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Abstract: Correlated random fields are a common way to model depen-
dence structures in high-dimensional data, especially for data collected in
imaging. One important parameter characterizing the degree of dependence
is the asymptotic variance which adds up all autocovariances in the tempo-
ral and spatial domain. Especially, it arises in the standardization of test
statistics based on partial sums of random fields and thus the construction
of tests requires its estimation. In this paper we propose consistent estima-
tors for this parameter for strictly stationary ¢-mixing random fields with
arbitrary dimension of the domain and taking values in a Euclidean space of
arbitrary dimension, thus allowing for multivariate random fields. We estab-
lish consistency, provide central limit theorems and show that distributional
approximations of related test statistics based on sample autocovariances
of random fields can be obtained by the subsampling approach.

As in applications the spatial-temporal correlations are often quite local,
such that a large number of autocovariances vanish or are negligible, we
also investigate a thresholding approach where sample autocovariances of
small magnitude are omitted. Extensive simulation studies show that the
proposed estimators work well in practice and, when used to standardize
image test statistics, can provide highly accurate image testing procedures.
Having in mind automatized applications on a big data scale as arising in
data science problems, these examinations also cover the proposed data-
adaptive procedures to select method parameters.
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1. Introduction

Random fields are a natural approach to model high-dimensional data. They
arise in a natural way when analyzing digitized image data as arising in medical
imaging, e.g. MRI or CT images, or in industrial quality control, e.g. images of
materials obtained from cameras capturing the visual or infrared spectrum or
electroluminescence images of solar cells, in order to analyze the structure of the
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material of interest and to detect defects. Although the main results go beyond
that scope and even allow to treat, for example, voxel-by-voxel multivariate
brain data collected at a sample of individuals, let us first stick to the following
setting, in order to motivate the approach, outline basic ideas and fix notations:
Consider a sequence of n; images represented by ny X ng dimensional matrices

(Y(i1 i,i5) ) (i2,i3) € (1ima) x (1ims) » 11=1,...,n1, (1)

of real-valued random variables, where for any ¢ € Nweputa : b = x!_,{a;, ...,
b;} for @ = (a1,...,a4),b = (b1,...,by) € N and 1 = (1,...,1) € N7 The
sequence (1) of matrices can be seen as the corresponding subset {Y;}ic1.n of
a three-dimensional random field {Y; : 4 € Z3} of random variables defined

on a common probability space. A statistical test to check whether or not one
observes a reference image m(?) = (mE?Z) is)

sum

)(ia,is)€1:(na,ns) Can be based on the

ni no ns

Z Z Z Yi— m(?z) is)): n = (ny,ng,n3) € N°.

’Ll 112 17,3 1

In order to test for the presence of a known reference series of images m(o)

1 € 1 : n, one simply replaces mgi)i ) by m(.o). If the null hypothesis Hy :

E(Y;) = m(o) (Vi € 1 : n) holds true, under fairly weak conditions on the error
random ﬁeld & =Y, —E(Y;), 4 € Z9, the partial sum scaled by the squared root
of |n| =[], n; converges weakly (in dlstrlbutlon) to a Gaussian law,

! ——Sn = 0B(1), (2)
Vinl
as n — 00, where from now on n — oo is understood as min; n; — co. Here
B(x,y,z2), z,y,z > 0, is a standard Brownian motion in dimension 3. For ex-
ample, (2) has been shown for weakly stationary linear processes, see [19] and
[20], strictly stationary op-mixing fields on which we shall focus in the present
paper, see [11], or, using other notions of weak dependence, in [7], [3], [27], [14]
and [8].

The asymptotic variance o is given by 02 = lim,,_, 02, where

02 = Var f,)
(G

For a weakly stationary random field it holds
Y
A= X I e,
C(n-T)<t<n-1j=123 4

and for an isotropic field where E(£0&e) is a function of ||£]]

=)+ Y. I == JQHZHO]E(EOQ)-

0<*£<n—1;=1,2,3
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Here a < b for vectors a, b is understood component-wise and a <* b means
a < b with a # b, ||€|| is the Euclidean vector norm and [[£||o denotes the
number of non-zero coordinates of £ with components ¢;.

In order to use the central limit theorem (2), it is crucial to be in a position
to estimate o2 consistently, and the lack of such estimators, contrary to the time
series literature, motivated this paper. For example, for the above mentioned
image testing problem an asymptotic level « test, « € (0,1), for Hy can be
devised by rejecting Hy if

In|~Y2Sn| > 5, ® (1 — a/2),

where ® denotes the distribution function of the standard normal law, as long
as 02 is a consistent estimator of 2.

In the same vain, one can construct a statistical test for a single image, in
order to test for departures from a reference model m(9) for the expectation
of the two-dimensional random field {&; : 0 < 4 < n} representing the image
of pixel resolution n; X ny. In our simulations we do not only investigate the
proposed estimators in their own right, but also examine the accuracy of such
an image test in terms of the type I error rate, see Section 4.3. It turns out that
our approach allows for highly accurate test procedures for images as required
by present day image analysis.

The aims and contributions of the present paper are therefore as follows:
Going beyond the above scope of sequences of images, we consider general ran-
dom fields of arbitrary dimension ¢ of the domain and taking values in the
p-dimensional Euclidean space RP. We propose and study a nonparametric esti-
mator of the asymptotic variance, which directly generalizes the class of Bartlett-
type long run variance estimators studied in time series analysis. In addition, we
provide a central limit theorem for that estimator and establish the consistency
of subsampling under weak conditions. A concise model when capturing a sam-
ple of images of constant scenery, e.g. in order to estimate the true underlying
object by the noisy images and to estimate the spatial-temporal correlations, is
to assume that the data is given by a superposition of a time series and a spatial
random field. Then one may center the observed images at their temporal av-
erage. We show that the corresponding estimator of o2 is still consistent under
fairly weak conditions. Lastly, as spatial (or time) correlations in image data
resp. sequences of images are often of a local nature, so that autocovariances
corresponding to larger lags are negligible or even vanish, we introduce and
study a class of cut-off or thresholding estimators, which resemble to some ex-
tent thresholding estimators studied in high-dimensional statistics. Those cut-off
estimators aim at reducing the estimation variability by neglecting autocovari-
ances of small order. We present extensive simulation results, in order to shed
some light onto the accuracy of the proposed estimators, to identify situations
where the thresholding estimator improves upon the classical lag-truncation ap-
proach, and to investigate how the estimators perform when used in statistical
image testing.

Consider a general g-dimensional real-valued random field {¢, : n € Z7}
with E(¢,) = 0 for all n € Z9, where, as above, the first dimension typically
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represents time. Then the asymptotic variance of the random field is defined as

0® =) E(éokw)-

keZa

When the random field attains values in R? for some p € N, i.e. £, : (Q, F,P) —
(RP, BP), for n € Z%, where (Q, F,P) denotes the underlying probability space
and BP the usual Borel o-field on RP, the asymptotic variance is the matrix

o2 = lim ——E(SpS.),

n—oo |ny

since now 02 = Var(|n |~Y/28,) = |n| 'E(S,S,). Observe that o2 adds up
all (cross-) autocovariances in the temporal and spatial domain. Obviously, for
g = 1 we are given a univariate times series and o2 is the well known long run
variance, for which an extensive literature on its estimation exists, e.g. smooth-
ing window type estimators, cf. [17], or estimators based on batched means, cf.
[1] and [28]. But for a random field of dimension ¢ > 1 there are only a few
results which address certain special cases. Indeed, most of the existing results
are motivated from an economic point of view and concern the spatial het-
eroscedasticity and autocorrelation consistent estimation of covariance matrices
with applications in two dimensions as in [13], [9], [15] and [16]. [13] obtain con-
sistent estimates of the matrix of cross-sectional correlations by averaging over
the time dimension, i.e. they request that the time dimension grows while the
size of the cross-sectional dimension stays fixed. They construct an estimator
that relies on the standard Newey and West estimator of the time series liter-
ature, see [18], and show that it is robust to very general forms of spatial and
temporal dependence as the time dimension becomes large.

[15] as well as [16] study spatial heteroscedasticity and autocorrelation con-
sistent estimators of covariance matrices of parameter estimators, where the
spatial dependence is measured by a so-called economic distance. If this eco-
nomic distance d;;, between two units ¢ and j is small these units are highly
dependent, if it is large, however, the units are nearly independent. Examples
for an economic distance include geographic distances as well as transportation
costs. Both papers also allow for errors in the measurement of the distance.
The main disadvantage is, however, that both papers focus on linear processes
with i.i.d. innovations, which include certain non-stationary models, but exclude
non-linear models.

A slightly different approach is the one of [9] who considers the estimation
of the asymptotic variance for strictly stationary and a-mixing random fields in
two dimensions. He constructs an estimator as the weighted average of products
of the observations and finally shows its consistency.

