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Abstract: The paper gives a unified study of the large sample asymp-
totic theory of penalized splines including the O-splines using B-splines
and an integrated squared derivative penalty [22], the P-splines which use
B-splines and a discrete difference penalty [13], and the T-splines which use
truncated polynomials and a ridge penalty [24]. Extending existing results
for O-splines [7], it is shown that, depending on the number of knots and
appropriate smoothing parameters, the Lo risk bounds of penalized spline
estimators are rate-wise similar to either those of regression splines or to
those of smoothing splines and could each attain the optimal minimax rate
of convergence [32]. In addition, convergence rate of the Loo risk bound,
and local asymptotic bias and variance are derived for all three types of
penalized splines.
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1. Introduction

Penalized spline smoothing has become popular in the last two decades. The
approach uses a flexible choice of bases and penalty and is often viewed as
a bridge between regression splines and smoothing splines. Indeed, penalized
splines exploit the mixed effect presentation of smoothing splines but are com-
putationally much simpler because they use low rank bases; penalized splines
inherit the computational simplicity of regression splines but relieve the over-
fitting of regression splines as they employ a smoothness penalty. Therefore,
penalized splines have enjoyed widespread use in methodology development and
applications. For example, penalized spline methods have been well developed
in functional data analysis, e.g., [44, 15, 43, 40]. Another example is penalized
splines methods for generalized additive models [38]. See [24] for a comprehen-
sive introduction to penalized splines. The paper [25] gives a review of penalized
splines in the 2000 decade and most recently, the paper [14] provides a review
of P-splines [13], one popular type of penalized splines.

Theoretic understanding of penalized splines has been largely lagging be-
hind. The flexibility of penalized splines in terms of usage of bases, placement
of knots and choice of penalty actually dramatically increases the difficulty of
the theoretic study of penalized splines. Indeed, the O-splines [22] use B-splines
as bases and impose an integrated squared derivative penalty to control overfit,
the P-splines [13] also use B-splines but directly impose a penalty on the associ-
ated coefficients, and the T-splines [24] use truncated polynomials and impose
a ridge-type penalty on the associated coefficients. While it seems a consensus
in the literature that all three types of penalized splines have similar practical
performance, existing theoretic works usually focus on one type. The paper [7] is
a seminal work and shows that, for the Lo risk bound, depending on the number
of knots and the penalty, O-splines behave similar to either regression splines
or smoothing splines. Specifically, when the penalty is appropriately small, the
number of knots for constructing the B-spline bases determines the convergence
rate, leading to asymptotics rate-wise similar to those of regression splines; but
when the penalty is large, the number of knots does not matter as long as it
is sufficiently large and the penalty determines the convergence rate, leading to
asymptotics rate-wise similar to these of smoothing splines. In particular, the
optimal number of knots for the regression spline type asymptotics is rate-wise
no bigger and can be much smaller than that required for the smoothing spline
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type asymptotics; thus, for penalized splines, the regression spline type asymp-
totics is referred to as the small number of knots scenario while the smoothing
spline type asymptotics is referred to as the large number of knots scenario. It is
interesting to study if such two-scenario asymptotics will also hold for P-splines
and T-splines.

Table 1 gives a summary of existing theoretic works on penalized splines.
As mentioned earlier, the paper [7] derives the Ls risk bound of O-splines for
both the small and the large numbers of knots. In addition, the work gives the
local asymptotics of O-splines and T-splines for the small number of knots.
The local asymptotics for the scenario of large number of knots is quite chal-
lenging to derive and equivalent kernel methods [30] have been adopted in the
literature. Indeed, the papers [21], [37] and the unpublished [41] use equivalent
kernel methods for P-splines, while the paper [27] studies O-splines. Note that
all those works assume equally-spaced design points which is quite stringent.
Another note is that, for the large number of knots scenario, P-splines have a
slower convergence rate near the boundary [37]. Similar boundary behaviors of
O-splines and T-splines have not been established yet. Early theoretic works of
penalized splines also include [17] and [18]. For generalized additive models, the
paper [45] studies the local asymptotics of a ridge-corrected P-spline estima-
tor. For longitudinal data, the paper [5] studies the local asymptotics and the
Lo convergence rate of O-splines. Theoretic work on penalized splines in two
dimensions include [42], [20] and [39].

Many theoretic gaps, e.g., the convergence rate of L, risk bound, still remain
and the paper intends to fill a number of the gaps. The checkmarks in Table
1 indicate the contributions of the paper. First, the Lo convergence rates of
P-splines and T-splines shall be established for both scenarios, extending [7].
Second, the L., convergence rates of all three types of penalized splines shall
be established and the rates are optimal for the small number of knots scenario.
Third, the local asymptotic bias and variance of P-splines and T-splines will
also be given.

TABLE 1
Summary of theoretic works on penalized splines. The checkmarks indicate the major
contributions of the paper. Note that the * around the means that the newly derived

convergence rates for the bias might not be rate optimal. The details are provided in the
theorems or remarks in parentheses.

Small number of knots

O-splines P-splines T-splines
Lo (Rem 5.3) 7] (Rem 5.6) (Rem 5.7)
Lo (Thm 6.1) (Rem 6.5) (Rem 6.5) (Rem 6.5)
Local (Thm 7.1) [7] (Rem 7.1) (7]
Large number of knots
O-splines P-splines T-splines
Lo (Rem 5.3) [7] (Rem 5.6) (Rem 5.7)
Lo (Thm 6.1) * (Rem 6.6) [37] * (Rem 6.6)
Local (Thm 7.1) [27] 21], [37], [41]  /* (Rem 7.2)

In order to obtain the new theoretic results, two key observations are made
and three key results are established. We first list the two observations.
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e The three types of penalized splines differ essentially only in the penalty
matrix being used and the three penalty matrices are inherently very sim-
ilar to D, where D is a difference penalty matrix defined in Section 2; see
also Section 4.

e The local variance of the three types of penalized splines can be studied
via the bounds on the diagonals of (I + nD)~!, where n > 0 is a scalar
and D is the difference penalty matrix mentioned above.

Now we list the three key results.

e The decay rates of the eigenvalues of the three different penalty matrices
are derived; see Propositions 4.1 and 4.2. These results show that the
eigenvalues of the penalty matrices have similar decay rates.

e A property of penalized splines is established in Propositions 4.3, 4.4 and
4.5 for all three types of penalized splines.

e The rates of the local asymptotic variance of penalized splines are estab-
lished for all three types of penalized splines; see Propositions 6.1, 6.2 and
6.3.

These three results ensure that a unified theoretic study is attainable. Finally,
the paper provides several new theoretic results regarding the approximation
accuracy of B-splines, which are useful for the theoretic derivations; see Section
3.

The rest of the paper is organized as follows. In Section 2, we introduce
penalized splines. In Section 3, we consider the approximation accuracy of B-
splines. In Section 4, we study the singular properties of penalized splines. In
Section 5, we derive the Ly convergence rate of penalized splines. In Section 6,
we derive the L., convergence rate of penalized splines. In Section 7, we derive
the local asymptotic bias and variance of penalized splines. Proofs of theorems
are provided in Section 8. Technical lemmas are given in Appendix B.3, the local
variance of penalized splines is studied in Appendix B, and lower and upper risk
bounds on the variance of penalized splines are derived in Appendix C.

We shall use the following notation convention. For a vector a = (ag), ||al|2
denotes its Euclidean norm and ||a||lmax = maxy |ag|. For a matrix 4 = (Age),
||A]|2 is its operator norm, ||A|max = maxge |Are|, ||A||F is its Frobenius norm
and ||Al|e = maxy Y, |Ake|. For two square matrices A and B, A < B means
that B — A is positive semidefinite. For a function g(z) defined over an interval
T, we let ||g|| be its supremum norm over 7, i.e., ||g|| = sup,e7 |g9(2)|, and we
shall use ¢() () to denote its i*" derivative. We also use the notation a ~ b to
denote that lim,,_, ., a/b = ¢ for some constant ¢ > 0.

2. Penalized splines

Consider the nonparametric regression problem

yi = flx;)+e, i=1,...,n,
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where the n design points z; € T = [0, 1] can be either deterministic or random,
y; are the observed responses, and e; are random errors. Let p be a fixed positive
integer. It is assumed that f € CP(T), the class of functions with continuous
pt" derivatives over 7. The aim is to estimate the unknown smooth function
f by penalized splines. We introduce three types of penalized splines that are
commonly used and then formulate a unified estimator that contains all of them.

2.1. O-splines

We first introduce splines [8]. A spline is a piecewise polynomial that is smoothly
connected at its knots. More specifically, for a fixed integer m, denote by S(m, t)
the set of spline functions with knots t = {0 = t) < t; < ... < tg,+1 = 1}
For m =1, §(m, t) is the set of step functions with jumps at the knots and, for
m > 2,

S(m,t) ={s € C™%(T) : s is a polynomial of degree

(m — 1) on each interval [t;, ¢;+1]}.
A basis for S(m,t) can be formed by B-splines, which are defined as
N (@) = (b =t [ty - ) (E—2)P Y, 1<k <K = Ko+m,

where (t — )y = t —x if t > x and 0 otherwise, [ty_m,...,t](t — z)7"
denotes the m*" order divided difference of (t —x)7' "' as a function of ¢ [8] and
tiom < <t_g <tp, tky+1 < tret2 < -+ - < tx. The B-spline basis functions
can also be recursively defined as N, ]Lm] (x) = N,Erf]m(x) with

N[l](z> )Lt <z <tpga,
0, otherwise,

T — tg < [m—1] thtm — T Sim—1]
=——N z)+ ——N, x),
thpm—1 —tr " (@) thopm — tepr (@)
for k = —(m—1),..., Ko. Here 0/0 = 0. Then any spline function s(z) € S(m,t)
can be written as Y p_, OkN,Em] (x) with some scalars 6.
The O-spline estimator [22] is defined to be a spline function

. i 2
fo=arg min [%Z{y = s()l 4o [ {s0(@)} dx] BNERY
where ¢ < m is a fixed integer, s(9 denotes the ¢ derivative of s, and Ao > 0
is a smoothing parameter. For O-splines, it is assumed that t1_,, =---=t_1 =
to =0 andtK=-~:tK0+2 :tKo-H =1.

