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1. Introduction

Dynamic panels providing information on a large population of heterogeneous
individuals such as households, firms, etc. observed at regular time periods,
are often described by simple autoregressive models with random parameters
near unity. One of the simplest models for individual evolution is the random-
coefficient AR(1) (RCAR(1)) process

X(t)=aX({t—-1)+e(t), teZ, (1.1)

with standardized i.i.d. innovations {e(t), t € Z} and a random autoregressive
coefficient a € [0, 1) independent of {e(t), t € Z}. Granger [10] observed that in
the case when the distribution of a is sufficiently dense near unity the stationary
solution of RCAR(1) equation in (1.1) may have long memory in the sense that
the sum of its lagged covariances diverges. To be more specific, assume that the
random coefficient a € [0,1) has a density function of the following form

$(x) = v(x)(L —2)°~t, 2 e0,1), (1.2)

where 8 > 0 and ¢(z), z € [0,1) is a bounded function with lim 41 ¢ (z) =:
(1) > 0. Then for 8 > 1 the covariance function of stationary solution of
RCAR(1) equation in (1.1) with standardized finite variance innovations decays
as t’(ﬁ’l), viz.,

alt! (1) —(8—1)

4(t) == EX(0)X(t) = E

implying » ., | Cov(X(0), X (t))| = oo for 8 € (1,2]. The same long memory
property applies to the contemporaneous aggregate of IV independent individual
evolutions {X;(t)},i=1,..., N of (1.1) and the limit Gaussian aggregated pro-
cess arising when N — oo. Various properties of the RCAR(1) and more general
RCAR equations were studied in Gongalves and Gouriéroux [9], Zaffaroni [32],
Celov et al. [3], Oppenheim and Viano [18], Puplinskaité and Surgailis [25],
Philippe et al. [19] and other works, see Leipus et al. [14] for review.
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Statistical inference in the RCAR(1) model was discussed in several works.
Leipus et al. [13], Celov et al. [4] discussed nonparametric estimation of the mix-
ing density ¢(x) using empirical covariances of the limit aggregated process. For
panel RCAR(1) data, Robinson [29] and Beran et al. [1] discussed parametric
estimation of the mixing density. In nonparametric context, Leipus et al. [15]
studied estimation of the empirical d.f. of a from panel RCAR(1) observations
and derived its asymptotic properties as N,n — oo, while [16] discussed esti-
mation of 8 in (1.2) and testing for long memory in the above panel model.
For a N X n panel comprising N samples {X;(¢),t = 1,...,n} of length n,
i=1,...,N of independent RCAR(1) processes in (1.1) with mixing distribu-
tion in (1.2), Pilipauskaité and Surgailis [20] studied the asymptotic distribution
of the sample mean

B 1 N n
Xy = WZZXi(t) (1.4)
i=1 t=1
as N,n — oo, possibly at a different rate. [20] showed that for 0 < 8 < 2 the
limit distribution of this statistic depends on whether N/n” — oo or N/n” — 0
in which cases Xy ,, is asymptotically stable with stability parameter depending
on S and taking values in the interval (0,2]. See Table 2 below. As shown in
[20], under the ‘intermediate’ scaling N/n® — ¢ € (0, 00) the limit distribution
of Xn ., is more complicated and is given by a stochastic integral with respect
to a certain Poisson random measure.
The present paper discusses asymptotic distribution of sample covariances
(covariance estimators), for all (¢, s) € Z2,

Nty s) ;:Nin > > (Xi(k)=Xnm)(Xigs(k+t)—Xnn), (1.5)

1<i,i+s<N 1<k,k+t<n

computed from a similar RCAR(1) panel {X,(t), t = 1,. ,i=1,...,N} as
in [20], as NV, n jointly increase, possibly at a different rate, and the lag (t7 s) € 7?
is fixed, albeit arbitrary. Particularly, for (¢,s) = (0,0), (1.5) agrees with the
sample variance:

N n
An,(0,0) ! DD (Xi(k) = Xnn)®. (1.6)

Nn

=1 k=1
The true covariance function v(¢, s) := EX; (k) X;4s(k+t) of the RCAR(1) panel
model with mixing density in (1.2) exists when 5 > 1 and is given by

Yt s) = {g(t)’ z ; 8 (1.7)

where v(t) is defined in (1.3). Note that v(¢) cannot be recovered from a single
realization of the nonergodic RCAR(1) process {X(¢)} in (1.1). However, the
covariance function in (1.7) can be consistently estimated from the RCAR(1)
N x n panel when N,n — oo, together with rates. The limit distribution of
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the sample covariance may exist even for 0 < 8 < 1 when the covariance itself
is undefined. As it turns out, the limit distribution of Fn (¢, s) depends on
the mutual increase rate of N and n, and is also different for temporal, or iso-
sectional lags (s = 0) and cross-sectional lags (s # 0). The distinctions between
the cases s = 0 and s # 0 are due to the fact that, in the latter case, the
statistic in (1.5) involves products X;(k)X;1s(k + t) of independent processes
X; and X5, whereas in the former case, X;(k) and X;(k + t) are dependent
r.v.s. The main results of this paper are summarized in Table 1 below. Rigorous
formulations are given in Sections 3 and 4. For better comparison, Table 2
presents the results of [20] about the sample mean in (1.4) for the same panel
model.

TABLE 1
Limat distribution of sample covariances Yn n(t,s) in (1.5).

a) temporal lags (s = 0)
Mutual increase rate of N,n  Parameter region  Limit distribution

N/nP — oo 0<B8<2 B#1 asymmetric B-stable
N/nP =0 0<pB<2 B#1 asymmetric S-stable
N/nP — ¢ € (0,00) 0<B<2 B#1 ‘intermediate Poisson’
arbitrary B8>2 Gaussian

b) cross-sectional lags (s # 0)
Mutual increase rate of N,n  Parameter region  Limit distribution

N/n?P — oo 1<p<3/2 Gaussian
N/n?f - oo 1/2<B<1 symmetric (23)-stable
N/n28 =0 3/4< B<3/2 symmetric (48/3)-stable
N/n2f — ¢ e (0,00) 3/4< B <3/2 ‘intermediate Poisson’
arbitrary B8>3/2 Gaussian

TABLE 2

Limit distribution of the sample mean Xy, in (1.4).

Mutual increase rate of N;n  Parameter region  Limit distribution

N/nP — oo 1<B<2 Gaussian

N/nf — oo 0<p<1 symmetric (23)-stable
N/nP — 0 0<p<2 symmetric S-stable
N/nP — ¢ € (0,00) 0<B<2 ‘intermediate Poisson’
arbitrary B8>2 Gaussian

Remark 1.1. (i) -stable limits in Table 1 a) arising when N/n® — 0 and
N/n? — oo have different scale parameters and hence the limit distribution of
temporal sample covariances is different in the two cases.

(i) ‘Intermediate Poisson’ limits in Tables 1, 2 refer to infinitely divisible distri-
butions defined through certain stochastic integrals w.r.t. Poisson random mea-
sure. A similar terminology was used in [22].

(iti) It follows from our results (see Theorem 4.1 below) that a scaling transition
similar as in the case of the sample mean [20] arises in the interval 0 < B < 2 for
temporal sample covariances and product random fields X, (u) X, (u+t), (u,v) €



Sample covariances of AR(1) panel model 4531

72 involving temporal lags, with the critical rate N ~ n® separating regimes with
different limit distributions. For ‘cross-sectional’ product fields X, (u)Xyys(u +
1), (u,v) € Z2, s # 0 involving cross-sectional lags, a similar scaling transition
occurs in the interval 0 < B < 3/2 with the critical rate N ~ n?? between
different scaling regimes, see Theorem 3.1. The notion of scaling transition for
long-range dependent random fields in Z° was discussed in Puplinskaité and
Surgailis [26, 27], Pilipauskaité and Surgailis [22, 23].

(iv) The limit distributions of cross-sectional sample covariances in the missing
intervals 0 < B < 1/2 and 0 < B < 3/4 of Table 1 b) are given in Corollary 3.1
below. They are more complicated and not included in Table 1 b) since the term
Nn(Xn.n)? due to the centering by the sample mean in (1.5) may play the
dominating role.

(v) We expect that the asymptotic distribution of sample covariances in the
RCAR(1) panel model with common innovations (see [21]) can be analyzed in
a similar fashion. Due to the differences between the two models (the common
and the idiosyncratic innovation cases), the asymptotic behavior of sample co-
variances might be quite different in these two cases.

(vi) The results in Table 1 a) are obtained under the finite 4th moment con-
ditions on the innovations, see Theorems 4.1 and 4.2 below. Although the last
condition does not guarantee the existence of the 4th moment of the RCAR(1)
process, it is crucial for the limit results, including the CLT in the case § > 2.
Scaling transition for sample variances of long-range dependent Gaussian and
linear random fields on Z2 with finite 4th moment was established in Pili-
pauskaité and Surgailis [23]. On the other side, Surgailis [31], Horvdth and
Kokoszka [12] obtained stable limits of sample variances and autocovariances
for long memory moving averages with finite 2nd moment and infinite 4th mo-
ment. Finally, we mention the important works of Davis and Resnick [6] and
Davis and Mikosch [5] on limit theory for sample covariance and correlation
functions of moving averages and some monlinear processes with infinite vari-
ance, respectively.

The rest of the paper is organized as follows. Section 2 presents some prelim-
inary facts, including the definition and properties of the intermediate processes
appearing in Table 1. Section 3 contains rigorous formulations and the proofs
of the asymptotic results for cross-sectional sample covariances (1.5), s # 0 and
the corresponding partial sums processes. Analogous results for temporal sam-
ple covariances and partial sums processes are presented in Section 4. Section 4
also contains some applications of these results to estimation of the autocovari-
ance function 7(¢) in (1.3) from panel data. Some auxiliary proofs are given in
Appendix A.

2. Preliminaries

This section contains some preliminary facts which will be used in the following
sections.
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2.1. Double stochastic integrals and quadratic forms

Let B;, i = 1,2 be independent standard Brownian motions (BMs) on the real
line. Let

()= [ F6B(), Ty(0) = [ glorsa)dBi(sn)dBy(s) = 1.2
R R
(2.1)
denote Ité-Wiener stochastic integrals (single and double) w.r.t. B;, B;. The

integrals in (2.1) are jointly defined for any (non-random) integrands f € L?(R),
g € L*(R?); moreover, EI;(f) = EI;(g) = 0 and

/ 07 Z. 7é i/a ! 2
EL(F) L (f) = F e I2(R), 2.2
(1) {<f7f,>7 P nrer® 22
EL(f)1yj(g9) =0, vi,i',j',  feL*(R),g € L*(R?),
0, (i,5) ¢ {(@". 43, (4",9)},
ELj(9) iy (") = { (9,9'), (i,7) € {0, 5"), (3"} i #4, 9,9" € L*(R?),
2(g,symyg’), i =i =j =j’,
(2.3)
where (f, f) = [ f(s)f'(s)ds (Ifll == V/{f, 1), (9,9') = Jp=9(s1,52)9"(s1,
s2)ds1dsa (||g]] :== v/{g, g)) denote scalar products (norms) in L?(R) and L?(R?),

respectively, and sym denotes the symmetrization, see, e.g. ([7], Sections 11.5,
14.3). Note that for g(s1,s2) = fi(s1)fa(s2), fi € L3(R), i = 1,2 we have
Lii(9) = L(f1)L:i(f2) — (f1, f2), Ti2(g9) = Li(f1)I2(f2), in particular, T12(g) =4
/11| f2| Z1 Z2, where Z; ~ N(0,1), i = 1,2 are independent standard normal
I.v.S.

Let {&;(s), s € Z}, i = 1,2 be independent sequences of standardized i.i.d.
r.v.s, Ee;(s) =0, Eg;i(s)ey(s') = 1if (4,8) = (i, ¢), Eei(s)ey(s') =0 if (4,5) #
(i',8"),i,i = 1,2, s,s" € Z. Consider the centered quadratic form

Qij(h) = Z h(Sl,Sg)[€i<81)5j(82) - EEi(Sl)Ej(Sg)], i,j = 1,2, (24)
S1,82€7Z
where h € L?(Z?). For i = j we additionally assume Ee}(0) < co. Then the sum
in (2.4) converges in L? and
Var(Qi;(h)) < (1 + E&;(0)5;) Z h?(s1,52), (2.5)
S1,82€7Z
see ([7], (4.5.4)). With any h € L*(Z?) and any ai,as > 0 we associate its
extension to L?(R?), namely,

Re02) (51 85) 1= (1) V2h(|arsi], lassa)),  (s1,82) € R, (2.6)

with |[Rlone2)||2 = D o1 50el h2(s1,s2). We shall use the following criterion
for the convergence in distribution of quadratic forms in (2.4) towards double
stochastic integrals (2.1).



