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Abstract: High-dimensional auto-regressive models provide a natural way
to model influence between M actors given multi-variate time series data
for T time intervals. While there has been considerable work on network
estimation, there is limited work in the context of inference and hypothesis
testing. In particular, prior work on hypothesis testing in time series has
been restricted to linear Gaussian auto-regressive models. From a practical
perspective, it is important to determine suitable statistical tests for con-
nections between actors that go beyond the Gaussian assumption. In the
context of high-dimensional time series models, confidence intervals present
additional estimators since most estimators such as the Lasso and Dantzig
selectors are biased which has led to de-biased estimators. In this paper we
address these challenges and provide convergence in distribution results and
confidence intervals for the multi-variate AR(p) model with sub-Gaussian
noise, a generalization of Gaussian noise that broadens applicability and
presents numerous technical challenges. The main technical challenge lies
in the fact that unlike Gaussian random vectors, for sub-Gaussian vectors
zero correlation does not imply independence. The proof relies on using an
intricate truncation argument to develop novel concentration bounds for
quadratic forms of dependent sub-Gaussian random variables. Our conver-
gence in distribution results hold provided T' = Q((s V p)2 log? M), where
s and p refer to sparsity parameters which matches existed results for hy-
pothesis testing with i.i.d. samples. We validate our theoretical results with
simulation results for both block-structured and chain-structured networks.
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1. Introduction

Vector autoregressive models arise in a number of applications including macroe-
conomics (see e.g. Ang and Piazzesi (2003), Hansen (2003), Shan (2005)), com-
putational neuroscience (see e.g. Goebel et al. (2003), Seth et al. (2015), Harrison
et al. (2003), Bressler et al. (2007)), and many others (see e.g. Michailidis and
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d’Alché Buc (2013), Fujita et al. (2007)). Recent years has seen substantial de-
velopment in the theory and methodology of high-dimensional auto-regressive
models with respect to parameter estimation (see e.g. Song and Bickel (2011),
Basu et al. (2015), Davis et al. (2016), Medeiros and Mendes (2016), Mark et al.
(2019)). In particular if there are M dependent time series (e.g. voxels in the
brain, actors in a social network, measurements at different spatial locations),
time series network models allow us to model temporal dependence between
actors/nodes in a network.

More precisely, consider the following time series auto-regressive network
model with lag p,

P
X1 = Z A" () Xep1-j + e, (1)
=1

where {X;}T , € RM is the time series data we have access to, {A*(j) €
RMXM 5 — 1,...,p} are the network parameters of interest and ¢, € RM is
zero-mean noise. We are considering the high-dimensional setting where the
number of nodes M in the network is much larger than the sample size T'. Prior
work in Basu et al. (2015) has addressed the question of how to estimate the
network parameter A* with Gaussian noise €¢; under sparsity assumptions and
various structural constraints. In this paper, we focus on inference and hypoth-
esis testing for the parameter A* given the data (X;)7_,.

In high-dimensional statistics, there has recently been a growing body of
work on confidence intervals and hypothesis testing under structural assump-
tions such as sparsity. Since the widely used Lasso estimator for sparse linear
regression is asymptotically biased, one-step estimators based on bias-correction
have been studied in works such as Zhang and Zhang (2014), Van de Geer et al.
(2014) and Javanmard and Montanari (2014) which are referred to as LDPE,
de-sparsifying and de-biasing estimator respectively. Low-dimensional compo-
nents of these estimators have asymptotic normality and thus can be used for
constructing hypothesis testing and confidence intervals.

In this paper, we adopt the framework of Ning and Liu (Ning et al. (2017))
who propose a high dimensional test statistic based on score function, called the
decorrelated score function which we briefly describe here. Formally, consider
a statistical model P = {Pg : B € Q} with high-dimensional parameter vector
B=(09,v")" € R Suppose we are interested in the scalar parameter  and v €
R?~1 is the nuisance parameter. Suppose data {U;,i = 1,...,n} are i.i.d. data
following distribution P, then the negative log-likelihood function is defined as

1 n
Uo,v) =~ > log f(U;6,7).
=1

It is known that the score function 1/nVyf(0,~*) is asymptotically normal if
the true parameter 8% = (0,~*). If v* is substituted by some estimator 4, the
estimation induced error can be approximated as the following:

VAVL(0,4) = VaVel(0,97) ~ VAV, £0,7) (5 — ),
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when 4 — v* is small enough. Although 4 — v* converge to 0 with properly
chosen 4, e.g. Lasso estimator, \/ﬁvgwé((),'y*)(’y — v*) would not vanish if

Es (V(%WE(O,’)/*)) # 0. This fact motivates the decorrelated score function:

5(0,7) = Vol(0,7) — Loy 15, V4 £(0,7),
with Fisher information matrix I = Eg (V?{(83)). One can check that
E (V5(6,7)) = 0.

Both v and Ig,,,I,;}/ are substituted by some estimator, and it is shown in Ning
et al. (2017) that the decorrelated score function is asymptotically normal.

In the linear regression case, the test statistic generated by the decorrelated
score function in Ning et al. (2017) is equivalent to that constructed by de-
biased estimator in Van de Geer et al. (2014). However, Ning et al. (2017) allow
a more general form, and thus is easier to adapt to the time series case. In fact
Neykov et al. (2018) consider amongst other examples, high-dimensional time
series with Gaussian error innovations. While Gaussian error innovations are
widely used, many time series models include data that has bounded range or
discrete data, for which the Gaussian distribution is not a natural fit. In this
paper, we address the more general and technically challenging setting in which
the noise ¢; is sub-Gaussian.

One of the important technical challenges in going from the Gaussian to
the sub-Gaussian case is that dependent Gaussian vectors can be rotated to be
independent, while such a result does not hold for sub-Gaussian vectors. Prior
work in Wong et al. (2016) addresses this challenges by imposing stationarity
and B-mixing conditions. In order to avoid these conditions, we develop novel
concentration bounds for sub-Gaussian random vectors.

In this paper, we investigate the hypothesis testing and confidence region
with respect to a low-dimensional component of parameter matrices {A*(j),j =
1,...,p} for sub-Gaussian data, using the testing framework in Ning et al.
(2017). Our major contributions are as follows:

e Extending theoretical results in Ning et al. (2017) for high-dimensional
hypothesis testing from Gaussian to sub-Gaussian temporal dependent
data (VAR model), both under null and alternative hypothesis. We also
show that our techniques lead to similar results to Neykov et al. (2018) in
the Gaussian case but under less restrictive conditions;

e A novel concentration bound for quadratic forms of sub-Gaussian time
series data. Note that unlike Gaussian vectors which can be rotated to be
independent, sub-Gaussian vectors can not which present additional tech-
nical challenges. Our analysis also leads to estimators for covariance and
regression parameters for time series data under sub-Gaussian assump-
tions which are of independent interest.

e We also construct semi-parametric efficient confidence region for multi-
variate parameters with fixed dimension;
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e Finally we support our theoretical guarantees with a simulation study on
bounded noise, which is sub-Gaussian but not Gaussian.

1.1. Related work

In the literature on inference for high-dimensional VAR models, most work fo-
cuses on the estimation problem. Song and Bickel (Song and Bickel (2011))
investigate penalized least squares algorithms for different penalties, with some
externally imposed assumptions on the temporal dependence. Theoretical guar-
antees on Dantzig type and Lasso type estimators are studied in Han et al.
(2015) and Basu et al. (2015), but with Gaussian noise. Barigozzi and Brownlees
(Barigozzi and Brownlees (2019)) consider the inference for stationary depen-
dence structure built among variables, other than the parameters in the VAR
model. In our work, we control the error bounds of Lasso and Dantzig type
estimators for parameter matrices, with sub-Gaussian noise. Then we establish
asymptotic distribution of test statistic based on this.

In the high-dimensional hypothesis testing literature, there is some work re-
garding to testing for high-dimensional mean vector (Srivastava (2009)), co-
variance matrices (Chen et al. (2010), Zhang et al. (2013)) and independence
among variables (Schott (2005)). While for testing on regression parameters,
most work assumes i.i.d samples. Lockhart et al. (2014), Taylor et al. (2014)
and Lee et al. (2016) proposes methods to test whether a covariate should be
selected conditioning on the selection of some other covariates. A penalized
score test depending on the tuning parameter A is considered in Voorman et al.
(2014). Our work follows the a line of work by Zhang and Zhang (2014), Van de
Geer et al. (2014), Javanmard and Montanari (2014) and Ning et al. (2017),
the de-sparsifying or decorrelated literature. We construct a VAR version of
decorrelated score test proposed by Ning et al. (2017). Chen and Wu (Chen and
Wu (2019)) tackles the hypothesis testing problem for time series data as well,
but they are testing the trend in a time series, instead of the autoregressive
parameter which encodes the influence structure among variables.

As mentioned earlier, our work is most closely related to the prior work of
Neykov et al. (2018), which provides a hypothesis testing framework with high-
dimensional Gaussian time series as a special case. In our work, we consider
the more general and technically challenging case of sub-Gaussian vector auto-
regressive models. Throughout this paper, we provide a comparison to results
derived in this work for the Gaussian case.

1.2. Organization of the paper

Section 2 explains the problem set up and proposes our test statistic. Theoretical
guarantee is shown in section 3. Specifically, section 3.1 and 3.2 present the
weak convergence rate of test statistic under the null and alternative hypothesis
Ho and H . Section 3.3 propose some feasible estimators, which satisfy the
assumptions required and can be plugged into the test statistic. Section 3.4
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considers the case when the variance of noise are unknown, and we construct a
confidence region for multivariate parameter vectors in Section 3.5. We consider
the special case of the AR(1) model with Gaussian noise, a detailed comparison
with Neykov et al. (2018) is provided in section 3.6. Section 4 provides simulation
results and section 5 includes the proofs for the two main theorems. Much of
the proof is deferred to Appendices.

1.3. Notation

We define the following norms for vectors and matrices: For a vector u =
1

(u1,...,uq)’ € R we define the p-norm where p > 1, |jul|, = (Zle |ui|p)5.

For a matrix U € R™*™, the ¢, norm and Frobenius norm of U is defined as

1
1ol U\ = (2211 S Ufj) *. We also use notation ||U||; 1

ollp 2
to denote the 1 penalty on U, which is 37 | 3" |U; j|. Furthermore, if U is
symmetric the trace norm of U is ||U]|i, = tr(vVU?).

Throughout the paper, we assume that the entries of noise vectors {e;, 1 <
i < M}2_ . are independent sub-Gaussian variables with constant scale factor.
A univariate centered random variable X has a sub-Gaussian distribution with
scale factor 7 if

1Tl = sup,

My (t) 2 E [exp(tX)] < exp(r#/2).

2. Problem setup

We consider a general vector auto-regressive time series with lag p, where p is
known and finite and independent of T" or other dimensions:

»
Xip1 = ZAU)thj«H + €, (2)

j=1

where X;, ¢, € RM | and A(j) € RMXM  For notational convenience, we assume
that time series data X; has time range 1 —p < ¢ < T. {et};f:_ol is a sequence
of i.i.d. white noise, with zero-mean, and identity covariance matrix. We also

assume €; to be entry-wise independent sub-Gaussian. A(j),j = 1,---,p are
parameters of interest. Define the matrix A* = (A(1),---, A(p)) € RM*PM and
X=X, X[, 11)" € RPM then we can also write (2) as

Xt+1 = A*Xt + €. (3)

Based on data (Xt)thlﬂ77 we test the hypothesis of whether a subset of entries
in A* are 0. Without loss of generality, suppose the entries we test are in rows
1, k. For 1 <m < k, define D,,, C {1,--- ,pM} as the columns we test in
mth row with d,, = |Dy,|, and d = an:l dy,. We test the null hypothesis:

Ho: (A*)p. =0, m=1,....k (4)
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where A%, is the mth row vector of A* and (A%,)p, € R%m. We also assume
that d is finite and not increasing with 7. In the work of of Neykov et al. (2018),
d is assumed to be 1.

2.1. Stationary distribution

For the hypothesis testing framework based on the decorrelated score test to
work, we assume {X;} is strictly stationary, which means that the joint distri-
bution of X;, X¢41,..., X4, does not depend on t. Using standard notation
from auto-regressive time series models (Liitkepohl, 2005, page 22), define the
polynomial A(z) = Iy — Z§:1 A(§)2?, where Iy is an M x M identity matrix,
and z is a complex number. To guarantee the existence of a stationary solution
to (3), we assume

det(A(z)) #0, [2] <1 (5)
Then we can write

()™ =D w2,

where U; € RM*M i > ( are all real valued matrices which are polynomial
functions of A(i),1 < i < p. Note that in the special case where p =1, ¥; =
(A7),

Extend the definition of ¢; to negative t, and let {€;};*___ be an i.i.d. sequence
of independent copy of €3. The following lemma shows that we can assume

oo
X = E Vi€ -1,
=0

without loss of generality.

Lemma 2.1. Define X’t = Z;io Wie—j—1, then the joint distribution of
(Xt, Xew1, s Xign)

are the same as ()N(t,)N(tH, - ,)?Hn) foranyt>1—pn>0.

The proof of Lemma 2.1 is included in Appendix E. Thus each X} is of mean
0, and covariance matrix ¥ = Cov(X;) = Z;io | ‘11;r € RMxM,

2.2. Decorrelated score function

Using the frameworks developed in Ning et al. (2017) for independent design, we
consider the decorrelated score test. First we define the score function S(A) €
RM*M ' with each entry defined as follows:

[S(A)j = —=

M|

T-1
> (Xigry — A X)X
t=0
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As pointed out in Ning et al. (2017), the standard score function is infeasible
and we need to consider the decorrelated score function

S=(S8/,8,-,8 )" eR?,

with each S, € R corresponding to the tested row (m, D,,):
=
Sm(A) = —7% ;(Xtﬂ,m — Ap X)) (X p,, —wy X ps),

where X; p,, € R is composed of the entries of X; whose indices are within
set Dy,. Xy pe € RPM—=dm ig also defined similarly and w, € RPM —dm)xdm ig
chosen to satisfy

COV(Xt’Dm — w;‘;lTXt,DfT”Xt,Dfn) =0. (6)
Specifically, w?, is determined by Y = Cov(X;) € RPM*PM,
wy, = (Ypg,.p;,) "' Ty, D, (7)

2.3. Test statistic

We first normalize the decorrelated score function Sy, to Vo, € Rdm
Vi 2 VT(X0™)~38,,,
where T(™) is defined as
1™ £ Cov(X, p,, — wh Xipe)
= COV(Xt,Dm |Xt,Dfn) (8)
=Yp,..0m — YD,.0e (Ype pe ) Tpe ..
Let Vi be the d-dimensional vector concatenated by Vr ,,’s:
Vi = (VTT,D“' 7VTT,;€)T-

One of the main results of the paper is to show that Vp(A*) is asymptotically
Gaussian. Define Ur = ||Vr||3, then Ur(A*) is asymptotically x2. To evaluate
Ur under Hy, we need to estimate the nuisance entries of A*, w}, and Tm),

which we define later. Formally, we define our test statistic Ur as

Or =13 5 (T0) "8, o)
m=1

—

where Y(m) € Rdm*dm ig an estimator for Y™ and §m € R% is defined as

(Xerrm = (An) Dy Xips, ) (X0, = 078,05,
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with A, € RPM and 1, € RPM—dm)*dm ostimating A%, and w},. Here we are

not worried about the invertible issue of Y(™), since T(™) is a low dimensional
covariance matrix. To guarantee a good estimation of the high-dimensional pa-
rameter A% and w},, we impose sparsity conditions upon them. Specifically, for
each 1 < m < k, define

pm = 1A% N0, sm = [lwr o, (10)

and note that they both depend on A*.