However, to the best of our knowledge, no further estimators of the asymp-
totic variance for arbitrary stationary mixing random fields in ¢ dimensions
exist in the literature so far. Thus, in Section 2 we propose an estimator de-
fined as a weighted sum of the sample autocovariances of the random field and
show its consistency for mixing random fields and also provide results about the
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asymptotic distribution. In Section 3 we show how one can improve the estima-
tor and propose a data-adaptive procedure to select remaining unknowns which
make use of subsampling. Section 4 is devoted to an extensive simulation study
of both estimators. The simulations study for several models the behavior of
the estimators and demonstrate that the thresholding estimator is preferable.
We also investigate the statistical properties of the image test and show that
the thresholding estimator leads to very accurate image tests. For its applica-
tion and accuracy in change detection, see [23] and [25]. Rigorous proofs of all
results are provided in Section 5.

2. Nonparametric estimation of the asymptotic variance

In this section, we introduce the proposed nonparametric estimator for the
asymptotic variance of a random field. The estimator is based on the formula (4)
and belongs to the class of lag-truncation estimators. We provide an interesting
extension to the case of multiplicative random fields which are well suited to
analyze image samples of a constant scenery.

2.1. Estimation for general random fields

Let {&} be a random field defined on I'y, := {1,...,n1} x ... x {1,...,n4}

and taking values in RP with max;<;<p E(ﬁij)y < oo for ¢ € I'y,, where §; =

(fgl), . 751@)’. For a fixed j € Z? denote by
7)) =E(E;), ezt

the autocovariances of {£;}. Define the sample autocovariances

)= e S Gl Tal) = {i€Tniitjela},  (3)
’Fn(ﬂ) i€ln(4)

and set

l7|<m

Recall that |j| < m is understood component-by-component, i.e. |j;| < m; for
all 1 <4 < g. The weights w,(7), for fixed j € Z% and m = m,, € N?, arising
in (4) are assumed to satisfy the following assumptions.

(W1) wm(j) = 1 as m — oo for all j € Z1.

(W2) |wm (j)] < Cy < oo independently of j and m.
The weights w,,,(j) can be chosen as the product of one-dimensional weights,
Le. we can put Wi (7) = [\, wm,(ji), where the wm,,(j;), 1 < i < g, are
weights satisfying (W1) and (W2). Examples for such weights are the Bartlett
weights, wp,, (j;) = 1— ;2 for 1 <i < g, or the Tukey-Hanning weight sequence,
Wy, (i) = PG 1 < i < g,



Asymptotic variance of random fields 895

For multivariate random fields, i.e. for p > 1, o2 and its estimator are matrix-
valued, such that the evaluation of an estimator’s accuracy requires to select a
matrix norm. For simplicity of presentation, in the sequel the matrix maximum
norm on RP*P defined by

Al =  fnax la;j|, for a matrix A = (aij)g;éz,

will be used. One could also employ the frequently used Frobenius norm ||A||p =

\/ 224 j=1 |aij|?, which, however, satisfies
1Alloe = , fmax|ai;|? < [ Allr < pll Al

such that all results can be easily reformulated in terms of ||-|| r instead of || ||,
or any other matrix norm, since all norms on RP*P are equivalent.

Our main results require the random field to be p-mixing. For related and
other notions of weak dependence for random fields we refer to [12] and [6] and
the discussion at the end of this section. Let us briefly recall the definition of
(p-mixing.

For each j with 1 < j < ¢ and for each r > 0, define

AtGir) =0 ({Snl,...,nq :n; > r,n; unrestricted for ¢ # j}) , (5)
A (ir) =0 ({fm,...,nq :n; < r,n; unrestricted for i # ]}) . (6)

Further, for each » > 1 introduce
(jir) == sup {|P(B|A) = P(B)| : A € A" (j;0), B € A™(j;r), P(A) > 0} (7)
and define the (half-space) ¢-mixing coefficients

p(r) == max o(j;r). (®)

1<j<q

Putting ¢(0) = 1 we can observe that the set {¢(r)} is a decreasing sequence
of real numbers. The random field {&, : n € Z%} is now called @-mixing, if
p(r) — 0 as r — oo.

Assumption 1. Let {&;,1 € I, } be a strictly stationary, p-mixing random field
N 4
with E(§o) = 0, max;<;j<,E ( (()J)> < oo and mixing coeflicients satisfying

o0

qu_lgo%(r) < 00. (9)

r=1

We are now in a position to formulate the following theorem on the consis-
tency of the estimator 52 under mild regularity conditions for a general muti-
variate random field.
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Theorem 2.1. Suppose that Assumption 1 holds and that the weights W, (J)
fulfill (W1) and (W2). Furthermore, assume that m — 0o, as n — 00, with

= o(1), (10)

Ty

where m* = maxi<;<gm; and ny = minj<;<qn;. Then the estimator G2 is
weakly consistent, i.e.

62 — 0l =+ 0
as m — OQ.

It is interesting to note that the consistency can be strengthened to Lo-
consistency resp. Li-consistency, as shown by the following theorem.

Theorem 2.2. Let the conditions of Theorem 2.1 be satisfied. Then for p =1

n

E|@2-0%)°] =0
as n — 0o, and forp > 1

E|o7 —o*|. —0,
as . — oQ.

A direct consequence of Theorem 2.1 is the consistency of the autocovariance
estimators, 9, (j), used to define the estimator of o2, which are, of course, of
independent interest when analyzing random field data.

Corollary 2.1. The estimator 7, (J) of the lag j-autocovariance of random field

{61}7

1
%z(j) =T fifé j
’F"(j) iefzn(j) v

for 3 € 79, is L,- and thus also weakly consistent for the lag j autocovariance
v(7), where r =2 for p=1 and r = 1 otherwise.

2.2. Asymptotic distribution theory

Let us now turn to the asymptotic distribution theory, which we study for
univariate as well as multivariate random fields. We show that, under weak
regularity conditions, the sample autocovariances are asymptotically Gaussian
and provide an associated limit theorem for the estimator 2. The latter is
interesting in its own right, but is also needed to establish the subsampling
central limit theorem to be discussed and applied in the next section.

We need the following approximation result, which shows that the sample

autocovariances can be scaled with /|T'n (5)| or v/|n].
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Lemma 2.3. Under Assumption 1 it holds

s [VIPa()I3a) = 7G) ~ = 3 (Eitins =G| = ox()
as n — o0.

We have the following result providing the weak convergence of the sample
autocovariances and the estimator 52 when appropriately centered and scaled.
Let us denote by = the weak convergence in the Euclidean space R!, [ € N.
Recall that a matrix A = (ay,),, of dimension p x p defines the quadratic
form (A,))_y = 27 =1 MM, (M))—; € RP, which is positive definite if
it is positive for all (A\,)?_; # 0. More generally, a scheme (ag-y’” ) l7l <
m, k| <m,1 <v,u < p) of real numbers defines a quadratic form via ()\;”) :
Gl <M1 < v <p) = 3 icm D kl<m et A AN g ( ) which is positive
definite if it is positive for all ()\g.”) il <m,1<v<p) 7& 0.

Theorem 2.4. Suppose Assumption 1 holds true with p =1 and fixr m > 1.

(1) \/IPn(3)(n(d) = (3)) = Bj, as n — oo, where (B; : |j| < m) is
Gaussian with mean zero and covam’ances given by

Cov (Bj, Bj) Z E(&o&; —v(7)) (Eivg — (), (11)

1€Z4

for |71 < m and |j'| < m, provided (11) induces a positive definite
quadratic form.
(i) For m > 1 we have

VInl(@, —E@3) = S,
as n — 0o, where S 4 > 1jl<m Wm(3)Bj.

For a multivariate random field the autocovariances (j) are p X p matrices
with elements v(j),p, 1 < v, u < p. We have the following multivariate extension
of Theorem 2.4.

Theorem 2.5. Suppose that Assumption 1 holds true.

(i) We have |F DNAEARG) — v(3)) = Bj, as n — oo, with B; =
(B;V"‘))léuép, for |3| < m, where (BJ(.V’“)) is Gaussian with mean zero
1<up<p

and covariances given by

Cov (B, By ) = ST B € = ()u) (& €4) = (D),
1€Z49
(12)
for 1 < v, vy < p, |j| < m and |j'| < m, provided (12) defines a
positive definite quadratic form.
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(i) For m > 1 we have under the assumption of (i)
Vin|(e; —E(@7)) = S,
as n — oo, where S 4 > 1jl<m Wm(3)Bj.

It is worth mentioning that, by Lemma 5.1 and Lemma 5.4 (a), the asymptotic
variance of the random field &&1; — v(3), © € 29,

GG = Var(B;) = Y E(¢o& —(5)) (&srg —7(5));

1€Z49

exists for each j € Z9.

Next we aim at studying the centered and scaled sample autocovariances as
a process indexed by the lag j, thus extending the above results. Observe that
for fixed n the estimator 7, (7) is only well defined for j < n, and it is common
to put 4, (J) = 0 if j; > n, for some i € {1,...,q}. This motivates to consider
the multivariate random field

Gn(§) = \/[Tn(@)|Gnld) —7(5),  §ez,

indexed by Z? and thus taking values in the space S = (RP*P)%" of mappings
74 — RP*P, The space S = (RP*P)%" is a separable and complete metric space
when equipped with the metric

p(.’IJ,y) = Z 2_kd0(xk:7yk)7
keZa

for © = {zx : k € 2%,y = {yp : k € 27} € (RP*P)*>°, where dy(a,b) =
min(1, ||a — b|s) for matrices a,b € RP*? and 2~ *l = H§:1 2~ kil for k =
(k‘l,...,kq) € 74.