The derivative of a spline function is closely related to the difference oper-
ators. Let Ag1 € RE-DXK he the first order difference operator such that,
for a vector § € RE| Ag10 = (02 — 01,...,0 —0x_1)T. For 1 < ¢ < K, let
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Ag, € RE-DXK he the ¢! order difference operator that is defined recursively
as Ax g = Axg_14-1Ak,1. To simplify notation, denote N,Em] (z) by Ni(x) and
let N(z) = {Ni(z),..., Ng(2)}T € RE. Similar to [46, equality (40)], we derive
that

dN™ (z)

dr Alka WiINI = (),

where WU € RE-Dx(K-1) g o diagonal matrix with the k" diagonal element
(m—1)(tx —tp_ms1) "t Let AK,Lm: W[;("}AKJ € RIK-DXK he g weighted first
order difference operator and define recursively AKﬂ’m = AK_Lq_l,m_l AK,l,m.
To extend the definition to the case ¢ = m for T-splines to be introduced later,
we let W[;(] = h~!I. For simplicity, we suppress the dependence of the weighted
operators Af 4, on t. We obtain that

dINt ()

dxd = AK,q,m‘]\ﬂmiq] (1’)

and hence

s (z) = 0T ND () = T AL, N U(z). (2.2)

Thus, [ {s@ (x)}2 dz = 0T P,0, where
Oq = A:ZI;,q,mC"Y[Tn_q]AI(,qA,m (23)

with Gl = [ NIm=d () NI a7 (z)dz € RUEC0X(E0),
Let Y = (y1,....yn)" € R" and N = [N(z1),...,N(z,)]" € R™HF. It
follows that the minimizer of (2.1) is fo(x) = N7 ()6 with

X 1
0 = argmin <||Y — NO|3 + A06T0q9> :
n

Therefore, § = (NTN/n + )\OOq)fl (NTY/n) and

folx) = NT(z) (N"N/n+ A00,) " (NTY/n). (2.4)

2.2. P-splines

The P-splines [13] imposes a penalty directly on the ¢** order consecutive dif-
ference of the coefficient vector . Specifically, the P-spline estimator is also a
spline function

n

2 1
fp=arg min |- Z {yi — s(x:)}> + Ap0T Dgc 40| ,

ses(m) | n

where Dgc g = A% Ay € RF*K \p is also a smoothing parameter, and the
set of spline functions S(m, £) is defined over equally-spaced knots, i.e., t contains
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knots with t; = i/(Ko + 1),1 —m < i < K. With slight abuse of notation, we
still denote the corresponding B-spline basis functions by N(z). The difference
in the bases is minor for the theoretic study as we will discuss later. Then the
P-spline estimator, denoted by fp(ac), takes the following form

fe(x) = NT(z) (N"N/n+ ApDk,) " (NTY/n). (2.5)

The difference penalty is effectively a smoothness penalty. Indeed, when
0T Dk 40 = 0, the resulting estimate reduces to a polynomial of degree g — 1.

2.3. T-splines

Finally, we introduce the T-splines [24]. Let ¢ be as in the O-splines and F(z) =
{La, 2™ (=)' (o — ti,)T '} € RE. The T-splines is the
estimator

n

~ 1 2 -
= in |— i — FT ()0 A0 Tk ]
fr = arg min |~ ;{y ()0} + A0 Ik,
where Ap is a smoothing parameter and nym = blockdiag(0s, m, [k —m). We
derive that

fr(x) = FY(x)(FTF/n+ ApIgm) " H(FTY/n),

where F = [F(x1),...,F(z,)]T € R"™X. There exists an invertible transfor-
mation matrix Ly, € RE*E that depends only on ¢t and such that N(z) =
L ,F(x), where N(x) denote the B-spline bases for O-splines. Thus,

Jr(x) = NT(@)(N'N/n + A Dic.n) " (NTY /), (2:6)
with bKﬁm = L?me,mLK,m. We derive that (see Lemma A.8),
- 1 2 _
Dy = ? {m} A% DK mm, (2.7)

which can be thought of as an extension of the penalty matrix O, for O-splines
to the case ¢ = m. Indeed, O, and the O-splines can only be defined for ¢ < m.

2.4. A unified penalized spline estimator

Comparing the three penalized splines estimators in (2.4), (2.5) and (2.6), we
see that the main difference between them is the penalty matrix. In Section
4, we shall show that the penalty matrices (after adjusting the corresponding
smoothing parameters) have eigenvalues of similar decay rates, which paves the
way for a unified theoretic study of all three estimators. This motivates us to
consider the following estimator

f(x) = NT(z)(NTN/n+ AP,) Y (NTY/n), (2.8)
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where P, € REXK is an arbitrary positive semi-definite matrix and two as-
sumptions (Assumptions 3 and 4) on P, will be made in Section 4. These two
assumptions are satisfied by each type of penalized splines. We shall study the
Lo convergence rate, Lo, convergence as well as local asymptotics of the unified
penalized spline estimator f and then apply the theoretic results to the three
types of penalized splines.

3. Spline approximation

In this section we establish some necessary results on the approximation accu-
racy of a smooth function by splines. We make the following assumption.

Assumption 1. K > n° for some § > 0 and K = o(n).

We next specify some conditions on the placement of knots. Let h; = ;11 —1;
and h = maxo<i<k, hi. We assume that

h

Ogingl?()é—l |hi+1 — hz‘ = O(K_l) and m < M, (31)
where M is a fixed constant. The same assumptions on the knots can be found
in [46]. In many works, e.g., [3], the knots are assumed to be generated from
a positive density, which will lead to (3.1). Therefore, (3.1) is slightly more
general. Note that (3.1) implies that h ~ K~!, i.e., h and K~! are rate-wise
equivalent.

If the design points z = (x1,...,x,) are deterministic, we assume that

1Qn — Q| = o(h), (3.2)

where Qn(z) = n~' Y " I(z; < x) is the empirical cumulative distribution
function and Q(z) is a distribution with a positive and continuously differen-
tiable density p(z). Assumption (3.2) is also common; see, e.g., [46].

Denote by By, (z) the k" Bernoulli polynomial function, i.e.,

k
By (z) = 2k + <1>lek_1 44+ By, €T,

where the Bys are the Bernoulli numbers satisfying the following: for k£ > 1,
J7 Br(x)dx = 0 and for k > 2,

B (@) = kB 1(z), BY(0)=B(1),0<j<k-2

As f € CP(T), define, whenever p > m, for 0 < k < K — 1,

e T —t
_ _ r(m) k k
br(z) = —f @ME#%<—Ef),%S$<mH.

We use the notation by) (x) with values at the knots being the right derivatives.
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Lemma 3.1. If f € CP(T) with p = m, then there exists a spline sy € S(m,t)
such that

Hf<i>_s§f>+b§f) =o(h™ ), i=0,1,...,m—2,

and fori=m — 1,
e s o,

and
o

=o(h).
L =olb)
Remark 3.1. The lemma is adapted from Lemma 1 of [4] and can be easily
extended to prove that: if f € CP(T) with p < m, then there exists a spline
sy € S(m,t) such that,

Hf(i) _ ng) =0 (hp*i) , i=0,1,...,min(p,m — 2).

and Hf(p) - sgcp)HL2 = o(1). To see this, let g(z) = S h_o f®(0)z*/k! which
satisfies || f) —g|| = o(h?~%) and apply Lemma 3.1 to g which gives by(x) = 0.
Remark 3.2. The results in Lemma 3.1, Remark 3.1 and Lemma 3.2 fori > 1
are important for the theoretic study of O-splines which involves the derivative

penalty of the spline estimators. To our best knowledge, such results have not
been formally stated in the statistics literature.

We denote the spline s¢(z) in Lemma 3.1 by >, BxNi(z) and let § =
(B1,-..,BK) € RE. Lemma 3.2 below further characterizes the accuracy of sf
for approximating f.

Lemma 3.2. Suppose that (3.1) holds and f € CP)(T) with p < m. For 0 <
¢t <min(p,m —1) and r > 1,

=0 (h’”‘l_i) .

max
k

| 3@ {19@ -5 @)} data)

Lemma 3.3. Suppose that the assumptions in Lemma 3.2 hold. For the fixed
design, if (3.2) holds, then

mise| [ N(w) (@) = 3@} dQu(2) = 0 (1771).
For the random design where the design points x are randomly sampled from
Q(z), if K = o(n®") for some §* € (0,1/2), then

max =0 (th) , a.S.

/T Ni(@) {f(@) — 57(2)} dQu ()

Remark 3.3. The fized design case in Lemma 3.3 was proved in [1, Lemma
6.10].



756 L. Xiao
4. Properties of penalty of penalized splines

In this section we establish the properties of penalty of penalized splines. For
smoothing splines, the eigenvalues of penalty play a fundamental role in the
study of asymptotic properties; see, e.g., [34] and [31]. Given the similarity of
penalized splines and smoothing splines, it seems not unreasonable to believe
that such an approach can be extended for the theoretic study of penalized
splines. Indeed, a number of theoretic studies of penalized splines used results
on eigenvalues for smoothing splines albeit without a formal proof. Because
smoothing splines use polynomial splines with some boundary conditions [36]
while penalized splines do not satisfy those conditions; see, e.g., [37] for P-
splines, a formal proof on the eigenvalues of penalty of penalized splines is needed
but does not exist as far as we are aware of. We shall fill the gap and establish
that the three penalty matrices of the respective penalized spline estimators
introduced in Section 2 have eigenvalues of similar decay rates.
The assumptions on the knots and design points are summarized as below.

Assumption 2. For the B-spline bases, assume that the interior knots are
equally-spaced with t; = i/(Ko+1),0 < i < Ko+ 1. For the fized design points,
(3.2) holds.

Remark 4.1. (3.1) holds under Assumption 2 and h =1/(Ko+ 1).

A square matrix A = (a;;) is said r-banded if a;; = 0 whenever |i — j| > r/2.
If r is a finite number, we say that A has a finite band. For a symmetric matrix
A, denote by A\x(A) its k' smallest eigenvalue. We first derive the spectrum of
the penalty matrix Dg , for P-splines. Note that Ay (Dg ) = Ax (O4) = 0 for

k < qand A\ (DK,m) =0 for k < m.

Proposition 4.1. Suppose that Assumption 1 holds. The matriz Dk 4 is (2q)-
banded and there exists a constant C1 > 1 that depends only on q and such that
forq+1<k<K,

k—q\* k2
o (Tq> < A(Dryq) < Cy (E) .

Proposition 4.2. Suppose that Assumptions 1 and 2 hold. The matrices O, and
Dy are both (2m)-banded. And there exists a constant Cy > 1 that depends
only on q and m and such that forq+1 < k< K,

. 2q 2q
cyt (%) < X (B27710,) < O, (%)

and form+1< k<K,

k—m 2m B k 2m
5! (T) < A (B 2Dicon ) < Co <§) .
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Remark 4.2. Propositions 4.1 and 4.2 show that the eigenvalues of h*1=10,
and Dy 4 have the same decay rate and the eigenvalues of h*" 2D, and
Dy m have the same decay rate.

Remark 4.3. Results on the singular values of Oy without a rigorous proof has
been used in the penalized spline literatures; see, e.g., [7] and [5]. To our best
knowledge, our proof is the first one.

Remark 4.4. The results are comparable to the eigenvalues of smoothing splines
[34] and our proofs are also similar to those in [34].

Propositions 4.3, 4.4 and 4.5 give another useful property of the various
penalized splines.

Proposition 4.3. Suppose that Assumptions 1-2 hold. Assume that f € CP(T)
with g <p <m and ¢ < m. Then

1048]| o = OKT™Y), 87048 = O(1),
where 3 is defined in Section 3 so that s¢(x) = NT(z)p.

Proposition 4.4. Suppose that Assumptions 1-2 hold. Assume that f € C™(T).
Then

Hh‘lemﬂH — oK™, T (h‘lf?x,m) B=0(1).