The sparsity of w}, can be implied by the sparsity of Y1, which is a common
condition in high-dimensional hypothesis testing literature (e.g. see Van de Geer
et al. (2014)). Specifically, the following two lemmas demonstrate some cases
where the sparsity of w}, is implied by the sparsity of A*:

Lemma 2.2. Ifp =1 and A* € RM*M s symmetric, then s, defined in (10)
satisfies

2 2
S < dm(@?}wpm) , for1<m<k.

Lemma 2.3. Consider the case where p = 1.

o If A* is a block diagonal matriz, where the blocks are of size by, ..., by,
then s, < d%l max; b; ;

e If A* encodes a chain graph, or more specifically, A} ; # 0 iff i = 1,5 = M,
ori>1,7=1i+1, then s, <d2,.

The proofs for Lemma 2.2 and Lemma 2.3 are included in Appendix E.

3. Theoretical guarantee

In this section, we present uniform convergence results for test statistic U'T un-
der Hg and H 4, with A* and estimators satisfying conditions. We also provide
feasible estimators, and prove that they satisfy corresponding conditions in Sec-
tion 3.3. Unknown variance and confidence region construction is discussed in
Section 3.4 and 3.5. In Section 3.6 we provide consequences of our theory under
AR(1) model with Gaussian noise and compare our results with Neykov et al.
(2018).
Recall that the null hypothesis is

7‘[0 : (A:n)Dm :0, m:].,...,k. (].].)
While for the alternative hypothesis, like in Ning et al. (2017), we consider
Ha:(AL)p, =T A, m=1,...k, (12)

for some constant ¢ > 0 and constant vector A = (A],...,A])T € R? concate-
nated by {A,, € R¥}k . The reason why T~?A,, instead of A,, is considered
in (12) is that we expect the test to be more sensitive as sample size increases.
We will see how the value of ¢ influences the convergence of ﬁT in Theorem 3.2.
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First we define the sets Qg and € of feasible parameter matrices A* under
Ho and H 4 respectively. To control the stability of {X;} in model (3), we impose

the condition:
1
3

S vl <5 (13)

i=0 \ j=0

for some constant 8 > 0. In the case p = 1, condition (13) reduces to

Sy s <5 (14)

i=0 \j=0

which is implied by ||[A*|l, < 1 — € for some 0 < € < 1, a typical condition
assumed (see e.g. Neykov et al. (2018)). Then for any S, p, s, M,T,¢ > 0, sets
{D,,}F,_, and vectors {A,, € RIP=I}E _ " define sets Qg and Q;:

Qo = {A* e RM*PM . (A* YV =0,1<m <k,

! (15)
S IT 2] < 8omaxpn (A7) < pmax s, (A7) < s .
i=0 \ j=0

=T"?A,,1<m<k,

m

0 = {A* e RM*PM (A )

L ; (16)
DTl ) < Bimaxpn (A7) < pymaxs, (47) < s}

i=0 \ j=0

Note here p,,(A*) and s,,(A*) are still functions of A*, since T is determined by

—

A*. Clearly we need reliable estimators for A, Wm and YO with 1 < m < k,
to guarantee the weak convergence of Up. We present the following assumptions
for these estimators, which we will verify in section 3.3. Note that constants C
may depend on p,d = an:l dy, = 221:1 |Dyn|, 8 and 7, but do not depend on
either M or T.

Assumption 3.1 (Estimation Error for A% ). For each A* € Qp U Qy,

| pm log M
< e 2
2_0 T

(A — A%)T lTZ_lXXT (A, — A% ) < ¢PmlosM
m m Tt:O tht m m) = T ;

log M
T

2

1

hold for 1 < m < k, with probability at least 1 — ¢; exp{—calog M }.
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These are standard error bounds for Lasso estimator and Dantzig Selector
with independent design. In this paper we verify Assumption 3.1 in section
3.3 and the remaining two assumptions when we have dependent sub-Gaussian
random variables, as we do for our vector auto-regressive model setting.

Assumption 3.2 (Estimation Error for w},). For each A* € QU ;-

log M
T )

1= S log M (18)
" [(wm )T (T > stnxlmn) (i w;;)] < omloell,
t=0

[0m — will; < Csp,

hold for 1 < m < k, with probability at least 1 — c¢; exp{—cq log M}.

Similar to Assumption 3.1, we will show that both Lasso estimator and
Dantzig selector under model (3) satisfy Assumption 3.2.

Assumption 3.3 (Estimation Error for Y(™). For each A* € Qo UQy,

L oy——\ 1 1
Hr(m)a (T(m)) Tm)3 _]H < C%,

hold for 1 < m < k, with probability at least 1 — c1 exp{—cq log M}.

(19)

Note that Y™ € R¥m*dm ig a low-dimensional matrix, and thus it is com-
putationally feasible to use the sample covariance matrix of X; p , — w;xm De,

—

as an estimator for T(™)., We show in section 3.3 that, as long as w,, is a re-
liable estimator for w},, T(™) would satisfy a tighter bound than (19). This

looser bound in Assumption 3.3 actually allows more choices for estimators for
(Y=L as shown in section 3.5.

3.1. Uniform convergence under null hypothesis

Based on these assumptions, we have the following main theorem.

Theorem 3.1. Consider the model (3) with i.i.d. sub-Gaussian noise €; with

sub-Gaussian parameter 7. If Assumptions 35.1-3.5 are satisfied, and
(pV s)log M = o(\/T), then Ur defined in (9) satisfies

sup  |P(Ur < x) — Fy(x)
zER,A*€Qy
2
s (20)

MCs”

C 1
Sf} + Cselog — +
Ts £

when T > C' for some constant C. Here € = (SVP)#, Fy(-) is the distribution

function of x3, and the constants C;’s depend on p,d, B3, T.



Testing for auto-regressive models 4987

Theorem 3.1 proves weak convergence of Ur to X2%. The uniform convergence
rate can be understood as follows: the first term is due to the rate obtained by
martingale CLT, where we require T~ % rather than T2 due to the dependence;
the remaining two terms arise from estimation error, with the second one being
the error bounds, and third being the probability that the error bounds do not
hold. If we assume Gaussianity, we can improve the first term in the rate of con-
vergence from T-% to T~11 for any a > 0. To the best of our knowledge, ours
is the first work that formally attempts to characterize the rates of convergence.

Remark 3.1. Compared to the theoretical result for independent design in Ning

1
et al. (2017), the only additional condition we add is .- (Z;‘;O ||\1,z+1||§> ? <
B, which is used to control the strength of dependence uniformly. Also, we con-
sider multivariate testing which is more general, and derive the explicit conver-
gence rate.

Remark 3.2. The test statistic proposed in Van de Geer et al. (2014) and
Javanmard and Montanari (2014) for the independent design share similar ideas
with our test statistic. Instead of imposing a sparsity assumption upon w,,
Van de Geer et al. (2014) assumes Y1 to be row wise sparse. This is actually
equivalent to the sparsity assumption on wy, in the univariate case. Javanmard
and Montanari (2014) does not require the sparsity condition on Y1, but it
1s hard to extend their theory to the time series setting, due to a difficulty in
applying the martingale CLT.

Remark 3.3. The theoretical guarantee we obtained here, is more general and
stronger than the result achieved in Neykov et al. (2018). A more detailed com-
parison is presented in section 3.6.

3.2. Uniform convergence under alternative hypothesis

Recall the definition of 4 in (16). The following theorem establishes the asymp-
totic behavior of Ur for A* € Q 4, with different values of ¢. First define

E = (Zir; e ’E;)T, Zm = (T(m))%Ama (21)
where Y(™) is defined in (8).

Theorem 3.2. Consider the model (3) with i.i.d. sub-Gaussian noise €; and
sub-Gaussian parameter T. If Assumptions 38.1-3.3 are satisfied, and
(pV s)log M = o(\/T), then when T > C for some constant C,

(1) 6=13

sup IP’U'TSJL‘ —F, <.z
zER,A*€Q ( ) dv”A”g( )

Cs
M

C 1
S—} + Cselog — +
Ts £
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(2) 0<¢<i
sup [P(Ur < )]
A*ey 93
G O 1 (23)
STé “rm +C4€Xp{—C5T2 +CG\/-%}-
(3) ¢> 3
sup  |[P(Ur <) — Fd(x)‘
z€R,A*€Qy (24)
Ch 1 Cs 1 14
SE+02610gE+W+03 (¢§)T2 10gT
Here e = (SVP)#, F, HNI%(') is the distribution function of noncentral XZ with

noncentrality parameter ||£H%, and C;’s are constants depending on p,d, 3, A, T.

Theorem 3.2 shows the threshold value of ¢ for H4 to be detectable. When
¢ > %, we cannot distinguish Hg and H 4 since under both cases U converges to
x%; When ¢ < %, ﬁT diverges to +oco in probability, thus it would be very easy
to detect H 4; When ¢ = %, ﬁT converges to a non-central x2 with noncentrality
parameter determined by constant vector A and T = Cov(X};), which implies
the power of the test. Note here, (23) holds also for the trivial case ¢ < 0, since
we do not use the fact ¢ > 0 in the proof.

Remark 3.4. Theorem 3.2 is also consistent with the threshold value of ¢ given
by Ning et al. (2017) for linear regression with i.i.d samples. However, Ning et al.
(2017) assumes additional conditions on the scaling of sample size, number of
covariates and sparsity of w}, for proving asymptotic power. Our conditions are
exactly the same as the ones for Hg, due to a more specific model and careful
analysis.

3.3. Feasible estimators

Both the estimation of w}, and A* can be viewed as high-dimensional sparse
regression problems, thus we can use the Lasso or Dantzig selector. Formally,
define

T—1

~ . 1
AW = argmin = > || X1 — A3 + AallAll1 1, (25)
AeRJ\lxpM =0
as the Lasso estimator for A*, and

A®) = argmin lA[l1,1, s.t.
AERM xpM

<A (26)

o0

1 T-1
0 > (X1 — AX) X
t=0
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as the Dantzig selector estimator for A*. Similarly, for 1 < m < k, define

T-1
N . 1
@) = argmin T Z 12, —w' X pe |13+ Awllw]11, (27)
weREM—dm)xdm 1" =3
and
1 I-1
D) = argmin  |w||1,1,s.t. T Z(Xt’[)m — wTXLD%)XtTD; ‘ < A
WER(PM —dm) X dm Pt :
(28)

While for estimating Y("), since this is a low dimensional covariance matrix for
Xi.p,, — wh, X pe , we can directly use sample covariance of X; p,, — @, X; pe
—_—

m

T

|
—

— 1

T(m) — - (X.p,, — W Xs,pe )(Xep,, — WX pe )T, (29)
t

Il
o

for 1 < m < k. Here 1, in the definition of (29) is either zI;fnL) or wﬁ,?).
As shown in the following, estimators (25) to (29) all satisfy Assumptions 3.1
to 3.3, under the model setting stated in (3):

Lemma 3.1. If A= AL, or A= AD) which are defined as in (25) and (26)
with Mg =< %, then A satisfies Assumption 3.1 when T > Cplog M.
Lemma 3.2. If w,, = o or Wy, = 11)7(7?), which are defined as in (27) and

(28) with Ay, = k’%‘rM, then ., ’s satisfy Assumption 3.2 when T > Cslog M.

Lemma 3.3. If Tm) s are defined as in (29), where Wy, satisfies (18) with
probability at least 1 — ¢1 exp{—calog M}, then

log M
T K

Hfr(m)é (W>_l T(m)g _ ]H <C

oo
with probability at least 1 — c1 exp{—calog M}, when T > Cs*log M.

Note here Lemma 3.3 is stronger than Assumption 3.3. The proof of these
Lemmas are deferred to Appendix A.

These estimators here are defined analogously to the ones used for indepen-
dent design (Ning et al. (2017)), but our theoretical results are novel under the
sub-Gaussian noise assumption in time series. By these lemmas and Theorem
3.1, 3.2, we arrive at following Corollary.

Corollary 3.1. Under model (3) with i.i.d sub-Gaussian noise €;; with param-
eter T, zf//l\ = AD) o E(D), Wy, = 12)7(7%) or zi)g,?), and Y(™)’s are defined as in
(29) for 1 <m < k with Aa < Ay < 4/ %, then if (pV s)log M = o(\/T) and

T > C for some constant C' > 0, bounds (20) to (24) from Theorems 3.1 and
3.2 hold.
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3.4. Variance estimation

In this section, we consider the case where 0*? = Var(e;;) is unknown under
model (3). Actually, if o* # 1 is known, it is straightforward to extend Theorem
3.1 to Theorem 3.2 for Ur defined as follows:

Ur=T Z ST (Y15, o2, (30)

This follows since if we consider Y; = X;/o*, time series data Y; would satisfy
the same model but with unit variance noise.
When ¢*2 is unknown, we apply the estimator

T-1
R 1 ~
6% = T ; 1 X1 — AX|J3, (31)
and define the test statistic
k
Or =T §L(T0m)18,, /52 (32)
m=1

We show that Ur has the same convergence results we derive for the unit vari-
ance noise case.

Theorem 3.3. Consider the model (3) with i.i.d. sub-Gaussian noise € of
variance o*% = Var(ey;) > 0'(2) > 0 and scale factor to*. Then Theorem 3.1 and
3.2 hold for (NJT under each corresponding condition, and constants C;’s also
depend on oy .