Sample covariances of AR(1) panel model 4533

Proposition 2.1 ([7], Proposition 11.5.5). Let i,j = 1,2 and Q;;(hay,as),
a1,z > 0 be a family of quadratic forms as in (2.4) with coefficients ha, o, €
L*(Z*). For i = j we additionally assume Ee}(0) < oo. Suppose for some
g € L?(R?) we have that

lim  [R{e102) — g =o0. (2.7)

a1,
a1,003—00 1,92

Then Qij(hay,as) —+a Lij(9) (a1, a0 — 00), where I;;(g) is defined as in (2.1).

2.2. The ‘cross-sectional’ intermediate process

Let dMg = Mg(dz1,dxs, dB1, dBs) denote Poisson random measure on (R4 x
C(R))? with mean

d,uﬁ = p,[g(d.i?l, dzs,dBy, dBQ) = 1[)(1)2(xlzrg)ﬁfldxldngB(dBl)PB (ng),
(2.8)
where 8 > 0 is parameter and Pp is the Wiener measure on C(R). Let dMg :=
dMg — dug be the centered Poisson random measure. We shall often use finite-

ness of the following integrals:

min{l, L

B—1
— (17 dzidas <0, V0O< 8 <3/2, 2.9
R xlxg(lerm)}( 122) e B / 2.9)

1
/ min {1, }(.ﬁll‘g)ﬁ_deldl‘Q <oo, V1< p<3/2, (2.10)
]Ri I —+ To

see Appendix A. Let
Vi(uyz) = / e *(=9)dB;(s), ueR, x>0, (2.11)

be a family of stationary Ornstein-Uhlenbeck (O-U) processes subordinated to
B; = {B(s), s € R}, B;, i = 1,2 being independent BMs. Let

;o2
z2(T5 21, T2) ::/ Hy,—(u;xi)du, T >0, (2.12)
0 =1

be a family of integrated products of independent O-U processes indexed by 1,
x2 > 0. We use the representation of (2.12)

Z\T;X1,X2) = T eimi(uisi) U S;)au 1(S1 2(S2 .
e = [ [ 11 1> 5)du}dBy(s1)dBa(ss) (219

1

as the double Itd-Wiener integral in (2.1). The ‘cross-sectional’ intermediate
process Zg is defined as stochastic integral w.r.t. the Poisson measure Mg, viz.,

Z3(T) ::/ﬁ Z(T;$1,.’L‘2)dM5+/L z(T;xl,xg)deg, (2.14)

c
1
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where £§ := (Ry x C(R))?\ £; and
Ly :={(2z1,72,B1,Bs) € (Ry x C(R))?: zyao(21 + x2) < 1} (2.15)

with pg(L1) < oco. For 1/2 < f < 3/2 the two integrals in (2.14) can be
combined in a single one:

Zp(7) = / 2(ry w1, 12)d M. (2.16)
(R4 xC(R))?

These and other properties of Zg are stated in the following proposition whose
proof is given in the Appendix A. We also refer to [28, 20] for general properties
of stochastic integrals w.r.t. Poisson random measure.

Proposition 2.2. (i) The process Zg in (2.14) is well-defined for any 0 <
B < 3/2. It has stationary increments, infinitely divisible finite-dimensional
distributions, and the joint ch.f. given by

Eexp {i Z 0;Z5(7;)} = exp{ / (el 2= Oix(misma,ee) _ Ddpg}, (2.17)

j=1 (R4 xC(R))?

where 0; € R, 7; >0, 5 =1,...,m, m € N. Moreover, the distribution of Zz is
symmetric: {Zg(1), T > 0} =taa {—Z35(7), 7 > 0}.

(11) E|Z5(7)|P < 0o for p < 28 and EZ5(1) =0 for 1/2 < § < 3/2.

(111) For 1/2 < B < 3/2, Z3 can be defined as in (2.16). Moreover, if 1 < § <
3/2, then EZE(T) < oo and

BZ5(n)25(r) = (0% P 473070 — | = P70,y > 0, (218)
where o3, == Y(1)*T(B — 1)2/(4(2 — B)(3 — 28)).

(tv) For 1/2 < 8 < 3/2, the process Zg has a.s. continuous trajectories.

(v) (Asymptotic self-similarity) As b — 0,

VP 225(b7) —tad 0uoBa_p(1), 1< B <3/2, (2.19)
b~ (logb™") "M A Zg(br) —gaa TVag, 0< B <1, (2.20)

where {Ba_g(7), T > 0} is a fractional Brownian motion with E[Ba_g(7)]* =
2= 7 >0,2— B € (1/2,1), 02 is given in (2.18), and Vap is a symmetric
(28)-stable r.v. with ch.f. EelfV2s = e’c°°‘9|2ﬁ, 0 € R, coo 1= 1(1)2272°T(B +
(1/2))I(1 — B)//7. For any 0 < B < 3/2, as b — 0,

b=12Z4(br) —saa AY?B(7), (2.21)

where A > 0 is a (23/3)-stable r.v. with Laplace transform Ee %4 = e’””ezﬁ/s,
0> 0, 0 := (1)22727/5T(1 - (28/3)) B(8/3, 8/3)/(28), and {B(r), T > 0} is
a standard BM, independent of A. Finite-dimensional distributions of the limit
process in (2.21) are symmetric (45/3)-stable.
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2.3. The ‘iso-sectional’ intermediate process

Let dMj = Mj(dz,dB) denote Poisson random measure on Ry x C(R) with
mean

dpy = ph(da, dB) := ¢(1)2"~'dzP(dB), (2.22)
where 0 < 8 < 2 is parameter and Pp is the Wiener measure on C(R). Let

dﬂ;‘g = dM} — duj be the centered Poisson random measure. Let Y(;z) =
Y1(+; x) be the family of O-U processes as in (2.11), and

Z*(mya) = / Y (usz)du, T>0,2>0, (2.23)
0

be integrated squared O-U processes. Note that Ez*(r;z) = 7EY?(0;2) =
Tfi)oo e?*sds = 7/(2z). We will use the representation

2¥ (1) = /}R2 {/OT He_m(“_si)l(u > s;)du}dB(s1)dB(sz) + 7/(2x) (2.24)

as the double It6-Wiener integral. The ‘iso-sectional’ intermediate process Z3
is defined for 8 € (0,2), 8 # 1 as stochastic integral w.r.t. the above Poisson
measure, Vviz.,

dMs, 0<p <,
Z5(T) = / 2" (1 x) Nf s T>0. (2.25)
Ry xC(R) dMjz, 1<f<2,
Proposition 2.3 stating properties of Zj5is similar to Proposition 2.2.

Proposition 2.3. (i) The process Zj in (2.25) is well-defined for any 0 < 8 <
2, B # 1. It has stationary increments, infinitely divisible finite-dimensional
distributions, and the joint ch.f. given by

Eexp {IZ onE(Tj)}

Jj=1

=exp { (el Xz 0% (o) _q iZsz*(Tj;z)l(l < B <2)dug},
R+XC(R) j=1

(2.26)
where 0, € R, 7; >0,7=1,...,m, meN,
(1) E[Z5(T)|P < oo for any 0 < p < B <2, B#1 and EZ5(1) = 0 for 1 <
B <2.
(iii) For 1 < [ <2, the process Z} has a.s. continuous trajectories.

(iv) (Asymptotic self-similarity) For any 0 < f <2, B # 1,

Vi asb—0,

2.27
TV/;' as b — oo, ( )

b~ Z5(bT) —tda {
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where Vg, Vi are a completely asymmetric B-stable r.v.s with ch.f.s Ee'?Vs —
exp{¥(1) fR+ (eie/(zz) —1-i(0/(22)1(1 < B < 2))x5’1dx}, EelfVs = exp{y(1)
Je, E(el2°/(2%) _1_i(022/(22))1(1 < 8 < 2))z?~dz}, 0 € R and Z ~ N(0,1).

2.4. Conditional long-run variance of products of RCAR(1)
processes

We use some facts in Proposition 2.4, below, about conditional variance of the
partial sums process of the product Y;;(t) := X, (¢)X;(¢) of two RCAR(1) pro-
cesses. Split Y;;(t) = Yz;r(t) + Yz; (t), where YJ(t) = 251/\5221 af‘slaé_sr“l(t >
S1 \/52)51'(81)61'(82), Y;J_(t) = ZSIAS2SO aﬁislazﬂiszl(t > s \/82)51‘(81)61'(82). For

i = j we assume additionally that Ec}(0) < oo.

Proposition 2.4. We have

n

Var [ Y Vij(t)lai, a;] ~ Var [ Y V¥ (#)|ai,a;] ~ Aijn, n—o0,  (2.28)
t=1

t=1
where 1+
a;ay . .
s 1F T,
o (1—a?)(1 —a?)(1 - aiay) (2.29)
e 1+a? 2 cumy . ’
l—ag((l—a?)2 1—a4)’ =Y

with cumy being the 4th cumulant of €;(0). Moreover, for any n > 1,4i,j €
Z, a;, a5 € [0,1)

. Cyn? .
Var [;Y”(tﬂa“aj] S m min {1, m}, (230)
where Ci; =4 (i # j), == 2(2+ | cumy |) (i = j).
Proof. Let i # j. We have
_ _ (aiay)ll

E[Y;;(£)Y3;(s)]ai, a;] = E[Xi (1) Xi(s)|a:i|E[X;(8) X (s)|a;] = T-a)(i-a)
and hence

In(ai; a;) = E[(;W(t))Q\aiaaj] = m t;ﬂ(amg‘)'t' (1- %)

(2.31)
Relation (2.31) implies (2.28). It also implies J,,(a;, a;) < 2n?/((1—a;)(1—a;)).
Note also 1 —a;a; > (1/2)((1 —a;) + (1 —a;)). Hence and from (2.31) we obtain

Jn(ai,aj) < m(l +2 tZZl(aiaj)t)
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< 2n < 4n

T (I—a)(l —a)(l —aa;) — (1—ai)(l—a;)(2—a;—a;)’
proving (2.30). The proof of (2.28)—(2.30) for ¢ = j is similar using Cov[Y;;(¢),
Yii(s)lai] = 2(a) /(1 = a2))? + cumy a1/ (1 — a?). O

K2

3. Asymptotic distribution of cross-sectional sample covariances

Theorems 3.1 and 3.2 discuss the asymptotic distribution of partial sums process

N |nT]
S () =33 Xi(u)Xigs(u+t), 720, (3.1)
i=1 u=1

where ¢ and s € Z, s # 0 are fixed and N and n tend to infinity, possibly
at a different rate. The asymptotic behavior of sample covariances Yy n(t, s)
is discussed in Corollary 3.1. As it turns out, these limit distributions do not
depend on t, s which is due to the fact that the sectional processes { X, (), t € Z},
t € Z are independent and stationary.

Theorem 3.1. Let the mizing distribution satisfy condition (1.2) with 0 < 8 <
3/2. Let N,n — 00 50 as

N1/(28)

—— = Ao €[0,00]. (3.2)

)\N,n .

Then the following statements (i)-(iii) hold for Sf\}fn(r), (t,s) € Z2, s # 0 in
(3.1) depending on Ao in (3.2).

(i) Let Aoy = 00. Then

AL SN (T) —ad 0o Bap(T), 1< B<3/2, (3.3)
n AR (log An ) T IS (1) —gaa TVRg, 0<B<1, (34

where the limit processes are the same as in (2.19), (2.20).

(ii) Let Ao = 0 and E|e(0)|?P < oo for some p > 1. Then
”72)‘117?4255\}2(7') —rtaa AY?B(T), (3.5)
where the limit process is the same as in (2.21).
(#i) Let 0 < Ao < 00. Then
nT2ANE SN (7) —aa A2 Z5(7/ M), (3.6)

where Zg is the intermediate process in (2.14).
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Theorem 3.2. Let the mizing distribution satisfy condition (1.2) with 8 > 3/2
and assume El|e(0)|?P < co for some p > 1. Then for any (t,s) € Z%, s # 0 as
N,n — oo in arbitrary way,

n_l/QN_l/QSR’,fn(T) —tqq 0B(7), 0% :=EA;ps, (3.7)
where Ayg is defined in (2.29).

Remark 3.1. Our proof of Theorem 3.1 (ii) requires establishing the asymptotic
normality of a bilinear form in i.i.d. r.v.s, which has a non-zero diagonal, see
the r.h.s. of (3.52). For this purpose, we use the martingale CLT and impose an
additional condition of E|e(0)|*? < oo, p > 1. To establish the CLT for quadratic
forms with non-zero diagonal, [2] took similar approach and also needed 2p finite
moments. In Theorem 3.2 we also assume E|e(0)|?P < oo, p > 1. However, it can
be proved under E2(0) < oo applying another technique that is approzimation by
m-dependent r.v.s. Moreover, this result holds if (1.2) is replaced by EA15 < 00.

