, Ik> .
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Then, according to (A.40), the continuous mapping theorem entails that

T. = n(AB- b)T A5 5T AT + A8, A7 T (A
x (AB - b)
= x(me),

where, X3 (m¢) is the noncentral chi-squared distribution with degree of freedom
k, and 7. is the noncentrality parameter, defined as
-1

S— [AEEIEOEEEIAT + AT,y AT} c.

We have completed the proof of Theorem 6.

A.7. Proof of Theorem 7

Step 1 In this step, we establish the asymptotic expressions of minimizer
estimator Bp. Define

RORED SR LENEAR ¢ R NER) IS ol

i=1

Bsl)-

Let ki, = n~ Y2 4 af with a = maxi<;<p{pe, (|Bojl) Bo; # 0}, and s =

(81, 8p)T with ||s|| = Co. Moreover, we define B(n) = B, + k,s and
1 n R . . R T 2
Far = 3 {1@- — Sy (Z) - [Xi - 5x(2)] ,e(n>}
i=1
1 n ) R R . T 2
5> {Y ~ Sy (Z:) — | Xi - 8x(2)] ﬂo} :
Po
Fna = —nY {pc, (180 + #ns;l) — e, (18os])}-

j=1

Using (A.13)-(A.14), we have

Fnai = %Hi i st [Xz - SX(Zz)] . s (A.42)

st s (55

=1

= g/@isTEOS —nk,st X (,53 - ﬂo) + 0p(nK2C2) + op(n*/?k, Cy).

As a = Op(n~'/?), we have k, = Op(n~'/?) and the asymptotic expression
(A.42) entails that the first argument of D, ; is positive and dominated by
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2k2C3 in probability and the second argument of is dominated by CoOp(1).
Taylor expansion and Cauchy-Schawz inequality entail that

[Fn2l < n/pokinay, |[l| +negar||sl* < Conny, {v/po + a3 Co},

where a}* = maxlgjgp{pgjﬂﬂoﬂ)w@oj # 0}. Furthermore, D,, 2 is bounded by

* 3k

nk2CZ in probability. Thus, as a’*, b%* tend to 0 and Cy sufficiently large, D, 1
dominates D,, >. As a consequence, for any given d > 0, there exists a large
constant Cy such that

P{ inf £p(8(n)) > cp(ﬂo>} >1-6,

where S = {s: ||s|| = Cy}. We conclude that bp is Op(n~1/2).

Step 2. Let 3; satisfies |3} — 81| = Op(n~'/2). Similar to the proof of Lemma
1 in [3], we can show that

e ((87,07)7) =minp (87, 857)"). (A.43)

where, £* = {||B5]| < L*n~/2} and L* is a positive constant. We omit the
details for the proof in this step.

Step 3. Denote that BPJ is the penalized least squares estimator of 8 ;. In
addition, we denote that X 4,1 and S 'x.1(Z;) consist of the first py components
of X; and Sx(Z;), respectively. Define L5(8;) = Lp ((,Bf, OT)T). Taylor ex-
pansion entails that

9L (B1)
9B,

(A.44)

51:BP,1

= - i [Xu - SX,I(Zi):| {Yz - [Xu - §X71(Zi)}T,30,1}

n

+nRe, + (Z [X@l - SX,l(Zi)} . + nzg) (/@P,l - /80,1) + Op(6n),

i=1
where, 0, = nH,@Rl — Bo1l*. Similar to (A.14), we have that
B Xn: [Xia = Sxa(20)] {¥i = [Xia - 5x 1(Zi)rﬁ L b (A45)
=0 7 7 7 "

L
LN (O;Dw Yoea + Eo,lzw,wM,lEo,l) )

where, 3¢ 1, 20,1 and X hr by, L€ defined in Theorem 7. The asymptotic
expressions (A.44) and (A.45) entail that

Vi (Zoa + B¢, ) {(BPJ - 5071) +(Soa+3¢,) Rcl}
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L
—_— N (OPO’ 206)1 + 20712¢M7'¢’M,12071) .

We have completed the proof of Theorem 7.