Proposition 4.5. Suppose that Assumptions 1-2 hold. Assume that f € CP(T)
with g <p <m and ¢ < m. Then

max

HhkquK,qﬁH = Oo(K*Y), BT (hk?qDK,q) B8 =0().

max

5. Lo convergence rate

The L, convergence rate of O-splines was first proved in [7] and similar proofs
can be adopted to establish the Lo convergence of the unified penalized spline es-
timator. Then the Lo convergence of P-splines and T-splines can be established.
However, it is worth noting that the adaption is not entirely trivial because O-
splines only allows ¢ < m, but T-splines uses essentially an m*" order penalty
and we also allow ¢ = m for P-splines.

Assumptions 3 and 4 below summarize the key properties of penalty of all
three types of penalized splines derived in Section 4.

Assumption 3. Suppose that P, is a symmetric and positive semi-definite
square matrix with a finite band that depends only on q and m and satisfies:
A(Py) = 0 and there exists a constant C3 > 1 that depends only on g and m
and such that forq+ 1<k <K,

o 2q 2q
o () im0 (1)

Assumption 4. TP, = 0(1).
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Let G, = NTN/n and H,, = G,,+ AP, /n. DeﬁneG fN NT(x ) (x)dx €
RE*K and H = G + AP,/n. Let A = NG,,? and P, = G, PG . Let f =

(o) oo o)) R and f = {F(1),..... f(za)}T € " Then f = A(Ijc+
P~ 1ATY . The smgular values of P, plays an indispensable role in studying

the Ly convergence of f(x) [7]. Lemma 5.1 can be derived from Assumption 3
and A.1.

Lemma 5.1. Suppose that Assumptions 1 - 3 hold. Then Ay (Pq) =0fork<gqg
and there exists a constant Cy > 1 such that forq+ 1<k < K,

N 2q B 2q
Ot <qu) <N (Py) < Can2 ([’“() .

Assumption 5. A =o(1).
Lemma 5.2. Suppose that Assumptions 1 - 3 and 5 hold. Then

[(rear) |

F

where || - ||F is the Frobenius norm and h. = max(h, )\qu)

Assumption 6. The random errors e; are independent from x; and are i.i.d.
with mean 0 and Ele;|™ < oo for some constant T > 2.

We shall only give results for the fixed design. However, the extension to the
random design is straightforward and the only additional assumption required
is K =0 (n®") for some 6* € (0, 3).

72

Theorem 5.1 (Ls convergence). Suppose that Assumptions 1 - 6 hold. If f €
CP(T) with ¢ < p <m, then

E(’A_

where h, = max(h, )\i) is defined in Lemma 5.2.

i) =0 (K~2") + o(K~2) + O {min (XK, \)} + O (ni) ’

Remark 5.1. The first two terms correspond to the approximation bias of spline
functions, the third term is the shrinkage bias due to the penalty, and the last
term is the variance.

Remark 5.2. Assume in addition that e; ~ N(0,02), then a concentration in-

. L2
equality on the term [ {f(w) — Ef(x)} p(x)dz, which measures the integrated

variability of penalized splines, can be established; see Lemma C.1 in Appendiz

C.

Remark 5.3. As first observed in [7] for O-splines, depending on the number
of knots K and the smoothing parameter X\, the convergence rates of penalized
splines are similar to either those of regression splines or those of smoothing
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splines, giving rise to two-scenario asymptotics: the small number of knots sce-
nario corresponding to regression spline asymptotics and the large number of
knots scenario for the smoothing spline asymptotics.

(a) (Small number of knots scenario). Suppose that the conditions in Theorem
5.1 and that f € C™(T). If \K*1 = O(1), then

dl

and for K ~ NI ,A=0 (n_ QTHTI), the estimator attains the optimal

i) =0 (K?") +0 (NK*)+0 <K) :

n

f-4|

rate of convergence niﬁ%.

(b) (Large number of knots scenario). Suppose that the conditions in Theorem
5.1 and that f € C4(T). There exists a sufficiently large constant C that
does not depend on K or n such that, if \K?7 > C, then

5 (71

2
and for K > CP\" % , and A ~ n_ﬁ, the estimator attains the optimal

__2q_
rate of convergence n~ 2a+1 .

) _0 (%)\) O 40 (K2 40 (K29,

2
Lo

Because g < m, the optimal number of knots K in (a) is rate-wise no bigger and
can be much smaller than that in (b), explaining why the two-type asymptotics
can be referred to as the small number of knots scenario and the large number
of knots scenario.

Remark 5.4. The same convergence rate can also be established for AMSE(f) =
. 2
LY E (f@) - f)

Remark 5.5. To apply Theorem 5.1 and Remark 5.3 to O-splines with ¢ < m,
Just let Py =04 and A = Ao.

Remark 5.6. To apply Theorem 5.1 and Remark 5.3 to P-splines with ¢ < m,
just let Py = h'*721Dg 4 and A = Aph??=1. As mentioned in Section 2, the bases
for P-splines are different from those for O-splines. However, the difference does
not matter for the theoretic study because Lemmas A.1, A.2 and A.3 in Appendix
B.3 still hold for the P-spline bases, which can verified by checking the proofs in

[46].

Remark 5.7. To apply Theorem 5.1 and Remark 5.3 to T-splines, just let
P, = hilDKvm and X = Arh.

6. L., convergence rate

In this section, we shall establish the L., convergence rate of penalized splines.
Note that while bounds on the eigenvalues of P, and P, are useful for deriving
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the Lo convergence rate of penalized splines, they are not sufficient for studying
the local and L., convergence of penalized splines. For example, to study the
local variance, proper bounds on the diagonals of H, ! and H,? are required.
Thus, we shall first derive the local asymptotic variances of the three types of
penalized splines, in addition to those in Section 4. Then, we derive a unified
convergence rate that applies to the three penalized splines.

6.1. Local asymptotic variance

Proposition 6.1. Suppose that Assumptions 1, 2 and 5 hold. Let A = Ao and
H, = Gy, + AoOy with ¢ < m. Then there exists a constant Cs > 1 such that,
forr=1 and 2,

Cs'h'Tht < min (H,"),, <max (H,"),, < Csh'~"h !

Proposition 6.2. Suppose that Assumptions 1, 2 and 5 hold. Let A = Arh and
H, = G, + A\rDg . Then there exists a constant Cs > 1 such that, forr =1
and 2,

Cg 'h'™Thgt <min (H,7),, < max (H,"),, <

Here h, = max(h, /\i) with ¢ = m.

Proposition 6.3. Suppose that Assumptions 1, 2 and 5 hold. Let A = A\ph?3~!
and H, = Gy, + ApDg 4 with ¢ < m. Then there exists a constant C7 > 1 such
that, for r =1 and 2,

C7 R TTht < min (H7),, < max (Hy "), < Cohd ="

6.2. Unified Lo, convergence rate
The results in Section 6.1 can be summarized as follows for the unified penalized
spline estimator.

Assumption 7. There exists a constant Cs > 1 such that, for r =1 and 2,
—171—r7 — . — — —ry —
Cy Rt "h, < min (Hn T)kk < max (Hn T)kk < Cght "h, L

The results in Propositions 4.3, 4.4 and 4.5 can also be summarized as follows
for the unified penalized spline estimator.

Assumption 8. ||P,8]| . =0 (K91).

Remark 6.1. Assumption 8 is satisfied by O, for ¢ < m, h_lf)K,m forqg=m
and hl’QqDK,q for g < m.

We also need the following assumption, which is common for establishing
uniform convergence rates [6].
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Assumption 9. Assume that

K (bZn) = o),

where T is in Assumption 0.

S
|
-

Theorem 6.1 (L, convergence). Suppose that Assumptions 1 - 9 hold. If f €
CP(T) with ¢ < p <m, then

3
2

Nl

Hf - fH —O (K™™) +0(K™?)+0 [min {)\Kq (14 AK2)2  (AK)

+O{(12i:‘> } , @.S.

Remark 6.2. The terms on the right hand in the equation correspond to the
Lo bound of the approzimation bias of splines (first two terms), the Lo, bound
of the shrinkage bias due to the smoothness penalty (third term), and that of the
variability (last term) of the penalized spline estimator.

Remark 6.3. The proof of the theorem can be adapted to show that the same
rate holds for E Hf — fH

Remark 6.4. Assume in addition that e; ~ N(0,0?), then both lower and upper
tail risk bound inequalities on the term sup,c ‘f(x) - Ef(z)‘ can be established;
see Lemma C.2 and its following remark in Appendix C.

Remark 6.5. If f € C™(T) and A = o (K~2%), then h. = h, the shrinkage
1
bias is megligible, and the Lo, convergence rate is O {Km + (%) ’ }, the

Lo rate for regression splines. In addition, when K ~ (logn) ZmH, the Lo

convergence rate becomes (k’%) o , the minimax optimal rate [6]. Similar to
[6], such an optimal rate can be achieved when T > 2+ % because of Assumption
9. Thus, X does not matter as long as it is small and K as in regression splines
serves as the smoothing parameter.

Remark 6.6. If )\ is sufficiently large, then h, = )\2_1q, the approximation
bias of spline functions is negligible, and the L., convergence rate becomes

0 [min{/\Kq(HAKZq)g,(AK)%}+ (“)g")%xr%]. When A ~ (%)T

n

1
and K ~ (logn) N and that AK?9 is sufficiently large, the Lo, convergence

— 9
rate 1s (k’%) Y the minimaz optimal rate [12]. Because of Assumption 9,

such an optimal rate can be achieved when T > 2 + %.
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Remark 6.7. Comparing the derived L., rate with the optimal Lo rate in
part (b) of Remark 5.3, we see that when AK?? — oo, the derived Lo, rate

n

1
(0] { (loﬂ) ’ )\4161} for the asymptotic variance is optimal. However, the derived

Lo rate O [min {)\Kq(l + AK29)3, ()\K)% }] for the shrinkage bias is subopti-
mal and we believe the optimal rate should be O </\%>,
Remark 6.8. To apply the unified Lo, rate to the three types of penalized

splines, we just follow the specifications in Remarks 5.5, 5.6 and 5.7, respec-
tively.

7. Local asymptotic bias and variance

Theorem 7.1 (Local asymptotics). Suppose that Assumptions 1 - 8 hold. If
f(z) € CP(T) with ¢ < p < m, then

3
2

B = f = Lgpmmybs = b = 0 [+ min {AK7 (14 AK2) % (K2 ]

The shrinkage bias by () is —NT (z)H~1(AP,) 3, where 3 is defined in Section 3.
If additionally, \K?? = O(1) or ||Q, — Q|| = o (h%), then

- ()

HEJ?— = Lp=myby — b,\H =0 (K7 +\K9)

3)

The above results are the same as the local asymptotics of O-splines derived
in [7] and also hold for P-splines and T-splines with specifications in Remarks
5.6 and 5.7, respectively. Suppose that f € C™(T) and A = O{K_(m""”}, then
the local asymptotics are the same as those for regression splines and hence are
optimal.

sup |var {f(x)} — %ZNT(x)HflGHle(x)

Remark 7.1. If \K?7 = O(1),

and
var {f(x)} - %NT(I)H’IGH’lN(x)

sup
x

Remark 7.2. If NK?? is sufficiently large, then the discussion is similar to
Remark 6.6 and the derived rates may be suboptimal.