Note that the asymptotic distribution of sample covariances Yn (¢, s) in (1.5)
coincides with that of the statistics

AN n(t,s) = (Nn)_lSR’,fn(l) —(Xn.n)% (3.8)

For s # 0 the limit behavior of the first term on the r.h.s. of (3.8) can be
obtained from Theorems 3.1 and 3.2. It turns out that for some values of /3, the
second term on the r.h.s. can play the dominating role. The limit behavior of
X N.n was identified in [20] and is given in the following proposition, with some
simplifications.

Proposition 3.1. Let the mizing distribution satisfy condition (1.2) with 8 > 0.
(i) Let 1 < B < 2 and N/nf — oo. Then
NY2pB=DR2X 45527, (3.9)
where Z ~ N(0,1) and 53 := p(1)T(B = 1)/((3 = B)(2 — B)).
(i4) Let 0 < B < 1 and N/n® — oo. Then
NI-VC@OZy g Vag, (3.10)

where Vap is a symmetric (23)-stable r.v. with ch.f. EeifV2s = e’f(ﬂ'e‘w, 0 eR,
Kg:=¢(1)4°T(1 - B)/B.
(i4i) Let 0 < B < 2 and N/n® — 0. Then

Nl_l/ﬁnl/QXN,n —d WB’ (3.11)

where W is a symmetric 3-stable r.v. with ch.f. EcifWs — effcﬁle‘ﬁ, 0 €R and
R i= w(1)2- /2T (1 - 8/2)/8.
(iv) Let B > 2. Then as N,n — oo in arbitrary way,

NY2pl2 Xy =4 627, (3.12)
where Z ~ N(0,1) and 5 :== E(1 —a)~2.
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From Theorems 3.1 and Proposition 3.1 we see that the r.h.s. of (3.8) may
exhibit two ‘bifurcation points’ of the limit behavior, viz., as N ~ n?? and
N ~ nf. Depending on the value of 3 the first or the second term may domi-
nate, and the limit behavior of Yy (¢, s) gets more complicated. The following
corollary provides this limit without detailing the ‘intermediate’ situations and
also with exception of some particular values of 3 where both terms on the r.h.s.
may contribute to the limit. Essentially, the corollary follows by comparing the
normalizations in Theorems 3.1 and Proposition 3.1.

Corollary 3.1. Assume that the mizing distribution satisfies condition (1.2)
with B > 0 and Elg(0)|*? < oo for some p > 1 and (t,s) € Z%, s # 0 be fived
albeit arbitrary.

(i) Let N/n?# — 00 and 1 < B < 3/2. Then
Nl/Qn’g_l/’}?N’n(t, 8) —d O'OOZ,

where Z ~ N(0,1) and o 1is the same as in Theorem 3.1 (i).
(i3) Let N/n* — oo and 1/2 < B < 1. Then

lel/(m)(log(Nl/(Zﬁ)/n))*l/(w)%ﬂn(t, s) —q Vag,

where Vag is symmetric (23)-stable r.v. defined in Theorem 3.1 (1).
(iii) Let N/n* — oo and 0 < B < 1/2. Then

N271/'3§N,n(ta 3) —d 7(‘725)27 (313)

where Vag is a symmetric (23)-stable r.v. defined in Proposition 3.1 (ii).
(iv) Let N/n?’ — 0, N/n” — oo and 3/4 < 3 < 3/2. Then

NI=3/ERR25 . (t,5) —a Wag)a, (3.14)

where Wyg/3 is a symmetric (4(/3)-stable r.v. with ch.f. EelfWas/s =

7(00/22[3/3)‘“4/3/3

e , 0 € R and oy is the same constant as in Theorem 3.1 (ii).

(v) Let N/n*# — 0, 1/2 < B < 3/4 and N/n?/4B=1) — oo, Then the conver-
gence in (3.14) holds.

(vi) Let N/nf — 0o, 1/2 < B < 3/4 and N/n?3/(*#=1) — 0. Then the conver-
gence in (3.13) holds.

(vii) Let N/n*® — 0, N/n® — oo and 0 < 3 < 1/2. Then the convergence in
(3.13) holds.

(viii) Let N/nf — 0 and 3/4 < B < 3/2. Then the convergence in (3.14) holds.
(iz) Let N/nP — 0, 0 < 8 < 3/4 and N/n*#/=48) 5 oo, Then

N272/835 (L, s) —a —(W5)?, (3.15)
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where W is a symmetric 3-stable r.v. defined in Proposition 5.1 (iii).

(z) Let 0 < B < 3/4 and N/n?8/G=48) — 0. Then the convergence in (3.14)
holds.

(xi) For 3/2 < B < 2, let N/nP — N\, € [0,00] and for B > 2, let N,n — oo in
arbitrary way. Then

NY2p255  (t,s) —a N(0,02), (3.16)
where o2 is given as in Theorem 3.2.

The proof of Theorem 3.1 in cases (i)—(iii) is given Subsections 3.1-3.3. To
avoid excessive notation, the discussion is limited to the case (¢,s) = (0,1) or
the partial sums process Sy, (7) := Zi\il Z}Z;J Xi(t)Xit+1(t). Later on we shall
extend them to general case (t,s), s # 0.

Let us give an outline of the proof of Theorem 3.1. Similarly to [20] we use the
method of characteristic function combined with ‘vertical’ Bernstein’s blocks,
due to the fact that Sy, is not a sum of row-independent summands as in [20].
Write

SN (7) = Sxmia(7) + Sk g (1) + Sk g (7), (3.17)

where the main term

-QZI

SN,n;q(T) = Yk,n;q(T) (3.18)
1

b
I

with
[n7] ) N
Yk’n;q(,r) = Z Z Xl(t)Xl+1(t)v 1 S k S q = LzJ,

(k—1)g<i<kq t=1
is a sum of Nq ‘large’ blocks of size ¢ — 1 with
g=qnn, — 00 as N,n — oo. (3.19)

The convergence rate of ¢ € N in (3.19) will be slow enough (e.g. ¢ = O(log N))
and specified later on. The two other terms in the decomposition (3.17),

Nq |nT]
Shnia(™) =D D" X (1) Xaga (8),
k=1 t=1
[nT]
Shma(T) = D D XilO)Xiaa (0), (3:20)

gN,<i<N t=1

contain respectively Nq =o(N) and N — qu < ¢ = o(N) row sums and will
be shown to be negligible. More precisely, we show that in each case (i)—(iii) of
Theorem 3.1,

AN SN g (T) —taa Sp(7), (3.21)
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AL S (1) = 0p(1), ARLSK g (7) = 0p(1), (3.22)

where Ay, and Sg denote the normalization and the limit process, respectively,
particularly,

Mt Ao =00, 1< pB<3/2
AN =% § AN (log Ana) PP, Ao =00, 0<B <, (3.23)
)\}%\{’2”7 Ao € [0,00), 0 < 3 < 3/2.

Note that the summands Ying, 1 < k < N, in (3.18) are independent and
identically distributed, and the limit Sg(7) is infinitely divisible in cases (i)—(iii)
of Theorem 3.1. Hence use of characteristic functions to prove (3.21) is natural.
The proofs are limited to one-dimensional convergence at a given 7 > 0 since
the convergence of general finite-dimensional distributions follows in a similar
way. Accordingly, the proof of (3.21) for fixed 7 > 0 reduces to

DN ng(0) = ®B) as N,n — 00, AN — Aoo, VO ER, (3.24)
where
O pig(0) := NE[ANnY1ma () 1] () := log Be¥S#(7). (3.25)

To prove (3.24) write

g—1 |nT]
AN Yimg(r) = wi(r),  where y;(1) = Ay, D> Xi(t) Xia(t).  (3.26)
=1 t=1

We use the identity:

IJ G+w)—1=>" wi+ > []ws, (3.27)

1<i<q 1<i<q |D|>2i€D
where the sum Z\D\ZQ is taken over all subsets D C {1,...,q—1} of cardinality
|D| > 2. Applying (3.27) with w; = ¢!%(") — 1 we obtain

BN niq(0) = No(q — D[E D —1]+ N, Y7 B[l -1 (328
|D|>2 €D

Thus, since N,(q — 1)/N — 1, (3.24) follows from

N[Ee (™) — 1] - ®(8), (3.29)
N > EJJl™ ) —1] —o. (3.30)
|D|>2 €D

Let us explain the main idea of the proof of (3.29). Assuming ¢(z) = (1 —
2)#~1in (1.2) the Lh.s. of (3.29) can be written as

N[Ee"() 1] = N B[ () —1]a; = 1 — 2,0 = 1,2](2122)? ' derdze
(0,12
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N

= E[eiezN’”(T;xl’“) — 1](x1x2)ﬁ71dm1dx2,
B]z\ﬁn (O,BN,nP

(3.31)
where
1 lnT] 2 . .
ZNn (T 21, T2) 1= o, Z £1(s1)e2(s2) 4 1:[ (1- B]\;n) "1t > s)
S1,S2€7Z t=1 i=1
(3.32)

and By, — oo is a scaling factor of the autoregressive coefficient. In cases
(ii) and (iii) of Theorem 3.1 (proof of (3.5) and (3.6)) we choose this scaling
factor By, = N'/(2#) so that N/B?V[fn = 1 and prove that the integral in (3.31)
converges to fRi Elei?*(Tie122) _1](z129)?~'daiday = ®(6), where z(7; 21, 22)
is a random process and ®(6) is the required limit in (3.24). A similar scaling
By = (NlogAnn,)'/ 8 applies in the case Ao, = 00, 0 < B < 1 (proof
of (3.4)) although in this case the factor N/B]Z\,Bn = 1/log AN, in front of
the integral in (3.31) does not trivialize and the proof of the limit in (3.24) is
more delicate. On the other hand, in the case of the Gaussian limit (3.3), the
choice By, = n leads to N/B?\ﬁ = )\2Bn — oo and (3.31) tends to —(6%/2)
fRi Ez%(7; 21, 229)(7172) P ~tda1dag = ®() with 2(7; 21, 72) defined in (2.12) as
shown in Subsection 3.3 below.

To summarize the above discussion: in each case (i)—(iii) of Theorem 3.1, to
prove the limit (3.21) of the main term, it suffices to verify relations (3.29) and
(3.30). The proof of the first relation in (3.22) is very similar to (3.21) since
S;rv,n;q(r) is also a sum of i.i.d. r.v.s and the argument of (3.21) applies with
small changes. The proof of the second relation in (3.22) seems even simpler. In
the proofs we repeatedly use the following inequalities:

e —1)<2All, [ ~1-iz < () A(/2), z€R (333)

3.1. Proof of Theorem 3.1 (iii): case 0 < Aoo < 00

Proof of (3.29). For notational brevity, we assume Ay, = As = 1 since the
general case as in (3.2) requires unsubstantial changes. Recall from (2.17) that
0) = [po E[el?*(Tm1.72) —1](zy25)8~dz das, where z(7; 21, 22) is the double

T

It6-Wiener integral in (2.12). Also recall the representation (3.31), (3.32), where
ANn =n% By, =nand 2n,(7;21,72) = Qia(hn(-;7;21,22)) is a quadratic
form as in (2.4) with coefficients

InT] 2

hin(81,89;T; @1, @) 1= o ZH 1—— =i 1(t > s;), 1,82 €Z. (3.34)
t=1 i=1

By Proposition 2.1, with a; = as = n, the point-wise convergence

E[eiQZN,"(T;wl,wz) o 1] _ E[eiGng(hn(-;‘r;mhwz)) . 1] — E[eiGZ(T;wl,wz) o 1] (335)
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for any fixed x1, 22 € Ry follows from Lg-convergence of the kernels:
[ (575 21, 22) — h(;; 7521, 22) | = 0, (3.36)

where

hn(s1,82;T;21,x2) := nhy,(|ns1], [ns2|; 7521, 22)

lnT] 2

== TL0-2"7" 0= ns))

t=1 i=1

2
— He_’”"(t_‘”)l(t > s;)dt =: h(s1, $2; 7521, 22) (3.37)
0 =1
point-wise for any z; > 0, s; € R, s; # 0,7 = 1,2, 7 > 0 fixed. We also use the
dominating bound

|i~zn(51,82;7;x1,x2)| < Ch(s1, 82;271;21,22), S1,82 €R, 0 < 21,22 < n,
(3.38)
with €' > 0 independent of s;, z;, ¢ = 1,2 which follows from the definition of
R (v 7521, 22) and the inequality 1 — 2 < e™®, > 0. Since h(+;27;21,22) €
L?(R?), (3.37), (3.38) and the dominated convergence theorem imply (3.36) and
(3.35).
It remains to show the convergence of the corresponding integrals, viz.,