The question arises whether G,, converges weakly in the space (S,p), as
Theorem 2.5 already provides the convergence of the finite-dimensional dis-
tributions. Since weak convergence in (S, p) is not elaborated in the litera-
ture, let us briefly discuss some details. First note that convergence with re-
spect to p is pointwise convergence. For z € S and tq,...,t, € Z? , k € N,
the projection my, 4 = (Tty,...,71,) € RP*PE i continuous. The finite-
dimensional distributions of a random element X = (X, : k € Z7) taking values
in (RP*P)Z" are given by the laws of the random matrices (Xy,, ..., X, ) of di-
mension p x (pn), or, equivalently, by the laws of the p?n-dimensional random
vectors ((vecXy, ), ... (vecX: )Y, for t1,...,t, € N, where vecA denotes the
vector obtained by stacking the columns of a matrix A. The finite-dimensional
sets, w;ltk(H) ={z¢€8:(2,,--.,2,) € H, H C RP*P* measurable, are
a m-system. For x € S and € > 0 let A, . be the system of sets A with
A c A C B(z,¢), where B(z,¢) is the open ball around z with radius e.
Choose k € Z7 such that Y., 2719/ — > li1<k 27131 < £/2. Consider now the
uncountable many disjoint sets

Ay ={y €S : lyi — zilloo <, 2] <K [Yio — Tiolloo < 1, Fio with |do] < |k}
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for 0 < n < e/(2-3%). Since >, 44 27131 = 3% and dy is bounded by 1, any
y € A, satisfies

p(r,y) < Y 27 Mldg (e, i) +2/2 <37 +e/2 < e
l7I<k

Hence, A, C B(z,e). This shows that the system of boundaries of the sets
A contains uncountably many disjoint sets, such that by [5] the weak con-
vergence in (RP*P™)2" coincides with the convergence of the finite-dimensional
distributions.

Therefore, Theorem 2.5 implies the following result.

Theorem 2.6. Under the conditions of Theorem 2.5
Gn = B,

as m — oo, where B = {Bj :j € Z4}.

2.3. Subsampling

Let us briefly review how subsampling for random fields works. For more details
we refer to [22], especially Chapter 5.3 therein. Define

E,={teZ?:0<tp <up,k=12,...,q}

and suppose that given the random field {X(¢),t € E,,}, we have a consistent
estimator 0, = 0,(X(t),t € E,) of an unknown real-valued parameter 0(P).

~

If we define J,,(IP) as the sampling probability law of 7, <9n - 9(1?’)) under P,

where 7, is a normalizing constant, and write Jp(x,P) for the corresponding
sampling probability distribution function, i.e.

Jn(2,P) :=P{rn (b, — O(P)) <z}, =z €ER,

the aim of subsampling is to find an approximation of J,, (z,P) by recomputing
the statistic tz)\n over random fields of smaller size than n and by considering the
empirical distribution function of these subsampled values. Thus, for b, h € 74
we define these smaller random fields by

Yj:={X(t),t € Ejpn},

where Fj; p n stands for the rectangle containing the points ¢ € Z? with (ji —
Dhe < ix < (Jg — 1)hg + bg for 1 < k < g. The point b represents the size of
the smaller random field defined on Ej p p, the point h determines how many
of these smaller random fields are taken into account, as Yj is only defined if

0 < jx < Ng, where N, = L"’“h—_kb"J + 1. This means, the vector h defines a

grid and at each point of that grid a rectangle (block) defined by the block
size b is located. Depending on the choice of h and b, those rectangles may
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overlap or not. Now, one can easily see that the number of considered subrandom
fields decreases when h increases and that it increases when h decreases with a
maximum for h = (1,1,...,1).

We further define the bubbample value Qn b a8 the statistic Hb evaluated
at the smaller random field Y;, i.e. Gn bi = 01,( 7). The desired subsampling
approximation of the sampling probability distribution function Jy,(x, P) is then
defined as

N1 No
=|N|~ ! Z Z Z {76 (On b,s—0n) <z}’

11=11i2=1 ig=1

where [N | =[], N;.

The question arises under which conditions this approximation is consistent.
The main assumption for this to hold is that J,(P) converges weakly to a
limit law J(P) with corresponding distribution function J(z,P), as n — oo; the
precise assumptions are as in [22, Theorem 5.3.1] and are listed in the theorem
below, which is adapted to our setting. The assumptions mainly control the
growth rate of b with respect to n and the mixing coefficients of the underlying
random field. A common choice studied in greater detail in Section 4.2 is b =
|n7] for v € (0,1).

The following theorem establishes the consistency of subsampling for statis-
tics calculated from the underlying random field or, going beyond that case,
which depend on (collections) of the terms arising in the lag j sample autoco-
variances. Define Y;(3) = &&ivj — v(3), @ € Z9, for any j € Z9.

Theorem 2.7. Let Gn be a real-valued statistic depending on {&; : 0 < i < n},
{Yi(§) : ¢ € Tp(g)} or {Yi(4) : i € Tn(9), 4] < m}, used for estimating the
unknown real-valued parameter 6(P), such that

In(2,P) = P(In|~%(6,, — 0(P)) < z) = J(z,P),

as n — 0o. Assume that h is a non-zero constant and assume that

j=1
as n — oo, and
1
TN 2Kk = 2m*) = o), (14)
k=1

as n — oo. Then, in continuity points x of J(x,P),
P
Ln,b — J(l‘, P),
as n — oo. If J(-,IP) is continuous, then

np(y) = inf{z : Lnp(x) > 7}
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converges in probability ot q(v) = inf{z : J(z,P) > v} and

P(|n| 20, — 0(P)) < gnp(7)) — 7,

as . — oQ.

2.4. Extensions to multiplicative models

An important subclass of spatial-temporal random fields arises as the additive
superposition of a time series introducing the serial dependencies and a spatial
univariate random field, i.e.
T s . -
Yi=nll +n”, i=(i,0) €2

As discussed in the introduction, this is a reasonable model when capturing, say,
ny images of a fixed experimental situation, in order to estimate the image, its
spatial dependence structure and the serial correlations of the data acquisition

process. For a related detection procedures we refer to [24] and [25], Section 4.2.
Obviously, the above model can be also formulated as a multiplicative model,

and thus we assume from now on that &; = (51(1), e ,gﬁp))' with
fij) = 51(‘?)6%S7j)7 = (ilaz) € Zq, j=1...,p, (15)

where ¢(T) = {EET) 1 € Z} is a strictly stationary second order (p-mixing uni-
(8)

T

1T € Z97 '} is a strictly stationary p-mixing
multivariate random field taking values in R? with max;<;<p E((Eés’j ))4) < 00.
We further assume that (™) and (%) have p-mixing coefficients satisfying (9)
for dimension 1 and g — 1, respectively, and are independent from each other.
In the present setting, one may center the &; at their temporal average and

therefore we define

variate time series and (%) = {e

() = ; LY (a-E) (G —E),

I'n(g) (i1,0) €T (5)

g 1 71 _ . .
where § 7 := - > 121 &z, and introduce the estimator

Gy = Z Wi (3)¥n(F)
li]<m

for 2. We then obtain the following theorem.

Theorem 2.8. Suppose the noise process satisfies in addition to the assump-

tions of Theorem 2.1, the multiplicative model (15). Then &2, 5 0%, asmn — oo,
and E||52 — 0% — 0, as n — oo.
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2.5. Discussion of the miring assumptions

The above results assume that the random field is ¢-mixing. Inspecting the proof
shows that this condition can be replaced by other weak dependence conditions

ensuring that
2

n|TE| Y fobkiy —(3)| = O(1), (16)

kel:n

as n — oo, cf. Lemma 5.4. For example, a natural condition is to assume
that &g is p*-mixing, which implies that the strictly stationary random field
Y (3) = o0&+ —7(J) has a continuous spectral density function, cf. Lemma 5.2,
which is then given by

2
— 1 —q —ik’ A ; q
fO=lim nE| Y e *FMV(G)| ,  te s
kel:nl
where from now on we put nl = (n,...,n) for n € N. Further, S = {x €
RY: ||z||2 = 1} and A; is the unique number Ay = (A1, ..., Ay) € (=7, 77 such

that e~ = ¢t; for j = 1,...,q, see [6, Theorem 28.21]. Here {£x} is called
p*-mixing, if p*(r) — 0, as r — oo, where

p (r)=supp(c(ék : k € A1),0(&k : k € A2)).