8. Proofs

To simplify notation, we may use D for Dk 4, A for Ag 4 and P for P, in the
proofs.
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8.1. Proofs for Section 3

Proof of Lemma 3.2. We first consider the case p = m. Let g(x) = f(z) —
sf(x) + by(z). By Lemma 3.1, ||g)|| = o(h™~%) if i < m — 2. We derive that

‘ / N ) { £ @) - s§f)<x>}dc2<x>

Let gr(x) = N[T( )p(z). By integration by parts,
7] i _ [ -1 ! i—1 (1)
| M@0 @iee) = [ @] | - [ ol w)ie
:o(h"’*l_i)—/Tg(i_l)(x)g,(:)(x)dw.

(8.1)

]/ N @b (2)d Q)|

Note that [|g0=0 || = o(h™+1=%), giV(z) = p(x)dNy (@) /da + pD (2) N[ () is
non-zero for an interval of length O(h), and is of order O(h™!), uniformly for
all k. Thus, [ g(ifl)(m)g,(ﬁl)(x)dx = o(h™*17%) and

max /T N (@)gD (2)dQ(z)| = o (W17 . (8.2)

We now consider the second right hand term in (8.1) and shall prove that

max /TNIET] (m)b}”(m)dQ(m) =o (K™Y, (8.3)

Note that b ( )= —fim) (tk)(}f—_;;!B(m,i) (%), tr <z < tr41 and we have
defined gi(z) = ,L ](ac)p(x) It follows that

[ V@ o)
.

hm 7 tht1 —t
RPNl ey / 92 Bn— (mh—kk> o

m—i+1

==X “’”W | axtti+ 1) By i

hm i+1

:_Zf ’L)!wk’

k

where wy, = fol gr(tx + hry)Bim—i)(y)dy. By the definition of B-splines, wy is
non-zero only for a few ks. Moreover, using the fact that fol B(m—iy(y)dy = 0,
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we have

we = / {90tk + Te) — 91 (1)} Bsy (9)dy = o(1)
0

uniformly with respect to k. It follows that (8.3) holds and together with (8.1)
and (8.2), the proof for the case p = m is complete.
Now we assume that p < m and let g(z) = f(x) — s¢(z) instead. By Remark

3.1, lgV,, = o(h"~7). Let gi(x) = N (x)p(x). Then,
max /T NI (@)g® (2)dQ(@)| < max llgellz.llg 2. = O(R)o(R*™) = o(A"+17),
The proof is now complete. 0

Proof of Lemma 3.3. We first consider the fixed design. We derive that

max
k

/T Ni(@) {f(x) — 57(2)} dQu(2)
/T Ni(@) {f(x) — 57(2)} dQ(x)
[r Ni(@) {f(z) — 55(2)} d(Qn — Q)(2)] .

< max
k

4+ max
k

By Lemma 3.1, maxg |fTNk(x) {f(z) — sy(x)} dQ(x)| = o(hPT1). Hence, it suf-
fices to show

o(hPTh). (8.4)

max
k

/T Ne(@) (@) — 5(2)} d(Qn — Q)(x)| =

Let gr(x) = Ni(x){f(z) — s¢(x)}. By integration by parts,

/ Ni(@) {f(2) - 55(@)} d(Qn — Q)() = — / (@n — Q@) (@)
T T

‘ / YoV ()dx| (8.5)
Note that

g (@) = NV (@) {f(2) = sp(@)} + Ni(@) {F D (@) — s ()}
Since ||f — sgl| = O(h?) and || f — 5| = O(hr~1),

/‘g Dy dsr:</ ‘N 1) ‘|f —sy(x |d1:+/N;€ O (@ )(33)|dw
= O(hP).

Hence,

‘/ Ne(@) {£() — 55()} d(@
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where the big O is uniform with respect to k£ and in the second to last equality
we used the fact that ||N,51) | = O(h™1) uniformly with respect to k and N,il)(~)
is non-zero for an interval of length O(h) [26, Theorem 4.2]. It follows that

'/T(Qn — Q)(2)g (x)dx

<1Qn—Ql /T 1080 (@) dz = o(hP*),

where we used the assumption ||@,, — Q|| = o(h) (equation (3.2)).
For the random design, by Serfling [29, Theorem 2.1.4b],

1@ — QI = 0 {n~}(loglogn)* } = o (K1)

almost surely since K = o(n’") with 6* < 1/2. The proof is then similar to that
for the fixed design. O

8.2. Proofs for Section 4

Proof of Proposition 4.1. Let Ag,, = D%, — Dk 4. Note that Ax; = 0. By
[2, pp. 289-290], for ¢ > 1, Ak, are non-zero only for elements with indices
i, <qgand K —i1+1<¢q,K—j+1<q. Moreover, it is easy to verify that the
non-zero elements in Ag , depends only on g when K is sufficiently large. Thus,
Dr,q and Dj. ; should have similar singular eigenvalues (Lemma 8.2), and we
could study the singular values of Dk , via those of D} ; (Lemma 8.3). We first
present three Lemmas. 7

Lemma 8.1. Ay , > 0 and has at most 2q non-zero eigenvalues.

Proof. The second claim is straightforward because Ag 4 ha§ at most 2¢q rows
with non-zero elements. So we focus on the first claim. Let Dg ; = AKJA%J.
We first prove that DKJ > Dg_11. Let b= (b1,...,bg_1)T. Then bTDK,lb =
0+ Uk + 2,0 (b — bim1)? = 355 (b — bj-1)® = BT Dg_y1b. Note
that ?qu = A£71A£_17q_1AK71,q71AK,1 = A£71DK,1,¢1,1AK’1 and D(Iz(’l =
AL DI Ak . Thus,

T ~g—1 T —1
A=Ak, (D?m - DKfl’q%) Ak > Ak (Di 1 — Dr—1,4-1)AK 1,

where the last term equals A%lA K—1,g—1AK 1. Therefore, the proof is complete
by induction. O

Lemma 8.2. For2q+1<k<K,
Ak—2¢(D 1) < Me(Dreg) < k(D )

Proof of Lemma 8.2. The proof follows from Weyl’s Theorem [28, pp. 117],
Lemma 8.1 and that A\;(Ax,) = 0 for j < K — 2¢q. Specifically, the right
hand side of the inequality follows from D% , = Dk, + Ak, and A, , is pos-
itive semidefinite by Lemma 8.1. For the left hand side, by Weyl’s Theorem,
)‘k*2q(D§(,1) < A(Drg) + Ax—24(AKq) = Me(Diq) 88 Ax—24(AK ) =0. O
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The following lemma is adapted from Theorem 6.5.4 in [2].

2

Lemma 8.3. The eigenvalues of D 1 are given by v, = 4 (sin %) k=

1,2,..., K and the corresponding eigenvectors are u; = \/%{1, 1,...,1}T and
T

u, =4/~ {COS ﬂ(k D cos Swgﬁl),...,cos%} for k> 1.

Now we prove Proposition 4.1. By Lemmas 8.2 and 8.3, for k > 2q + 2,

_ B 2q . 2q
4 (Sm W) < An(Diy) < 49 <Sm M)

2K 2K

It is easy to verify that 2 =x <sinx < x for x € [0,7/2]. Thus,

(qu < M(Dicq) < (w)zq

Since (¢ +2)(k —2q — 1) > k — q for k > 2q + 2, we further obtain that for

k>2q+2,
2 \* (k—q\* ae (B )1
- - = < < q X
<q+2) ( K > <MD <7 (K)

The proof is complete if for any K > ¢, Ag+1(Dk,q) > CK 27 for some constant
C > 0 that depends only on ¢. Note that A\g11(Dx4) = M (Ax 4A% ). Hence,
it suffices to show that

Ak Ak, = CK k. (8.6)

We shall prove (8.6) by induction on ¢. By Lemma 8.3, we have AKJAIT(,1 >

4(sm 2K) Ik 1. Since sin 53 > %, for any K > 1,

A 1Ay > 4K Iy, (8.7)
Hence, (8.6) holds for ¢ = 1. Note that
Ak oAk g =Ax—19-1 (Ax1AF 1) A 141 24K ?Ag 10 1A% 1 41,
where in the last inequality (8.7) was used. Hence by an inductive proof, (8.6)

holds for any ¢ and the proof is complete. O

Proof of Proposition 4.2. We prove the inequalities for the eigenvalues of O,
as the proof for those of DK,m is similar. Note that the weight matrix W[;(n]
has the k** element (m — 1)/(t) — tp—m+1) for m > 2 and W[;(] = h~'I. By

the assumption of equally-spaced interior knots in Assumption 2, W[m] is the
same as h ™ g _4 except the first m — 2 diagonal element. With shght abuse
of notation, Inet P, = A% a Ak g.m. Then it can be shown that h2IP, differs
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from Dk 4 in at most the first k,,, and the last k., rows, where k;,, is a
finite constant that depends only on ¢ and m. Then with a proof similar to
that of Lemma 8.1, it can be shown that there exists a constant ¢ > 1 such
that ¢DY, | — h21P, is positive semi-definite and that DY | — h?1 P, is non-zero
only in the first and last few rows. Hence a proof smular to that of Proposition
4.1 proves the same inequalities for h??P,. For example, inequality (8.6) can be
similarly proved. Note that by Remark A.l, there exist constants 0 < ¢ < ¢
such that chl < G < ¢hl. Hence, chP, < Oy < ¢hP,, which implies that the
eigenvalues of h P, and O, are rate-wise similar. Therefore, the inequalities for
the eigenvalues of O, are proved. O

Proof of Proposition 4.3. By the definition of Oy in (2.3),
0,8=A% / NIm=dl(z)s\ (z)dw
Denote [ Nm=d(z)s()(z)dz by 4 € RE~4. Then

1048l e < 1A% g.mlloo 17 lmax

By definition, A K.,q,m 1S a sparse matrix with a finite band and each element is

O(h™1). Thus, ||Aqu||Oo = O(h™9) and [|OgB| 0 = O(KT71) if
[l max = O(h). (8.8)
By Lemma 3.2, we obtain that
B = /Nm q (q) z)dz = /N[m Q] ( )dz + o(hPT1=9) = O(h),

where O(h) is uniform with respect to k and hence (8.8) holds.
Next, we derive that

BTOqﬂ:/{S(fQ)(x)}zdx

< [{row} ar+ [{s0@) - 5P @) a

=0(1),

where the last equality holds by Lemma 3.1 and Remark 3.1. The proof is
complete. O

Proof of Proposition 4.4. By equation (2.2),

S () = BTAL L N (g).

Define y = (71, .., Vko+1)" = Ak m—1,m 3, then sﬁcm’”(w) =y if o € [ty thr1)
By Lemma A.8,

. 1 2 _
DK,m = {m} AK m—1 mDK—m+1,1AK,m—1,m-
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It follows that

{m =1 (DrmB) = AR s D% 1 (Bk-mr117)

and
Ko+1

{(m = 1)1} 8" Dic.nB =V Dic-mi117 = [Ax—mira7l3 = D (e —m-1)*
k=2

Note that

(% — 7k71)2
= {s;mfl)(tk) N Sgcmil)(tkfl)}2
< {sf" i) - f("’"”(m)}2 + {0V ) - f“”b‘”(sz_l)}2

2
{7 W) = £ ) |
=0(h?),
where the big O is uniform with respect to k and the last equalities follow

by Lemma 3.1 and the fact that f € C™. Since HA,JI;,m—l,m”OO = O(K™™1),
||A7];_m+171||00 = 0(1), we derive that

{m = )2 Dk mBllmax < IAE -1 ool AF g 1.1 o0 | Ak~ 41,17/ max
= O(K™ H0(1)0(h)

= O(K™).