/ e~ n (171:92) _ 1](2125) 1dardas — B(0),  (3.39)
(0,n]2

where ®(0) = [p. E[e?*(T%1:22) —_1)(z125)?~1dz das. From (3.31) and Ezy ,(7;
T

x1, ) = 0 we obtain

|E[ei9z1v,"(r;a:1,m2) _q<c 1, T1o(x1 + 1) < 1, (3.40)
; EzJQV,n(T;'xlvl?)v 3)1372(.131 +-T2) > 1,
where
1 [n7] ) o
EZZnT;J"7x =—0E Yio(t aizl— ! 77;:1’2
N7 21, 22) . [(; 12(8)7] B ]
1 = 2 T .
= —B[(D_Yia(t)) o =1- i =1,2]
t=1
- c . 1
< PR min {n, it ;= F@mm{l, o x2}, (3.41)

see (3.32) and the bound in (2.30). In view of inequality (2.9), the dominated
convergence theorem applies, proving (3.39) and (3.29).
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Proof of (3.30). Choose ¢ = gn,», = [logn]|. Let J,(#) denote the Lh.s. of (3.30).
Using the identity ZDc{l,...,q—l}:\D\22 [Liepwi = Zl§i<j<q WiwW; Hi<k<j(1 +
wy) with w; = €% — 1, see (3.27), we can rewrite J,(0) = Di<icj<q Lij(0),
where

o i0y; (1T i0y;(T) _ .
T;;(0) := NE[(e (1) 1) % (™ — 1) exp {if Zkkq ye(7)}
X (L(a; < ajq1) + 1(a; > ajiq))] = T;(0) + T75(0). (3.42)
Since | Jy(0)| < ¢* maxi<i<j<q [Tij(0)] < (logn)? maxi<icj<q |T3;(0)], (3.30) fol-

lows from
T,;(0)| < Cn™°, V1<i<y, (3.43)

with C,0 > 0 independent of n. Using Ely;(7)|ax,¢;(k),k,j € Z,j # i] = 0 and
(3.41) we obtain

|Tz-’j(9)| < CNE[min {1,E[yf(7)|ak, ke Z]}l(ai < aj+1)] (3.40)
¢ 1
< — min |1, 1 > )
— 7 S { T (T + :ci+1)} ( i+1)

—1
X (.liil‘i+1.1‘j+1)ﬁ dxidxi+1dxj+1

—O 1 28-1_B—1 C
- min (1, ———— €T dedxs < = (T" T 7
nﬁ [O,n]z { xle(xl +x2)} 1 2 1 2 > ’I’Lﬂ( n + n)
where
1 _ —
T, :=/ min {1, — V2?1281, das
0<zi<z2<n T1X5

—1/2

1 T n
S/ m%ﬂ_ldxl(/ xg_ldxg +x1_1/ x§‘3dx2)
0 x1 1;1/2
n n 1 n
+/ m%ﬁ_del/ xg_?’dxg < C(/ x?ﬁ/zfldaﬁl —l—/ x%ﬂ_4dx1)
1 1 0 1

< Cn*B=DVO(1 4+ 1(8 =1)logn)

and similarly,

. 1 28—1_B—1
T = mln{l S P dz1dxs
n 2 1 2
0<z2<zi<n L1T2

1 1
:/ m%ﬁfldxl/ mgfldxg
0 0
n ;cl’Z T1
+/ x?'gildml(/ x571d$2+xf2/ nggd@)
1 0 2

< C((logn)1(B8 < 1) + (logn)?1(8 = 1) + n*B~V1(8 > 1)).
Whence, the bound in (3.43) follows for 77;(0) with any 0 < ¢ < 8 A (3 —205)

for 0 < < 3/2. Since |T/5(0)| < CNE[min{1, E[y?(7)|ar, k € Z]}1(aj11 < a;)]
can be symmetrically handled, this proves (3.43) and (3.30).
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Proof of (3.22). SiI}CG A;,vlnSij;q(T) = Zivil Yry(T) is a sum of Ny iid. r.v.s
Yrq(T), k= 1,..., Ny, the first relation in (3.22) follows from

N,E[(T) 1] -0, VOeR. (3.45)

Clearly, (3.45) is a direct consequence of (3.29) and the fact that N,/N — 0.
Consider the second relation in (3.22). Let L, := N — ¢, be the number of
summands in S;’v’n;q(T). Then A;V)lnS]i\,’mq(T) =fdd ZiL:ql y;(7) and

Ee 19A;]1nSqu( ) —1= LqE[ 10y1(7' Z H leyl(‘r 1 a (346)
|D|>2 €D

where the last sum is taken over all D C {1,...,Lq}, |D| > 2. Since L, <
g = o(N) from (3.29), (3.30) we infer that the r.h.s. of (3.46) vanishes, proving
(3.22), and thus completing the proof of Theorem 3.1, case (iii).

3.2. Proof of Theorem 3.1 (ii): case Ao = 0, or N = o(n2P)
Proof of (3.29). Note the log-ch.f. of the r.h.s. in (3.5) can be written as

®(0) = log EelfA*B(r) — log Ee~("7/24 = —00(6%7/2)?8/3
02
= 77721(1)2/ (1—exp{-— T
R

43@1352(1‘1 +$2) })( ) ! ( )
with oo > 0 given by the int egral

P(1)? / 1 B—1
= = 1- - dzidzs. 3.48
70 9878 RZ (1—exp x129(21 + T2) }) (@12) e (3.48)
Relation (3.47) follows by change of variable z; — (0%7/4)'/32;, i = 1,2. The
convergence of the integral in (3.48) follows from (2.9). The explicit value of
oo in (3.48) is given in Proposition 2.2 (v) and computed in the Appendix A.
Recall the representation in (3.31), where By, = N1/(28) N/BIZVBJL =1 and

2N (T3 21, 22) (3.49)
1 InT] 2 t .
= s O alseals) YT - f7as) 1 2 50).
51,52€7Z t=1 i=1

Let us prove the (conditional) CLT:

B(7)
2N (T 21, T2) —dd Qurza(m1 + )2 (3.50)
implying the point-wise convergence
i0z TT1,T 927—
B[1 — " s 2)] -l exp{ B daywo (71 + xz)} (3.51)
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of the integrands in (3.31) and (3.48), for any fixed (z1,22) € R%. As in the
rest of the paper, we restrict the proof of (3.50) to one-dimensional convergence,
and set 7 = 1 for concreteness. Split (3.49) as 2y (1;21,22) = z;\r,’n(xl,xg) +
Zy (21, 2), where z;\r,’n(ml, Ty) 1= N—3/(48)p=1/2 221752:1 e1(s1)ea(s2) - - - cor-
responds to the sum over 1 < 51, 5o < n alone. Thus, we shall prove that

1

N = 1 d zf —a N0, —M8 ). 3.52
na(T1,22) = 0p(1) and 2y, (71,2) —a (0. 2z w221 +x2)) (3.52)
Arguing as in the proof of (2.30) it is easy to show that

_ c T+ T2\ -2 T1 -2 Ta -2
E(ZNm(“’“))2—N3/(2ﬁ>n(N1/<2ﬁ>) Ugren)  + (Fies)

1 —1 Zo —1
+ (N1/(25)) (N1/(2g)) i
= CAnn(w1 +22) " Hay? + 25" + (2122) 7'},
where Ay, — 0, implying the first relation in (3.52). To prove the second
relation in (3.52) we use the martingale CLT in Hall and Heyde [11]. (The same
approach is used to prove CLT for quadratic forms in [2].) Towards this aim,

write 23 ,, (%1, 72) as a sum of zero-mean square-integrable martingale difference
array

ZN’I’L xlaxQ E Zk7

—1 —1

Zi i=ce1(k) ) flk,s)ea(s) +ea(k) ) f(s,k)ei(s) +e1(k)ea(k) f (K, k)

1 1

w.r.t. the filtration Fj generated by {e;(s),1 < s < k,i=1,2}, 0 < k < n,
where

t Si
f(s1,82) = N3 ARz 46 Ti/2 ZH Nl/(zﬁ 1(t>s;), 1<s1,5<n.

Accordingly, the second convergence in (3.52) follows from

S
E

i
»
i

1
E[Z - d E[ 721 (1Zk| > — 0, (3.53
kz:l k|~7:k 1] =p 22179 (21 + 72) an kz:l w112k > €)] = ( )

for any € > 0. Note the conditional variance v? := E[ZZ|Fj_1] is equal to

k—1
kassz + (D £, k)e(9)” + F2(k, k),
s=1
where

ZIEZ,~c = ZEvk = Z 2 (s1,52) (Zj\_]’n(l'l,l'g))Q —

51,82—= 1

1
2.’E1(E2(£L’1 + .’Eg)

(3.54)
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is a direct consequence of the asymptotics in (2.28), where a; = 1 —z; /N'/(25)
aj = 1 — x29/N'/ 2B Therefore the first relation in (3.53) follows from (3.54)

and
n

Ry =Y (v} — Ev}) = 0p(1). (3.55)
k=1

To show (3.55) we split R, = R, + R} into the sum of ‘diagonal’ and ‘off-
diagonal’ parts, viz.,

R,=3 > als)E(s) - 1),

1=11<s<n

2
Ry=>" > ci(s1, s2)ei(s1)gi(s2),

1=1 1<s1,52<n,s17#82

where

c1(s) = Z (s, k), cafs) := Z 2(k,s),

s<k<n s<k<n
c1(s1,82) == Z f(s1,k) [f(s2, k),
s1Vsa<k<n
ca(s1,82) 1= Z [k, s1)f (K, s2).
s1Vsa<k<n

Using the elementary bound for 1 < sq, 50 < n:

2

Haff‘”l(t > 8;) < (a3 °21(1 < 89 < s1)+a7? t1(1 < 51 < 89))S(a1, az2),
1i=1

NE

t

where S(ay,as) == ;2 y(a1a2)t = (1 —ajaz) ™' < 2(2—a; —az)~ !, we obtain
n

lei(s)| < Cn~ Yot (zy+a0) 72, Z 2 (s1,82) < CAN ;2 (21412) " (3.56)

51,32:1
for i = 1,2. By (3.56), for 1 < p <2 and x1,xs > 0 fixed
2 n—1
E[R,[P<CY Y lei(s)l” < Cn=7Y = o(1), (3.57)
i=1 s=1
2 n
BIRIP <D YT cX(s1,82) < Chwn = o(1), (3.58)

=1 81782:1

proving (3.55) and the first relation in (3.53). The proof of the second relation
in (3.53) is similar since it reduces to Ty, := >__, E[|Zy|??] = o(1) for the same
1 < p <2, where

k—1 k—1
E|Zi[* < C(EI>_ f(k,s)e2(s)|* + EI Y f(s, k) er () + | £ (k, k)[*P)

s=1
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k—1 k—1
<C(O_ Pk, 9)P + O F2(s, k)P + | (k, )*)

by Rosenthal’s inequality, see e.g. ([7], Lemma 2.5.2), and the sum T,, =
O(n=(P=1) = o(1) similarly to (3.57). This proves (3.53), (3.52), and the point-
wise convergence in (3.51).

Now we return to the proof of (3.29), whose both sides are written as re-
spective integrals (3.31) and (3.47). Due to the convergence of the integrands
(see (3.51)), it suffices to justify the passage to the limit using a dominated
convergence theorem argument. The dominating function independent of N, n
is obtained from (3.31) and Ezy ,,(7;21,22) = 0 and from (3.40), (3.41), (2.9)
similarly as in the case A € (0,00) above. This proves (3.29).

Proofs of (3.30) and (3.22) are completely analogous to those in the case A €
(0,00) except that we now choose ¢ = |log N| and replace n in (3.43) and
elsewhere in the proof of (3.30) and (3.22), case Ao € (0,00), by N¥/(28) This
ends the proof of Theorem 3.1, case (ii).

3.3. Proof of Theorem 3.1 (i): case Aoo = 00, or n = o( N1/ (38))

Case 1 < < 3/2. Proof of (3.29). In this case, ®(0) := —o2 722=5§2/2,
By =nand Ay, = n2\y,, =n? P NV/2 Rewrite the Lh.s. of (3.29) as
N[Ee%: (1) _ 1] = / EAN . (0;T; 21, 29) (2122)° " day dag, (3.59)
[0,n)2
where

AN (057521, 22) == )\?Vﬁ’n [eig’\ffvéniNﬁ(T;”“’”) —1- ig)\&’ﬁnéNW(T; 1, xg)]

and where Zy ,(7; 21, 22) is defined as in (3.32) with Ay, replaced by ANyn =
n? = AN,”/)\]‘iI,n' As shown in the proof of Case (iii) (the ‘intermediate limit’),
for any z1,29 >0

ENn(Ti 21, T2) —a 2(T;21,2) and EZJQVW(T;xl,xQ) — E2%(1;21,22), (3.60)

see (3.35), where z(7;x1,22) is defined in (2.12) and the last expectation in
(3.60) is given in (A.2). Then using Skorohod’s representation we extend (3.60)
to

ENn(Tix1,22) — 2(T5 21, T2)  a.s.

implying also
AN (05321, 00) = —(0%/2)2% (1321, 22)  as.