Theorem 3.3 shows that when we have to estimate the unknown o*2, test
statistic UT maintains the same asymptotic behavior as UT under the known
variance case, given that all the assumptions for estimation errors are satisfied
and o* is lower bounded by some constant.

Remark 3.5. With sub-Gaussian noise €, if we still assume the scale factor
To* of €y to be bounded by constant, then Lemma 3.1 to 3.3 would still hold.

—

Thus the assumptions imposed on estimation errors of A\, Wy and Y gre
all satisfied. However, if we don’t assume o* to be bounded, then the tuning
parameters Aa and A\, have to scale with o*.

Remark 3.6. Neykov et al. (2018) proposes another estimator for the variance
of €1, based on the fact that ¥ = AXLAT + Cov(et). Both these estimators are
consistent and lead to convergence in distribution results.

3.5. Semi-parametric optimal confidence region

In this section, we construct a confidence region for ((A7)p,.---»(A3)p,) ", un-
der model (3) with unknown noise variance o**. Similar to Nlng et al. (2017),
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*

we consider the one-step estimator a(m) for each (A},

related score function:

)p,,, based on the decor-

a(m) = (An)p,, — (%)_1 S, (33)

where ,Zm is any estimator satisfying the Assumptions 3.1 on error bounds for
A, — A% . and both the Lasso or Dantzig Estimator for A are suitable. YT(7)
takes the form:

T

|
—

o 1

T(m) — - (X.p,, — W Xepe ) XD, (34)
t

I
=)

which is another estimator for Y(™  and

T-1
1 o~
S = T Z (Xt+1,m - A;Xt) (Xt,Dm - “AJ;XLD%L) :
t=0

We will show that /T (a(m)— (A%,)p,,) is asymptotically Gaussian with covari-
ance matrix o?(Y ™)~ Thus we construct the following confidence region for
(AL, (AZ)Bk)T, with asymptotic confidence coefficient 1 — a:

CR(a) = {9 =),...,00)" : 0,, € RIm,

, (35)

6-2

|
M-

(@m) ~ 0,) X0 @(m) 0,) < 31— )}
m=1

This is a d dimensional elliptical ball with center vector (a(1)",...a(k)")". The
following theorem shows the weak convergence result of

k
D T ~ * RN *
Rr2 =2 3 (alm) = (A7,)p,) Y00 (@(m) — (47)p,). (36)
m=1
Theorem 3.4. Under model (3) with i.i.d. sub-Gaussian noise e; with variance
0*? = Var(ey) > 03 > 0 and sub-Gaussian parameter To*, then Theorem 3.1
and 3.2 hold for Ry under each corresponding condition, and the constants C;’s
also depend on og.

—_—

Remark 3.7. In the definition of one-step estimator a(m), we use Y(™) instead

of @ for theoretical convenience. Theorem 3.4 would still hold true if a(m)

~ —\ =1
is defined as (An)p,, — (T(m)) Sh.

Remark 3.8. We have ezactly the same theoretical result for ﬁT and ]-A?T, and
this is due to the close relationship between these two quantities. In particular,

~ ko T\ T — -1
Rr=T Z S;Ir; (T(m) > T (m) (T(m)> Sm/(AT2,

m=1
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compared to Up = Tanzl §;(@)—1§m/&2. We show in the proof of The-
—~— T\ — -1
orem 3.4 that (T(m) ) Y (m) (T(m)) also satisfies Assumption 3.9 as an

estimator for (T(m))il.

Remark 3.9. The one-step estimator a(m) is asymptotically unbiased, and
shares a similar form to the de-biased estimator proposed by Zhang and Zhang
(2014), Van de Geer et al. (2014). The de-biased estimator in Van de Geer et al.
(2014) would take the following form under our setting:

T-1
~ ~ ~ 1 —~
b = (Ao, + Op. 7 3 (X1 = 4T A)

where © is computed by node-wise regression, as an estimator for Y=, When
dpm = |Dm| = 1, this is essentially the same as our estimator a(m), but would be
slightly different in the multivariate case. Note that the asymptotic covariance
matrices for \/T(d(m)—A;%Dm) and \/T(bm—Afn,Dm) are equal (0?(Y(™)~1 =
(0®Y~Yp,. b, ), and are both semi-parametric efficient. (Partial information
matriz is I*(Am,p,, | Am,pe, ) = L),

m

Remark 3.10. ET is also very similar to the test statistic proposed by Neykov
et al. (2018) for VAR model with lag 1. The only difference lies in the estimation
of Var(ey;), and they only consider Dantzig selector for estimating A* and w},.
We will provide a detailed comparison between their theoretical result with ours
i section 3.0.

3.6. Special case: AR(1) with Gaussian noise

Our theoretical guarantee covers VAR models with lag p and sub-Gaussian noise,
of which AR(1) model and Gaussian noise are special cases. Here we explain
the consequences of our result under this special case and provide comparison
with Neykov et al. (2018).

When we consider lag p = 1, the constraint for A* becomes

S 5] < Bmaxp (A7) < pymax s, (A7) < s,
i=0 \ j=0

with (pVs)log M = o(v/T). The two sparsity conditions and sample size require-
ment are included in the conditions Neykov et al. (2018) proposes. In addition,
they assume the following:

|A* [l < C,|A*[la < 1 —&, =71, < €,

for some 0 < € < 1. Note that we don’t require these conditions, among which
the first and third are quite strong, and the second one ||A*||2 < 1—e¢ is sufficient
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1
for our condition Y ;° (Z;io H(A*)”j H;) * < B. This follows since if |A*2 <
1—¢,

=

2

S (Sl < (Lage ) <l tt
i=0 \ j=0

i=0 \ ;=0 i

=

<(2e-¢€%)"

Until now the discussion focuses on the case where ¢;; are i.i.d. sub-Gaussian
noise of scale factor Co*, with (0*)? being the variance of €;; and lower bounded
by some constant. Thus our setting covers the case where ¢, ~ N(0, (¢*)%I) with
o* >c I e ~N(0,¥) with ¥;; > ¢ as assumed in Neykov et al. (2018), we can
still prove the same theoretical guarantee, under even weaker condition based on
spectral density, due to established concentration bounds in Basu et al. (2015).

4. Numerical experiments
4.1. Synthetic data

In this section, we provide a simulation study validate our theoretical results.
For simplicity, our simulation is based on the AR(1) model:

Xt+1 :A*Xt+€t, t= 0,...,T, (37)

where A* € RM*M g set to be row-wise sparse. Symmetricity is not required
in our theory, but in order to ensure the sparsity of w},, we focus on symmetric
matrices under Hg, and slightly asymmetric ones under H 4. The eigenvalues of
A* all fall in the unit circle of the complex plane, which ensures the existence of
stationary solution to this model. White noise ¢;; is simulated as independent
Uniform(—1,1) in order to satisfy the sub-Gaussianity condition. Other distri-
butions were also used but not reported since the results were very similar.

Throughout the simulation we test two entries in each of the rows 1, 3,5, and
D, = {3,5}, D3 = {3,4} and D5 = {4,8}, thus d = 6. The null hypothesis
takes the form Ho : (A%,)D,, = tm,m = 1,3,5 for some d,,-dimensional vectors
tm.- Correspondingly, we consider alternative hypothesis Ha : (A%)p,, = pm +
T-%A,,,m = 1,3,5, where A,,’s are randomly selected from d,,-dimensional
Gaussian distribution, and ¢ ranges from 0.25 to 1.2.

Under Hp, we generate A* with different row-wise sparsity levels and struc-
tures, and for each A*, each vector u,, may differ depending on the correspond-
ing (A¥)p,,- Under H4, A* are still the same matrices as under Hg, but only
adding the tested indices (A*,)p,, by T~?A,, for m = 1,3,5. The experiments

m

are repeated under different settings of A*, {A,,,}F,_;, M, T and ¢.
We use Lasso estimators defined in (25), (27) for the estimation of A* and w,,
1 < m < k, and tuning parameters A4, A\, are selected using cross validation. In

cross validation, the training sets are composed of consecutive time series data,
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1: False positive rate (FPR) of Uy and Ry v.s. /T, with various dimension

M and sparsity level p. The red line is the significance level a = 0.05.

with the remaining 10% of the original data set being testing sets. Under Hg,
1000 simulations are carried out under each parameter setting, while under H 4,
we have 100 simulations. In the following sections, we look into false positive

rate

s (FPR) and true positive rates (TPR) of test statistics Ur and Rr as

defined in (32) and (36), when we set the level of test as o = 0.05.

4.2.

(1)

Under the null hypothesis

Varying sparsity
Here we summarize the experiments with randomly generated A*, that are
symmetric and row-wise sparse, with different sparsity levels p deﬁned in
(10). Figure 1 shows how FPR of UT and RT averaged over 1000 experiments
vary with v/T. We can see that when T increases to about 500, the FPR
becomes stable and close to a = 0.05 regardless of p, M, choice between Ur
and Rr.
When the sample size T is small, the test tends to be conservative, which
is the consequence of estimating variance o*? and covariances T(™)’s. In
the simulation we use naive estimators for these two quantities, as defined
n (31) and (29) which tend to be smaller than the true parameters. This
is because we usually fit noise in the regression, as noticed by Fan et al.
(2012). As shown in these two figures, R; Ry is less conservative than Uy when

—

T is small, since the magnitude of T i larger than Y(™) which makes
— T -1 — y—— —1
(T(m) ) Y m) (T(m)) probably a better estimator for Y(™). We also

summarize the FPR when the variance 0*2 of € is known in Figure 2. We
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Fig 2: FPR of ﬁT and ﬁT when residual variance is known.

can see from these figures that Ur is still a little conservative when T is
small, while Ry with 62 substituted by ¢*2 is not conservative.

Different Graph Structures

If we consider the M actors in the time series as nodes in a network, and
a nonzero AJ; represents an directed edge from j to ¢, then each matrix
A* corresponds to a M-dimensional directed graph. We experiment with
different structures of A*, which also correspond to different graph structure,
including block graph or chain graph. Specifically, we consider matrices with
{5 norm equal to 0.75:

1/4 12 0 0 - 0 0
1/2 14 0 0 - 0 0
0 0 1/4 1/2

AV=1"09 o 12 14 .. i
0 0 oo e e 1/401)2
0 0 oo e e 172 1/4

which is a block graph;

c c 0

c 0 c - 0

0 ¢ 0 c -+ 0
A@ =1

0 c 0 ¢
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Fig 3: FPR under different graph structure. Block refers to A1), chain refers to
A®) and random refers to A®).

with constant ¢ chosen to ensure HA(Q) || , = 0.75, which is a chain graph; and

A®) being randomly generated symmetric matrix of sparsity level p = 2, and
largest eigenvalue equal to 0.75. Figure 3 shows the difference among these
three different structures. We can see that block graph is less accurate than
the other two, which is due to a larger variance for each X¢ p,, —w}, X¢ pe .
Investigating the question of how graph structure theoretically influences
testing performance remains an open and interesting direction.

4.3. Alternative hypothesis

First we look into how the true positive rate (TPR) varies with ||T-?All2,
since we set Ha as (A%)p,, = pm + T %A, and |T~?A|s may be viewed
as a measure of distance from the null hypothesis. Fig. 4 only presents the
simulation results when A* = A1) and M = 300, while the other choices of A*
and M generate very similar results. We can see from these two figures that as
|T~?A||2 increases, TPR approaches 1. The slope increases when sample size T
gets larger, or when the test statistic changes from ET to 0T. This aligns with
intuition, since when 7' increases, we are supposed to distinguish between Hg
and H 4 better, and Ur is more conservative than Rr as we show in subsection
4.2.

We also check the influence of ¢. Figure 5 reveals how TPR changes when

T increases, if we set HEH and ¢ fixed. If ¢ < 0.5, TPR converges to 1 very
2
quickly, while if ¢ > 0.5, TPR converges to 0.05, but the convergence is slower

when ¢ or ’EHz increases. When ¢ = 0.5, Theorem 3.3 and 3.4 states that

[7T and ﬁT would converge to x, HE thus the TPR should converge to some
’ 2

~ 2
value between 0.05 and 1, depending on d and HAH . The black lines in figure
2

5 indicate this convergence value, but since the test tends to be conservative
when T is not large enough, TPR when ¢ = 0.5 is usually above the black
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Fig 4: True positive rate of Ur and ﬁT, when A* = AM and M = 300.
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Fig 5: TPR of Ur and Ry when HAH =1, A* = AM_ Results for different

graph size M from 30 to 300 are combiied together and average TPR is taken.
Red line is significance level «, the value that TPR should converge to when
¢ < 0.5; while the black line is the convergence point specified in Theorem 3.2
when ¢ = 0.5.

line. The conservative issue is more severe under H 4 since the deviation A is
also multiplied by the estimated variances, which exaggerates the conservative
tendency. However, this may not be a big concern under H 4, since we always
want the TPR to be large.

4.4. Real data experiment

In this section we demonstrate how our method can be applied to a real world
problem. We study a problem that has attracted much interest in criminol-
ogy: would the crimes from one geographical area influence the number of fu-
ture crimes in another area? If so, is geographic proximity the main factor
or are there other factors? To address this question, there have been many
prior works (Stomakhin et al., 2011; Mohler et al., 2011; Mohler, 2014) fo-
cusing on the estimation of the underlying network, while we would like to



4998 L. Zheng and G. Raskutti

perform hypothesis test on the potential links between geographical areas. To
answer this question, we use the publicly available Chicago crime data,! which
has been modeled as auto-regressive process in prior work (Mark et al., 2018,
2019). This data set includes crimes from Jan 1, 2004 in 77 community areas
(M = 77) of Chicago and we choose to focus on a particular primary type of
crimes: “theft”, due to its high frequency. The time range (Nov 09, 2004 to
Feb 06, 2014) is chosen, and one-day discretizations are applied, resulting in
a sample of size T = 3375. At each time point ¢, X; € RM is the number of
crimes happened in each of the M community areas during ¢th time window.
After centering X, to be mean 0, we assume the process follows (1) with lag
p=1

For each pair of nodes 1 < m,m’ < M, we test Ho : A, ., = 0 (there is no
influence from m/th community area to mth community area) by using the test
statistic ij defined in (9). The tuning parameters A4 and \,, are both selected
by cross validation. Although our method is not tailored for multiple testing,
some correction could be done to select the significant edges. Since the test
statistics for different pairs are all calculated from the same data set, and ex-
hibit possibly negative dependence among each other, the Benjamini-Hochberg
procedure or other methods on FDR control are not directly applicable. Instead,
we use the simple and conservative Bonferroni correction. After the Bonferroni
correction, we show the p-values that are smaller than 0.05 in Figure 6. Table
1 presents the significant edges together with their p-values, when we set the
threshold as a = 0.05. Figure 7 shows the correspondence between the location
of the communities and their numbers, and we observe that all except one signif-
icant edges are within one localized region. The only edge where the community
areas are not close is between community area 6 and 65. This requires further
investigation.