Thus, A~ DimBlmax = O(K™ ).
Next, we derive that

Ko+1
{m =11 B"DrmB =Y (v — 1) = O(h).
k=2
The proof is complete. O

Proof of Proposition 4.5. First note that Lemma 3.1 and Proposition 4.3 also
hold when the boundary knots for O-splines are the same as those for P-splines.
We first consider the case ¢ < m. Then Ak ¢, = h™9Ak , and

(q) (z) = N[m_q]’T(x)AKq,mﬁ — h—qN[m—q],T(x)Aqu/g_

Hence,

—1
Ak f=hl (G[qu]> /N[qu] (:C)sgcQ)(x)dx.
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The proof in Proposition 4.3 (see equation (8.8)) shows that

H / N1m=d) ()59 (2)d

= O(h).

max

It follows that

1Dk, qBllmax < 1A% glloo | Ax.qBlmax
(G[m—q])lH / N4 ()50 (2)d
= O(h?). h

< hf

max

Therefore,
||h1_2qDK,qBHmax = O(hl_q)-

Next, note that Oy = h_qu?qG[m—q]AK’q. Hence
o(1) = 70,6 = h—2qﬁTA7[;7qG[m—q]AK7qﬁ — p20,TGlm=dl,

where v = Ak ¢f. By Remark A.1 after Lemma A.1, the eigenvalues of Glm—d
are of order h. Thus,

BT DB = |3 = O(h*71)

and we have proved the cases with ¢ < m.
Now we consider ¢ = m. Let v = Ak ,, 8. Note that

s (@) = BT AR 1N () = W7 TN ),

Hence, s(fm_l)(x) = h'="yy if x € [tg, trs1). We next derive that

Dy my = A%,m(AKf"ﬁl,l'Y)

and

BT DB =7 Drc—mt1.17

and the rest of the proof is similar to that of Proposition 4.4. O

8.3. Proofs for Section 5

Proof of Lemma 5.1. Note that P, = G;%PQG;%. By Lemma A.1, it is easy to
show that

(c;% +o(1)) AF < A (G;%) < (c;% +o(1)) b+,

_1
Since both G, ? and P are non-negative and symmetric matrices, applying twice
the inequalities 6.76 in [28, page 119] and Assumption 3 proves the lemma. O
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Proof of Lemma 5.2. Let 5;, denote the k' smallest eigenvalue of Pq, then (1+
Asg) L is the k' largest eigenvalue of (I + AP,)~!. Then

(k)
PN+

2q
By Lemma 5.1, 5 = ... = §, = 0 and 3 > Cygh=2 (%) for k> q+1. It
follows that

|(r+22)”

K 1 2 K—q 1 2
<
Z<1+)\§k) _q+; <1+C4)\h2<Ik2qK2Q>

k=1
and the sum can be easily shown is O(h_!). The proof is complete. O
Proof of Theorem 5.1. We first consider the bias Ef(x) — f(x) and derive that
Ef(z) =NT(x)H, " (NTf/n)
=N"(2)y = N"(z)H,  (\P)y,
where f = {f(z1),..., f(z,)}T € R" and v = G,;}(NT f/n). Because
sp(x) = NT(2)8 = NT(2)G; (NTsy/n),
where s; = {s¢(21),...,s7(zn)}T € R, we further obtain
(Ef = f)(z) = (ss = @) + NT(2)G, o = NT (@) H ' (AP), (8.9)

where a = NT(f — s7)/n. It follows that

5 [ {Bf@) - @)} plo)is
< [ {s1(@) — F@)) pla)da + o7 GGG o+ 4" (AP)H, GH, (AP,
(8.10)

We first derive ||s¢ — f]|. Consider first p = m. By Lemma 3.1, ||sy — f —by|| =
o(h™). By definition, ||bs|| = O(h™). Hence,

s — £l = O™). (8.11)

Assume now p < m. By Remark 3.1, ||s; — f|| = o(h?). Therefore, for general p
with p < m, we obtain that

l[sy = fll = O(A™) + o(hP). (8.12)

For the second right hand term in (8.9), note by (8.18) that ||a|max =
o(h?*1). Thus,

o GGG o < al31GL GG oo = o(R7).
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Tt follows from (8.10) that

1
3

Denote the last right hand term in (8.13) by £. Note that

3

(14 o))" (AP)H, ' Gy H, ' (AP)y
— (1 + o) GEP(T + P)2PGE~,
where P = Gy 2 (AP)G, *. Thus,
¢ = O GEP(T + P)2PG}~.
Since P(I + P)~2P < ||P||oP, we derive that
¢ = 0()|P|lA" G PG
= O()||P[l27" (AP)n.

1

771

/ {Ef(@) - f(m)}Q p(a)dz = O (h*™) + o (h*7) + 4T (AP)H,,'GH,, (AP)y.

(8.13)

(8.14)

- _1 _1
Note that [Pz < A|Gn *[3]|Pl2, [|Gn? [|l2 = O(h™%) and ||[Plly = O(K7)
by Assumption 3. Therefore, ||P|2 = O(AK?9). In addition, by Lemma 8.4,

vTPvy = 0O(1). Thus,
£ =0\ K?).

On the other hand, by (8.14) and the fact that P(I + P)~2P < P, we obtain

Sl
Sl

¢ =0)"'GiPGAy
=01y  (\P)y
= O(A).
Thus, we obtain that
¢ =0 {min(\>’K?9,\)}.
Combining (8.13) and (8.15), we obtain
1
3

which finishes the derivation of bias.
Next, we consider the variance and derive that

~ 0'2
/var{f(x)}p(:z:)dx = Ztr (H,'G,H,'G).

(8.15)

/ {Ef(x) - f(m)}2 p(z)dz = O (h*™) + 0 (h?) + O {min(\2K?9, )},

(8.16)
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We derive that
tr (H,'G,H,;'G) = {1+ o(1)}tr (H, ‘G, H,'G,,)

tr{([+]5>_2}
' 1

(he"),

where the last equality follows by Lemma 5.2. It follows that

2
F

I+13)

= 0(1)
= o(1)
-0

/ var{ f(2)}p(a)dz = O (JL) . (8.17)
Thus, by combining (8.16) and (8.17), we obtain that
B [ {#@)- f@)} pla)ds
~ [{Bf@ - 1@} plo)iz+ [var(F)olas

—0 (™) + 0 () +O{min(A2K2q,)\)}+O( ! )

nhe
Because
B [{fw) - 1@} e < 8 [ {i0) - @)} syt
inf,e7 p(7)
and inf,er p(z) > 0, we obtain the desired bounds for E| f — f11Z,- O

Lemma 8.4. Suppose that Assumptions 1, 3-4 hold. Assume that f € CP(T)
with ¢ < p < m. Let v = G, Y(NT f/n) with f = {f(z1),..., f(x,)}T € R™.
Then

’YTPq’Y =0(1).

Proof. Note that G;;1(NTs;/n) = 3, where $ is defined in Section 3. Hence

v=B+G, N (f —sg)/n} =B+G, o,

where o = NT(f — sf)/n. Since P, is positive semi-definite, it is easy to show
that ) ) )
(V'P)* < (BTPB) + (oG PG a) R

By Assumption 4, 37 P, 8= O(1). Thus, if suffices to show that of G, 1 P,G; 'a =
O(1). Note that

1o anm = INT(F — 87/ e = H [ N @5~ 552} (o)

max
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By Lemma 3.3,
||Oé”n1ax :O(hp+1) . (818)
Thus,
oG RGL a < 3G PG
_ 0(h2p+2h—1h—2h1—2q)
=o(1).
And the proof is complete. O

8.4. Proofs for Section 6

Proofs of Propositions 6.1, 6.2 and 6.5. We first focus on G, +X00O,. Note that
0y = A?qymG[m_Q]AK’q’m with ¢ < m. By Lemma A.1, c;hl < G, < cohl,
where ¢ and ¢y are constants in Lemma A.1. Similar to G,,, we may assume for
the same two constants ¢; and ¢y that c;hl < GIm—4 < ¢ohl. Then,

ClhA?(,q,mAK,q,m < Oq < CQhA?gq’mAK,q,m-
Let O, = Aq};,qfl,mAK,Q*Lm‘ It follows that
crh (I+X00q) < Gp 4+ 2004 < coh (I +A00y) -
Thus, for r =1, 2,

& ThT (I+X004) " < (Gn+2004) " < ei"h™" (I+X200,) .
Hence, Proposition 6.1 holds if the minimum and maximum of the diagonal
of (I + /\oOq)_T are of order hh_'. With a similar argument, Proposition 6.2

holds if the minimum and maximum of the diagonal of (I + A D K,m) - are of

order hh ' with he = max(h, Az=) and Proposition 6.3 holds if the minimum
and maximum of the diagonal of (I + ApDk 4) " are of order hh_'. Note that
O = {(m—=1)!}2h"2 D ,,, by Lemma A.8. Because of Assumption 2, the matrix
h%10, is the same as D , except for the first and the last few rows and the
matrix hz(m_l)ﬁxm is the same as Dk, except for the first and the last few
rows. As a result, an asymptotic study of (I + ApDg 4)~" for r = 1,2 is the
key and some minor technical modifications are sufficient to accommodate the
differences in the first and last few rows. We first note that when Ap = O(1), the
corresponding h. = O(1) and the diagonals of (I + ApDg 4)”" are necessarily
O(1), which proves the propositions. Therefore, we just need to focus on the
case that if \p > C for some sufficiently large constant C, there still exists a
constant, say C > 1, such that

N L1
C_l)\P2q < mkin{(l—i— )\pDK’q)_r}kk < ml?x{(l—i— )\pDK’q)_T}kk < COAp™.

The desired results are given in Theorem B.1 in Appendix B. O
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Proof of Theorem 6.1. We consider the bias and variance of f(z) separately.
By (8.9) and (8.12), we obtain that

IEf = fIl < O(™) + o(h?) + INT ()G a| + [|INT ) H T AP)y| . (8:19)
By (8.18), ||a|lmax = o(h?T1). Hence,

||Gr_7.1a|| < < ||G;1||00||aHmax = O(h_l)Ha”max = o(h?).

ma

It follows that
[INT()G el = o (hP). (8.20)

As for the last right hand term in (8.19), we have

INT(H Y APy < ||Hy ' (AP)||

max °

Note that v = 8 + G, 'a. Hence,

|H,PAP)|| < |HPAP)B|| + ||Hy Y (AP)G |

max — max max

Therefore,

INTOH 0P| < [ OPYS,,,. + |H APIGs oy (52D

max

We derive the orders of each of the two right hand terms in (8.21) now. By
Assumption 8 and Lemma A .4,

[ H OB < AN Hlocl PBllma = O {AK(1+ AKZ1) 3}

max

On the other hand, we derive that

[H OP)B|L, < BT (WP H2(AP)A
= O(h™ )BT (AP)H, G H,  (AP)B.