Since [Ann(0;7; 21, 22)] < CZ3;,, (7521, 22) and (3.60) holds, by Pratt’s lemma
we obtain

EAN (057521, 22) — —(92/2)E22(7’;m1,x2), Y (z1,x2) € Ri. (3.61)
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Relation (3.29) follows from (3.59), (3.61) and the dominated convergence the-
orem, using the dominating bound

1
|EAN . (0; 7521, 29)| < CEZ%, (7521, 22) < min {1, T}, (3.62)
’ x

T1T2 1T T2

see (3.41), and integrability of the dominating function, see (2.10).

Proof of (3.30) is similar to that in case (iii) 0 < Ay < 00 above with ¢ =
[logn]. It suffices to check the bound (3.43) for T;;(0) = T7;(0) + 17} (0) given in
(3.42). By the same argument as in (3.44), we obtain [T};(0)] <
CNE[y;(7)1(a; < aji1)]. The bound on EZ% , (7;21,22) in (3.62) further im-
plies

C . _
|Tl.’j(9)| < v P min {1, praa }(x1x2x3)f3 11(x3 < z1)dzydaades
(0,n]3
C
< 7 T/ T//
— nﬂ( n + n)7
where
T "o 14 28-2 R
o= min {1, —}zl dx x5 dxg
0 T 0
1 n
= C(/ xi’ﬁ_?’dml —l—/ x‘;’ﬁ_4dx1) < Cn3P=3
0 1
and

n 1 _ xro _
T ::/ min {1, — }a§ 2dx2/ 27724y
0 T2 0
1 n
= C’(/ xgﬁ_sdacg +/ xgﬁ_‘ldxg) < Cn3f3,
0 1

Then |T/}(0)| < CNE[y7(7)1(a; > a;;1)] can be handled in the same way.
Whence, the bound in (3.43) follows with any 0 < 6 < 3 — 24, for 1 < 8 < 3/2.
This proves (3.30). Proof of (3.22) using N,/N — 0 and L, = N — q¢N, < ¢ =
o(N) is completely analogous to that in case (iii) 0 < Ao < 00. This completes
the proof of Theorem 3.1, case (i) for 1 < 8 < 3/2.

Case 0 < B < 1. Proof of (3.29). In the rest of this proof, write A = Ay, =
N8 /n — oo for brevity. Also denote X' := A(log \)Y/ (%) log \'/log A — 1.
Let By, := N'n, then

2
X —s;
aNal(Ti 21, 22) 7= D els)eals2) Y [ (1 - /\fn)t 1(t > s;).

S1,82€7Z t=1 i=1

Split the r.h.s. of (3.29) as follows:
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NE[e%() — 1]

1
= / (1(1<$1+$2<)\)+1($1—|—.732>)\)+1(.131—|-.132<1))
].Og)\ (O’)\/n}Z
3
X E[elezN’"(TWI’wﬂ — 1](£U1{I?2)'8_1d$1d$2 = ZLZ
i=1
Here, L; is the main term and L;,i = 2,3 are remainders. Indeed, |L3| =

O(1/log A) = o(1). To estimate Ly we need the bound

A/
Ez2 ; < inql, ——
2y (TiT1,12) < ot mln{ Sa——— },
which follows from (2.30) similarly to (3.41). Using (3.64) we obtain
C N
Lo| < min {1, — " V(zy25)? 'dodz
|Lo| < 108X |y 0o { $1$2($1+1‘2)}( 122) 1dza
. C / 1"
- IOgA(J)\ + J)\)v

where, by change of variables: x1 + 2 =y, 1 = yz,

J§ = / 1(z120(z1 4 20) < N)(2120) Ty day

T1+Ta>A
oo 1

= / / 11221 — 2) < M)y?P~1(2(1 — 2))P~dzdy
x Jo

00 1/2
< C/ yw_ldy/ 271y 2 < 2))dz
A 0

<oy [yt = clog
A

since 0 < 8 < 1. Similarly,

(3.64)

(3.65)

JY = )\'/ 1(zxo(zy 4+ 22) > N) (21 4 22) " H@122)? ~2da day
T1+x2 >N\

o 1/2
< C’)\’/ y2ﬁ_4dy/ 2721052 > N)dz < C(log M)V/2.
A 0

This proves |La| = O(1/log A) = o(1).

Consider the main term L;. Although Ee?#~¥.»(7:%1.:22) and hence the inte-
grand in L; point-wise converge for any (x1,z2) € Ri, see below, this fact is
not very useful since the contribution to the limit of L; from bounded z;’s is
negligible due to the presence of the factor 1/log A — 0 in front of this integral.
It turns out that the main (non-negligible) contribution to this integral comes
from unbounded z1,xo with z1 /29 + z2/x1 — 00 and z1z2 — 2z € R4 To see
this, by change of variables y = x1 + 22, 1 = yw and then w = z/y? we rewrite

1 A dy
L= Vi n 9; )
1 1og>\/1 Nn(05y) Y

(3.66)
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where

2
z

v'/2 z 1 z
Vi (6;y) = 2/ E[exp {iHZN,n(T; ;,y(l - E))} - 1]267 (1 -
0

—Z)Bildz.

Y
(3.67)
In view of L; = o(1), i = 2,3 relation (3.29) follows from representation (3.66)
and the existence of the limit:

lim Vi (0;y) = V(6) := —koo|0]7°7, (3.68)

y—00,y=0(

where the constant ks, > 0 is defined below in (3.71). More precisely, (3.68) says
that for any e > 0 there exists K > 0 such that for any N,n,y > K satisfying
Yy<SAMAZK

Vun(0;y) = V(O)] <e (3.69)

To show that (3.69) implies L1 — V(6) it suffices to split L1 — V(0) = (log A\)~*

JieVan(B:9) = VO) L + (log A7 [ (Van(6:9) — V(8)) 9 and use (3.69)

together with the fact that |V ,(6;y)| < C is bounded uniformly in N,n,y.
To prove (3.69), rewrite V(6) of (3.68) as the integral

V(0) = 2/ PR (07 72/(2VE) _1)d,
0
- —QE/ P T L ) gy = |0]20728 (3.70)
0

with Z, Zo ~ N(0, 1) independent normals and

o0

koo = 2E /00 25_1(1 — e_le/(Sz))dz = 21_35E\Zl|2ﬂ/ zﬁ_l(l — e_l/z)dz
0 0
= 2! (B +1/2)L(1 - B)/ (V7). (3.71)
Let

AN,n(Z;y) = E[exp {iaZN,n(T; §7y<]— - %))} - ]-:Iu
A(z) = E[ef7%172/(2V5) _q],

denote the corresponding expectations in (3.67), (3.70). Clearly, (3.69) follows
from

li Ann(zy) = A2), , .72
y~>oo,1yn;0()\) Nz Y) (), Vz>0 (3.72)

and

ANa(z9)] <COAA(1/2), YO<y<A 0<z<y?/2. (3.73)
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The dominating bound in (3.73) is a consequence of (3.64). To show (3.72) use
Proposition 2.1 by writing 2x..(7;2/y,9'), ¥ = y(1 — z/y?) in (3.67) as the
quadratic form: zy (75 2/y,¥") = Q12(Pay as (73 2)) with

EEES
Zy alagnt 1

2
t i

hay,as (81, 82,73 2) 1= H 170z_ 51(t>31) 81,89 € 7,

i=1 v

(3.74)
ar :=Nny/z, ay:=Nn/y.
If
n,aq,a0,y,y — oo sothat y/y — 1 and n=o(w),i=1,2, (3.75)

then

B2 (51, 80375 2) 1= \/O1O2hay as (L0151, [282]; 75 2)

\_nTJ 2
=L 1o Lylesdy s ags,))
zy’ = 1 i 1 Qi

W Hes’l s; < 0) =: h(s1,82;7;2) (3.76)

point-wise for any 7 > 0, z > 0, s; € R, s; # 0, i = 1,2 fixed. Moreover, under
the same conditions (3.75), ||huof1aa22)(~; 7;2) — h(+;7; 2)|| = 0, implying the con-
vergence Q12(hay a5 (3752)) —a Ti2(h(5732)) =4 TZ12Z2/(2V%2), Z; ~ N(0,1),
i = 1,2 by Proposition 2.1. Conditions on n,y,y’,\ in (3.75) are obviously
satisfied due to y,y" = O(A\) = o(N'). This proves (3.72) and (3.68), thereby
completing the proof of of (3.29).

Proof of (3.30). For T;;(6) defined by (3.42) let us prove (3.43). Denote N} :=
(N log \)Y/(28) Similarly to (3.44) we have that

C . 2
7,001 < ooy /. o B () < )

X ($1$2"E3)'871d1'1d.’£2d1’3 (377)

with 2y, (7; 21, z2) defined by (3.63). Whence using (3.64) similarly as in the
proof of case (i) we obtain

C 1
T.:.00) < ——— inq1, in {1
T56)| < Firmieg /(O,Wmm{ —min {1, )

3
C
261 ﬁ 1
X oy A1 = Frtogayre 2 The
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=3
i

1 _ _
/ 1(z1 + x2 < \') min {1, — x%’g lacg Yz das,
(0,N!]? 172

Tyo:= / 1(.’1311‘2(.131 + .TQ) < )\/, 1+ To > )\’)xiﬁ_lxg_ldxldxg,
(0,Ny]

N _2 g—
Ty = / 1(zrwo(zy +22) > N, 21 + 22 > N) z%ﬁ 2x§ 2daqdas.
(0,N%]2 1+ X2

By changing variables z1,z2 as in (3.66)—(3.67) we get Th 1 < C’fOX yPldy <
C(\)P. Also, similarly to the estimation of J§, J¥, following (3.65) we obtain
Tra+Ths < CWN)P ff,N* y~ldy < C(N)Plog(N}/N). Hence, we conclude that

AY:] / /
T,(0)] < C(N)F log(N5/XN) < C’logn7
N1/2(log \)3/2 nP log A

proving (3.43) with any 0 < § < S. This proves (3.30). We omit the proof
of (3.22) which is completely similar to that in case (iii) and elsewhere. This
completes the proof of Theorem 3.1 for (¢,s) = (0,1).

Proof of Theorem 3.1 in the general case (t,s) € Z*, s > 1. Similarly to (3.17)
we decompose va‘sn(T) in (3.1) as

SR (T) = S¥onig(T) + SEE (1) + S (1), (3.78)
where the main term

[n7]
Nn,q Zyktrsqu thrszq()': Z ZX Xips(u+1t)

(k—1)g<i<kq—s u=1
- (3.79)
is a sum of independent N, = [N/q| blocks of size ¢ — s = gn,n, — s = 00, and

[n7]

2 s S rwxnern

k=1kq—s<i<kq u=1
Ln7]
t,s; —
S = YD XXt

qN <i<N u=1

t,s; .
Syt ()

are remainder terms. The proof of (3.29)—(3.30) for Ay Y. (7) =127 vi(7),

1,n;q
Yot () = Ag,ln 251:71] X;(u) X4 s(u +t) is completely analogous since the dis-
tribution of y""*(7) does not depend on t and s # 0. O



4554 R. Leipus et al.

3.4. Proof of Theorem 3.2

The proof uses the following result of [23]:

Lemma 3.1 ([23], Lemma 7.1). Let {&n, 1 <i < Np}, n>1, be a triangular
array of m-dependent r.v.s with zero mean and finite variance. Assume that:
(L1) &ni, 1 < i < N, are identically distributed for any n > 1, (L2) £,1 —4 &,
E&2, — E&% < oo for some r.v. & and (L3) var(zlj.v:"1 ni) ~ 02Ny, o > 0.
Then Ny V2 SN €5 —q N (0, 02).