5. Proof overview

One of the main contributions of this work is the proof technique, which ad-
dresses a number of technical challenges and develops novel concentrationbounds
for dependent sub-Gaussian random vectors. In this section, we present and
discuss key lemmas for the proof and provide the main steps for proving The-
orems 3.1 and 3.2, deferring the more technically intensive steps to the supple-
ment.

5.1. Key lemmas

The major technical challenge lies in proving the following two concentration
bounds for dependent sub-Gaussian random vectors.

Thttps://data.cityofchicago.org/Public-Safety /Crimes-2001-to- present- Dashboard /
5¢d6-rydg


https://data.cityofchicago.org/Public-Safety/Crimes-2001-to-present-Dashboard/5cd6-ry5g
https://data.cityofchicago.org/Public-Safety/Crimes-2001-to-present-Dashboard/5cd6-ry5g
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TABLE 1
Significant edges between different communities, when we set significance level as 0.05 and
apply Bonferroni correction. The first row is the no. of source community of the edge, while
the second row is the target community. Presented p-value are corrected ones (original
p-values multiplied by M?). Except for the community 65, all the other communities
appearing in the table are close to each other.

Source 6 7 8 24 24 32
Target 65 24 6 7 22 8
p-value | 0.0095 | 0.0498 | 3.62 x 10—7 | 0.0030 | 3.33 x 10~© 1.32 x 10~10
Histogram of p values * AY
10 i3 77
o _ 76 1" S\ 4 3
-~ 7L 1621 |
19 bO 22 N\ 7
5 | 285 24 N8
g 2 26[27] ,, (32
5 2 3
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Fig 7: The communities involved in
significant edges are colored, when sig-
nificance level is set as 0.05. The num-
bers are used to refer to the communi-
ties, corresponding to the community
number in Table 1.

Fig 6: Histogram of the p-values smaller
than 0.05, after Bonferroni correction.
There are 15 edges that have p-value
smaller than 0.001 (including influences
between the same community from past
to the future).

Lemma 5.1 (Deviation Bound for A*). Under model (3), when €; are sub-
Gaussian noise with scale factor T, and A* € Q¢ Uy,

log M
> Ch/ 03} < ¢y exp{—czlog M},

o0

T-1

% Z EtXtT

t=0

P

when T > C'log M.

Lemma 5.1 is a standard deviation bound for proving estimation error bound
of Lasso type or Dantzig selector type estimators. We apply this lemma both in
the proof of Theorem 3.1, 3.2 and Lemma 3.1.

Lemma 5.2. Under model (3), when € are sub-Gaussian noise with constant
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scale factor T, and A* € Qo U Qy, if B € RPM*PM s o symmetric matriz,

]P( > 6)

<cye p{ Tm‘n{ 0 & }}

<ciexp{ —c¢ i , .
' ? [Bll2" | Blle: I Bll2

Lemma 5.2 provides concentration bound for the sample average of general
quadratic form X," BX;, and is very helpful in proving martingale CLT under
our setting, REC, Lemma 3.3, etc.

In the Gaussian case, both these lemmas follow from prior work in Basu et al.
(2015) which relies on the fact that dependent Gaussian vectors can be rotated
to be independent. Since dependent sub-Gaussian random variables cannot be
rotated to be independent (only uncorrelated), we exploit the independence of
€; by representing each X; by linear function of the infinite series {¢;}i=* _ and
then use a careful truncation argument.

Throughout the proofs we will use Cj, ¢; to refer to constants that only depend
on p,d,B,7 or A (not M or T), and different constants might share the same
notation. First we write a triangular inequality that will be used in both proofs
of Theorem 3.1 and Theorem 3.2: V random variable X,Y and distribution
function F'(-),

T—-1
> A" B, - tr(BY)
t=0

1
T

IP(X < ) — F(x)
<sup[B(Y < y) = F(y)| + F(z +¢) = Fa— &) +B(X - Y| <), (38)

holds for any € > 0. This can be proved directly by noting the fact

PX <z)<P|X-Y|>e)+P(Y <z+e¢),

PX>z)<P(X-Y|>e)+PY >z —¢). (39)

We will prove the convergence rate in distribution of ﬁT by bounding its distance
from an appropriate r.v. and show the convergence rate of that r.v.

5.2. Proof of Theorem 3.1

Proof. Suppose A* € Q. Apply (38) with X = Ur, Y = Ur, and F() = Fy(-),
then we provide bounds on each of the three terms on the R.H.S. The following
lemma shows the uniform weak convergence rate of ||[Vr + ,qu to x3 Ll and

is proved in section C, by applying a uniform martingale central limit theorem
result.

Lemma 5.3 (Convergence Rate of ||V + ;L||§) Under model (3) with €y being
sub-Gaussian noise of scale factor T, then for any A* € Qg, Yu € R?,

_1
sup P(|[Vr + pll3 < @) = Fajuz(@)] < C(lull2)T™F, (40)
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when T > C for some absolute constant C, where C(||pll2) is a constant de-
pending on and is non-decreasing with respect to ||u||2.

Thus we can bound the first term in (38)

sup |P(Ur < y) — Fu(y)| < CT™5.
yeR

Lemma 5.4. If0 < ||v||3 < C, then
Fajuiz(@+e) = Fypz(z —e) < C(d)e,
where Fy |,z is the distribution function of xa(llv]3)-
Applying Lemma 5.4 leads to

Fy(x +¢) = Fa(z —¢) < Cae.

Now we only need to choose a proper ¢ and bound P (‘ﬁT - UT’ > 6). Let

~

E,, = \/T(T(m))’% (Sm — Sm>, then by the definition of Uz and Ur,

k

‘ﬁT_UT‘ < Z

m=1

TS, ((00m) =t = (1)) 5,

2 2
FVrm + Enlly = [IVrmll;

k — —1
<3 o xem (F60) x| (W4 IERE
m=1 o0

2
+ ”Em”Q + 2 HVT,m”Q HEm||2

k
sV p)log M
<y (c% (Vemlls + 1Enll2)?

+2[Vrmllal| Emll2 + IEmI§>7

with probability at least 1 — co exp{—calog M}, where the last inequality comes
from (19). We can apply assumptions on the estimation errors to bound ||Ey,||2

and Lemma 5.3 to bound ||V 2. First we have ||E,,|, < CVT Hgm - SmH
2

due to the following Lemma:

Lemma 5.5. Consider the model (2) with independent noise €;; of unit vari-
ance, A* satisfies (13), then the eigenvalues of T can be bounded as follows:

0 < C1(B) < Awin (T) < Amax (1) < Ca(B).
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Lemma 5.5 is proved based on established results in Basu et al. (2015) and
it implies

C1 < Anin ((T(m))il) < Amax ((T(m))fl) < Oy, (42)

since (T(m))il = (T_l)D p. - We can write out §m — Sy, as the following;:

m,m

Sm_Sm

T-1

oA * T]' X

—(wm - wm) f t,D¢, €t,m
t=0

(ips, - (A20;)

m m

T—1
1 * T T
tT ;(Xt,Dm — wy, X pe )X, pe

—~

T-1

~ * 1 n *

Wiy — wiy) " <T > Xt,Df,LXt,TDfn> (( m)Dsg, — (Am)Df”> -
=0

The following Lemma provides an upper bound for the second term:

Lemma 5.6 (Deviation Bound for w}). With probability at least
1 —ciexp{—calog M}, for all1 <m <k,

1= log M
T ;(Xt,Dm —w;, X pe )X, pe | <C T

Lemma 5.6 can also be viewed as a deviation bound, if we consider a re-
gression problem with & p, = as response and X De, as covariates. This is also
proved in Section C. Applying Assumptions 3.1, 3.2, Lemma 5.6 and Lemma
5.1, we have

($m V pm) log M 11 ($m V pm) log M
Eple < 02 4 VTQI Q5 < O ——
Bl ! alal .

with probability at least 1 — ¢y exp{—calog M}, where
R T (4 T-1 R
Q= ((Am)% - (AmD,cn) (T Zj Xt,DfnxJDf,) ((Am)% ~ :;»Dsn)
=
Qo =tr [(wm —w’)" (T Z XtyDﬁlXt,TD%) (W, — w;l)] ,
t=0

and Assumption 3.1 and 3.2 implies Q1 < Cw and Q2 < Cw. The
former is not straightforward: to see why it holds true, let o, = A\m — A}, and
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H=L>7 %", then we have

1 T—1 - . 2
Q1 == 2:; {Xt,mﬂ (hm)DJ
<ORT Hhpp + 2 (ﬁm); Hp, b, (hm)

pm log M
<C————
- T

pm log M
<C——.
- T

D (44)
pm log M

+ dm (”H - T”oo + AHIax(T)) T

Here we apply Assumption 3.1, Lemma 5.5 and the following lemma:
Lemma 5.7. With probability at least 1 — ¢1 exp{—calog M },

log M

<
<C T

oo

1 T-1
n doxx -
t=0

Meanwhile, by applying Lemma 5.3, one can show that for y > 1/5d,

P ([Vemll, > y) SCT™S + 1= Fa(y?) (45)
<CT™% +exp{—(y* — d)/4},
where the second inequality is due to an established x? tail bound (see Lemma
1
1 in Laurent and Massart (2000)). Let y = 2 (log (svp)%) * and plug it into
(41), then with probability at least

V p)log M
1 — ¢y exp{—calog M} —Cg,T_é — c;;w

the following holds:

~ (s V p)log M vT
— <
‘UT UT’ =t T log (sV p)log M

if (sV p)logM = o(v/T) and T > C for some constant C. Therefore, applying
(38) with e = C(SVP\)/;gM log ( VT )7

(sVp)log M
P(0r < @) — Fala)|

SClT’éJrCQ(S\/p)IOngo <( VT

VT sV p)log M

Since constants C; only depend on d, 8 and 7, this bound also holds for supre-
mum over A* € Qg and x € R. O

) + Csexp{—clog M}.
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5.3. Proof of Theorem 3.2

Proof of Theorem 5.2. We will still apply (38) for ¢ = 3 and ¢ > 5 with ap-
propriate Y and F'(-).
(1) o=1 ~
Applying (38) with X = Up, Y = |V — A|2, and Fd,HZHg(')’ then the
first two terms on the R.H.S. of (38) can be bounded by Lemma 5.3 and
Lemma 5.4. Specifically, since

k k
1A13 = D 1AnI3 < D Amax (T0V) 1413 < ClAJ,
m=1

m=1

we have
A 1
sup |P (HVT - A”% < y) - Fd,||§|\§(y)‘ <C| AT 5,
yeR
Foiap@+e) —Fap—e) <C(de.

For the third term in (38), similar from (41) in the proof of Theorem 3.1,
it is straightforward to show that

2 k
O |1 8 35 (1 + 217 5] 1
(sVp)log M
VT

where E,, = \/T(T(m))*%:@m —Vrm + Km Note that the E,, defined
here is the same as the one in the proof of Theorem 3.1, except for one

~ 2
+C (Ve = Bllz + | Bl

extra term:
=
1 A m
(Tm))=3 (T > (X, — )X pe )X, — T >> A,
t=0
Define W € R¥*M a5 follows:
(W) Dy = Tapxdns (W) De, = wi,! . (46)
One can show that
=
LS Mo e K, — T
t=0 [e%s)
= =
<mas |W)i .y || 35 S0 AT = ||+ liom — wiulh || S AT
t=0 s t=0 oo
log M
<
<C's T

(47)
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where we applied Assumption 3.2, Lemma 5.7 and the fact that

max [[(Wr )i |, <1+ max /s [|(wr,) il
<1+ Cy/sp max\/(12) (48)
<C\/Sp,.

Here this bound on max; [[(W};,);.||; is established by the definition of
Wk, wr, and Lemma 5.5. Therefore, with probability at least

m

1 —cyexp{—calog M},

(Sm V pm) log M

Enl <C
1Bl )

(49)

While for HVTW —(TM)3A,,

, applying Lemma 5.3 leads us to
2

wawfwﬂmﬁAmm>y)gQT%+P@Z+E@>yﬂ
<G +P (1215 > (v - ClAL)?)

for any y > 0, where Z ~ N (0, I4). We apply the tail bound for Xfl as in
(45), and obtain

P (1213 > (v - Cl1A]2)*) < Cexp{—y?/4}

1
when y > C for some constant C. Let y = 2 <log (svp)%) 2, and plug
HVT’m - (T(m))%AmH2 < y, (49) into the third term in (38), one can show

that
‘M@g@—&@‘

1 log M T
<ot 4BV PIos M <(5v VT

T ) logM> + Czexp{—Cylog M }.

0<¢<3

First we provide a lower bound for ﬁT with high probability. Since bounds
in Assumption 3.1 to 3.3, Lemma 5.1 to 5.7 hold with probability at least
1— ¢y exp{—cylog M}, we apply these bounds directly in following deduc-
tion. Meanwhile, we always assume (pV s)log M = o(v/T) and T > C for
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desired constant C'. With these conditions, one can show that
A~ k: A —_ o~
Up=>_ TS,(Y(m)"'8,
m=1
k —~ —_—
> 3 TYTI 583 (1= d [TV (TOD) 1 emE | )
m=1 >
, (50)

2

sery- o) 45,
m=1

K = N
>0 <T Zl o) =28, - Sm)H2> — Ve lls
The third line is due to Assumption 3.3, which implies
"T(m)%(@)—lr(M)% _ ]H

converges to 0 under our scaling (p V s)log M = o(v/T).

2 ~
To provide a lower bound for , note that S,, — Sy,
2

[CRERIREICAEE]

is the same as in (43) except for an extra term

1 T—1
T (XD, — WX pe )X, b (AL)D,,.-
t=0

Due to (47), this extra term is lower bounded by

log M
o ([, - o5 ) > e
2

Combining this lower bound and the upper bounds for the other terms in
the proof of Theorem 3.1, one can show that one can show that,

2

1
k 2
>y <01T$¢ _ C2%> > o712,

Plug this into (50) and apply Lemma 5.3, we have

—

m=

P(Ur < )
<Cexp{—clogM} + P (||VT||2 > T3¢ - C’g\/E)
<Cy exp{—clog M} + CoT ™5 + Cyexp{—(CsT> % — Cyv/z)?},

where in the last line we apply the x? tail bound as in (45).
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(3) >3
We apply (38) with X = Ur, Y = Uy and F(-) = Fy(-). The first two
terms in (38) are the same as that in the proof of Theorem 3.1, and (41)
still holds with E,, = vT(Y(™)~%(S,, — S,,). The only difference is one
extra term in §m — S

T-1

TN (X p,, — 0, Xepe )X D, A
t=0

By (47), one can show that,

log M
T )

T-1

1 .