Matrix algebra shows that (AP)H, G, H, ' (AP) < AP. Hence,

|H, ' (AP) /3“ O(h™HBT(A\P)B = O(\K).

max

Thus, we have shown that
|H, (AP)B||.. =0 {mm{)\Kq(l + AK29)3, (AK)%H (8.22)

Now we work on the second right hand term in (8.21). Note that by Lemma
A4 |H oo = O{K (1 + )\K2q)%}. We derive that

[H OAP)GL el < MH ol Pllooll G ool lmax

max —

0 {)\K(l +AK2) 8 p1—20p1 } o(hP*).
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Since p > ¢, we obtain that
| AP)G ol = 0 AR+ AR
On the other hand,

|H, ' (AP)G,, aH <aTG Y (AP)H2(A\P)G'a
=0 Ha'G,'(\P)H, ‘G, H, *(\P)G,, '
=0(h ™ HaTG Y (\P)G; e,

The proof of Lemma 8.4 derives that G ! PG, *a = o(1). Thus,

||H (A\P)G,, aHmaX o(AK).
The above derivations prove that
|H, (AP)G [mm{AKQ(l +AK2)E (AK)%H (8.23)

Combining (8.21), (8.22) and (8.23), we have proved that
INT()H 7 (AP)y|| = O [min {)\Kq(l F K23 (AK)? H . (8.24)
Now combining (8.19), (8.20) and (8.24), we have
HEf - fH =0 (h™) + o(h?) + O [min {)\K‘I(l FAK2)E (AK)} }]

Now we consider f(z) —Ef(z). Let

( ):f sz 61,

where
wi(x) = NT(2)H ;' N(z;)/n.

We shall use the following results: for any constant r > 0,

1
max |wil = 0O (n_he> ; (8.25)
1
sup lz {wi(x)}”| = (nh ) (8.26)
sup max |w;(x) — w;(z)| = O 11 ( ! )2 . (8.27)
z,2€T:|lz—z|<n—" * n" nh \ hh,

The above equalities will be derived at the end of the proof. Define also

1
I - ( nhe )2
logn
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We derive that

Zwl x)e; = ui(x) + ua(x), (8.28)
where

sz €ilfje,|>L,} u2(® sz z)eil{je;|<L,}-

Note that
|T

|eilgjes> L] < Ly es

where 7 > 2 is a constant in Assumption 9. Thus,

Jur (z)] < lez )Ly leil ™ < max [wi(x)] (L, ™n) <n_12|6¢7> :

It follows by (8.25) and the strong law of large numbers that
ui]] = O {(nhe)_l(Lian)} ,  almost surely.

By Assumption 6,
Jur]] = O(Ly "), a.s. (8.29)

Let r be a sufficiently large constant such that

nTh™% ( r ) — 0(1). (8.30)

logn

Define x(r) ={n"",2n"",...,1 —n~",1}. Then

llug|| < sup |uz(z)| + sup lug () — ug(2)). (8.31)
zex(r) z,z€T:|lx—z|<n—T

For the second term in (8.31), by Holder’s inequality,

|ug(2) — ua(z |<lez (2)]leil

By derivation similar to that for (8.29), we obtain that
Juz () — uz(2)] < maxwi(z) —w;(2)|0(n),
where the big O is uniform with respect to « and z. By equality (8.27),

sup lus () — ua(2)] = O {nfrhfl(hhe)*%} = O(L:Y), a.s. (8.32)

z,z€T:|lz—z|<n—T"
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Note that the last equality above follows from (8.30). Next we focus on the first
term in (8.31). Note that

ZE{w 2) o<y} < (Eles|T) Zw < (Ele;|")* C(nhe)™

where C' is a constant and the last inequality follows from (8.26). In addition,
by (8.25), there exists another constant C' > 0 such that

lwi(2)eilqje, <rny] < LnC(nhe) ™"

uniformly with respect to x. By Bernstein’s inequality for bounded random
variables, for any constant ¢ > 0,

—1 r C2L;2/2 —c*
P< sup |uz(z)| >cL,” p <n"exp{ —= = =n"°
wex(r) C(nhe)=t + cC(nhe)1/3
where ¢* = /2 and ¢ = (E|ei|7)% C. We can choose ¢ sufficiently large so

Co2+cC/3
that the above inequality is summable. By the Borel-Cantelli lemma [11, pp.46],

sup |ug(x)| = O(L,Y), a.s.
zex(r)

The above equality together with (8.31) and (8.32) leads to
luz|| = O(L, ), a.s. (8.33)

n

Combining (8.28), (8.29) and (8.33), we obtain that

f—]Ef =0 oen : , a.S.
Ji-=-0{(25)'}

and the proof is complete once we have established (8.25), (8.26) and (8.27).
For (8.25), we derive that

2)Ne(@:) (Hy Dke| < 7 HHy, Hlmax > Ni(@) Ne(as),

124

|lw; (z

where the latter inequality follows because Ni(z) > 0, Ny(z;) > 0 and H,, ! is
symmetric and positive definite. Since ), Np(z) = 1 and Y, Ny(z;) = 1, we
obtain that |w;(z)| < n 7Y H, lmax = O{(nhe)™1} by Assumption 7 and (8.25)
is proved. For (8.26), we derive that

i {wi(2)}” = lNT(:E)H;1c;n15{,;11\f(;g)

_O< >||H LG H  lmax

1
= - H72 max ||Unl|loco = )
0 (2 )1t Gl = 0 (1)
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where the last equality follows by Assumption 7 and Lemma A.1. Finally for
(8.27), since |N,§1)(x)| = O(h™!) uniformly for = and k, we derive that |Nj(z) —
Ni(2)| = O(h™Y)|x — 2| uniformly for z, z and k. Note that Ni(x) — Ni(2) # 0
only for a finite number of k. Thus, if |z — 2| < n™"

)

wi(x) = wi(2)]* = n*{N(x) = N(2)}"Hy ' N(2:) N (i) H; {N(2) — N(2)}
2

(h™*n™2") | Hy PN (i) NT (i) Hyy )2
=n20(h™*n"*")NT (x;)H, 2N (z;)
= n_QO(h_Qn_QT)||H;2HmaX
=n"20(h2n"?")O(h'h 1Y),

and the big O is uniform with respect to i, x and z. Thus, |w;(z) — w;(2)| =
O{(nh)~'n="(hhe)2} uniformly for i, z and z and (8.27) is proved. d

8.5. Proofs for Section 7

Proof of Theorem 7.1. We first establish the asymptotic bias of f (z). With sim-
ilar derivations for the bias in the proof of Theorem 5.1 (specifically, equalities
(8.9), (8.11) and (8.12)) and the derivation of L., rate of bias in the proof of
Theorem 6.1 (specifically, equalities (8.21) and (8.23)), we obtain that

sup [Ef () = (/ + 1gpmy)(2) = NT (@) (WP

—o [hp + min {/\Kq(l +AK20)3 (AK)? }] :

Next we focus on the asymptotic variance of f (z). First,
~ 0'2
var{f(z)} = —NT(2)H,;'G, H, ' N(x).
n
By Lemma A.6,

var{f(z)} — %QNT(x)H_lGH_lN(x)

sup
x

=0 (l) sup NT(z)H*GH *N(z).

n

Again by Lemma A.6,

N (2)H'GH 'N(2) = (1 + o(1))NT (2)H, ' G, H, ' N ()
=1+ 0(1))hHHJ2”max = O(hgl)

where the last equality holds by Assumption 7 and h, = max{h, \/C9}
If A\AK?¢ = O(1), h < he = O(h), thus NT(2)H'GH " 'N(x) = O(h™1).
Otherwise if AK2¢ > C for a sufficiently large C, then h, = A/(9 and
NT(x)H'GH~*N(z) = A=Y/ (9_ The proof is now complete. O
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Appendix A: Technical lemmas
We assume that Assumptions 1 and 2 hold for Lemmas A.1-A.6. Lemmas A.1,
A.2 and A.3 below list existing results concerning G,, from [46].

Lemma A.1. There exist constants co > co > 0 such that
Clh S )\min(Gn) S )\max(Gn) S CQh~

Moreover, |Gpllcoc = O(h).

Remark A.1. The same inequalities holds for G = [[ N(z)NT (z)p(x)dx with
a similar proof.

Lemma A.2. Denote the (i, j)th element of G,;' by a;j. There exists a constant
c3 > 0 and v € (0,1) such that, for large n, |oij| < csh™ =3l In addition,
G oo = O(RT).

Remark A.2. The same inequalities holds for G1.
Lemma A.3.

|G = Gllmax = O([|@n — QI|) = o(h),

IG7! = G lmax = O(2]|Qn — QII)
1G2" = G Mloo = O(R2[1@Qn — Q)

o(h™1),
o(h™1).

Lemma A.4. Suppose that Assumption 3 holds. Then,

[, = 0K (14 K27 ]

Proof. The lemma is proved by Theorem 2.4 in [10], which extends Theorem
2.2 in [9] by allowing a large conditional number in the matrix. Specifically, it
can be shown that

2|k—£|

cond(H,) — 1) "

y/eond(H,) + 1

where m* is the band of H, and cond(H,) = Amax(Hn)/Amin(Hy,). Since
Amax (Hy, ) has the same order as h(1+ AK??) and Apin(H,) has the same order
as h, straightforward calculation gives the desired result. O

|(H, ke| = O {K(1+ AK?%)} (
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Lemmas A.5 and A.6 below are useful for deriving the local asymptotic bias
and variance of penalized splines.

Lemma A.5. There exists an € > 0 and €1 = o(1) such that the following
inequalities hold:

(1-6)G<G,<(1+6)G,
(1—61)G_1 <G ! (1+€1)G,

<G, <
(A+e)'"H'<H'<Q-—¢)'H

Proof. Since G,, — G is a band matrix, |Gy, — Gll2 < ||Gn — Gllec = O(||Gy, —
G||max) = o(h), where the latter equality holds by Lemma A.3. Note that Lemma
A.1 shows that the eigenvalues of G are all of order h. Thus, there exists an
€1 = o(1) such that (1 —€1)G < G, < (1 +€1)G. It follows that (1 —e;)H <
H, < (1+ €)H because H,, = G,, + P,;/n, H = G+ P,;/n and P, is positive
semi-definite. Thus, (1 +¢) 'H ' < H; 1 < (1—¢) 'H L O

Lemma A.6. Suppose that Assumptions 8 and 7 hold. If
|H, (G — GPHY| = o(1), (A1)

then there exists an ea > 0, which is o(1) and independent from x and X, such

that:
NT(2)H;'G,H;'N(x)

1—6 <
2= "NT(2)H-'GH-'N(x)
Remark A.3. If \K?? = O(1), then by Lemma A.J, ||[H; o = O(h™1). Thus,
the assumption (A.1) is satisfied without additional conditions. Otherwise, a
sufficient condition for (A.1) is |Qn — Q|| = o(h?) which leads to |Gy — G|lso =
o(h?). Indeed, one can derive that

<1+eo.