A.8. Proof of Theorem 8

The proof of asymptotic normality of BV can be directly obtained from the
proof of Theorem 1 by treating ¢4 (U) =0, ¢a,(U) =0, r=1,...,p. We omit
the details.

For the estimator BC, similar to (A.1), we have

Bc —Bo (A.46)
n -1 n
:{%Z{Xc,i—gx(%)}@z} %Z{XC,i_SX(Zi)}

X {YC'L — Sy (Z;) — Xg,iﬁo + S)Tc(Zz‘)ﬁo}

1< w2
= {E {XC’i_S‘X(Zi)} } Kni + Kpo + Kps],

where, -
Kn = % zn; {Xoi—$x(Z)} e (A.47)
Ko = - i {Xei—Sx(20)} {Voi ~Yi— (Xoi - X) By}, (A48)
Kn; = % zn: {Xc - SX(Zi)} (A.49)

% {8v(2) = $v(2) — (Sx(2) - $x(2))"Bo}

Step 8.1 For the expression K,,1, we have

= Ko XJar S K- sxZe (a50)

%i{sx(zn ~$x(Z)}e

= Ku[l] + Kni[2] + Kpi[3].

Recalling ¢; = Y; — X;Fﬁo —g(Z;) and E(¢;| X, Z;) = 0. Using Lemma A.3, we
have

%Z {Xri —Xm‘}Ei (A.51)



5408 J. Zhang

n ¥
Z |X7z| |sz| [ 6] + Op(nfl/Q) — OP(nfl/Q).
= E(|X|)

Based on (A.51), we have K,1[1] = op(n~'/2). From the proof of Theorem 1,
K,1[3] = D1 [3] = op(n~'/2). Thus, we obtain that

Z {X:—Sx(Z)}Y e +op(n~1/?). (A.52)
Step 8.2 For the argument K5, we have
1 - N .
Ko = > {Xci-Xif {Voi=Yi— (Xoi- X780} (A53)
+l Z{Xi — Sx(Z:)} {Y/Ci ~Y, — (Xci— X)"8 }
n 4 ’ ’ 0
1< s A . . .
> {Sx (20 - Sx (20} {¥ou — Vi - (Xea — X078, }
According the proof of Theorem 1 in [41], we have K,2[1] = op(n~1/2).
For K,2[2], using F[X — Sx(Z)|Z] = 0, Lemma A.3 entails that
li{Xi*SX(Zi)} {YCi *Yi} (A.54)
n - :

_ = [Y{X_SX(Z)}] op(n=1/2
- Z|Y| Vi) = tor ™)

Y Y;
- Z | | ‘ |20ﬂ0 +OP(7’L_1/2)

S|

Z |Y§l]) [oar(Ui) — 1]Z0By + op(n~1/?).
=1

s

Similarly, we have

3K = Sx(Z0} (KXo — X8, (4.5)

Z {Tll Z (X — Sx(Z)} (Xe i — Xm)gw}

r=1

Z{l (1 — [, X ‘SX(Z)HBOT}H]:(WW)

n E(1Xx)

r=1 i=1
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1 s ‘Xm| |XM| T

— —EOeT.e,.ﬁ +op(n~Y?)

w222 B :

BN - |XT T —1/2
= EZZ E(|X |) [,(/JM,T‘(UZ)_1]2067‘67‘180—1_013(” )

Together with (A.54) and (A.55), we have

Ui) = 1]%08, (A.56)

’(/JM r( 1) - 1]2067422‘,3() + OP(n_l/Q)'

The conclusion of (A.1) in [15] entails that sup|Sy(z) — Sy (z)| = op(n~1/%),

z€Z
and sup|ix, (z) — sx, (2)| = op(n™Y*), r = 1,...,p. According to the proof
z€EZ

of Theorem 1 in [38] and the proof of Theorem 1 in [41], we can show that
K,2[3] = op(n~/?), and also K,3 = op(n~'/2). Moreover,

)

ni [XCz - Sx(Z )}@ R (A57)

=1

Thus, together with (A.52), (A.56) and (A.57), we obtain that

BC — 180 = 20_1 (Knl + Kng —|— Kng) —|— Op(’I’L_l/Q) (A58>
BN o N 1 Y
= LB XSkt 1D g len (V) — 1
I -~y | X T —1/2
_EZZ E(‘X |)[¢M,T(Ui) - 1]ererﬂ0-‘r0p(n )
i=1r=1 r

We have completed the proof of Theorem 8.