T > (&b, — X pe )X D, Am
t=0

< HT<’">AmH + Csp,
2
2

where the R.H.S. is bounded by constant. Thus, going through the same

arguments as bounding HSm - mH under Hgy, we have
2

(sV p)log M L CyTE?,
VT

with probability at least 1 — C' exp{—clog M }. Plug in

Y (PR AP

[Emll2 < Cy

sV p)log M 2

to (45), and let e = Cy (SVP\)/;_?gM log (sz\)/EgM + Ca (g — %)T%*‘blogT in
(38):

M@g@—&@’

1 V p)log M VT 1. 1.
<C, T~ % (s 1 )T % logT
<Ci\T7s +Cy T og (S\/p)lOgM+C3(¢ 2) 2% log

+ Cyexp{—Cslog M }. d

6. Conclusion

In this paper, we have provided theoretical guarantees for hypothesis tests for
sparse high-dimensional auto-regressive models with sub-Gaussian innovations.
Specific upper bounds for the convergence rates of test statistics are given.
Importantly, our results go beyond the Gaussian assumption and do not rely
on mixing assumptions. As a consequence of our theory, we also develop novel
concentration bounds for quadratic forms of dependent sub-Gaussian random
variables using a careful truncation argument.
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It would be of interest to consider other variance estimation method, e.g.,
scaled Lasso Sun and Zhang (2012), or cross-validation based method Fan et al.
(2012), and establish corresponding theoretical guarantee. There also remain a
number of open questions/challenges including extensions to generalized linear
models, heavy-tailed innovations and incorporating hidden variables under time
series setting.

Appendix A: Proof of Lemmas in Section 3.3

Proof of Lemma 3.1. Without loss of generality, we prove the error bounds for
A; and the result follows by taking a union bound. With a little abuse of no-
tation, let S = supp(A47}) (not the decorrelated function defined in section 9),

h=A4, — A}, and H =LY o

(1) A= AW,
By the definition of A%),

T—1 T—1

1 ~ ~ 1

T > (X=X A1)+ 24 Ay < T > (Xep11— X" A7)+ a4l A7l
t=0 t=0

Rearranging the terms, we have

T—-1
Y A1 -
hTHh < QhT (T Z et,lXt> —+ )‘A||A>1k||1 — /\A”AlHl
t=0
= A A A
<2|7 X || Al + Aallhsll — Aallhsel|s,
=0 oo

where the last line is due to that

AT = Al = 1(ADs ] = IADsIh = (A selly < sl = el

By Lemma 5.1, with probability at least 1 — ¢; exp{—cz log M},

oo

Meanwhile, since H is positive semi-definite,
34
2
[hselly < 3[lhs]l1-

R R R Aa -
0 < hTHR < =2 sl = 5 e,

We have the following restricted eigenvalue condition for H.



Therefore, after taking a union bound over m = 1,--- , k, proof complete.
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Lemma A.1l. Under the model specified in (3) with independent sub-
Gaussian noise €;; of constant scale factor, and A* € Qo UQy, for any set
J C{1,2,--- ,pM}, positive integer k > 0, H satisfies the following REC:

inf{v" Hv:v € C(J, k), |v|ls <1} > C; >0,

with probability at least 1 — 2exp{—cT'}, when |J|logpM < CoT. Here
C(J,k) ={v : ||vsellh < &|lvslli}, constant Cy depends on 8, ¢ and Co

depend on Kk and (.

By Lemma A.1, when T > CplogM, with probability at least

1 —2exp{—clog M},

log

h3 < CRTHh < CAallhs|y < O/ 2282 o,

which implies

3 [prlog M o o p1log M

< D Hh < (C——F—
. . - log M
IRl <dllhs]ly < 4v/prllhlls < Cpry| =5,

with probability at least 1 — ¢; exp{—colog M }.
A= AD)

(51)

By Lemma 5.1, when T > ClogM, with probability at least

1 —cjexp{—calog M},

1 T—1 T—
T Z Xt+1 1— X A* Z 6i&.,lA)()& < >\A7
t=0 o0 t=0 [oe]

and by the definition of X(D),

- log M ~ N
il < O\ 2525 A4 < 147,

which further implies ||hge|l1 < ||hs||1. Applying Lemma A.1 leads us to
hTHh > C|h||3, with probability at least 1 — 2exp{—cT'}, when T' >

Cplog M. Thus

I
112 < CAT Hh < || HAl il < €y 22X iy, < © %

which implies

3 [prlogM .4 s p1log M
hlls <C{/—F—, h Hh<C——F——
|| H2_ T ? — T I’
. R . log M
IRl <dllhs]ly < 4y/prllhlls < Cpry | =5,

with probability at least 1 — ¢; exp{—cylog M }.

1]l
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Proof of Lemma 3.2. Without loss of generality, we consider the estimation of
(w?).1 and then take a union bound. Let v* = (w}).1, 0 = (W1).1, h=0—v* €
RM=d1 and S = supp(v*). We would omit some steps since the proof is very

similar to that of Lemma 3.1
(1) iy = ™.
Looking into the definition (27) of w0y, it is clear that the optimization can
be viewed as d; separate optimization problems, in terms of each column

of wy. Thus
1Tt 9
~ . - _ T
Py min, 73 (%) = ATpe)” + Aulloll,
which implies
iLTHDf’DfiL
=
<2’ (T Z ((X,p,), — X4, p5v7) XD;) + Aw vl = Awl0]l1
t=0

2]l + Awllhsll = Aallhse]lr

o0

T-—1
1 *
2|7 ;(Xt,Dl — wi' X pg) Xpe

By Lemma 5.6, with probability at least 1 — ¢; exp{—czlog M },

T—1
1 * 1 log M
T > (X, —wiT X p) XDl < e =0\ =
t=0 -
which implies
o ~ 3w Aw o
0 < W Hpg peh < =5 sl = 5 lhse .
el < 3lAs.
Let h € RM be an extended vector of h:
hp, =0, hpe=h, (52)

and applying Lemma A.1 on h leads us to
IAlI3 = [IA13 < ChTHh = 20T Hp pgh <CAuhsllx
sylog M | -
<Cy/———||h
<O\ 2B e,
which implies

RTHR < 0M7
5 5 - log M
2l < 4llbs ]l < 4villal < Csiy /=5,

with probability at least 1 — ¢; exp{—czlog M }.
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(2) W, = 0.
By (28),
1 T—1
b= i R | X, —0 X pe) Xepell < Aw
0= argmin ol st |1 ; (X)) — v X pe) Xy pe
(53)
By Lemma 5.6, with probability at least 1 — ¢; exp{—c2log M },
T-1
1 B log M
LS (=T ), | <=0y
t=0 oo
Thus,
N log M . R . * *
| E5e pch]| <02 8l = osl + aselly < ol = o3,

which further implies Hil Se

< Hﬁg” . Recall the definition of % in (52),
1 1
then by Lemma A.1 and (52), when T' > Cslog M,

sy log M

Il

143 = 1713 < CATHR < € |3 |[# och

=0

Therefore, with probability at least 1 — ¢q exp{—cqlog M},

~T - s1log M
h' Hps peh < C’T,

. . log M
4l < CATlIALL < Csiy =5

Taking a union bound over {w,, : m =1, .-k} and all columns of @,,, proof

is complete. O

Proof of Lemma 3.3. The following established result (see e.g., (Demmel, 1992))
can be applied here:

Lemma A.2. For any invertible matriz B, if B + E is also invertible, then
I(B+E)~"" =B 2 <[IB ' El2 + O EI3)- (54)
Thus for 1 <m < k,

—1 —
”T(m)%’f(m) T(m)%_[H < e aremyrrens |

0 2

<|IEl2 + O(| EII3),
1

where E = T0m=3Tm) (M=% _ I Due to (42),

120, < (A (109)) [0 =709 | < [T x|
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In the following we bound H@ —xm
Ym),

. Due to the definition of @ —

oo

H@ - T(m)H <

1T—1
wx | = X" —1 | wrT
= m<T§ tl ) m

oo

!

~ * 1 *
+ 2| (W, — wm)TT Xi,pe (XD, — meXt,Dfn)T

$\g

oo

!

+

b

-1
~ * 1 ~ *
(Wm — wm)T (f Z Xt,DantTD;;L> (W — wy,)
t=0

where W} is defined as in (46). To bound the first term, we could rewrite it as

o0

max

)
]

T-1

1 * * * *

T SO XTWRL W X — (WL W S T)
t=0

and apply Lemma 5.2, with bounds on the trace norm and operator norm of

WDV + (Wi L (W)

that we provide below.

Lemma A.3. For any symmetric matriz U of rank v, |U||t < r||U]|2.

Note that 5 (W)L (W5 + (W) (Wp,)i.) is of rank 2,

H; (W)L (Wi + (W)L (W)

tr

<2 H% (W) T (W) + (W) L (Wi)s)

2
<2[| (Wi W) [l = 20 V)i 2| (W), -

Meanwhile, similar from (48), we bound max; ||(W}):.||3 by

Wi)allz =1+ [l (wp)-all3
<1+ Amax(To pe )2 1Tl (56)
Sl + Amim(’r)_ZAmax(’r)2 S 07

where the second inequality is due to that || Y. ;][5 = (Y2)i < Amax(Y?) <
Amax(Y)2. Thus, with probability at least 1 — ¢1 exp{—ca log M},
T-1
« [ 1 N log M
s s

<
<C T

oo
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Meanwhile, by Lemma 5.6 and Assumption 3.2, with probability at least 1 —
c1 exp{—cz log M},

1 S log M
(tom = wi) " D X, (Xp,, —wi Xepg )T < O,
t=0 oo
=
N T N
(Wm — wy,) <f > Xipe Xpe > (Wi — wy,)
t=0 oo
= Hilz}x<wm - w:n)—l,—zHDC ,Dg, (Wi, wjrkn)"j
< max(y, — wi) i Hpg, pg, (Wm — wy,).
<tr {(m — wi) Hpe pe (W —wi)}
Sm log M
<C
- T
Here the second line is because that Hpe pe = + Z:ol X De. XJDC is symmet-

ric and positive semi-definite, thus we can apply Cauchey-Schwartz inequality.
When 7' > Cs?log M, *mieeM < Jloa M " which implies ||[T(m) — Y|, <
C logTM. Therefore, take a union bound over 1 < m < k, with probability at
least 1 — ¢; exp{—cqa log M},
log M

T 9
when T > Cs%log M. U

/\71
H*r(m)é’f(m) Tm)s _ ]H <C

o0

Appendix B: Proof of Theorem 3.3 and Theorem 3.4

Proof of Theorem 3.5. As explained in Section 3.4, Uy = Tzizlgl (T(m))=1x
S /0*? satisfies Theorem 3.1 and 3.2 under each corresponding condition. Now
note that for any 0 < 6 < 1,

~ ~ € o*2
< < < — —
P (Ur <) _IP’(UT_ 1_5)+]P’<&2 <1 5),
< — - .
P (Ur >2) _P(UT> 1+5)+]P’<62 >1+5>

Applying (39), one can show that for any distribution function F(x) and 0 <
0 <1,

(57)

)IE” (ﬁT < a?) —F(x)‘

< sup ’IP’ (ﬁT < y) - F(y)‘ + sup [F(y) — F(y(1—0))| (58)

0.*2 0.*2
P (62 P (&2 .
+ <a <1+6>+ <a >1_5)
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In the following we bound P (O‘ < 1+5) P (&2 > %) and sup,

Fa iz (v) =
Fy iz (y(l - 6))‘ for bounded vector v. Since 0 < § < 1,

0.*2 0.*2 50,*2
P ~2 P ~2 <P A2 *2 .
<0’ <1+5)+ (0’ >1_5>_ (|0 o |>—2

Meanwhile,

_ 0_*2

1 T—1 2
~2 *2 n
o2 = N | x,h - Ax
o MT?_%HHl tly
1 T—1
—?Zm%—a+——ZHA1v&
TR Z
T—1
zzjlkaz‘*U*z
t=0

Gt A A*)Xt

(A = AD)TH(A; - 47)

P%

%
T

—ziA A*( Z%&>

t=0

LI

By Assumption 3.1 and Lemma 5.1, with probability at least
1 — ¢y exp{—cqlog M },

1 T £ < plog M < plog M
MZ}A ANTH(A; — AY) <cF==2— - <C T
9 M 1 T2 1 T2
*\ T n * T
M;(AZ _Az) <T EGtht> §2m;1xHA2 —A,L ) (T gEtXt )

SC,plogM

Also, since €;; are independent sub-Gaussian random variables with scale factor
Co*, the first term can be bounded by Bernstein type inequality (see proposition
5.16 in Vershynin (2010)):

1 T-1
2 2
P ( UT ; lecllz — o

Let 6 = Cy/ M, and noting that ¢* > o(, one can show that

*2 *2
~92 g ~2 g
P(a <1+6>+P<J >1_5)

<2exp{—c1pMlog M} + co exp{—c3log M }.