The supremum is taken over all nonempty disjoint sets Aj, Ay C Z? with dis-
tance dist(Ay, Ag) > r, and the p-mixing coefficient p(G, H) for two sub-o-fields
G and H of F is defined as

p(G,H) = sup |Cor(U, V)|,

where the supremum is taken over all G-measurable random variables U and
all ‘H-measurable random variables V', both with finite second moment. The
distance between two sets A;, Ay C Z? is defined by dist(A4;, A2) = inf{]|a; —
asl|2 1 a1 € Aj,as € Ay}, where || - || is the usual Euclidean vector norm.

It is also worth mentioning that [3] establish a strong invariance principle
for partial sums of a-mixing random fields taking values in RP and (16), if the
mixing coefficients, defined as

o(Eq, Es) = sup |P(AnB)—P(A)P(B)]
A€o (£;4E€E)
Beo(£;:1€Eq)

for any two disjoint non-empty sets E;, E; C N9, can be bounded in terms of
the distance, namely by

a(Ey, E») < C (dist(Ey, Ey)) 101 F9)(01+2/0)

for some 0 < ¢ < 1/2 and 6 > 0 is such that E|§éj)|2+‘S < oo holds. The
result of [3] is limited to upper summation limits n satisfying a constraint. That
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constraint is, however, satisfied for the important special case of proportional
sample sizes, i.e. n; = ¢jni, j = 2,...,q, holds for constants cs,...,cs. The
strong invariance principle of [3] and (16) have been also established by [8] for
random fields, which are weakly dependent in the sense that the covariance
between f(&; : 4 € I) and g(& : ¢ € J), for any pair of disjoint finite sets I, J
with sup-distance r, see (46) for a definition of the latter distance, and any pair
of bounded Lipschitz functions f and g, is of the order 6,, for a sequene 6,
decaying exponentially fast.

3. Threshold cut-off estimation of the asymptotic variance

As the simulation studies in Section 4.1 will show, the RMSE of the variance
estimator 02 increases for larger values of m. Moreover, the smallest possible
RMSE in most situations is still quite high. This problem often arises when
the spatial autocovariance matrix is sparse, i.e. the number of non-vanishing
entries is much smaller than the number of null entries, or when it is close to
sparsity. The latter typically occurs when the autocovariances decrease fast.
This estimation of null entries increases the variance but does not reduce the
bias. By thresholding sample autocovariances which are small in magnitude, we
may reduce the variance.

We allow for parameterized thresholding functions and propose to determine
remaining unknown parameters by a subsampling procedure, which implicitly
determines an approximating m-dependent random field. For that purpose, we
adopt a known result about the consistency of subsampling for random fields,
see [22], to the setting of this paper.

3.1. Cut-off estimation

These observations motivate to propose a thresholding estimator for o2, where
the idea is to multiply 7, (j) with some weight function g. This leads to the
following estimator Efmh, defined as

Gon= Y wm(3)An(d)g Fnd), cn(d)), (17)
lF]<m

where g is a function depending on 7, (7) and some sequence ¢, (j) and which
satisfies the following assumption.

Assumption 2. Let g: R x [0,00) — [0, 1] be a bounded function such that

E(g(n(d),cn(d))) — 1,

as n — oQ.

The next theorem states some sufficient conditions for &?Lm to be weakly
consistent.
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Theorem 3.1. Under the conditions of Theorem 2.1 and Assumption 2 the
thresholding estimator 331,th defined as in (17) is a weakly consistent estimator

for 0.

For the special choice of g as

9 (n(3)senld)) = L, (6) 1> en )}

we obtain the so-called cut-off estimator

Gre= Y Wm(3)AnG)L{Fn @) >en)} (18)

lFI<m

which belongs to the subclass of hard-thresholding estimators, where only auto-
covariances are taken into account whose absolute value exceeds the threshold
¢n (7). Theorem 3.1 then simplifies to the following Corollary.

Corollary 3.1. Under the conditions of Theorem 17 and if for each j € 74,
cn(3) = c(j) for n = oo with ¢(§) < |y(j)|, then 7, . defined as in (18) is a
weakly consistent estimator for o2.

The extension to multivariate random fields is as follows. Define the matrix-
valued threshold estimator

a?z,th = Z Wi (3)Vn(3) © 9 (Gn(d), cn(d)) (19)

lFI<m

where for a p x p matrix A = (a,,)1<v<» and a real number ¢ > 0 we extend
1<

<u<p

the function g to the domain RP*? x [0, 00) by setting

g(Av C) = (g(awu C))
1<v<p
1<u<p

In (19) the symbol o denotes the Hadamard product, i.e. the element-wise mul-

tiplication of two matrices of the same dimension. This means, we threshold

all elements of the variance-covariance matrix using the same threshold ¢y, (7)

depending on the lag j.

Theorem 3.2. Under the conditions of Theorem 2.1 and Assumption 2 the
thresholding estimator (’fith for a multivariate random field, defined in (19), is

a weakly consistent estimator for o2, i.e.
~2 2 P
”Un,th -0 HOO — 0,
as n — oo.

Motivated by our empirical studies presented in the next section, we propose
to use rules of the form

enld) = (it +o+di) =) (20)

nl...nq
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with @ > 0 and § = 0.0001. For this rule we have ¢, (j) — —d =: ¢(j) for all
Jj € Z% and n — oo, such that the condition ¢(j) < |y(j)| of Corollary 3.1 is
fulfilled in any case.

Let us consider a special choice of the lag truncation constants m for the
case ¢ = 2 corresponding to image data, in order to clarify, for a valid choice
of the lag truncation constants m, possible values for « and the relationship of
the lag-dependent truncation rule ¢, (j) to a constant-in-lag truncation constant
typically used in time series analysis. Hence, let us assume that ny = fn; for
some known f > 0, the aspect ratio of the image, and let

m;=cn], i=1,2,

for constants ¢, ¢y and some 0 < v < 1/3, such that the sufficient condition
(10) of Theorem 2.1 is satisfied. Clearly, for larger v a larger number of spatial
autocovariances is taken into account. Then for all |j| < m we have

(Vi)' (@e)”
enld) € S 6= %nf;v% s
If & = 2/~, then at the boundary (j = m) the constant (in sample size) thresh-
old
(ct + )"
f
applies, whereas for « < 2/7 the boundary threshold converges to —§, as ny —
oo. For « slightly smaller than 1/3, in order to take into account a large number
of autocovariances, the parameter o can be selected slightly larger than 6. This
is in nice agreement with our empirical findings concerning the choice of o when
aiming at precise estimation of the asymptotic variance 2. However, when the
estimated asymptotic variance is used to standardize an image test statistic, our
simulations indicate that smaller values of o (around 3.6) are preferable, which
are admissible for all admissible values of ~.

-0

Cth =

3.2. Data-adaptive estimation of lag truncation constants and
optimal thresholds

The proposed estimators require to select the lag truncation constants m and,
for the cut-off threshold estimator, the thresholds ¢, (j). Let us assume that
the thresholds are given by a parametric family of functions with parameter
a, i.e. cn(g) = en(j;a), e.g. as in (20). To determine m and « we propose to
proceed as follows: To determine the optimal value m,,; for the discrete-valued
parameter m from the set {k1 : k € N}, we apply a sequential testing procedure
which analyzes the sample autocovariances on the unit spheres with respect to
the maximum norm and stops when they are no longer statistically different
from zero. The statistical tests are based on subsampling in order to determine
critical values. This procedure has the nice property that it is consistent for
m-~dependent random fields. For other fields, applying this procedure may serve
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as a guide, in order to approximate the random field under investigation by an
m-dependent one, e.g. a spatial moving average model.

A reasonable measure to evaluate 33%6 is, of course, the root mean squared
error (RMSE), which is a function of m and a. We propose to plug-in m,,;
and then to determine o by minimizing an estimate of the RMSE obtained by
a subsampling procedure, too.

The subsampling-based proposal to deal with the estimators (4) and (18) is
as follows. In accordance with the above notation introduced in Section 2.3, Y;
now stands for the subrandom field {&.,t € Ejpn}, and we write 83171371' for
the subsample value that equals the statistic 7 with constant weights equal to
one evaluated at the random field Y3, i.e. 331#771' = 02(Y;) with wp, (§) = 1. We
choose the constant weights here as these do not depend on m (and thus not on
n) to avoid additional difficulties when working with the smaller random fields
of size b.