A.9. Proof of Theorem 9

The proof of the asymptotic results of Ty, are similar to the proof of Theorem
5 and Theorem 6, we omit the details.

For the test statistic 7¢ ,, under the null hypothesis Ho : A3, = b, using
(A.58) and Theorem 1, we have

Vi (ABe—b) = vna (Be - 8,) (A.59)
N (0, AS; 5, 5t AT And,M,wMAT) .
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Similar to the analysis of (A.57), we have
AS S0, 50 AT + AQ, 4, AT (A.60)
Loax;in, 2;tAT + AQ,,, 4, AT
The Slutsky theorem entails that
.1 a—1 . 1712 X
[Azc S0 30 AT+ AQy,, 4, A ] [\/ﬁ (Aﬁc - b)] (A.61)
Ly N(0, 1))

Using (A.61), the continuous mapping theorem entails that

Tom = n(ABo- b)T [Aﬁglﬁc,eﬁ:;lAT + A, A" T (A62)
X (ABC - b)
NN}

Under the local alternative hypothesis 1y, it is noted that b = A3, —n~Y2¢
under the null hypothesis, we have

NG (A,BC - b) —Vn (Aéc —AB, + n—l/%) (A.63)
:\/EA<BC*50> +c
LN (e, AT 8027 AT + ARy, 4, AT)
Using (A.60)-(A.61) and (A.63), we have
[Aﬁglﬁc,eﬁzglAT +AQ,, 4, AT} o [\/ﬁ (ABC - b)] (A.64)
LN ({Az}glz}oezglAT + AQ¢M7¢MAT} . Ik> .

Then, according to (A.64), the continuous mapping theorem entails that

-1

Tom = n(ABc- b)T [Aﬁzglﬁ:c,eﬁ:;lAT + Ay, AT| (A65)
X (ABC - b)
= Xi(moe),

where, X% (mc ) is the noncentral chi-squared distribution with degree of free-
dom k, and ¢ . is the noncentrality parameter:

-1
TC,e = ct [AzalzoezglAT + AQ¢N17¢1W A" C.

We have completed the proof of Theorem 9.
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A.10. Proof of Theorem 10

The proof of Theorem 10 (1) is the same as Step 1 and Step 2 in the proof
of Theorem 7, we omit the details. Denote that Bp ., is the penalized least

squares estimator of B ;. In addition, we denote that XC’,i,l and S’X,l(Zi)
consist of the first pg components of X c,i and S x(Z;), respectively. Define
LH(B1)=Lp ((ﬁrlf, OT)T). Taylor expansion entails that

o o i
1 51=,3P,c,1
= - Z {Xc,m - SX,I(Zi)] {Y/C,i - [Xc,i,l - Sx,1(Zi)}Tﬁo71}
i=1

+nRe¢, + (i {Xc,i,l - S’X,l(Zi)](m +n2¢1> (ﬁP,C,l - 50,1)
i=1
+OP(§n)7

where §,, = n||BP,C’1 — Bo1 . Similar to (A.14), we have that

n

% Z {Xc,m - SX,I(Zi)} {Y’c,i - {Xc,m - SAX,1(ZZ')}T6071} (A.67)
i=1

AN (Opgv 30e,1 + 20,1Q¢M,1/;M,120,1) )

where, ¥o¢ 1, 20,1 and Q¢M,¢M,1 are defined in Theorem 10. The asymptotic
expressions (A.66) and (A.67) entail that

Vi (Zo1 + 2¢,) {(BP,C,l - 50,1) + (Zo1 + ch)il Rcl}

L
— N (Opgvzoe,l + 20719¢1\47"/’M,12071) .

We have completed the proof of Theorem 10.
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