60'*2

> < 2exp {—cMT min{6* 6}}.
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While for sup,, Fy i,z (z) — Fy )2 (#(1 —6)) with any p € R? satisfying |||z <
C,if 6 < i,
Fa (@) = Fa 3 (2(1 =)
2
=P (112 + ul € ((1 - 9),2])
d
2

<C(d) (a4 = (z(1 - ))%) qup eIl
lz+ul3€(z(1-6),2]

<ctapt ep {5 (VolT=9) - Iula) 1/aT=9) > )}

Here Z € R? is a standard Gaussi2an random vector, the third line is due to that
the density of Z is (271')_%6_”Z”2/2, and the fourth line applies the fact that
when 0 < § < %,
4 d 41 d (£-1)1(d<2)
[1—(1—5)z}g- sup  €5715 = S(1 - §)E-DLES25 < ¢(a)s.
2 ce1-61) 2

Meanwhile, when \/z(1—0) < ||ull2, 2% < H“—Hgd < C(d); or \/z(1—=4) >
[14ll2,

ot oxp {5 (VA=) ) 1T 0) = el |

<sup(y + C)%e V1% < C(d),
y=>0

which implies
Fajunz (@) = Fa 3 (2(1 = 0)) < C(d)é. (59)

Combine (57), (58) and (59) with § = C %, we know that all the conclu-

sions for U’T in Theorem 3.1 and 3.2 still hold for ﬁT under each corresponding
condition. 0

Proof of Theorem 3.4. First we show the connection between Rp and Ur. Note
that

T-1
_ 1 T
S 13 600 (e )
R = .
=S, + T (XD, w;Xt,DC)Xt,Dm ((Am>D _(A:n)Dm)
t:0 m

which implies

a(m) — (A%)p,, =(Am)p,, — (A3)p,, — (%)71 Sm = - @m)il S
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Thus

T & ——
=>3 > (a(m) = (43,)p,,) " T (a(m) — (A},)p,,.)

ko T 1
) m(T( ) ) T (m) ( T >) S,
-1

and the only difference between Ry and Uy is that we substitute (T(m)) by

~ T\l —~—\—1 ~ T\l — ) —~—\—1
(T(m> ) r<m>(r<m>) . We only need to prove that (r<m> ) T(m>(T(m>)
satisfies Assumption 3.3. The argument is very similar to the proof of Lemma

—— ——\ -1 —T
3.3, but we need to bound HT(m) (T(m)) Y (m) —T(m)H instead of

HW — H here.

Let E = Y(m) — T(m) some calculation shows that
— T — —\ —1
T(m) (T(m)) T~ =¥ — Y0 B4 BT 4 E(T00) BT

Recall that when proving Lemma 3.3, we already upper bound HT(’”) —rim H

by C'/*6M with probability at least 1—c; exp{—c2 log M }. Thus for any vector
u € Rim s.t. lull2 =1,

uT L)y = Ty +u’ (@ - T(m)) u

> Ain (T0V) = din HW - T<m>Hoo > C,

—— 71
which implies Apax ((T(m)> ) < C, and

‘E(W)lET

We bound ||E||« in the following. One can show that

< Cdin|| Bl oo

o0

‘EH(X) = Z Xt7Dm - 'II),I,/Xt’Df”) XtTDfnwm
=0 o]
1 T-1
<\ (X0, —wi Xipe) Xlpe || (lwplly + dm — w), [11)
t=0 [e%s)
T—-1
- * T 1 T - *
o ma | (b — wp)) 7 D (Xpg Kl ) (= w})
’ t=0
1 T-1
T > e Xpe w ([ — wia[1-
t=0 0o
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Applying (42), (56), Lemma 5.7, we have
1 Tl
7 D Xupg Xl w
t=0 oS
T—1

T Z Xt Dc Xt Dc TDvcnv m

<\ Toe, pe wi]| s, 60

Sm log M
Lo <.
T <
Thus, with Lemma 5.6, Assumption 3.2, and (60), we show that with probability
at least 1 — ¢y exp{—calog M},

SAmax(T) max [|(wy, ). illa + €

log M

Sm log M log log M
C mA/ .
T + T

Therefore, using the same arguments as in the proof of Lemma 3.3,

Bl <C

1 — T -1 — —~— —1 1
rm)-4 (wm) ) Y (m) ('r(m)) Tm-3 _ g

e\ —1 ——T
<CHT(m) T( )) TOm) _ im)

2
<c|xtm -1m|| +cyEl,,

<Cspm logM.

Appendix C: Proof of Lemmas in Section 5

Proof of Lemma 5.3. Let
ea (YD) 3 WA,

fre=——m -
) \/T . .

e p(TEN T2 WA,

Define filtration th = O'(X_p+1, X_p+2, . Xt—i—l) then (th, FTt)O<t<T 1 is

a martingale difference sequence, and Vp = Zt o th To bound the conver-

gence rate, we are going to use a modified version of Lemma 4 in Grama and

Haeusler (2006)7 which is proved in Appendix D.

Lemma C.1. Let (&, Fni)o<i<n be a martingale dzﬁerence sequence taking val-

ues in R?. Let Xp = Zi:l &ni, and (X7, = Zle Oni = Zi:l E(fmﬁmu'n,,_l).
Define Ry® = L + N°,

n,d _ .d
Ly ZH‘IH&MIF”‘S Nyt =E[(X™), — IlILT.
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Then Vp € R, r > 0,0 <6 < 1, whenRgl’dg 1,
n n,d 3+125
P+ plle > 1)~ B(IZ + 2 > 1) < C(lnla.d.8) (R34) T

where Zgx1 ~ N(0,1), C(||ull2,d,d) is non-decreasing as ||pu||2 increases.

By Lemma C.1, to bound sup,.. ‘IP’(HVT +pll3 < x) = Fy (@),
need to bound R(;T’d = L(;T’d + NéT’d.

Z E (|lér,e)157%°)
T 1446
<03 g (z 362 m)

t=1

T-1 k
< CT ) Nk Y E (Jerml Wi Xel15720)
t=0

m=1

k
— T—éké Z E HW* XO||2+25)
m=1

Here the second line is due to Amm(T(m)) > 1, and the third line is due to

f(z) = 2'*9 is a convex function. More spemﬁcally,
149 k
X 1 N 146
(Z W32 m> <5 O (HIWL I3 )
m=1
k
:k6 Z (HW*X ||2+26 2-;26) )
m=1
While for the last line, since €, ,, is sub-Gaussian with parameter 7, Ele; ,, |2+26
< C(6). The following lemma provides an upper bound on E (||[W;;, Xo ||2+26)

Lemma C.2. )
E (WX ]|3)s <Cq forall g > 1.

Thus one can show that LéT’d < C(6)T~°. While for N;‘F’d, since

T—1
Z (§T7t§;,t|]:T,t—1) -1
t=0
(TM)=2 B, (TD)~5 ... 0

0 0
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1+0
tr)

1496
2)

where the second line is due to Lemma A.3; the last line is due to

where By, = W (% T lxaT - T) WeT,

k
N2 (3 [ert e
m=1

<E (i dm Hmm))f%Bm(T(m))f%
m=1

k 140
<E (Z dmleloo) :

m=1

[Bmlla =~ sup — (u,Bpv) < sup ulif[v]al|Bmlleo < dm|Bmlloo-

llull2=1,[[v]l2=1 llull2=1,[v[l2=1

Since (Bm)ij = 7 Yo—g X (W) (W)X — tr (W) (Wy);.T), and by
(55) and (56),

H% (W)l (W) + (W) L (W2)..)

tr

<C,

2

<2 |5 (VT 073, + (3] 03))

applying Lemma 5.2 leads us to

k 1+6 k .
P (Z d3n||Bm||oo> >z | <> P <|Bm|oo > 7)
m=1 m=1
<c1 exp{—CQTmin {931%5,331%5}},

which implies

- X 1+6
N(STd S/ P <Z d?n”BmHoo) >a | de
0 m=1
§/ clexp{—CQTmin{x%é?xﬁ}}dx
0
1 [e%s}
<C(0) (/ u’ exp{—cTuQ}dLH—/
0 1

<C(5) (T—%‘SF <1T+6> + TP+ 5))

<0 T

u’ exp{—cTu}du>
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Let 6 = %, by Lemma C.1, for any = > 0, u € R?, when T > C(9),

1
RA
[P (1 + pl3 < ) = oz @) <Cllulz) (BF)
1
<C(llpll2)T~=. O
Proof of Lemma 5.4. One can show that
Fajviz(@ +€) = Fyjuz (@ — <)
=B (|2 +vl3 € @—ca+e))
—(z—e)? ) e VI 2 > 2],
Cd) ((z+e)f —(z—e)7), Va—e<2|v|s
where Z is a d-dimensional standard Gaussian random vector with density

#(z) = C(d)exp{—||z]|3/2}. The last inequality holds because that, for any
set C C R?,

P(Z €C) <sup¢(z dz
zeC

Suppose 0 < ¢ < 1, then if /o — e > 2||v||2,

((:c + 5)% —(z— 5)%> exp {—(\/x —e— ||1/||2)2/2}
<de(w + €)% exp{—(z — £)/8}

<deet supy? " exp{—y/8} < C(d)e,
y=>0

otherwise,
d
2

vl

((x+s) —(x—e) )<d5(a¢+s) -1 < O(d)e.

Thus,
Fypupz(@+€) = Fypple —e) < Cd)e. O

Proof of Lemma 5.5. We prove the lower and upper bounds for eigenvalues of
T, by establishing a connection between our stability condition (13) and an-
other spectral density based condition proposed in Basu et al. (2015). First we
introduce the following lemma, which is a direct result of proposition 2.3 and
(2.6) in Basu et al. (2015) under our setting.

Lemma C.3. Under the model specified in (3) with independent noise €y of
unit variance, let the eigenvalues of T can be bounded as follows:

(,U/max(-A))il S Amin(T) S Amax(T) S (,U/min(A))il )

where pmin(A) = g‘u:nl Amin (A*(2)A(2)), prmax(A) = Irflgfi Amax (A*(2)A(2)).
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By Lemma C.3, we only need to prove that condition (13) implies a lower
bound for jimin(A) and upper bound for piyax(A). First note that

Hmin (A) = ‘g‘nzrﬁ Amin (A(2)A*(2))

ol @)
g - Ea el

Meanwhile, for any |z| = 1,

oo
Jasen ™|, = 4@, = ZW <Yl <8,
= , =0
where we apply condition (13) in the last inequality. Thus pimi,(A) > 572
While for bounding pimax(A), we start by bounding ||A,||2 for 0 < n g p.
Here we define Ag = Ip;«nr, and A,, = 0 for all n > p. Since
P
F—atoae - (S | (S ) - 3 (S
1=0 n=0
one can show that ¥y = I, and > ¥;A,_; = 0 for n > 1. Thus
- Z \IjiAnfi for n > 1,
i=1
and [|A,]l2 < 30 [[W5]|2]|An—ill2. We have the following claim:
For0<n<p, |Au]2<8"VL1 (61)

This can be proved by induction. It is clear that || Ag|l2 = ||I|2 = 8°, and if (61)
holds for 0 <n =k < p,

[Akiallz < D N1Wll2(8" v 1) < Bmax(f"7' V1) < BV 1.

=1

Therefore, pimax(A) can be bounded in the following:

:umax(-A) = lglli)%Amax ('A(Z)A*(Z)) i |A* ||2 = (Z ”A |2> < O(B)a

where C(B) =

we conclude that

1 2
ﬁpgtfl) 1(8> 1)+ (p+1)*1(0 < 8 < 1). With Lemma C.3,

C (ﬁ) < Amin(T) S AmaX(T) S 02(6)7
where Oy (6) = (%) 1(8>1)+(p+1)"21(0 < B < 1),and Cx(B) = 2. O

Proof of Lemma 5.1. Recall that Xy = 3772 W€, ;1. Define W;p) € RpPMxM
as the following;:

U = (W10 2 00,1 —p+120)7 (62)
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then we can also write X; as an infinite sum X, = Z;io \ij’ )et_j_l. Without

loss of generality, we consider the first entry of % Zz:ol X, :

Z )1-€t—j—1. (63)
7=0

In the following, we tackle the infinite sum in (63), by focusing our analysis
on the finite sum and let the residue converges to 0. First we fix some positive
integer m, and let

e=(e 1m0 = (U)o, (¥0)1,,0,...,0)T € RTFmEDM

N =
M

t

I
=)

and e() € RT+m+DM gatisfying ) = 1(i = (t + m)M + 1), then we have

We will let m be sufficiently large in later argument. The following arguments
are devided into two parts: bounding F; and Fs.

(1) Bounding F4
Since all entries of € are independent sub-Gaussian with constant parameter,
we can apply the Hanson-Wright inequality (see Rudelson et al. (2013)) and

bound |4 325" en®” 2 and || 3 S5 eOn® 5.
First note that
Ze(t) ®T
2
-1
= Z Te® (t)Tv
IIUHz Hvllz 1T
t+m
- Z U(t+m)M+1 Z(‘I’Hm—i)yv(”l)
IIUHz Hvllz o
1 t+m
< T Z U(t4m)M+1 Z at+m,i\|v(l+1)||2
IIqu Hvllz 1 -0 s
X Tl
< sup T( mM+1,""" ,U(T+m_1)jvj+1)r :
[lullz=]lv][2=1 ||U(T+m)||2

Tl
- T
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where ’U(Z) = (U(ifl)M+1a ‘e ,'Ui]\/[)T, o = ||\I/7,||2 > H(\Iji>1~”2; and I' €
RT*(T+m) ig a matrix with each entry Tij = amti—jl(m~+i—37 > 0). Since
I' is a Toeplitz matrix, we will use the following lemma to bound its £ norm.
Lemma C.4. Let f(A) be a Fourier series defined as f(\) =
Yoo trexp{ikA}, with Y2 |tk| <oo. We define a sequence of Toeplitz
matrices T, with (Tn)m‘ = t;—j, then the operator norm of T, is bounded by

|72 < 2esssup f,

where ess sup f the essential supremum.

This is actually Lemma 4.1 in Gray et al. (2006), and we directly apply it
here. By Lemma C.4,

[Tz < 281110

2 O‘m,—i—kelk)\

k=—m

<22ak<z Zalﬂ < pB.

=0 \ j=0

Thus H% ZtT;()l e(’f)n(t)T H2 < % While for the Frobenius norm, we have

2

1 T-1 1 T-1
_ )T ), (T
F t:O =0

1 T=
= Z 713
T—1t+m

s

t=0 i=0

T—

Z (t)n(t

=0

Therefore, by the Hanson-Wright inequality, for any § > 0,

P(|Ey| > &) < 2exp{—cTmin{s,6%}}.

(2) Bounding FE,

First note that

1
B2l = | daa Y. (e

2

1 T—1 1 T—-1 o)
<or €1+ oT > (@i
=0 t=0 \j=t+m+1

Now we introduce the following two norms for any random variable X:

1 _1 1
[ X[lp, =supp 'E(IX[P)¥, [ X[y, =supp 2B (|X[")? .
p>1 p>1
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Established result in Vershynin (2010) has shown that for any sub-Gaussian
r.v. X with scale factor 7, ¢ < || Xy, < CT, ||XH12#2 <X gy < 2||X\@2.
Since || 1lly, < 2[lezall7, < 272, one can show the following by applying
Bernstein type inequality (see proposition 5.16 in Vershynin (2010)):

g

T-1

1
T Z €t2,1
t=0

> 5) < 2exp{—cT min{4, 6} }.