[ (G = GPH | o <K [ HLH (G = G H,
<K ||H7;2Hmax ||Gn o GHgO
=KO(h™?)o(h?®) = o(1).
Proof. First note that the little o notation in the proof is independent from =z
and A\. By Lemma A.5, —¢;G < G,, — G < ¢;G with ¢ = o(1). Thus, by Lemma
AT,
—eH'GH ' <H, (G, - G)H, ' <e H,'GH, "

It follows that,

|H,'GoH = H'GHY| = o(1) ||H, "GH, || (A.2)

max max °

It can be shown that
H,'GH,' —H'GH ' < (H
=H,'(G,—G)(H'GH™ ") (G, — G)H,,".
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Note that

|H, (G —G)(H'GH™) (G, — G)H,
<[|H (G = G H| |E T GHTY|

| ‘ max

max *

By the assumption ||H, (G, — G)QH,leOO = o(1), we derive that

115G = G) (HVGH) (G = GV | = ol1) [ GH ..
It follows that
||HT:1GH7?1 B HilGHilHrnaX = 0(1) ||H71GH71||max ! (A3)
Combining (A.2) and (A.3), we derive that
HHglGanl - HﬁlGHil ||rnax = 0(1) ’|H71GH71 Hmax : (A4)
Therefore, the lemma is proved if we prove that
|H'GHY| . =O(1)inf N"(2)H 'GH 'N(x)
or equivalently,
|H*GH| = O(1)mindiag (H'GH™").
Because of (A.4), it is also equivalent to prove that
|H, Gl | = O(1)mindiag (H,'G,H, ") . (A.5)

Note that ||H, "G H, || < [[H; 2 [maxl|Grlle = O(hZ') by Assumption
7. On the other hand, we have H, 'G,H,! > (c; + o(1))hH,? by Lemma
A.1 and here ¢; is a constant. Thus, again by Assumption 7, we obtain that
mindiag (H, 'G,H;"') > Ch_! for some constant C > 0 and (A.5) is proved.

The proof is complete. O

Lemma A.7. Let A and B be two square and symmetric matrices of the same
size. Assume C is another matriz with compatible dimension. If A < B, then
C(A-B)CT <.

Proof. Let a be any vector of the size of A. Then a”C(A — B)CTa =~T(A -
B)y <0, where v = CTa. |

Lemma A.8. The penalty matrix DK,m for the T-splines satisfies

2
~ 1 ~ ~
D _p2)_ - QT
Km — h { (m — 1)|} K7m)mAK,m,m-
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Proof. Define Ly gm € REXK for k < m recursively as —L% | is the left
K x K matrix of Ag41,1 and for 2 <k <m —1 with m > 2,

= = . m—1 _ K] =
L% pom = L% 1 nblockdiag (( o > J(k—1)71 W[K]Lﬂ_l,k_lm) :

Then it can be shown that Lg ;1 = I~/K,1’1 and for m > 2

. m—1 _ m] 5
L% . = L% blockdiag (( m ) J(m—1)"" WEK]L}F(LmLm> .

It follows that
D1 = L1T<,1fK,1LK,1 =Dk = hQAITgmAK,m
because W[Iy is defined as h~'I and for m > 2
Dicm
:L?ml:}(,mLK,m

. 1 s N B .
:L}F(’lblockdlag <0, m W[K ]Lzl;f1,m717mIK71,m71LK71,m71,m W[K ]>LK’1

1 . . ) -
:mA};,l (W[K]Lr][ﬂ(fl’mfl,mIKfl,mflLKfl,mfl,m WEK]) A1

1 ~ _ _ _ _
:mA£71,m (L};_Lm_17mIK71,m71LK71,m71,m> AK,l,mn

Thus, using an inductive proof, we obtain the desired equality and the proof is
complete. |

Appendix B: Local asymptotic variance of penalized splines

For n > 0, define A = I + nDk,. In this appendix, we study A~! and de-
rive its order of convergence in terms of 1 when 7 is large. The results can
be used for studying the local asymptotic variance of P-splines. Note that
essentially the same proof can be applied to I + nDK,m for T-splines and
I+ nAg;,q—l,mAKﬂ—Lm for O-splines.

With slight abuse of notation, we let h, = 772%1 K~!. We assume that K — oo
and that there exists two constants 6, and d, > 0 such that > §,K%. In
addition, we assume that = O(K?4) so that h, = O(1). We also use C and Cy
to denote constants that depend only on ¢ and to simplify notation, they are
allowed to vary from place to place.

The main result is Theorem B.1.

Theorem B.1. Suppose that n > C for a sufficiently large constant C. Then

forr=1 or 2,
: _1
mkin(A_r)kk ~ m]?'X<A_7)k:k ~ 7y 2,
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To prove Theorem B.1, we shall follow [41] and invert A directly. Consider
the equation

n(=1)7(1 = p)** +p? =0 (B.1)

and let {p,,v = 1,...,q} be the g roots of (B.1) such that when n is large,
the real parts of the first ¢ roots are all positive and less than 1. Using a proof
similar to that of Proposition 4.3 in [41], we derive that, when n > C and C is
a sufficiently large constant,

1
puzl_wun_%“1‘57/}12/77_%"_0(77_%)7 1<v <y, (B.2)

where 11, ..., 1, are the roots of z274-(—1)9 = 0 with positive real parts. Notice
that |p,| < 1 if C is sufficiently large.
Notice that (D);; = (D)(x—i),(k—j), Which implies that

(A Ykk = (M) (k). (K —k)-

Hence, we may assume that k& < K/2 in this section. Define Sp=>"7_a, Ux(p,),
where

Uk:(p) = (pk_17'-'7p517p7"' apK_k)T € RK

and a = (ay,...,a,)” € RY is the vector of coefficients to be determined soon.
Fix k and assume that k > ¢+ 1. For 1 < v < g, it can be shown that Ug(p,)
is orthogonal to all columns of A except the first and last ¢ columns and the
§t columns with |k — j| < ¢q. Thus, for any a, the same holds for S},. Since
Sy is linear in a, there exists an a such that S}, is also orthogonal to the ;"
columns with £ < j < k+ ¢ and SzAk = 1, where Ay, is the k" column of A.
Note that it can be easily verified that S} will be also orthogonal to A; with
max(qg+1,k—q) < j < k. Therefore, S}, is orthogonal to all columns of A except
the first and last ¢ columns and the k" column. By the derivations in Sections
4.2 in [41], we obtain that, a does not depend on k, and moreover, when 1 > C
for a sufficiently large constant C,

ayzg—;n*ﬁ {1+O(n*%>}, 1<v<gq (B.3)

In particular, a satisfies the following equalities [41, pp. 11]:

q

D ay(ph—p,) =0, £=1,...,(¢—1). (B.4)

v=1

Note that both U;(p,) and Uk (p,) are orthogonal to all columns of A except
the first ¢ and the last ¢ columns. Hence, there exists ap, and ag,,v =1,...,q,
such that, if we define Ry, = >?_, ar, U1(py) and T = 37, as Uk (py), then

A(Sk+Rk+ Tk) = ey, (B.5)
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where e, € R is a unit vector with the k** element 1 and others 0. Equation
(B.5) implies that the k' column of A~! takes the form

(A"e =Sk + R+ Tk, q+1 <k < K/2. (B.6)
Let ap = (akl, ey akq)T € R? and a; = (dkla ey &kq)T € R,
Assume now k < q. There exists a; and a; such that
ARk + Tx) = ey. (B.7)

The existence of a; and a; follows from the fact that, for arbitrary a; and ag,
Ry + Tk is orthogonal to all columns of A except the first and the last ¢ columns,
and that {U1(p1),..., Ui(pg), Uk (p1),-.., Uk (pq)} are linearly independent.

B.1. Notation
Let By, = [Uk(p1), Uk(p2),--., Uk(py)] € REX4. Let

I'(LL') = {eXp(_¢1x>7 ce 7eXp(—¢ul‘)}T € R%

Note that there exists a constant 1)y > 0 that depends only on ¢ and satisfies
exp(—¢,|z]) < exp(—p|x|) for all v.

Define ¥, ; € R?*? with the (j,v)" element ¢2t/~1 and ¥, 5 € R with
the (j,v)" element (—1)7t944%J. Let Q1 be a ¢ x ¢ Vandermonde matrix with
the (j,v)"" element p/~! and Qs be a g x ¢ Vandermonde matrix with the (j, v)*"

element p;(j_l). Let ®; be a g x ¢ matrix with the (j,v)*" element (1—p, )97 ~!
and @, be a ¢ x ¢ matrix with the (j, )" element (1 — p;1)7+7—1.
Finally, for a matrix A, we shall use A to denote its k** column.

B.2. Proof of theorem

We first describe a few lemmas and propositions, whose proofs are given in
Section B.3.

Lemma B.1. Assume that n > C for a sufficiently large C. There exists a
universal constant Cy that depends only on q and satisfies

|psF| = O {exp (=Coh. ")},
forany k < K/2 and1 <wv <gq.
Lemma B.2. Fix g+ 1<k < K/2. For any j with j <k,

q

SEAT); =Y ay (=111 = p, " )ipy ™, (B.8)
v=1
and if 7 > k,
q
ST(ATY, =3 au(~1)7(1 - p,) 7ol (B.9)
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We first derive aj and ay in the following two propositions.

Proposition B.1. Suppose that n > C for a sufficiently large constant C. Fix
k with g+ 1 < k < K/2. Suppose that ai and &, satisfy (B.5). Then,

1 k—1 k—1
a, = —7772%1\11_%\11%21' . +0 (nié) exp | —to—— | 14, (B.10)
2q K 724 he

and there exists a universal constant Cy that depends only on q and satisfies
aj, = exp (—Coh, ') O(1,). (B.11)
In particular, the big O notation is uniform with respect to ¢+ 1 < k < K/2.

Proposition B.2. Suppose that n > C for a sufficiently large constant C. Fix
k with k < q. Suppose that aj, and &y, satisfy (B.7). Then

—1)et! - k-1
aj = (7)17_%\11(;%% + 0 (n_%) exp <—1/}0—> 1,,
q ’ he
where &, € R? is a unit vector with the gt" element 1, and there exists a universal
constant Cy that depends only on q and satisfies

aj, = exp (—Coh, ') O(1,). (B.12)

Proof of Theorem B.1. We shall first establish that
_a
IA™ e = O (07 ). (B.13)

Consider first that ¢ < k < K/2. By (B.6),

(A ke = 3 (ol ™+ arwpl ™ + ™). (B.14)

v=1

Since |p,| < 1 for large 7,
q
(A ke <D (law] + lary| + laks]) -
v=1

By Proposition B.1, (A1), = O (7772%1) uniformly for ¢ < k < K/2. Now for

A~2, we have

K q 2
(A" = Z {Z (aupl,k_a +arp, "+ dkupf_é)} :

We derive that

N
Il
—

K

Z Ay Gy (Poy sz)‘k_e‘

{=1

2

< |au1au2|m,
vy Mrg
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uniformly for ¢ < k < K/2 and because 1 — |p,, pu,| > C’n_% for some constant

C and a, = O (n_ﬁ),

K

k—¢
Z Ay Qs (Poy pl@)‘ |
(=1

-0 (f%) ,

We can similarly show other terms in (A=2); are O (7777111). Similar derivation
can be done for k < ¢ by (B.7) and Proposition B.2. We have now established
(B.13).