For notational simplicity, we consider only one-dimensional convergence
at 7 > 0. Let (Nn)_l/QS]t\}fn(T) = N2 €., where £, = n1/2 x
Z'[L;;‘FIJ X;(uw)Xiys(u+1), 1 <i < N are |s|-dependent, identically distributed
r.v.s with zero mean and finite variance. Since &,;, 1 <7 < N are uncorrelated, it
follows that E(S>N £,:)2 = NEE2,, where &1 =a &n:=n"2 " X, (u) X, (w).
Proposition 2.4 implies E[¢2|ay, as] ~ TA12, and so EE2 ~ 702, where 02 =
EAjs < oo. It remains to show that &, —q v/A12B(7), where A1y is indepen-
dent of B(7). This follows from the martingale CLT similarly to (3.50). By the
lemma above, we conclude that (Nn)~'/25%° (1) —4 oB(7). Theorem 3.2 is
proved. O

4. Asymptotic distribution of temporal (iso-sectional) sample
covariances

The limit distribution of iso-sectional sample covariances Y, (t,0) in (1.5) and
the corresponding partial sums process S’ (1) of (3.1) is obtained similarly
as in the cross-sectional case, with certain differences which are discussed be-
low. Since the conditional expectation E[Sf\’,?n(Tﬂal, ceean] = Tf\;?n(T) #£0,a
natural decomposition is

SR (1) = S50 (7) + TR0,(7), (4.1)
where g}fvon(T) = SR}?,L(T ) — T]t\}?n(T) is the conditionally centered term with
E[gfx}?n(T)Wh -+ ,an] =0, and

N
Ty (7) = [n7] Y _al/(1—af), >0, (4.2)
i=1

is proportional to a sum of i.i.d. r.v.s al/(1 — a?), 1 < i < N with regularly
decaying tail distribution function

P(a'/(1-a®) > 2) ~P(a>1-1/(2z)) ~ cax™?, x =00, ¢o:=v(1)/(2°B),

see condition (1.2). Accordingly, the limit distribution of appropriately nor-
malized and centered term TIt\}?n(T) does not depend on ¢ and can be found



Sample covariances of AR(1) panel model 4555

from the classical CLT and turns out to be a (3 A 2)-stable line, under nor-
malization nN'/(8A2) (8 = 2). The other term, Sf\’,on( ), in (4.1), is a sum of

mutually independent partial sums processes Y;"0(r) := ZLMJ( Xi(u)X;(u +

7,n

t) — B[X;(u)X;(u+t)|a;]), 1 <i < N with conditional variance

Var[)/if;?(l)|ai] ~nA%’ n — 0o, where
2]¢|

40 1+a? ( 1+a; a?|t|(2|t| + cum4))
T 1—a?\(1- a?)2 1—af '

The proof of the last fact follows similarly to that of (2.29) and is omitted. As

a; 11, ALY ~1/(2(1 — a;)®) and the limit distribution of St P (7) can be shown

to exhlblt a trichotomy on the interval 0 < 8 < 3 dependmg on the hmlt AL
n (4.3). It turns out that for B > 2 the asymptotically Gaussian term T n( )

dominates 5}5\,0”(7') in all cases of A%, while in the interval 0 < § < 2 Tf\}?n(r)
and §Jt\’,0n(7') have the same convergence rate. Somewhat surprisingly, the limit

distribution of Sf\}?n(T) is a [O-stable line in both cases A%, = oo and A5, = 0
with different scale parameters of the random slope coeflicient of this line.
Rigorous description of the above limit results is given in the following The-
orems 4.1 and 4.2. The proofs of these theorems are similar and actually sim-
pler than the corresponding Theorems 3.1 and 3.2 dealing with non-horizontal
sample covariances, due to the fact that Sf\}?n(r) is a sum of row-independent

summands contrary to Sf\’,‘?n(T), s # 0. Because of this, we omit some details of
the proof of Theorems 4.1 and 4.2. We also omit the more delicate cases 8 =1
and 8 = 2 where the limit results may require a change of normalization or
additional centering.

Theorem 4.1. Let the mizing distribution satisfy condition (1.2) with 0 < 8 <
2, 8#1. Let N,n — oo so that

. NP8
>\an =

— A €0, 00]. (4.3)

In addition, assume Ee*(0) < co. Then the following statements (i)—(iii) hold
for Sf\}?n(T), t € Z in (3.1) depending on X%, in (4.3).

(i) Let N5, = co. Then
n N8 (S;\’,?n(T) — ESJt\}?n(T)l(l < B <2)) —da Vg, (4.4)

where Vi is a completely asymmetric B-stable r.v. with ch.f. in (4.7) below.
(ii) Let Xi, = 0. Then

T NTYR (SR (7) = ESR (T)1(1 < B < 2)) —aa TV (4.5)

where VE is a completely asymmetric 5-stable r.v. with ch.f. in (4.8) below.
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(15i) Let 0 < A, < oo. Then

nTINTYE(SRY (1) = BSRD(T)1(1 < B < 2)) —aa A Z5(r/AL),  (4.6)
where Z is the ‘diagonal intermediate” process in (2.25).

Remark 4.1. The r.v.s V; and V[;r in (4.4) and (4.5) have respective stochastic
integral representations

0
e[ [ esantoad - M < s <o)
Ry xC(R) —o0
V= / (2)"td(Mj — EM51(1 < § < 2))
R+XC(R)

w.r.t. Poisson random measure Mj; in (2.22). Note ffoo e**dB(s) =q Z/V 2z,

Z ~ N(0,1). The fact that both Vi and VBJr have completely asymmetric B-stable
distribution follows from their ch.f.s:

Ee?Vs = exp {(1) /OOE(ei‘)ZQ/@z) —1-1i(02%/(22))1(1 < B < 2))2”~'dz}

=exp{ - cz;|0|ﬂ(1 — isign(f) tan(73/2))}, (4.7)
Ec?Vs = exp {1(1) /Oo () 1 —i(0/(22))1(1 < B < 2))2?~'da}
=exp{ - cg|9|ﬁ(1 —isign(f)tan(73/2))}, 6 €R, (4.8)

where

Y(HI(2 — B) cos(m3/2) .
283(1 - B) C7

with B|Z|?% = 2°T(B + 1/2)//7 # 1 unless = 1, implying that Vi and Vﬂ+
have different distributions.

cf = = c}E|Z* (4.9)

Theorem 4.2. Let the mizing distribution satisfy condition (1.2) with f > 2.
In addition, assume Ec*(0) < co. Then for anyt € Z, as N,n — oo in arbitrary
way,

n_lN_1/2(SIt\}?n(T) - ESR’,?H(T)) —tad TO; Z, (4.10)
where Z ~ N(0,1) and (0})? := Var(all /(1 — a?)).

Remark 4.2. If 8 < 1, then v(¢,0) is undefined for any t € Z. In the sequel
we use the convention y(¢,0)1(1 < f<2):=0if B <1, :=~(¢0) if 5> 1.

Corollary 4.1. (i) Let the conditions of Theorem 4.1 (i) be satisfied. Then for
anyt € Z

N'V8 @ (t,0) = 7(1,0)1(1 < B < 2)) —a V.
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(ii) Let the conditions of Theorem 4.1 (ii) be satisfied. Then for anyt € Z

Nlil/ﬁ(:y\N,n(t}O) - 7(t70)1(1 < B < 2)) —d VB+'

(i1i) Let the conditions of Theorem 4.1 (iii) be satisfied. Then for any t € Z

NYVEFN o (8,0) — 7(£,0)1(1 < B < 2)) —ra N Z5(1/A%).

(iv) Let the conditions of Theorem 4.2 be satisfied. Then for any t € Z
Nl/z(aN,n(tao) 77(t70)) —d J:Z’ ZNN(Oa]-)
Proof of Theorem 4.1. Let t > 0 and

Ln7]

ytO(r) = Nw Z X(u+t) —BEX(u)X(u+1)1(1 < B <2). (4.11)

It suffices to prove that

DL (0) = D% (0) as N, n— 00, Ay, = Ay, VOER, (4.12)
where, using Ey°(7)1(1 < 8 < 2) =0,
o’ (6) == NE[""() 1 —i0y"0(1)1(1 < B < 2)], @*(9) := log EeS5("),

(4.13)
and S5(7) denotes the limit process in (4.4)—(4.6). Similarly to (3.31),

‘I’f’v(,)n(Q) = (1) /(0 i E[eiezj\’f?n(ﬂz) -1- i9z§\’,?n(r; 2)1(1 < B < 2)]2"~1da,

(4.14)
where z?{,?n(r;w) = y"°(7)|g=1-s/n1/6- Next we decompose y"°(1) = y*(7) +
yT (1), where
[n7]

V)= s D KX ) = B )X Ol

i |nT]

y (1) = 7 (BIX(0)X (#)la] - ELX(0)X (£)1(1 < 8 <2)])

[nT] at at
- (s B[ 10 < 5 < 2)).

Accordingly, we decompose 2’5\}?”(7'; z) =2y, (T52) + z]'i',n (1;2), where
2N (T3 ) (4.15)

)

[n7]
1 PYRVY IR x u+t—s1—s
=i 2 Se0El) 3 (1= ) T Mz s u 2 s),

S1,82€7Z u=1
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t

7, (1= <)
(i) = nLJ?\ﬂ;Jﬁ(l - —N%)Q —El— gt <f<2)),

where £(s1)e(s2) 1= &(s1)e(s2) — Ee(s1)e(s2).

Proof of (4.12), case 0 < A}, < oco. We have

oo
*(0) = ¢(1)/ E[e!%# (7/2%0) 130X 2" (7/N5:2)1(1 < B < 2|27~ da,
0
(4.16)
where the last expectation is taken w.r.t. the Wiener measure Pg. Similarly as
in the proof of (3.29) we prove the point-wise convergence of the integrands in
(4.14) and (4.16): for any x > 0
ALY (0;) = B[N0 () 1 10280 (7:2)1(1 < § < 2)] (4.17)
— Blelfe?" (T/A%i@) 1 _ig€E 2* (1 /N 2)1(1 < B < 2)].
The proof of (4.17) using Proposition 2.1 is very similar to that of (3.35) and we
omit the details. Using (4.17) and the dominated convergence theorem we can

prove the convergence of integrals, or (4.12). The application of the dominated
convergence theorem is guaranteed by the dominating bound

|A§(,?n(0;x)| <CAANQ/2N{1(0< B8 <)+ (1/2)1(1< B <2)}, (4.18)

which is a consequence of \z;{,n(T,x)| < CJz, B2y, (152))? < Cx™2, see
(2.30). Particularly, for 0 < 8 < 1 we get |A§\’,?n(9;1:)| < 2 and |A§\}?n(9;x)| <
B(lexn(T52)] + |2 (m32)) < C((Bl2ky ,(m32)[)V2 + (1/2)) < C/z, hence
(4.18) follows. For 1 < f < 2 (4.18) follows similarly. This proves (4.12) for
0 < AL, < oo.

Proof of (4.12), case A%, = 0. In this case
() = ¢(1)/ [€00/(2) 1 _i0(r/(22))1(1 < B < 2)]2°1du,
R

see (4.8). From (2.30) we have E(zy,,(1;2))? < Cz~?min{1, Xy, /z} = o(1)
and hence

AR (O;2) = &97/C) — 1 —i0(7/(22))1(1 < B < 2)

for any x > 0 similarly as in (4.17). Finally, the use of the dominating bound in
(4.18), which is also valid in this case completes the proof of (4.12) for A%, = 0.

Proof of (4.12), case A%, = co. In this case

¥(0) = w(1) [ BTN 1 —ig(r 2 (2010 < 5 < 2)la”
) (4.19)
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see (4.7). Write 2%, (7;2) in (4.15) as quadratic form: zy, (7;7) = Q1 (h(7;
z;-)) in (2.4) and apply Proposition 2.1 with a1 = as = a := NP, Note
RO (752551, 85) = n~t L (1= NVByu= IV o) (1 g N/ Bytu= N o)
1(u> [NYBsi | utt > |[NYBsy|) — g(s1,s2) := 1e®(51752)1 (5, V55 < 0) point-
wise a.e. in (s1,s2) € R? and also in L2?(R?). Then conclude
S (Ti2) —a T11(9) =a Jps 9s1,52)dB(s1)dB(s2) =a 7{ (J°, e**dB(s))? -
E(fi)o e**dB(s))?} =q 7(Z% — 1)/(2z) for any x > 0, where Z ~ N(0,1). On
the other hand, 23, (7;2) — 7/(2z) and therefore

AR (G;2) — B[220 1 (722 /(22))1(1 < 8 < 2)]

for any x > 0, proving the point-wise convergence of the integrands in (4.14) and
(4.19). The remaining details are similar as in the previous cases and omitted.
This ends the proof of Theorem 4.1. O

Proof of Theorem 4.2. Consider the decomposition in (4.1), where n_le\}?n(T) =
(ln7]/n) X al/(1 — a2) is a sum of iid. r.v.s with finite variance (07)? =

Var(al*l /(1 — a?)) and therefore
nTINTVATR (1) = BTV, (7)) —aa 707 Z

holds by the classical CLT as N,n — oo in arbitrary way and where Z ~ N (0, 1).
Hence, the statement of the theorem follows from §§V0n(1) = 0,(nN'/2). By
Proposition 2.4 (2.30) we have that Var(gjt\’,?n(l)) = NEVar[>"!'_| X(u)X (u+
t)|a] < CNn2?E[(1 —a)~?min{1, (n(1 —a))~'}], where the last expectation van-
ishes as n — 0o, due to E(1 — a)~? < oo. Theorem 4.2 is proved. O

0.075 A

0.050 4

0.025 4

0.000+

Vi —V; - -n=100 - -n = 5000 —6,Z - -n=100 - -n = 5000

F1c 1. Density of the limiting random variables in cases [left] (i), (i), [right] (iv) of Corollary
4.1 for t = 0 and their kernel density estimates constructed from a random sample of size
1000 from An 5, (0,0) in (1.6) with N = 5000, a® ~ Beta(2, 3), £(0) ~ N(0,1).