2
Now we bound the second term - ? 01 (Zjo a1 (W)€ 1) . Since
oo o0
o @iaia| < Y agllajall
j=ttm+1 j=ttm—+1 (64)

Meellzlly, < [llel le (M[lls,)* < CVIIT,

one can show that

1 T-1 00 2 00 2
2
w2 | X )| sone( 3 o
t=0 =t+m v j=t+m+1
1

Thus we have

1 T-1 00
P| o7 VZ(\I/)IQH >
t=0 j=t+m+1
0
SCGXP - c ’

2
M2 (Z] t+mt1 0‘])
due to the tail bound of sub-exponential r.v. (see Vershynin (2010)). Since
o0 o0 oo % . o0 2
Zi:o a; < Ei:O (Z i=0 04124.]') < B, limy, oo (Zj:terJrl aj) = 0. Let
2

m be sufficiently large such that (Z] a1 aj> <
the following

1 .
777 then we arrive at

1 T-1
P <? > em()q)l) < Cexp{—cT min{é,6}}.

t=0

Let 0 = C’\/log MT and take a union bound over the pM? entries of
T Zt 0 etXt , the conclusion follows. ]
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Proof of Lemma 5.6. Without loss of generality, consider the (4, j)th element of

711 t o (Xt D,, — w,*nTXt’D;L) Xt—r, for any 1 < i <d,,, and j € D¢, . It can be

written as a quadratic form:

’ﬂ

25 (W)Ll +es(W3):)

Nl =

t

Il
<

where W, is defined as in (46). Since 3 (Wy,)le] +€;(Wy,)i) is of rank 2,

and we have bounded ||(W}},)i.||, in (56), applying Lemma A.3 leads to

|3 (@rare] +e,mie)

<2H (Wr)ile) +e; (W)

tr 2

<IWrilly < C.

Applying Lemma 5.2, and taking a union bound over all entries of

~

(Xt,Dm - w;th,D,cn) X,

Nl =
~
Il
=

the conclusion follows. O

Proof of Lemma 5.7. Sirmlar from the proof of Lemma 5.1, we consider the

(i,j)th entry of % t 0 XtXT — T, which can be written as
71, tT 01 X, ( (eze +eje; )) X, where e; is the ith canonical vector in RPM.
By Lemma A.3 one can show that

LT T
|teie] +esel) < 2lexlales o

2

1
<2 Hi(eie;— + eje;-r)

tr

Therefore, by applying Lemma 5.2, and taking a union bound over 1 < i, j <

pM, we know that
log M
> Cy/ O%T > < ¢y exp{—calog M}. O

T—1
1
Plll=
( T
Appendix D: Proof of Lemmas in Section A and Appendix C

doxx! -

oo

Proof of Lemma C.1. Here we adopt some results and techniques from the proof
for Lemma 4 in Grama and Haeusler (2006), and add some small adjustments
to suit our needs. First we directly use the same construction method to define
a new martingale difference sequence (muk, Gnk)i1<k<n+1, sum of whose covari-
ances equal to Ijx4. They have also proved that, for any £, > 0,

P(I1X; = Mo > ) < C(d,0)e™27 (L3 4 N;0) (65)
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Since

—P(IX5 = Miall2 > €) = P(|1Z + pll2 > 7 + 2¢)

+P(I M+ plla 27 +2) =P(|Z + pll2 € [ + 2¢))
<P(IX; + pllz = 7) =P(Z + pll2 = 7) (66)
SP(IMy 1y + pllz = 7 =) =P(|Z + pll2 = 7 — 2¢)

+P(IX5 = Myl > €) + P12 + pll2 € [r = 2¢,7)),

for any u € R% 7 >0, > 0, we need to bound
E(L(|Z + pllz = v+ 2¢)) = QUM 1 + pll2 2 7 +€))

and
E(1([[Mpq +pllz =7 —¢€)) —EQ(IZ + pll2 = 7 = 2¢)).

The following functions are defined as a smooth relaxation for indicator function.
Let

S _ 1 4
f2) = [ omat. with o(t) = Fexp{—= gy O, 6
where C is a normalizing constant s.t. [ ¢(¢)dt = 1. Then we have f.(z) =0 if
2<0,0< fu(z) 1 0<2<1,and fi(z) = 11if 2z > 1. fi(2) is infinitely
many times differentiable on R, and since f,(z) is constant when z < 0 or z > 1,
for any fixed order, the derivative of f,(z) is bounded. For any z € R%, let

fl,u,r,a(z) = f*(gl,u,r,a‘(z))v (68)

where

Atpllz—r—¢ 24 plly — 7+ 2e
gl,y,'r',a(z) = %7 92,;1.,1‘,5(2) = || MH2€ .

(69)

In the following proof, we will denote f ,, (%) and g; . (%) as fi(z) and g;(2),
[ = 1,2 for brevity. Therefore,

E(U(|1Z + pllz>7 +20)) = EQ(I M1 + pll2 27 + )
EQ(My o + pllazr =€) =EQ(Z + plla =7 - 2¢))

(f1(2) = fL(My14)),

<E
< E(fo(Myyy) — f1(2)).
Thus,

P(| X5 + pll2 > 7) = P(|Z + pll2 > 7))
< max [B(fi(My11) = filZ2))[ + P(IX = Miiylle > €)

+P(|Z + pll2 € [r — 2e,r + 2¢]).
Actually, when r < 3¢, the right hand side of (66) can be substituted by

P(1Z + pll2 < 3¢),
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and
P(1X5 + pllz = 7) = P2 + pll2 = 7))
Smax{[E(f1(My 1) — A1(Z)]| + P(|IX; — M2 > €)
+P(1Z + pll2 € [r 7+ 2e]), (|2 + pill2 € [0,3¢)) -
To bound E(f;(M}},1) — fi(Z)), we will use the following lemma.
Lemma D.1. For fi(-) defined as in (68),
S vt g )| < Il
" "0z, - Oz, - .

1<iy, - yig<d

for any k € Z*, y, 2z € R%, when | =1, or when | =2 and r > 3¢.

5027

(71)

The proof of this lemma is deferred to Appendix E. In the following proof,
we will always assume the condition [ =1 or [ = 2 and r > 3¢ hold. Therefore,

for any m € Z*,

k=11<41,--,ix<d

aerl
= . o . e — u
§ y’Ll ylm+1 8'[1/7;1 .. 8Uim+1 fl( )

1<iy, e ims1<d

<C(m+ 1)yl ™,

where u = z + t1y for some 0 < ¢; < 1. Meanwhile,

ak

filz+y) — Z Z yzlyzkmﬁ(z)

k=11<iy, - ,ix<d

om
= Z Yir * Yigm mﬁ(”)
1<iy, - ,im<d i1 imm
om
_ Z Yir - Vi, mﬁ(z)

1<iq,  ,im <d
<2C(m)e"yll3"

where v = z + toy for some 0 < t5 < 1. Thus, for any § > 0,

24281—1 ok

filz +y) = fily) — Z Z Yin Vv g T os J

k=1 1<iy, i <d

SC(&) max{g—[2+26]+1 ||yH£2+26-‘_17 6—[2+26] ”yH£2+25-\}

ok
filz+y) — Z yuyzkmfl(Z)
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<C(8)e > lyll5 .

Let .k, 1 < k < n be ii.d. standard Gaussian random vectors that are in-
1

dependent of G, ni1, Wnk = (bpk)2Wnk, for kK = 1,--- ,n + 1, where by, =

E(mpkm, 1.|Gn k—1). Define

n+1
=0, Wi=> wn, 1<k<n+l
i=k

Then W7 follows standard Gaussian distribution. Let Uy = M | + W}, |, then

E(fi(My11) = fu(Z)
= [E(fi(My ) = (W)

~—

n+1
=D E(A(UR + muk) = [T + wr)

=1

n+1

<Z (U +muk) — fiU})
r2+251 1

— Z > (mnk)h"'(mnk)ij%fl([]g))’

j=1 1<iy, -+ ,i;<d

n+1
+Z (iUR + war) = fiU})
[2+26] 1 Py .
- Z Z (Wnk )iy - (wnk)z‘j mfl([]k )
j=1 1<y, ,3;<d 7
n+1

<ZC —2 25E ”mn ||2+25)

Generally this inequality holds for ¢ € (0, %], since wy and my,; have the same
second order moments, which justifies the fourth line. By the proof of Lemma
4 in Grama and Haeusler (2006),

n+1
S E(Imal3) < O(d,6) Ly + N,
k=1
thus
E (fi(M2y,) — fi(2))] < C(d, 6)e 2 2 R (72)

Now we only mneed to bound P(||Z+ pl2€[r—2e,r+2¢]) and
P(||Z + pll2 € [0,3¢)). Assume € < 1, then

P(Z + pll2 € 0,3¢)) = P(Z € Byo(—p)) < C(d)e? < C(d)e.
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Meanwhile,

P(|Z + pll2 € [r — 2e,7 + 2¢])
=P(Z € Brjoe(—p)\Br—2:(—p))

- C(d) ((r+2e)% = (r —20)9), r < 2+ ||ul
C(d) exp{—(r — 2 — [|ull2)?/2} ((r +2¢)* = (r = 26)%), 7> 2+ [|pll2
<C(d, ||ull2)e-

The last line is due to that
(r+ 25)d —(r— 2£)d <ded(r + 25)d_1 < d4de(4+ Huﬂg)d_l,
when r < 2e + ||u||2, and

exp{—(r — 2e — ||ul|2)?/2} ((r + 2¢)¢ — (r — 2¢)°)
<4ed iti%(x +de + [|pll2) "t exp{—2?/2}

<ddsup(z + 4+ [|pfl2) " exp{—a®/2}e.
x>0

Here clearly C(d, ||u||2) is non-decreasing with respect to ||u||2. Therefore, by

, an , when © <1, for any p € , 7 >0,0<0 < 5, wit
70), (65) and (72), when Rp® < 1, f p e R 0,0<d < i, with
e = (By )=,
=)
B(IXE + pll2 = 1) = P(IZ + plla = 7) < O, 8, ) (Ry) ™
where C'(d, 4, ||i||2) is non-decreasing with respect to ||u||2- O

Proof of Lemma C.2. Recall the definition of || - ||y,, it is equivalent to bound
H ||W;“n2€t|\§ o and we start from bounding E (exp {\ (W},), X;}) for any A € R.
1

Recall that X; = \Ilgp)gt_j_l, with \Ilép) defined as in (62), we can write

oo N
(Wi)ede = (W) 30 epmr = lim > (Wr) e i,
=0 k=0
N
exp{A (W), X} = A}gnoo exp {)\ Z(W;L)i~\1/§€p)et—k—1} ,
k=0

and

exp {)\

] =

(W) ‘I’ép)ftkl} < exp {)\| S Wil ||€tk1||z} ;

k=0

=
Il

0
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\IJi;p)

where &;, is defined as H . The relationship between ay, and oy = |||,
2

can be established as follows:

(p=1Aj : p—1 3
ap = sup H\I/p) H sup Z 102 ] < (Zai_n> , (73)
n=0

flull2=1 llull2=1

if we define a; = 0 when ¢ < 0. One can show that

E <exp {|)\| Z (Wil 6k ||€tk2}>
k=0

N
= lm E (exp {IA S W)l |et_k||2}>

k=0
§A}i_r)nooexp{CM>\2 (W) 2;)%} <exp {CMN?},

where the first equality is due to Monotone Convergence Theorem, the second
one is due to (64) and the last line is due to (56) and the fact that

p—1

N N N
SLEHWEEND ST

k=0

Since exp {|A| Y re o I|(W;)i-|ly & ||€r—k |l } is integrable, we can use Dominated
Convergence Theorem:

(exp {/\ ( m) Xt})

= hm E(exp{)\z (W) \I/é)et k})
k=0
<eXp{C)\2|| (W) szov }

=exp {C’/\Q} .

By the relationship between || - [ly, and |- [ly,, [(W}3);. &ill,,, < C, and

[, <

(W), &) H < 2Z|| (W), X%, < ¢
Thus 1
E (WX 5)* < Cvp. u

Proof of Lemma 5.2. Recall that X, = 3272 WPe, 1, where U\ is defined
n (62). Similar from the proof of Lemma 5.1, for any positive integer m, we can
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write down % S>7 " X" B, as the following:

T t=0
1 T-1 1 T-1 00 T oo
LD SRV Sl D SUTCE Y § Sl T
t=0 t=0 \j=0 7=0
1 T—-1 [t+m—1 T t+m—1
:T \I/;p)et,],1 B Z \I/gp)q,jfl
t=0 7=0 7=0
1 T-1 0 T 0o
+? Z \Ifg €t—j—1 B Z \If] €t—j—1
t=0 j=t+m j=t+m
2 T—1 t+m—1 T oo
5 31 I SR TCI Y I SR T
t=0 7=0 Jj=t+m
£E1 + E> + E;.

Then we can bound each E; from its expectation separately, and m will be
chosen to be sufficiently large later.

(1) Bounding E; — E(Ey)
Let ©) ¢ RpM*(T+m)M 4nd ¢ ¢ RT+mM he defined as

o0 = (v, v oo - 0),
e= (L, - 6}_1)T.

Then E; = €' (% S G)(t)TB@(t)> €, and by the Hanson-Wright inequal-
ity we only need to bound the operator norm and Frobenius norm of
Iy emTpem.

T-1
o @M TBEM

i. Bounding ’ %

2
For any unit vector u,v € RT™M

T-1
W23 00T B,
T
t=0
T—1 t+m
! DTy®T  By® G
LSS T e, o
t=0 i,j=1
1 T+m—1 T—1
i T j
== Z u®T Z \Ijﬁﬁ)milB\Ijﬁf_)m_j 2@
i,j=1 t=(iVj—m)V0
T+m—1 oo
1 S
<z > IOkl Bl w2, ]
ij=1 1=0
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where «® = (W—tyM+15-- - uin). Let & = ’\I/Z(-p) and
I € RFmX (M) he defined as I'yj = > e Gji—j|+10k, then
T-1 1B HU(1)|‘2
Wt 3 00T BOWY <Ry, Ju e |
t=0 ||U(t+m)||2
< ||B||2AmaX(F).
- T

Thus we only need to bound Ayax(I'). Applying Lemma C.4, the largest
eigenvalue of Toeplitz matrix I' can be bounded by

Amax(T) <esssup Z Zo‘ll\ﬂo‘]

l=—00 =0
o0 o0
E Eamﬂ‘%‘
l=—o00 j=0
1 1
oo oo 2 o0 2
~2 ~2
<2y (> ady | (D] .
=0 \j=0 =0

where the third inequality is due to Cauchey-Schwartz inequality. Due
o (73), we can further obtain

[SIE

0o oo p—1 2 oo p—1
2 2
Amax(D)<2) | DD afin | | 2D aim
1=0 \j=0n=0 §=07n=0
1 1
oo 2 o0 oo 2
<o (z ) 5 (z ) < 0(s)
i=0 1=0 \i=0
and we define ; = 0 when 7 < 0 for convenience. Therefore,
T—1
1 ClBll2
N eWTpe®| < Z—12

2
ii. Bounding H% = @(t)TB@(t)HF

First note that

2 =
§T§§:tr
F s,t=0

=
T Z 0T e
t=0

(@@TB@®@@WBQW)L
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and if we write B = PT AP with orthogonal P and diagonal A (since B

is symmetric),
I CIREEREREER) )
- ‘tr (PO@O®TBOMEMTPTA) ]

‘@)(s)@(t)TB@(t)@(s)TH

<||Bllsx

2

2
<|1Blul|BJ: [0 0T .