In order to find a subsampling approximation for the RMSE we need to
find a reasonable centering term. A natural choice is 72 itself. However, as the
summation in (4) still depends on m, we need to choose m first. For random
fields with v(j) > 0 we propose the following sequential testing procedure. For

each subrandom field of size b we start by considering the test statistic

Ry(m):= Y Fbld) (21)
J:likl=me
which estimates r(m) =3, _,, 7(J). We reject Ho : 7(m) = 0 if the 90%-
confidence interval for r(m) obtained by subsampling does not contain 0. We
propose to determine m,,: by the following sequential testing procedure: Start-
ing with m = 1 and proceeding with k1, k = 1,2,..., we apply the above test
until it rejects the associated null hypothesis Hy : (m') = 0 for the first time.
Then we put m,; = m’ — 1.
The consistency of the proposed subsampling testing procedure follows from
Theorem 2.7 and Theorem 2.4, since the latter ensures that the root

Kn(P) = £ (I ™/2(Rn(m) — r(m))
converges weakly to a Gaussian random vector:

Corollary 3.2. Under the conditions of Theorem 2.4 and if (13) and (14) hold,

Kn(P)=KMP)=L| Y Bj|,
l3|<m
as n — oo, where (Bj : |j| < m) is as in Theorem 2.4. If q(v) denotes the
~v-quantile of K(-,P) and qn p(y) the y-quantile of the empirical subsampling
distribution for the statistic R(m), then the asymptotic coverage of the confi-
dence interval

[Rn(m) — 0| ?¢n 5(7), Rn(m) + 0| 2gp6(7)]
is the nominal confidence level 2, v € (0,1/2).
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Once we have determined m,,¢, we can evaluate 2 for m,,; and use Ei,mom
as centering term for the subsampling approximation for the RMSE given a block
size b, whose selection is discussed and studied in Section 4.2. This approach
finally leads to the approximation

N1 Na Ng

RVBE(32) = (N3 S S (Fps—Fom ) (2)

i1=lig=1  i,=1

where Efl’bﬂ., t € 1: N, are the subsampling replicates and N = (Ny,..., Ng).
That approximation is now minimized to determine the tuning parameter a.

4. Simulation studies

In this section we present simulations about the proposed methods. Sections 4.1
to 4.2 provide a thorough analysis of the variance estimators of Sections 2 and 3,
where for the latter we will focus our attention on the cut-off estimator. The
results show that thresholding can improve in terms of the RMSE and, especially,
is more robust with respect to the choice of the lag truncation constants m. Then
we investigate the proposed data-adaptive procedure to estimate the remaining
unknown tuning parameters of these estimators via subsampling.

Section 4.3 provides results about the accuracy of significance tests for image
data based on partial sums standardized with the proposed cut-off estimator.
The simulations show that highly accurate testing is achieved by our proposal,
even in the presence of substantial image correlations.

4.1. Simulation results for the variance estimators

Having in mind applications in imaging, where quite often spatial dependencies
are local, we investigate the statistical behavior of the variance estimators 72
and 3%76 for selected stationary two- and three-dimensional random fields, in-
cluding an autoregressive model to take into account serial correlations present
in sequences of images.

Further, we investigate both estimators for different weighting functions and
different values of ™ and m and analyse the resulting behaviour of the root
mean square error and the bias. Finally, we will also analyse the second esti-
mator dependent on the sequence ¢, (j) and make a concrete proposal for its
selection.

4.1.1. Spatial moving average models of order one in two dimensions

The first model for the random field for which we want to analyse the behaviour
of the estimators is a spatial moving average model of order one in two dimen-
sions. For that purpose, take i.i.d. innovations 7; ; with 7, ; ~ N(0,1) for all 4
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and j and define

(M1) €4 := a1ni—1,j—1 + a2ni—1,j + a3Mi—1,j41 + aanij—1
+ asnij + a6Nij+1 T ArNig1,j—1 + A8Ni+1,5 T A9Ni41,5+1

with real weights ap, £k =1,...,9. We first take a5 = 1 and ax = 0.3 for k # 5.
We can now calculate the theoretical asymptotic variance as follows. If we write
a = (ay,...,a9)" for the column vector with the weights ay,k =1,...,9, and

1
Nij = (777,'71,]’717nifl,janifl,jJrhni,jfl; Nig>Mig+1,Mi+1,5—1, 771'+1,j777i+1,j+1)

for the column vector with the innovation 7; ; and all the innovations that are
located around it, we can rewrite (M1) as scalar product of the vectors a and
Mi;, .. as ; j = a’n; ;. Thus, we obtain

9
od= Y Eleootmm)= », E(@mno)@nmn) =" wa,
(hl,hz)EZZ (hl,hz)EZZ 4,j=1
(23)

as only 92 = 81 summands in the above summation over (hy,hy) € Z? are
non-zero, namely one for each combination of a; and a;, 7,5 = 1,...,9. For
our concrete vector a one can thus calculate that the theoretical variance is
0% = 11.56.

Throughout this study we choose the weights w,,, (7), that are needed for the
calculation of G2 in (4), as the product of one-dimensional weights, where we
take the wy,, (j;), 1 <1 < 2, either as constant weights (CW) with wy,, (j;) = 1,
1 <4 <2, or as the Quadratic Spectral weight sequence (QS), i.e.

25 sin(675%) /5)
1972 (j;??)Q 65 /5

for 1 <4 < 2 and jy(,zl) = ji/(m; + by), where b, is a bandwidth parameter
that still has to be chosen. In dimension one [2] could show that the QS kernel
with a properly chosen bandwidth b,, is the optimal choice with respect to the
asymptotic MSE, see Theorem 2 in [2]. In his simulation studies, however, the
author could also show that in a lot of situations the constant weights lead to
more efficient estimates than the quadratic spectral weights. The disadvantage
of the constant weights, however, is that in contrast to the QS weights they do
not necessarily generate nonnegative variance estimates.

Now, we first consider a random field of size (30,40) and investigate our
estimator in (4) for several values of m = (my, mg) € My with

Wm, (.]z) =

- cos(67rj,(,?/5)>

My = {(my,mz) € {0,...,29}2 : m; = my} (24)
U{(1,2),(2,3),(3,4), (4,5), (5,6),(6,7),(10,13), (15,20)}.
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m (0,0) (€] (2,2) (3,3) (44)
Mean(52) 1.7217 8.6957 11.5924 11.5879  11.5588
RMSE(62) 9.8391 29996  1.8478  2.8328  3.8371

m (5,5) (6,6) (7,7) (8,8) (9,9)
Mean(c3) 11.5290 11.5233 11.5297 11.5304 11.5165
RMSE(52) 4.8846 5.9867 7.1408 8.3481 9.5736

TABLE 1
Simulation results for (M1) for different values of m with constant kernel.

— opt. RMSE
— bias at opt. RMSE

0 5 10 15 20
by

F1c 1. Optimal RMSE with respect to m and corresponding bias of (M1) for bandwidths by,.

Note, that My mainly consists of pairs with equal components. These pairs are
quite natural choices for m, as (M1) is a symmetric model where the influence of
the innovations around 7; ; is the same in both directions. Nevertheless, we also
consider some pairs where the components differ, including the cases (10,13)
and (15,20) which correspond to a third and a half of the random field of size
(30,40), respectively.

The first table shows the values of the estimator and its RMSE for selected
choices of m € M, for the constant kernel based on 10000 repetitions.

Table 1 shows that the RMSE, seen as a function of m, is convex with a
minimum in m = (2,2), which corresponds to the largest lag for which the
theoretical autocovariance in (M1) is non-zero. We also see that for values of
m larger than (2,2) the RMSE increases quite fast while the bias does not vary
much. This implies that the variance increases.

Next, we also examine our estimator for the QS kernel, for which we still
have to choose the bandwidth parameter b,, which we choose the same in all
dimensions. We want to choose this parameter in such a way that the RMSE
gets as small as possible. Figure 1 depicts for different values of b,, the optimal
RMSE with respect to m (i.e. when m ranges over the values of Ms) and the
corresponding bias.

To abbreviate the notation we write m + b, for (my,ma2) + (bw,bw). We
see that the smallest RMSE is achieved for b,, = 6.4 which corresponds to
m = (2,2). Thus, we will fix the bandwidth at this value. Furthermore, we
can also see that for b,, > 4 the RMSE stays nearly fixed such that different
choices of b,, near the optimal one would lead to nearly as good estimates as for
the optimal bandwidth b,, = 6.4. The jags in the bias for small choices of the
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m (0,0) (1,1 (2,2) (3,3) (4.4)
Mean(52)  1.7217 84380 11.1120 11.2030 11.2502
RMSE(G2) 9.8391 3.2388  1.7793  2.5630  3.3187

m (5,5) (6,6) (7,7) (8,8) (9,9)
Mean(G32) 11.2799 11.3132  11.3471 11.3741 11.3899
RMSE(52) 4.0534 4.7795 5.4992 6.2172 6.9214
TABLE 2
Simulation results for (M1) for different values of m with QS kernel and bandwidth m + 6.4.

bandwidth parameter arise from the fact, that we allow m to range over all the
values of Ms. A jag occurs, when the value of m, for which the smallest RMSE
is attained, changes. For example, for b, = 0 the optimal m is (4,5) whereas
for b, > 2.3 it is (2,2), which is again the largest lag for which the theoretical
autocovariance in (M1) is non-zero. For 0 < b,, < 2.3 the optimal value of m
varies.

Table 2 shows the values of the estimator and its RMSE in the above scenario
of (M1) for selected choices of m for the QS kernel with b,, = 6.4 for 10000
repetitions.

The smallest RMSE is now 1.7793 and again achieved for m = (2,2). Similar
as in Table 1 the RMSE increases for values of m larger than (2,2), but not
as rapid as in Table 1. Thus, we see that in this scenario the QS kernel with
a reasonably chosen bandwidth is nearly 4% more efficient than the constant
kernel which is in accordance with the simulation results in [2].