4560 R. Leipus et al.

To illustrate our results, we use a? ~ Beta(a, 3), a, 8 > 0, as in [10]. Then
condition (1.2) holds with the same 8 and we can explicitly compute parameters
of the limit distributions in cases (i), (ii), (iv) of Corollary 4.1. Figure 1 shows
the density of the corresponding limiting random variables for a = 2, § = 1.5,
2.5 and t = 0. We also plot the kernel density estimates constructed using
1000 RCAR(1) panels with N = 5000, n = 100, 5000, £(0) ~ N(0,1). More
specifically, we use a random sample of N'/8(Jy,, (0,0) — (0,0)) if 8 = 1.5
and N'Y2(3x.,(0,0) — 4(0,0)) if 3 = 2.5. On the Lh.s. we can see that the
empirical distribution of A, (0,0) is different for n = 100, 5000, whereas on
the r.h.s. both kernel density estimates are quite close to the limiting normal
density.

In the finite variance case § > 1, Corollary 4.1 can be used for statistical
inference about the covariance v(¢,0) = ~(¢) in (1.3), provided parameters of
the limit distributions are consistently estimated. Denote by

Fj (@) :=P(Vi <), Fj

5(T) = P(Vgr <z), z€eR, (4.20)

the c.d.f.s of the above stable r.v.s, which are uniquely determined by 3, ¢(1) =
¥ in (1.2), see (4.7)—(4.9). The same is true for the (marginal) distribution Z}3(7)
of the ‘diagonal intermediate’ process in (2.25). In Corollary 4.2 we suppose the
existence of estimators

BN =B+ o0p(1/log N), @N’n =1+ op(1), (4.21)
&JQV,n,t = (U;)z +o0p(1), (4.22)
which is discussed in Remark 4.4 below. Corollary 4.2 omits the ‘intermedi-

ate’ case A%, € (0,00), partly because in this case the limit distribution is less
tractable and depends on A%, which is difficult to assess in a finite sample.

Corollary 4.2. (i) Let the conditions of Theorem 4.1 (i) be satisfied, 1 < < 2,
and BN, YNn be estimators as in (4.21). Then for any t € Z

Sup [P(N' =5 (o (0,0) = 91) <) = B, (@] = 0p(1). (423)

(ii) Let the conditions of Theorem 4.1 (i) be satisfied, 1 < 8 < 2, and BAN,n,
Y be estimators as in (4.21). Then for anyt € Z

sup [P(N P G (1,0) =) S w) = B (@) =0p(1): - (124)

(iti) Let the conditions of Theorem 4.2 be satisfied, 5 > 2, and &12\/,71,15 be an
estimator as in (4.22). Then for any t € Z

sup [P((N/6Rn.t) (N (t,0) = 1(1)) < @) = P(Z < )| = 0p(1),  (4.25)

where Z ~ N(0,1).
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Proof. Consider (4.23). Write N1=1/Bx.n (AN (t,0)=7(t)) = N =YB(Fn (L, 0)—
V(1)) +Enn, where €y, = (NO/D=W/Bnn) 1) NI=1/B (G (£,0) = (1)) = 0p(1)
due to (4.21) and Corollary 4.1 (i). Therefore, sup,cp |P(N1_1/3Nv"(ﬁN7n(t, 0)—
v(t)) < z) — Fj ,(x)] — 0. Relation sup,cg |Fj () — FgNwNn(x)\ = o0p(1)
follows from (4.21) and continuity of the c.d.f. 5 , in 8, ¢. This proves (4.23).
The proof of (4.24), (4.25) is analogous. O

Remark 4.3. Using Corollary 4.2 we can construct asymptotic confidence in-
tervals for v(t), as follows. For a € (0,1) denote by qs () the a-quantile

of the c.d.f. F§, in (4.20). Then, since a = FgN,n,a,BN,n(qBN,mﬁ’Nm(a)) a.s.,

PN A0 Gy (1,0) = 1(8) < a5, 4. (@) — @ = op(1) follows from
(4.23); moreover since the above quantity is non-random, we get that
[P(NT3% (G (£,0) = (1) < a5, g (0)) — &l = o(1), implying that

a0 Lo ionn (E—2) (t.0) NI Gl 2>]

r}/N,n ) Nl_l/BN,n ) ’YN,TL ) Nl_l/BN.n

is the asymptotic confidence interval for ~(t), for any confidence level « € (0,1).
Analogous confidence intervals for v(t) can be defined in the case (4.24); in the
case (4.25) they follow in a standard way.

Remark 4.4. FEstimation of the tail parameter 8 in the RCAR(1) panel model
was studied in [16]. Particularly, [16] developed a modified version By .. of the
Goldie-Smith estimator in [8] and proved its asymptotic normality, under addi-
tional (rather stringent) conditions on the mutual increase rate of N and n. A
stmilar estimator ’(/AJN’n can be defined following [8]. We expect that these esti-
mators satisfy the consistency as in (4.21) under much weaker assumptions on
N,n. Finally, for t > 0 the estimator 6%, , in (4.22) can be defined (see the
proof in Appendiz A) as

1 N 1=t 9 1 N n—t
,n,t.NZ(E; X(k+t> <N_H;Zle k+t)>.

(4.26)

Remark 4.5. In general, in the RCAR(1) model the autoregressive coefficient
a can take a value from (—1,1). In the latter case if the distribution of a is
sufficiently dense at —1, the (unconditional) autocovariance function of the
RCAR(1) process oscillates when decaying slowly, which is usually referred to
as seasonal long memory. The restriction a € [0,1) in the present paper (as well
as in [23, 16] and some other papers) is basically due to technical reasons. We
expect that, under assumption (1.2), most of our results hold in the general case
a € (—1,1) provided the concentration of the mizing distribution near —1 is not
too strong, e.g. if E(1+a)™F < oo for some ' > .
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Appendix A

Proof of Proposition 2.2. (i) The existence of Z3 follows from
Jg ::/ |2(7; 21, 22)|*dpg < o0 (A1)
i

and pg(L1) < oo. We have ug(ﬁl = fRz (122(T1 + 22) < 1)
($1$2>5_1d$1d$2 < Cfooo xl_ldxl f

foxl dx2+f1 371 Yday fl/gcl “dz,
oo since B > 0.
Consider (A.1). Then

/—\

To < 1/1’1)$2 Yz, = fo 29 day
<C(fy 27 e+ [ 2 P day) <

~—

Jg = C/ 1(zyzo(x1 + 22) > DE|2(1; 21, 22) 2 (2122)° "L dz  day,
B

where
E|z(7; 21, x2)| / HE Yi(ur; ;) Vi(ug; x;)]durdusg
0,7]2 i=1
1 (@1 42) [ur —uz|
= e \WrmEiuiTU2ldey dug
4IE1£172 (0,7]
2
1
<9 n ). (A.2)
T1T9 7(x1 + 22)
Hence,

Jg < C/ 1(z1zo(xy + x2) > 1)(21 + xg)fl(aclm)ﬁ*zdxldxg
=2

-2

<C 1(zg > 21, xlmg > 1)3:? mgfadxldmg

2
RL

1 e’} o) [e%s}
= C(/ z?_zdxl/ Ig_sdl'g +/ x?_2dx1/ x§_3dx2) < 00
0 ayt/? 1 z

if 0 < 8 < 3/2. The remaining facts in (i) are easy and we omit the details.

(ii) Similarly as in ([20], proof of Proposition 3.1 (ii)) it suffices to show for any
0 < p < 2f that J, (1) < oo, where

/ E|z(7; 21, 2) [P (z122)? " da das, 0<p<2,
2

o R+
Jp:B(T) = ) 51
/2 E[\z(T;xl,xg)P’ V|z(1; 21, 22)| }(xlxg) dzidas, p> 2.
R

" (A.3)
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Let first 0 < p < 2. Using B|z(7; 21, 2)|P < (BE|2(7; 21, 22)|?)?/? and (A.2), we
obtain

harse [ ([ e
R2 N J(0,r]2
= Cr2-Ap, 5, (A.4)

p/2
(Ilﬁg)ﬁilip/QdeldIQ

where

1 p/2 -1-
I,5< IA—r B=1-p/242,d
pB < / ( x1+x2) (7172) r1day

< C’/ / p/ (z122) 1P 2z day
= C/ (1A —)p/2x§’8_p_1d:c1 < o0 (A.5)
0 L1
if p/2 < B < 3p/4, thus proving (A.3) for 0 < p < 2.

Next for 2 < p < 3 we need the inequality for double Ito-Wiener integrals:
for any p > 2, g € L*(R?)

E‘ /R g(sl,SQ)dBl(sl)dBQ(SZ)\p < C’(E‘ /R 9(s1, SQ)dBl(sl)clBQ(sQ)]2)”/2

p/2
= C(/ Ig(81782)l2d81d82) : (A.6)
R2

Indeed, by using Gaussianity and independence of By, By and Minkowski in-
equality for I5(g f]R2 g(s1, $2)dB1(s1)dBa(s2) we obtain

(EIL(9)P)*"" = (Ep,En,[|1:(9)["1B1)) > < C(Eg, (Ea,[|12(g)]?1B1))"*) "
< CEp,{Ep,[|I2(9)]"|B2] )" < CEp, { (Ep, IT2(9) | B2)) " }*/*
— CEg,Ep, [|I12(9)*| Bs] = CE|L(g)|*.

Using inequality (A.6) and (A.4), (A.5) we obtain
Jp,p(7) < C(/R2 E|z(7; 21, 20) [P (2122) " day das
+
+ /]RQ E\Z(T;ml,x2)|2(ac1x2)5_1dx1dx2> < Cp (1) + I2,5(1)) < 0
i
if p/2 < B < 3p/4, thus proving (A.3) and part (ii).

(iii) Follows from stationarity of increments of Zsz (part (1)) and Jog(7) =
02 722=8) where according to (A.2),

aﬁO:/ E2?(1; 21, 22)dpgs
R2
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2
= v / duldu2</o<> e_’c|“1_“2‘:1c5_2d33)2
4 Joape 0

1 2
= —77[}( ) F(ﬂ — 1)2/ |U1 — uQ|2(17ﬂ)du1duz =
4 (0,12

$(1)’r(B —1)°
42-p8)(3-28)

(iv) Follows from stationarity of increments, E|Z5(T)[P < CJp (1), 1 < p < 2,
where J), g(7) is the same as in (A.3), and Kolmogorov’s criterion; cf. ([20], proof
of Proposition 3.1 (iv)).

(v) The proofs are very similar to those of Theorem 3.1 (i), (ii), hence we omit
some details. For notational simplicity, we only prove one-dimensional conver-
gence at 7 > 0.