Meanwhile, due to that &; = H\IIEP)HQ and (73),

T-1 2 T—-1 ||tAs+m 2
3 T
S CR N 3] SRR
s,t=0 s,t=0 2
T—1 tAs+m 2
Z af—i—m zas+m z)
5,t:0
T—1 [(tAs)+m—1 2
= ala|t75|+l
s,t=0 1=0
T-1 0o 00
2
<3 (13t [0 X
s,t=0 =0 i=1—p
3
Note that Y, (Z;‘io ozfﬂ») <A,
T-1 2 T-1 0
)T 2 2
S [oveer|f<crr Y- [ 37 et
s,t=0 s,t=0 \i=1—p
T-1 o]
SCP2ZQ<T_Z) Z afeg
=0 i=1—p

<CT i (i 0‘12+z'>
=0 \i=0
<CT i (i alﬂi) 2 < CT,

=0 \i=0

where the fourth line is due to Cauchey—Schwartz inequality. Therefore,

T-1
1 C”BHQHB”tr
E ®) B ®) _—
T 2 © © T .
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Now we apply the Hanson-Wright inequality, and arrive at

1) 52
P(|F1 —E(Fy)| >0 SQexp{chin{ , }}
(1B ~E(E)] > 0) ERENER

(2) Bounding Ey — E(E»)
We will show that |Ey — E(Es3)| vanishes when m is large enough. First we
bound || Es||y, . Since

2

T—1 e’}
1 -
|Ba| < YoIBla | Do a@lle—sallz |
t=0 j=t+m
by (73) and (64),
2
2 T—1 s}
| Bl <7 Z 1Bz | 32 @ lllleslll,,
=i Jj=t+m

2
o)

CM|| Bl = )
Sl X &
t=0 \j=t+m

2
<CM||B|; &;

J

oo
<CM|Blop® | D a

J P
Meanwhile,
1 T-1 0o
T
E(E)| =|7 > (B 3 wuy
t=0 j=t+m
1 T-1 0o
<|z Bl Y &
t=0 j=t+m
<plBlle Y ol
j=m-—p

o0

; 2 )
For any § > 0, let m be sufficiently large such that Zj:mip &5 < sTET

| B2y, < %, then by tail bound of sub-exponential random variable
(see Vershynin (2010)),

6T
P (B~ (B)| > 6) < Cexp{—”‘ﬁ}.
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(3) Bounding E3 — E(Eg)

One can show that

T— o] 00
2HB| ) )
|E3] < Z Z ajlle—jalla Y ajllerjla,
=0 j =0

and
oo o0 o0
S asllejoall| <CVMrY & <OopVMr Y o
j=n P j=n j=n—p
Thus
4H T— o ) o) i
1Bl < Z S Gsllejoillel| || @llejoallz
t=0 ||j=t+m o 11750 Ve
oo o0
<C|BllovVMpr | Y oy | [ D ay
Jj=m=p j=0

oo
<C|Bl.VM Y ay.
j=m—p

The first line is due to the following fact: For any two sub-Gaussian random
variables X and Y, || XY, < 2[[X|y,[|Y|ly,. We can prove this in the
following;:
supg ™! (E|[XY|7)s <supq" (E|X ) (E[Y 7)™
q=>1 21

<2supq ¥ (E[X[*)7 supq? (E[Y]")?

q=>1

q=>1
=2[| X [y 1Y Nl
where the first line applies Cauchey-Schwartz inequality. Thus, with large

enough m, ||Eslly, < @. Also, E(E5) = 0, therefore implies the same
bound for E3 — E(E3) as the one for Ey — E(E5):

coT
P (1B — E(Bs)| > 6) < Cexp{m}.

In conclusion, for any d > 0, if we choose some m accordingly,

T-1

1

T > X" B, - tx(BY)
t=0

>5>
i P (15 - B2l > 3 )

<CeXp{—chin{ 0 o }} O
- 1Bll2" 1 Bll2llBllex J J
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Proof of Lemma A.1. Here we apply some results in Basu et al. (2015) with a
little change in notation. These results simplifies the original problem to finding
a upper bound for ‘vT (H — T)v’ with any fixed unit vector v. Specifically, the
following lemmas are useful:

Lemma D.2. For any J C {1,--- ,pM}, and k > 0,

C(J, k) N{v € RPM . ||o|ly < 1} C (k + 2)cl{conv{K (|J)}},
where K(1) = {v € RPM : |[v]lo <1, ]Jv]|2 < 1} for any positive integer .
Lemma D.3.

sup |vTDv| <3 sup ”UTD”U|.
vecl{conv(K(l))} velkC(21)

R;DM XpM

Lemma D.4. Consider a symmetric matrix D € . f for any vector

v € RPM with ||lv||z < 1, and any n >0,
P (’vTDv‘ > n) < ¢y exp {—CQTmin {777772}} ,

then for any integer 1 > 1,

P( sup |UTDU’ >
vek(l)
<eyexp {—coT'min {n,n*} + lmin {log(pM), log(2LepM/1)}} .

By Lemma D.2 and Lemma D.3,

sup{|vT(H —M)v|:ve€C(J,k),|v[lz <1}
gsup{’vT(H — )| :v € (k+ 2)cl {conv{K(|J|)}}}
<3(k +2)? sup{’vT(H — M| :veK(2J])}.

For any unit vector v € RPM  note that

T-1
v (H—") :% Z X oo X —tr (v ),
t=0
[l = low ", = llollz = 1.

Thus by Lemma 5.2.
P (|vT(H — T)U} > 77) <c exp{—cszin{n,vf}}.
By Lemma D.4, when |J|logpM < C(n)T,

sup{}vT(H —T|:ve K@)} <n,
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with probability at least 1 — cjexp{—coT min{n,n?}}. Let n =
[6(k 4+ 2)2] 7 Apin (YY) > C(k, B), then
inf {’UTHU tv € C(J, k), |v]l2 <1}
>Amin(T) — sup {‘UT(H — T)v{ cv €C(JR), vz < 1}
>3 Auin(Y) > C(B),

with probability at least 1 — ¢y exp{—coT'}, when |J|logpM < C(k, )T, and co
depends on x and S. Here Lemma 5.5 is applied to lower bound the eigenvalues
of T. O

Appendix E: Proof of Lemma D.1, 2.1, 2.2, A.2, and A.3

Proof of Lemma D.1. Recall that fi(z) = f.(g1(2)), with f.(z) = f_z;% d(2)dz
91(2) = (|1Z+pl2 —r—¢) /e, and g2(2) = (|Z+ pll2 =7 +2¢) /e. In order
to bound the partial derivatives of composite function, we apply the following
lemma which is a direct result of Proposition 1 and 2 in Hardy (2006).

Lemma E.1. Suppose univariate function f and g: R™ — R have derivatives
and partial derivatives of orders up to k, then V{iy,... i} C {1,...,n},

o _ (i) (g 0Plg
do e T = 2 ) T HJGB%

mell(k) Bem

where TI(k) is the set of partitions for {1,--- ,k}, and B € 7 is a block in .
Formally,

H(k) = {{Bl,BQ, e ,Bn} . Bl ﬂBj = @,UlBi = {1,2, e ,k}}
By Lemma E.1, we can write out the kth order partial derivatives of f;:
o (1) OPlgi(z)
= > £ a1
Dz, - 8sz meT(k) Ber HJEB 8ZZJ

Moreover, we can also write g;(z) as a composite function ¢;(1(z)), with ¢1(z) =
@, pa(r) = @, and 1 (z) = ||z + u/|3. Then applying Lemma E.1 on
g1(z) gives us

- =Y AP [Ty

Oz - 'azin Ben [len 0

well(n)
Note that
1Bl (2) ziy + i, if B = {j} for any j
=——F— =113, =4) if B={j,!} for any j,1
HjEB azij !

0 if |B| > 2,
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which means that we only need to consider the partitions with all blocks of size
1 or 2, when calculating the partial derivative of g;(z) using (74). Also note
that we need partitions for blocks within an original partition 7, we define the
following partition set C(7) for any partition 7 = {Bj,..., By} of size n:

C(?T) = {U?’Zlﬁ'i 1T E H(BZ)StVC € Ty, |C| < 2} .

This set C(r) include the unions of partitions for each block B; within 7, and
each block within the partition of B; has size bounded by 2. Let S(7) = {i :
{i} € 7}, and P(7) = {{¢,4} : {4,j} € 7}, then the partial derivative of f;(2)
can be expanded as

ak
FET fi(z)
Wjesez)y(2i; + i, )y m1(i; = i) (75)
— |7[) < geS@)\Fi; T i )G ireP(r) 1t
= z [ (ai1(2)C(m, 7) EETELR ;
mell(n) Hllo
weC(m)
where we apply the fact that gol(k) (x) = % For each fixed m € II(k) and
ex” 2

7€ C(m),

Y v vadhese (2, + wi) g nepm (i = i)
1<y, ik <d

IS 21PE S(#
=[G+ m) " Il < DSl + @,
then combine this with (75), we have
ak fﬂﬂ—l) g1(z C 7T,7~T y k
S st e < (D Pl
1<i1 - ix<d “ i retitn) € lz 4 plly
weC(m)

In addition, note that f,gk)(x) =¢k~D(z—1)=0whenz <0orz>1, andis
bounded on (0,1). Thus we only have to consider ||z + plla > 7+ when [ =1
and ||z + pfl2 >r—2ewhenl=2.Ifr >3cand I =2, ||z + pll2 > 1 — 2 > ¢.
Therefore,

, , ok
Z y(“)“-y(zk)—)fl(z)

Z(il) “ e Z(ik
1<iy, ik <d g g

T k
A D S S .

mell(k) (Si,Pi)Llll €C(m)

Proof of Lemma 2.1. As noticed by Liitkepohl (2005), any VAR(p) model can
be expressed as VAR(1) model. Recall that

K= (X, X, 7Xt—|;p+1)—r e RPY,
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and define &; = (¢ ,0,...,0)T € RPM for any ¢ € Z, with ¢; being the original
innovation of VAR(p) model. Thus we can write

= AX;_1 + &y, (76)
where
A(l)  A@2) A(p—1) Ap)
I 0 0 0
A= 0 Iy 0 0
0 0 Iy 0

The main idea of the proof is to show convergence in distribution of A}, and
then apply strict stationarity to obtain distribution of Aj.

For any ¢t > 0,
t—1

Xp=AXy+ Y Al (77)
i=0
The stability condition (5) is equivalent to the stability condition on the new
process { X, }: det(I —Az) # 0, |z| < 1. Thus all the eigenvalue of A has modulus
less than 1, which guarantees that {A"}°, is absolutely summable (see page
14, Lutkepohl (2005)). The first term in (77) converges to 0 in probability,
and the second converges to Z?io A’e_;_1 in distribution. Applying Slutsky’s
theorem, we know X; converges to ZfOO.Aé i—1 in distribution. Due to the
strict statlonarlty, Xy = Xt for any t, thus X = ZZ 0 Ale_; 4.
Let X, = (X, X ,,..., XtTpH) , where X, = oo Vie—1—;. As shown
in Liitkepohl (2005) (see page 18, 22), ¥; = (In,0,...,0)A*(I5,0...,0)7.
Therefore, for 0 < k <p—1,

o0
Xi—p = g Vs _p€i—1—i
i—k

Z IM, g AZ k(IM70 ...70)T6t,1,i
i=k

g 1

(IM7 Oa ERRR) O)Aiiket—l—h
k

%

which further implies P?t = ZfOOAlst 1—4. Since )?0 4 X, and {)?t}fio also
satisfies (76), the joint distribution of {X}, Xiy1,..., Xiyn} is the identical to
{XhXtH,.. XtJrn} for any t,n # 0. The same also holds for {Xt}t and
{Xi}e O

Proof of Lemma 2.2. Note that

_ _ _ —1
wy, = The pe Tog 0, = (T e 0, (T )00 00] -
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Thus we can write
Sm <dm |{i : (wy,)i. # 0} < do [{i € D5, - (YY) p,, # 0}

When A* is symmetric, Y=! = I — (4%)?, thus s, < d,,R,, where R, =
|{i : [(A")%)i,p,, # 0}|. Let Cpy = {j : A5, # 0}, then

|C| < dipy max [l AF[lo

1<i<M
and
R, C {i:supp(A)NC,, # 0}
Therefore,
* 2 * 2
$m < d|Rin| < dip, ch [supp(A3)| < d7, ( max {147 ]0)*. O
1€Cm

Proof of Lemma 2.3. We prove the two cases separately:

e When A* is block diagonal:
As shown in the proof of Lemma 2.2,

Sm < dm |{i € D, : (Y Yip,, # 0} < d?, max ||(T*1):,j||0.
j

Since T = Y"2 A*(A*")T, T~ is also block diagonal with blocks of size
b1,...,by,. Therefore s,, < dfn max; b;.

e When A* encodes chain graph:
It is straightforward to show that A*(A*)" is diagonal matrix for any i.
Thus T is also diagonal and s,,, < dfn |

Proof of Lemma A.3. First note that for any symmetric matrix U, we can write
it as U = PTAP, with orthogonal matrix P and diagonal matrix A. By the
definition of trace norm,

1U]ler = tr (x/ﬁ) —tr (x/PTAZP) = tr (PT\/PP) = tr (\/F) .

If we denote the non-zero eigenvalues of U as Aq,..., A, then
10l = tr (VA?) < rmax [\i] < 7|U]o. O
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