Next we show that there exists a constant ¢ > 0 such that, for r = 1 or 2,

mkin (A_T)kk > (c—i—o(l))n*i. (B.15)

q
Note that Dy, < Df . Thus, A < I+ yDf, < (I+77Dk,) as D

is positive semidefinite. Let Ay = I + n%DK,l. Let U = [u1,...,uk] be the
eigenvectors of Di 1 and v = (14, .. ., vi)T be the vector of eigenvalues of
DK71. Then

ATT>U {I+n%diag(u)}_rq ur.

Since A~! > A~2 and hence (A‘l) > (A‘2)kk, it suffices to consider (A‘2)

) kk = kk*
We derive that

By Lemma 8.3, v; =4 (sin %)2 < ”;(Jz . Thus,

= u? 1 2 {COST
A2 > ik :O(—> - :
( )kk_jzo CEIAN . K +Kj:0 i) .
(%) ()

By the Euler-Maclaurin formula,

k—0.5
. {cos #

}2
n¥ dy+0<1>

1 /"
oz Jo (1+y2)™
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(k—0.5)y

) 2
COS —————
1 00{ n2a } 1 _
— 21(177/0 2)2q dy+O<K>+o<n

n (lJr

1+ cos Zk=Dy

1 / n?q ( 1 ) _
= dy+0 | = +0<n
omzar o (1+y2)™ K
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1
2q

L
2q | .,

It can be shown that [16, pp. 430, equality 3.737.1], for any k > 1,

- cos (2k=1)y ki)y
/ 4’7°‘ > 0.
o (1+y2)*

Let

Then,

1 -\ 2 29 = q
Jj=0 {1+ (nz_q%> } anrem
It follows that c
(A7), = == +0(1))
n2am

for all k£ and we have proved (B.15).
The proof is complete by combining (B.13) and (B.15).

B.3. Proofs of lemmas and propositions

Proof of Lemma B.1. Let b, = n'/?9 log(p,), then b, = v, + O(n~1/9). Since
exp(—¢,|z|) < exp(—wol|z|), we derive tat |exp(—b,|z|)| < exp(—0.5¢p|z|) for

any « when 7 is sufficiently large. It follows that

py " =exp (—buni K — k\)

=0 {exp (—0.51/}0772_14 |K — k:|) } .

Since k < K/2, |K — k|17% > 1/2h;! and the proof is complete by letting

Co =1po/4.
Proof of Lemma B.2. First we have

St =Y a S w0 =3 {3

v=1 £=0 v=1

O

k—j—¢
ayplf }
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where w = (wo, ..., w,)T € RIT! is the vector such that A6 = wT6. We derive
that

SEAT); =Y an(=1)4(1 = p,)iph™

v=1

q q q
a, {Z weka_J_él} - Z a, {Z wePlﬁ_]_e}
=0 =1 =0

M-

v=1

M-

WeTy,

~
Il
o

where 1y = Y0 _ a, (plykfjfe‘ — p’j_j_z). Thus, if k—j—£€>0, r, =0 and if
—qg<k—j—€<0,by (B.4), reis also 0. Therefore, (B.8) holds for k — j > 0.
Next for k —j <0,

q q
S weplt 51 = S D 690 = 6D (11— ),
£=0 £=0

which proves (B.9). O
Proof of Proposition B.1. By equation (B.5),

(Sk+Re+Tr) (ej+nD;) =0, j=1,...,q, or j=K—q+1,..., K, (B.16)

where e; is a length K vector with the 4" element 1 and other elements 0 and D;
is the j®" column of D. Note that Ste; =39 _a,pt3, Rle; =>0_ ap,pi~!
and The; =37 ap,pk—7. Then (B.16) for 1 < j < q can be rewritten into a
matrix form:

Oq = (QQAkil + nElilBk)a + (Ql + nZlf}lBl)ak + (QQAK71 —+ T]ElilBK)glk,
(B.17)
where 4 is a ¢ x ¢ diagonal matrix with the v** diagonal element p,, 3, is the
top left ¢ x ¢ submatrix of AT, and ¥ is the top ¢ x K submatrix of A.
Similarly, we derive that

Oq = (QQAK_q_k+1 + UZQEQB]C)& —|— (QlAK_q + nZgigBl)ak

- (B.18)
+ (QQAq71 + T]EQEQBK)ék,
where ¥ is the bottom right ¢ x ¢ submatrix of AT and 25 is the bottom ¢ x K
submatrix of A.
Let A1 = QA" ' 4 95151 By, Ay = O + 951 51By, Az = QAR +
T]ZlilBK, A4 = QQAK_q_k+1 + T]ZgigBk, A5 = QlAK_q + 7]222231, and
Ag = N A1 4 nng}QBK. Then, we derive from (B.18) that

a, = —Agl(A4a + A5ak), (B].g)



Asymptotic theory of penalized splines 789

and then from (B.17) that
ar = —(I — A2_1A3A6_1A5)_1A2_1(A1 — A3A6_1A4)a. (BQO)

By Lemma B.1, because of A3z, each element of A;lAgAg1A5 and A3A671A4 as
a function of hZ' decays to 0 exponentially fast and uniformly for k& < K/2.
Therefore,

a,=—Ay"Aja+to (77_%) exp (—Ch. ') 1, (B.21)

where the little o is uniform for k¥ < K/2 and C' is a constant.
Define by, = —A2_1A1a. Then,

(Ql + nElleBl)bk = —(QQAk_l + nZlilBk)a.

A matrix perturbation analysis shows that

= 1, _1 k—1
bk = _(EIBI) 1(ZlBk)a+ 0] (77 q) exp (—’(/J()h—> 1q7 <B22>
where the big O is uniform for k < K/2.
Define ¢ = —(X1B1) "1 (X1 By)a, which gives
ilBlck = —f]lBka. (BQS)

It can be derived that §1B1 = Oy L, where L is a ¢ X g diagonal matrix
with the v*" diagonal element (—1)7(1 — p,)? and ®; (as well as ®, used later)
is defined in Section B.1. Similarly, by Lemma B.2, we derive that ;B =
Q5L A*1 where L, is a ¢ x ¢ diagonal matrix with the v'" diagonal element
(—=1)4(1 — p,1)4. Thus, (B.23) becomes

W Licp = —QoLo AR a, (B.24)
By row transformations on €; and €2y, we obtain from (B.24) that
‘blck = —<I>2Ak71a,

where ®; and P are defined in Section B.1. By (B.2) and (B.3), a simple matrix
perturbation analysis gives

1 k—1 k—1
= % nfﬁﬁ/;%\llqjgr < - > + O (177%) exp <—¢0—) 1, (B.25)
q ’ ’]720 he

where U, ; and W, o are defined in Section B.1 and the big O is uniform for
k < K/2. Combining (B.21), (B.22) and (B.25), we obtain (B.10). Then (B.11)
follows from (B.10), (B.19) and Lemma B.1. O

Proof of Proposition B.2. Using the same notation in the proof of Proposition
B.1, we first derive that

Asap + Aza, = €y,
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Asay + Aga, = Oq7
where &, is a length ¢ vector with the k*" element 1 and others 0. Then we get
ék = ng1A5ak, (B26)

and
ap = (I — Ay A3 A As5) P A ey,

By Lemma B.1, we obtain that every element of A5 1A3Ag ' A5 decays exponen-
tially fast as a function of h_!. Therefore,

ay = A;'6, + 0 (n*%) . (B.27)

Let by, = A;lék, ie, (Q + nElf}lBl)bk = €. Then another matrix perturba-
tion analysis shows that

b = (5181) " (7127 8) + O (n’5> . (B.28)
Now let ¢, = (X1B1) ' (n~ ¥ &), which gives
Y1Bicy =181 ey (B.29)

By the proof of Proposition B.1, £ By = Q,L;. Let R be the unique transfor-
mation matrix such that RQyL; = &1, we derive that

Cp = ‘I’;%E {R(Z1)"'} &+ 0 (777%) ;
where Z is a ¢ x ¢ diagonal matrix with the j** diagonal element Tf%ﬁ. This
implies that
ok =00 18,80 {R(S1) e+ 0 (n77).
It is easy to verify that &} R(X1)~* = (—1)9+!1]" It follows that
ok = (=) B e, + 0 (7T ) (B.30)

and the proof is complete by combining (B.27), (B.28) and (B.30). O

Appendix C: Lower & upper bounds on the variance of penalized
splines

Lemma C.1 (A concentration inequality on the variance of penalized splines).
Suppose that Assumptions 1 - 6 hold. Assume further that e; ~ N(0,0?). Let
Z = [Af(x) —Ef(z)}?p(z)dz and ¥ = ;5 NH,'GH, ' NT. Then there exists
an absolute constant ¢ > 0 such that, for everyt > 0,

o2 2 {tr(D)}? wt{tr(X)}

P{|Z — ¢*tr(X)| > totr(X)} < dexp {cmin <— , = ﬂ
{l | J T 2 o0

In particular, ¢ can be chosen as ——.
’ 64m



Asymptotic theory of penalized splines 791

Remark C.1. It can be shown that tr(X) ~ (nhe)™!, |Z||% ~ (n?he)™! and
IZl: = O(n~1). Thus, {tx(2)}?/|L]% > ch! and t(S)/|Sle > chy! for
some constant ¢ > 0. Thus, the concentration inequality indeed shows that Z
concentrates at o*tr(%).

Proof. It can be shown that Z = e’ Ye, where e = (ey,...,e,)’. Then EZ =
o?tr(X). Let C = ||e1]|y,, the sub-Gaussian norm of the random variable e; (see
Definition 5.7 in [35]). By the Hanson-Wright inequality [23], there exists an
absolute constant ¢ > 0 such that, for every ¢t > 0,

t2 t
P{|Z - *tr(D)| > ¢ < 2exp {—cmin( , )}
{ =1 CiSIE OIS

Note that for Gaussian random variables, C' = o+/2/7. Hence, we obtain the
desired inequality. By going through the proofs in [23] and [35], we find that ¢
can be chosen as #.

The proof is now complete. O

The following Lemma is adapted from [19] using the volume-of-tube formula
(33].

Lemma C.2 (An equality on the supremum of variance of penalized splines).
Suppose that Assumptions 1 - 6 hold. Assume further that e; ~ N(0,02). Let
Z(z) = f(x) — Ef(z). Denote NT(2)H,'NT/n by g(z) and define v(z) =

(z) _ dv(z)
Hgg(W' Letco= [,.r H o ’2 dx. Then, fort >0,

st =) - For (5) v vorso{on (5)).

where ® is the cumulative distribution function of the standard normal and the
little o is with respect to t.

Remark C.2. It can be shown that (see also the derivation in [19]) that co ~
K. Thus, supxeTM is of order \/log K. By Assumption 1, the order is

ollg(@)l2
equivalent to v/logn. Note that
1 |Z ()| 1
1Z]| < sup < 1Z|.
o sup, [|g(z)ll2 vet ollg(@)]2 T oinfy [lg(z)ll2

By Assumption 7, we can show that sup, ||g(x)||2 ~ inf, ||g()|l2 ~ (nhe) 2.
1

Thus, up to multiplicative constants, (12%") ® is both a lower and upper bound
for [1Z].
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