As this simulation study shows, the smallest RMSE is still quite high and
what is even more problematic, the RMSE depends quite heavily on the proper
choice of m. As already explained in the motivation for the improved variance
estimator, this problem often appears when a lot of ‘zeros’ have to be estimated.
This is the case here, as the dependencies of the random field are only weak, as
the autocovariances vanish for |j| > 2. The estimation of many such null entries
worsens the RMSE a lot. Thus we shall now investigate the improved variance
estimator /0'\3176 in (18) which is designed to circumvent this issue. For that we
need to choose an appropriate cutting rule ¢y, (j).

We focus on the rule ¢, (j) introduced in the previous section, which is pa-
rameterized by « > 0. The parameter « is a further tuning parameter that
we want to choose in such a way that the RMSE of o7, . attains the smallest
possible value when m ranges again over the values of Ms.

In the following, we investigate the same situation as before, the spatial mov-
ing average model (M1) with weights a5 = 1 and a; = 0.3 for i # 5. Figure
2 shows for both weighting schemes the curves of the optimal RMSE and the
corresponding bias as a function of a.

We can see that the curves of the RMSE and the bias are very similar to each
other. If « is too small the thresholds ¢, (j) do not lead to an improvement of
the optimal RMSE. However, for a € [5.0,6.2] and constant weights, and for
a € [5.6,6.0] and QS weights, one has slight improvements of the optimized
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— opt. RMSE
— bias at opt. RMSE

(a) Constant kernel.

— opt. RMSE
— bias at opt. RMSE

(b) QS kernel.

Fic 2. Optimal RMSE and corresponding bias of (M1).

RMSE. Here the optimal choice for a is a = 5.8 for both kernels. If & > 6.2 and
a > 6.0 respectively the optimized RMSE gets worse than without cutting. The
jags in the bias arise again due to the fact that we do not fix m but allow it to
vary over Ms. A jag occurs when the value of m for which the optimal RMSE
is attained changes.

We can, however, see more easily the improvement of the estimator 52 , upon
72 when we inspect tables similar to 1 and 2, but with 2 replaced by 8%’6 and
a cutting rule of the form (20) with o = 5.8. Tables 3 and 4 show, that the
RMSE for both kernels levels off at approximately 1.76, which is in both cases
an improvement of the RMSE of the estimator without cutting rule, though
this improvement is higher for the estimator with constant weights. This shows
that the proper choice of m is now of minor importance than before, since now
each choice of m, that is larger or equal than the largest lag j for which the
theoretical autocovariances are non-zero, leads to nearly the same RMSE. If we
had chosen a different o than the optimal one, but one close to it, we would not
have improved the optimal RMSE, but nevertheless the effect for m larger than
(2,2) would have been the same.

We can observe a further interesting fact by inspecting Table 5. We have
already obtained the results of the last two columns of Table 5 before. What
is new now are the results of the first column. If we take b, = 0 and thus
have ij? = ji/my, i = 1,2, as argument in the QS kernel, the smallest RMSE,
that is attained for a random field of size (30,40) in model (M1), is 2.4996 for
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m (0,0) (1,1) (2,2) (3,3) (4,4)
Mean(62 )  1.7217 8.6957 11.1815 11.1815 11.1815
RMSE(&,Q,L’C) 9.8391  2.9996 1.7597 1.7597 1.7597
TABLE 3
Simulation results for (M1) for different values of m with constant weights, a = 5.8.

m (0,0) (1,1) (2,2) (3,3) (4,4) (29,29)
Mean(&%yc) 1.7217 8.4380 10.7599 10.8431 10.9041 11.1572
RMSE(52 .) 9.8391 3.2388 1.8038 1.7867 1.7768 1.7594

TABLE 4
Simulation results for (M1) for different values of m with QS kernel, o = 5.8.

m = (4,5). If we now optimize the cutting rule (20) for this situation as above,
we obtain again o = 5.8 as the optimal value for a. This leads to a smallest
possible RMSE of 1.7593 for m = (28,28). Thus we see that the estimator o, .
with o = 5.8 and a QS kernel with bandwidth b,, = 0 leads to a smaller RMSE
than the estimator 52 with a QS kernel and bandwidth b,, = 6.4 or than the
estimator 52 with constant weights and to an equally good RMSE if we further
use the cutting rule. Similar observations also hold true for larger sample sizes.

Finally, we also want to investigate the behaviour of both estimators for
both kernels for different sample sizes when we choose different weights for ay.
So, in the following let a5 = 1 and a = a for k # 5. We again fix a = 5.8
and b,, = 6.4. This time we do not only calculate the optimal RMSE (denoted
by RMSE,,:), the corresponding bias and the value of m for which RMSE,,,; is
attained, but also the quotient RMSEqg/RMSE,,;, where RMSEsg is the RMSE
of the estimator for m = (29,29). This is to get an impression of how much the
RMSE can vary when we choose m too large in the case that we do not use a
cutting rule. Table 6 shows the corresponding simulation results.

The table shows that both kernels compete reasonably well with each other.
The estimator 52 with a QS kernel, for example, ranges from being 6% less
efficient to 4% more efficient than the estimator 52 with a constant kernel
in the case of a random field of size (30,40) with different weights a. Similar
observations hold true for the other cases. In some scenarios the optimized

RMSE of 7 .. is worse than the one for 55 as we do not vary the value of a,

kernel QS,bw =0 QS,by, =64 CW
RMSE(62) 2.4996 1.7793  1.8478
bias(c2) -1.5802 -0.4480  0.0324
m (4,5) (2,2) (2,2)
RMSE(53 ) 1.7593 1.7593  1.7597
bias(62 ) -0.4173 -0.4162  -0.3785
m (28,28) (22,22) (2,2)
impr. (%) 29.62 1.12 4.76
TABLE 5

Simulation results of both estimators for (M1) for both kernels and different bandwidths and
a=>5.8.
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weights a 0.01 0.1 0.3 0.5 0.7 0.9
G2 . 1.1664 3.24 11.56 25 43.56 67.24
RMSEopt (CW) 0.1367  0.4272  1.8478  3.9033  6.7235 10.3083
bias (CW) -0.0015 -0.3154  0.0324  0.0681  0.1171  0.1792
m (CW) (1,1) (1,1) (2,2) (2,2) (2,2) (2,2)

RMSE29/RMSE,pt 54.5744  42.6213 33.1515 33.4509 33.6324  33.7522
RMSEopt (CW, cut) 0.1367 0.4272 1.7597 3.9650 6.8246  10.3694

bias (CW, cut) -0.0015 -0.3154 -0.3785 -0.3899 -0.0901 0.0933
m (CW, cut) (1,1) (1,1) (2,2) (2,2) (2,2) (2,2)
RMSEQQ/RMSEopt 1.1185 1.0494 1.0000 1.0127 1.1006 1.2141
RMSEopt (QS) 0.1324 0.4543 1.7793 3.8008 6.5890 10.1438
bias (QS) -0.0076 -0.2483 -0.4480 -1.1059 -2.0494 -3.2787

m (QS) Ly 12 22 22 @2 (22

RMSE29/RMSE,pt 21.6538 16.5137 14.6394  14.7177 14.7478 14.7626
RMSE,p: (QS, cut) 0.1324 0.4490 1.7593 3.9650 6.7261  10.2171

bias (QS, cut) -0.0078  -0.1991  -0.4162  -1.4951  -2.2255  -3.3517
m (QS, cut) (1,1)  (29,29)  (22,22) (2,2) 2,2) (2,2)
RMSE29/RMSE,pt 1.1525 1.0000 1.0000 1.0102 1.1115 1.2253
TABLE 6
Simulation results for (M1) for constant / QS kernel, n = (30,40), a = 5.8, and different
weights a.

but keep it fix as a = 5.8 which was the value of « adapted to the situation n =
(30,40) with aj = 0.3 for k # 5. However, the main advantage of the estimator
0 . has again to be seen in the fact that it stabilizes the RMSE for values of
m larger than (2,2). This can be seen by the fact that for 57, . the quotient
RMSE29/RMSE,,: is close to one in all cases. For example, for n = (30,40),
ar, = 0.7 for k # 5, and the constant kernel the optimized RMSE worsens from
6.7235 for 52 to 6.8246 for Gi,c, while the quotient RMSEqq/RMSE,,,; improves
from 33.6324 to 1.1006. So regarding the RMSE we see that for 7 .. it does not
make a big difference if we choose m as (2,2) or (29,29) or as some value in
between, whereas for 52 it does. The same is also true in the case that we use a
QS kernel, with the only difference that for 52 the quotient RMSEqg/ RMSE,p¢
equals 14.7478 which is a lot smaller than 33.6324 in the case of a constant kernel.
This observation also holds true for all other scenarios, i.e. for 52 this quotient
is larger if we use the constant kernel instead of the QS kernel. Naturally, we
could further improve the simulation results of the estimators with QS weights
if we chose the bandwidth b,, differently in each scenario. Similarly, we could
also improve the simulation results of Gi,c with an « chosen differently in each
scenario.