Proof of (2.19). As b — 0, consider

@b(e):logEei%ﬁizzﬂ(bT)21/’(1)2/ EW(00°22(br; 21, 22)) (2122)7 dzy daa,
RZ

where U(z) := e* —1—iz, z € R. Since b=22(br; x1, 22) =4 2(7;bx1, bxy), Tewrite

D,(6) :w(1)2b*2ﬁ/ EU (08 2(1; 21, 2)) (x122) "L dey das,
=
where b=2AW (068 2(1; 21, 12)) — —(0%/2)22(7; 21, 72) a.s. Note [b=2°PW (068 2(T;
r1,12))| < (02/2)2%(7; 21, 22), where the dominating function satisfies (A.2)
and (2.10). Hence, by the dominated convergence theorem,

®y(0) — *(92/2)1/)(1)2/ E2% (7321, 22)(2122)” ' dwidas = log Bel?7B2-5(7),
=
which finishes the proof.
Proof of (2.20) follows that of Theorem 3.1 (i), case 0 < 8 < 1. As b — 0,
consider
Dy () := log Feift™(logb™ )~/ P Z5(br)
= 1)(1)*(log bil)*l/ E[el%(Ti#122) _1](220)P " ey day,
Ry

where
2(T5 21, 22) == b (log b_l)_l/(w)z(bT; (log b_l)_l/(zﬁ)xl, (log b_l)_l/(w)xg)

satisfies 1 1\1/(28)
C b~ (logb™
Bz (521, 20) | < LA logh )
1T T+ X2

(A7)

see (A.2). Split

dy(0) = ¢(1)2(1ogb*1)*1/ Al <z +ae<b ) +1(z; +z2>b71)

2
R
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+1(x1 + 22 < 1))E[ewzb(”“’w2) — 1(z122)° tdaday =: ZLi‘

Using (A.7), we can show that L;, i = 2,3 are remainders. By change of vari-
ables: y = z1 + 2, 71 = yw and then w = 2/y?, we rewrite the main term

1 L dy
Li=— Vi(6;y)—2
1 logb_l/l b( 7y) y Y

y°/2 2 4
V(65 y) == 2¢(1)2/0 Ay(z9)2" 1 (1 - ?)ﬂ 'dz (A.8)

with Ay(23y) = Elexp{ifzs(7; Z,y(1 — 7))} — 1], which satisfies [Ay(z;y)| <
C(1AL)forall 0 < 7 < 2,0 <y < b~'. Here the dominating bound is a
consequence of (A.7). Then

L — log Eef7V2s = 2¢(1)2/ A(z)2P71dz, (A.9)
0

where A(z) := E[e!?7%1%2/(2V%) _1] with Z; ~ N(0,1), i = 1,2 being independent
r.v.s, follows from

lim Ap(zy) = A(2), Vz>0, (A.10)

y—oo,y=0(b"1)

for more details we refer the reader to the proof of Theorem 3.1 (i) case 0 <
B < 1. More precisely, (A.10) Says that for every € > 0 there exists a small § > 0
such that for all 0 < b<d,ifdt<y< b_1 then |Ay(2z;y) —A(2)] < e. To show
(A.10), note z(75 2, y(1— —)) = I12(hp(+;7; 2)) is a double Itd-Wiener stochastic

integral w.r.t. 1ndependent standard Brownlan motions {B;(s), s € R}, i=1,2
for

;o2
hy(s1,82;7;2) = (logbfl)*l/(w)/ Hefa%(bufsi)l(si < bu)du, 1,82 €R,
0

i=1
o = (1ogb_1)1/(2ﬁ)y/z, Qg = (logb_l)l/(QB)/y', y = y(l — —2)
We have that z,(7; 2,y(1 = %)) =a Lo (hy(; 73 2)), where

(1, 89575 2) i= \/a1a2hb 151, 02825 T; %)

| Y / ~a (bufais"')l(aisi < bu)du, s1,s2 €R.
Zy =1

Ifb—0,y,y — oo sothat y/y' — 1 and b/a; — 0, i = 1,2, then ||Eb(-;7;z) —
h(-;7;2)|] = 0 with

2
h(s1,82;7;2) := % H 1(s; <0), s1,82 €R, (A.11)
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implies the convergence z,(7;2,y(1 — %)) —a li2(h(:;752)) =a TZ1Z5/2+/%.
Conditions on b,y,y" are obviously satisfied due to v, = O(b™1) = o(b™!
(log b=1)1/(28)). This proves (A.10) and (A.9), thereby completing the proof of

of (2.20).
Proof of (2.21) follows that of Theorem 3.1 (ii). We will prove that as b — oo,

iob=1/2 Z5(br)

log Ee
= (1) / Elel? " 20mw12) 1) (4125)0 dary da (A.12)
R,
S p(1)? / [/ (1221 42) 1 (,25)5~ ey
R
i0A'/?B(r)

= log Ee .

By (A.2), we have that E[exp{i0b=/22(br; 21, 22)} — 1] < Cmin{1, (x122(z; +
72)) "t} In view of (2.9), the dominated convergence theorem applies if the
integrands in (A.12) converge pointwise, i.e. for every (z1,z2) € R%,

b= 22(brs w1, m3) —q (2x139(21 + 22)) "2 B(7). (A.13)

To simplify notation, let 7 =1 and all b € N. Define

b b
Z;($1,$2) IZ/O/Of(sl,sz)dBl(sl)ng(SQ),

where )
b
f(s1,82) := b71/2/ Heff"’(“fsi)l(u > s;)du,
0 =1
and z, (21, 22) 1= b"Y/22(b; 21, 22) — 2 (21, 72). Since E(z, (21,72))? = O(b~1)

implies z, (z1,22) = 0p(1), we only need to prove that

1

+
) 2N O g e e

) asb— oo. (A.14)

. b .
Write 2, (x1,22) = 3", _; Z) as a sum of a sum of a zero-mean square-integrable
martingale difference array

k k—1
Zk = /1671/0 f(31782)dB1($1)dB2(82)
k—1 k
+/ f(Sl,Sz)dBl(Sl)ng(Sg)
0 k—1

k k
+/ f(s1,52)dB1(s1)dBa(s2)
k—1Jk—1
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w.r.t. the filtration Fj, generated by {B;(s),0 < s < k,i=1,2}, k=0,...,b.
1], (A.14)

By the martingale CLT in Hall and Heyde [1 } ( then follows from
zb:E 122 Foot] =p ————— and ZE[Z§1(|Zk| >e¢)] =0, (A.15)
Pt 2z122(21 + 22) Pt

for any ¢ > 0. Since 22:1 EZ? = fob f(f f2(s1,82)ds1dss = E(2;f (21, 22))? —
(2z122(21 + 22)) 7L, consider Ry, := EZZI(E[Zg\fk_l] —EZ?), where

E[Z,§|.7:k_1] = /:1 (/Okl f(81752)d32(82)>2d31

+ /1:1 (/Ok_l f(81782)d31(81)>2d52

k k
+/ f2(81,82)d81d82.
k—1Jk—1

By rewriting Ry =4 Z?:l fob fob Ci(Sl, SQ)dBi(Sl)dBi(Sg) with 01(81, 82) =
f’_b31v32_| f(817 S)f(SQa S)dS, CQ(Sh 82) = f|'bsl\/32'| f(87 Sl)f(87 SQ)dS and U'Sing the
elementary bound:
f(Sl, 82) S Cb71/2(97x1(82751)1(51 < 82)

+e722(51752) 1 () > 55)), 0< 81,80 <b, (A.16)
we obtain E|Ry2 = 37, fob fob c2(s1, s2)ds1dsy = O(b~1) = o(1), which proves
R, = op(1) and completes the proof of the first relation in (A.15). Finally,
using (A.6), (A.16), we obtain 22:1 E|Zk|* = O(b~1) = o(1), which implies the

second relation in (A.15) and completes the proof of (A.14).
Proposition 2.2 is proved. g

Proof of Proposition 2.3. (i) Split Z3(7) = Z~E (1) + TV/;' with
~* * T * *
Z5(7) ::/ (z*(r;2) — %)d(MB —EM31(1 < 8 < 2)),
Ry xC(R)
1
Vo= / —d(M% —EM31(1 < B < 2)),
8 o 220 M B

where M is a Poisson random measure on Ry x C(R) with mean p; = EM
given in (2.22). The existence of V5" follows from [* min{1,2~'}2#~1dz < oo

if € (0,1) and [;° min{z~*,27?}2P " da < 0o if B € (1,2). The process ZN’E is
well-defined if

v (r) = / |2 (r: ) — 7/(22) Py
R+ XC( )

= C’/ E|z*(1;2) — 7/(22) P2 ~1dx < oo, (A.17)
0
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where 0 < p < 1 for 8 € (0,1) and 1 < p < 2 for B € (1,2). We have
E|lz*(r;z) — 7/(22) P < Var(z*(T;x)))p/2, where

Var(z*(1;2)) = / Cov(V?(uy; ), YV (ug; x))duydus

(0,7]2
= 2/ d51d82e_2”’(“1+“2_81_s2)1(51 V 89 < up A ug)dugdus
(0,7]2 JR2

:ﬁ/(or]ze 2zl 2|du1du2:8?(2a:7—1+e 2T

T2 1
< CP(I A—), (A.18)

T
hence, J; 5(7) < C1?r=8 < oo for p < B < 3p/2. This completes the proof of
part (i).

(i) E|Vgr|p < oo for 0 < p < B, since V[;r is a B-stable r.v. Similarly to (A.3),

E\Z}“}(T)P < oo follows from J; 5(7) < oo in (A.17), where p is sufficiently close
to 5 and such that 0 < p < 8 < 3p/2. This proves part (ii).

(iii) Follows from part (ii) by Kolmogorov’s criterion, similarly as in the proof
of Proposition 2.2.

(iv) For notational simplicity, we only prove one-dimensional convergence at
7 > 0. We have log Eexp{i0b=1 Z5(br)} = (1) fR+ Ap(z)2P~1dx, where

Ap(z) == E[exp {i0b~'2* (br;2)} — 1 —i0b~ 2" (br; 2)1(1 < B < 2)].
Substituting E|z*(br; x)| < (BE|2* (br;2)[?)Y/? and E|2* (br; z)|? = Var(z*(br; x))
+ (b7/(22))% < C(b/x)? by (A.18) into

min {1, b7 E|z*(br; z)|}, 0<pB<1,

A <C
Al = {min{b1E|z*(bT;x)|,b2E|Z*(b7;9€)2}» 1<p<2,

we obtain the bounds: |Ay(z)| < Cmin{l,z71} if 0 < B8 < 1, and |Ay(z)] <
Cmin{z~ !, 272} if 1 < B < 2. The result then follows from the dominated
convergence theorem once we show that for all x € R,

() = exp{ifT/(2z)} — 1 — (i07/(22))1(1 < B < 2) as b — oo,
’ Elexp{i0Z%7/(2z)} — 1 — (102%7/(22))1(1 < B < 2)] asb—0,
(A.19)

where Z ~ N(0,1). Using (A.18), we get E|b~12*(br;z) — (7/(22))]* =
b=2 Var(z*(br;x)) < Cb~! = 0(1) as b — oo, which implies the first convergence
in (A.19). To prove the second convergence in (A.19), note Z/v/2x =4 Y(0; ).
It suffices to show that as b — 0,

Bl bri0) - 70| = B [ (02 (bus) — Y20 0))du
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< / B2 (bus ) — V2(0;2)[du = o1).
0

Factorizing the difference of squares and applying the Cauchy-Schwarz inequal-
ity, this follows from

bu
E|Y(bu; x) — Y(0;2)|? = / e 27%ds + L e _1)2 < Chu.
0

233(
Proposition 2.3 is proved. O

Calculation of the constant og in Proposition 2.2 (v). We have

226/3 ) ) .

- 2 B / (1 — exp{—(u1 + u2) 1(“1“2) 1})(u1u2)5 Yduy dusy
w(l) ]R2

s / (1 — exp{—u3(1 + v2) Loy })u2?~of duy s
u U1 v Ri
1 el -
- _/ (1 — exp{—v1 (1 + v2) " tvy ) oy 23 1ol 1wy doy
wy=vy */? 3 R2

1 1/((1+vz2)v2) 3
= —/ (/ ’Ultdt) 2,8/3 B 1d’U1d’UQ
3Jrz NJo

2
= F( = ?ﬂ) /Oo Uﬁ_ldvz /1/((1+U2)02) t25/3_1dt
3 0 ? 0

I'(1 - 3£ o _
— —( 3)/ (1—1—1}2)725/305/3 Ldw,
0

ra- %) ! 2
— [ — R B/?’ -1 _ 1 /8/371 72d
i 25 /0 s¥P1° (s ) s “ds

r(1—2)B(4,%)
23 ' O

Proof of (4.22). By Corollary 4.1 (iv), 5= SN S™070 X, (k) Xi(k+t) —p () =

E% Hence, relation (4.22) for (4.26) follows from

n—t t

N
le;(iklxi(k)xi(kﬂ))? B a20)

By the LLN, + Zz (= o )2 —p E(1 5)2. Therefore by Minkowski’s inequal-
ity, for (A.20) we only need to show that

%Z (=" X)Xk + 1) — 1ft‘a2)2=op(1).
kl 4

i=1
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By taking expectations this follows from

t n
ZX Xi(k+1t)— 1f'a2) :_EVar [ Xi(k)Xi(k +t)]a;] = o(1).
K k=1
(A.21)
2(|k—k'|+t) G21k—

Using Cov|[X;(k)X;(k +1), Xi(K') Xi (K + t)|a;] = *F—7— cumy + 2 +
a? max{|k—k'|,t}

“—i—azz — and the same bound as in (2.30) we see that the Lh.s. of (A.21)
does not exceed C’E[ﬁ min{1, #a)}] which vanishes as n — oo by the
dominated convergence theorem, due to E~—=5 = )2 < 0. O
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