4.1.2. Spatial moving average models of order three in two dimensions

We also investigate the behaviour of the estimators for stronger dependence
structures such as a spatial moving average model of order three. The model,
(M2), used here is similar to (M1), but now with weights 1, a1, as and as for
the center pixel and the pixels in the first, second and third ring around it
instead of only giving weights to the center pixel and the pixels in the first
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ring around it. If H; ; is the (7 x 7)-matrix with the column by column entries
Mi=3,j—3, Mi=3,j—25 Mi=3,5> - - » g - - - » Mit 3,541, Nit3,5+2, Ni+3,5+3 and write vec(-)
for the vectorization of a matrix, which transforms a matrix into a vector by
writing the columns on top of one another, we can formulate model (M2) as

(M2)  &;; = (vec(W)) vec (H; ;) -

Our findings are in agreement with model (M1), in particular the threshold
estimator again stabilizes the RMSE for large values of m, and are therefore
deferred to the supplement.

4.1.3. Autoregressive spatial moving average mizture models in three
dimensions

The last model that we consider is a mixture between an autoregressive model
of order one in the time domain and a moving average model of order two in
the spatial domain. More specifically we put for p € (-1, 1)
(M4)  epij = Xtij+Viijs KXtjij = pXt—1,ij + Ut,i,j

where uy ; ; gk (0,1) for all t,4,5 € Z and the v, ; follow for each fixed ¢
model (M1) and are uncorrelated for different values of ¢. Moreover, we suppose
that w;, 4, 5, and vy, i, j, are uncorrelated for all ¢1,t,%1, 2, j1, jo € Z.

We now calculate the asymptotic variance as follows. Note, that by the one-
dimensional theory for AR(1)-models in the time series literature we get for the
Xt,:,; the representation as a linear process by

o0
Xeij =2 0 U ki;.
k=0
For (he, hi, hj) € Z3 we then obtain

o0 o0

> ts is i) —R,1, -t is j

E (€t7,j5t+h i+h ]+h]) p TR (Ut ki, jUt+hy—1,i+h j+h])
k=0 1=0

+E ('Ut,i,jthrht,iJrhi,jJrhj)

o0
k
+ E :P E (We—k,i,jVt+heithirjth;)
k=0

o0
!
+ ) 0B (g ny—tithe g, Vi)
=0

= FE1+ FEs+ E5+ Ej4.

E3 and Ey equal zero as ug, 4,5, and vy, 4, j, are uncorrelated by assumption.
E is only non-zero if h; = h; = 0. In this case we get

h

_ = 2%k+he P
By =) ph = T2
k=0
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E5, on the contrary, is only non-zero if hy = 0 and it then equals the autoco-
variances of model (M1). We thus obtain

) 9
o = Z E (€4,i,j€t4he,ithij+h;) = a=pe + Z a;aj,
(he,hi,hy)€Z3 3,5=1

which corresponds to the sum of the variance caused by the AR(1)-model in
the time domain and the asymptotic variance of (M1). In our first simulation
setting for (M4) we take p = 0.2,a5 = 1 and a; = 0.3 for ¢ # 5 and consequently
have 02 = 1.5625 + 11.56 = 13.1225. Now, we first consider a random field
of size (20,30,40) where the first component corresponds to the time domain,
and investigate the estimator in (4) for several values of m = (my,ma, m3) €
M3 U{(1,2,2)} with M3 defined as

M3={(m1,m2,m3) € {0,...,15}3 1My = Mo ng}. (25)

Note that this time we include the triple (1,2,2), as this is the largest lag with
a significant contribution to the asymptotic variance of model (M4).

Table 7 shows the corresponding simulation results for the constant kernel
using 10000 repetitions.

m (000 (@11 (122 (222 (333 (444
Mean(52)  2.7079 10.0659 12.9475 13.0239 13.0259  12.9901
RMSE(62) 10.4146  3.0834  0.8432  1.0995  2.0106  3.1359

m (5,5,5) (8,8,8) (10,10,10) (12,12,12) (15,15,15)
Mean(&%) 12.9906  12.9402 12.8049 12.7995 12.7426
RMSE(52) 4.4694 9.9540 15.0064 21.3540 34.7365

TABLE 7
Stmulation results for (M) for different values of m with constant kernel.

We can see that the smallest RMSE is attained for m = (1,2,2) which corre-
sponds in the spatial domain to the largest lag with non-zero autocovariances
and in the time domain to the largest lag with a significant contribution to the
asymptotic variance as the autoregressive model is of order one. Greater values
of m lead to a rapid increase of the RMSE while the bias stays stable.

In the case of QS weights we first have to determine the bandwidth parameter
by. This time we allowed b,, to vary from 0 to 40, but for these values no
minimum is attained (except on the boundary for b,, = 40). On the contrary,
the RMSE decreases slowly when b, increases. As, however, for b,, > 20 the
RMSE decreases so slowly that visually it is constant, we take b,, = 20 from
now on. Note that in the previous three simulation models a minimal RMSE
with respect to b, was always attained, but in all these cases the RMSE was
also nearly constant around the minimum. Table 8 shows the corresponding
simulation results.

We see that also for the QS kernel the smallest RMSE is achieved for m =
(1,2,2) which is now slightly larger than for the constant kernel. However, if we
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m (07070) (17171) (17272) (2?272) (373’3) (47474)
Mean(c2)  2.7079 10.0322 12.8747 12.9503 12.9588 12.9309
RMSE(G2) 10.4146  3.1165  0.8515  1.0910 19561  2.9977

m (5,5,5) (8,8,8) (10,10,10) (12,12,12) (15,15,15)
Mean(&%) 12.9362 12.9115 12.8108 12.8094 12.7996
RMSE(o3) 4.1905 8.7241 12.5226 16.9393 25.3493

TABLE 8

Simulation results for (M4) for different values of m with QS kernel.

chose a larger value for b,, we could probably get a smaller RMSE as in the
previous simulation settings.

Next, we want to investigate how the improved variance estimator 3%@ with
the cutting rule

i (VE+E+3) ) o)

ningng

with > 0 and § = 0.0001, behaves in this model. If we optimize again the
RMSE with respect to a, we obtain for the constant as well as for the QS
weights an optimal value of o as a = 9.4. Due to very high computational costs
we allowed m only to vary up to values of M3 smaller than m = (7,7,7) which
does not effect the results when using constant weights, but does not lead to
the smallest possible RMSE when using QS weights. The corresponding results
are gathered in Tables 9 and 10.

m (0,0,0) (1,1,1) (1,2,2) (2,2,2) (3,3,3)
Mean(&%’c) 2.7079  10.0659 12.5863 12.6569  12.6569
RMSE(G2 ) 10.4146 3.0832 0.7600 0.7169 0.7169
TABLE 9
Simulation results for (M4) for different values of m with constant kernel, o = 9.4.

m (0,0,0) (1,1,1) (1,2,2) (2,2,2) (3,3,3) (15,15,15)
Mean(?r%’c) 2.7079 10.0322 12.5219 12.5917 12.5972 12.6310
RMSE(52 .) 10.4146 3.1163 0.8040 0.7578 0.7542 0.7327

TABLE 10

Simulation results for (M) for different values of m with QS kernel, o = 9.4.

We see that for both weighting schemes we again have the stabilization prop-
erty of the RMSE for values of m larger than m = (2,2,2). For the constant
weights the RMSE levels off at approximately 0.71 and for the QS weights
between 0.73 and 0.76. But what is even more appealing now is that we can
actually improve the optimized RMSE by almost 15% in the case of constant
weights and by nearly 14% in the case of QS weights. The reason for this is that
in this model the autocovariances for m larger than (1,2,2) are close to zero,
but not identically zero as in the previous simulation settings.
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Finally, we want to investigate if we still have an improvement of the op-
timized RMSE if we take the cutting rule with the optimal o = 9.4 in cases
where we change the weights of the autoregressive parameter p in model (M4).
All other parameters are chosen as before.

Table 11 shows that this is indeed the case. For p = 0.4, for example, we
have an improvement of around 17% for both kernels. If we optimized « to this
situation we would probably obtain an even higher improvement. Also the other
values for p lead to an improvement of the optimized RMSE of nearly or even
more than 10%.

weights p 0.01 0.1 0.2 0.3 0.4 0.5
o2 12.5803 12.7946 13.1225 13.6008 14.3378 15.56
RMSEop: (CW) 0.8019 0.8143 0.8432 0.9233 1.1546 1.5319
bias (CW) -0.0449  -0.0779  -0.1750 -0.3749  -0.7595 -0.8961
m (CW) (1,2,2) (1,2,2) (1,2,2) (1,2,2) (1,2,2) (2,2,2)
RMSEop: (CW, cut) 0.6625 0.6821 0.7169 0.7837 0.9573 1.3909
bias (CW, cut) -0.4065  -0.4254  -0.4656  -0.5506  -0.7644 -1.2529
m (CW, cut) (1,2,2) (2,2,2) (2,2,2) (2,2,2) (2,2,2) (2,2,2)
impr. (%) 17.38 16.24 14.98 15.12 17.09 9.21
RMSEopt (QS) 0.7993 0.8145 0.8515 0.9463 1.1971 1.5658
bias (QS) -0.1166  -0.1501  -0.2478  -0.4485 -0.8339 -0.9784
m (QS) (1,2,2) (1,2,2) (1,2,2) (1,2,2) (1,2,2) (2,2,2)
RMSEopt (QS, cut) 0.6894 0.7073 0.7437 0.8137 0.9931 1.4341
bias (QS, cut) -0.4489  -0.4679  -0.5090 -0.5953 -0.8109 -1.3021
m (QS, cut) (7,7,7) (7,7,7) (7,7,7) (7,7,7) (7,7,7) (7,7,7)
impr. (%) 13.75 13.16 12.66 14.01 17.04 8.41
TABLE 11

Simulation results for (M4) for constant / QS kernel, o = 9.4 and different weights p.

4.2. Data-adaptive variance estimation using subsampling

In the previous section we have performed an extensive simulation study about
the behaviour of the RMSE of the variance estimators (4) and (18). We have seen
that dependent on the dependence structure of the underlying random fields it
is quite useful to consider the improved variance estimator in (18) instead of
the one in (4), as the former is very robust with respect to the proper choice of
m and can also lead to improvements of the optimized RMSE up to more than
15% in some situations.

In the following simulation study we want to check how well the data-adaptive
subsampling procedure proposed in Section 3.2 works. For this puropose, we con-
sider model (M1) and choose b = |n"| = (|n]], [n3]) with v € {0.7,0.8,0.9} as
well as b = 1, so that we consider all possible subrandom fields of size b. More-
over, we do not only investigate the subsampling approximation of the RMSE,
but also the one for the mean which is defined as

N1 N2 Ny

Mean (52) == [N|7L S S .03 52, (27)

i1=lig=1  i,=1
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The general simulation setting of model (M1) stays the same as in Subsec-
tion 4.1.1; in particular we consider a random field of size (30,40) leading to
subrandom fields of size (10,13), (15,19) and (21,27) for v = 0.7,0.8 and 0.9,
respectively. Table 12 shows the simulation results for different values of m and
10000 repetitions. We can see that the subsampling approximation of the mean
works very well for all values of v and m. Regarding the subsampling approx-
imation of the RMSE, we see that this is most adequate if we choose v = 0.9.
Therefore, we fix this value from now on.

As our main goal is, however, to find a good estimate for the parameter «
used in the cutting rules of the improved variance estimator (18), we now want
to investigate how well we can imitate the graph of the RMSE in Figure 2 by
the subsampling approximation. We compute the (optimal) subsampling ap-

proximation RMSE (62..) of the RMSE of 7 . with respect to m (i.e. when
m ranges over the values of My in (24)) analogously to the one of 52 in (22),

whereby we now have to replace ¢, (J) by cb(J)-

m (0,0 1,1) (3:3) (4.4) (6,6) (7.7)
Mean(52) 1.7217 86957 11.5879 11.5588 11.5233  11.5297
RMSE(52) 9.8391 29996  2.8328  3.8371  5.9867  7.1408

Meangy,,(52), v = 0.7 1.7232 8.7022 11.5825 11.5530 11.5377  11.5527
RMSEg,(65), vy =0.7 7.2646 2.6152 8.7550 12.1514  20.6803  26.2114
Meang,,(62), v = 0.8 1.7231 8.7012 11.5781 11.55564  11.5585 11.5674
RMSEg.(G2), v =0.8 9.0152  2.7599 4.9774 7.0740 11.8211  14.4589
Meangy,(62), v = 0.9 1.7232  8.7021 11.5810 11.5564 11.5538 11.5565

RMSEgu5(6;), v =0.9 9.9136  3.5601 2.9771 3.8902 6.7117 8.3712
TABLE 12
Subsampling approximation of the mean and the RMSE in model (M1)

Figure 3 shows the optimal and subsampled RMSE in model (M1) for random
fields of size (30,40) and (45,60) using constant weights.

— RMSE_Sub(30,40)
© ] | = Rl AMSE0.40)

— RMSE_Sub(45,60)
< opt. RMSE(45,50)

Fic 3. Optimal and subsampled RMSE in model (M1) for random fields of size (30,40) and
(45,60) using constant weights.

We can see that the shape of the curves of the subsampling approximation
of the RMSE coincides quite well with the shape of the optimal curves of the
RMSE. Moreover, the difference between the approximated and the optimal
curves becomes smaller for larger sample sizes. The only problem is that the
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curves of the approximation attain their minimum for o« = 0; however, this is
not very suprising as the minimum of the curves of the optimal RMSE is not
very marked. To deal with such situations, we choose « as the largest value for
which the corresponding subsampled RMSE differs less than 1%, say, from the
subsampled RMSE for o = 0. In the considered situation this leads to @ = 5.4
compared to the optimal value of a = 5.8 for a random field of size (30,40) and
to a = 5.7 compared to the optimal value of o = 6.4 for a random field of size
(45,60). For a tolerance of 3% one would obtain o = 5.7 for the smaller and
«a = 6.1 for the larger random field. This shows that the proposed method leads
to reasonable estimates for « if one chooses an appropriate tolerance level. Even
if the optimal and the estimated values for @ do not match exactly, they are
still close enough to each other to guarantee good results and to profit from the
advantages that one achieves when using Efw instead of 72.

4.8. Accurary for testing image data

Lastly, we analyzed the accuracy of the proposed estimator when used to stan-
dardize the image test statistic based on the partial sums S,,, in order to test
for the presence of deviations from a null or reference model for the image, as
introduced and discussed in the introduction. Concretely, we investigated the
test which rejects the null hypothesis Hy, if

n|712|Sy| > Gpn.c® 11 — a/2). (28)

Observe that we use the threshold cut-off estimator with constant weights to
standardize the partial sum. We used the threshold rule ¢y, () investigated above
in detail and investigated how one should select o to obtain accurate tests in
terms of the type I error rate.

We simulated image data from spatial moving average models of order d given
by

d

d
fil,iz = Z Z 9j1,j26i1+j1;i2+j2 + €1y 1 <4 <nyp, 1 <idp <o,
Jji=—dj2=—d

where ¢;; are i.i.d. N(0,1). The first model is model (M2), i.e. a spatial moving
average model of order d = 3 with weights a; = 0.5, as = 0.3 and a3 = 0.1, cf.
Section 4.1.2. The second model allows for much stronger dependencies and is
of order d = 40 with coefficients given by

(M5) 9j17j2 =p j%+j§a

for |p| < 1. The degree was chosen as 40, in order to approximate a spatial
linear process with d = co and those coefficients, and nevertheless keeping the
computational costs at a reasonable level. Depending on the parameter p the
correlations can be substantial.
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Table 13 provides the results for random fields following those models with
sizes ranging between n; = no = 50 and n; = ng = 250. For the second
model the parameter p was chosen as 0.1, 0.3 and 0.5, in order to evaluate the
procedure for weak, intermediate and stronger dependence structures. Indeed,
visual inspection of random fields with p = 0.5 shows that the covariances
induce an interesting texture-like random pattern which comes close to those
observed in certain inhomogenous materials. For each case the type I error rate
was simulated based on 5,000 simulation runs.

Compared to the results addressing the estimation accurarcy, where values
of o around 5.8 led to optimal RMSE values, it can be seen that smaller values
around 3.6 are preferable, in order to obtain accurate type I error rates for
the settings studied in this simulation, whatever the degree of correlation of
the random field. This is, however, in good agreement with the findings of the
previous simulations, especially the RMSE and bias curves shown in Figure 2.
Indeed, according to those results for values around 3.6 the variance is slightly
larger (leading to the slightly higher RMSE values), but the bias is smaller. Our
simulations reveal the interesting observation that for the accuracy in terms of
the type I error rate it seems to be better to have a smaller bias.

4.4. Concluding remarks

In all the settings of Subsection 4.1 we presented results for positive values
of the MA- and AR-parameters. However, in our simulation studies we also
considered negative values and mixtures of positive and negative values for these
parameters. As the results are qualitatively the same as for only positive weights
we do not present them here.

Moreover, the question arises whether cutting rules different from those in
(20) and (26) respectively, would lead to similar or even better results regarding
the RMSE of the improved variance estimator. One could for example also think
of a cutting rule of the form

o (max{|gi], g2, 19a1)
Cn(J) = n1n2N3 4 (29)

or even of using a constant cutting rule, i.e. a rule that does not depend on
the lag 7 and the sample size n. However, the simulation studies showed that a
constant cutting rule in general cannot improve the RMSE as much as a cutting
rule depending on j and n. Moreover, rules as in (29) or of similar forms lead to
comparable but not better results as the cutting rules in (20) and (26) concerning
the optimized RMSE. That is why we only focused our attention for the analysis
of 2, . on sequences ¢y (j) as in (20) and (26).

Lastly, we may conclude that the proposed estimators work well in various
models of practical importance and lead to highly accurate results, both in terms
of estimation accuracy and in terms of the type I error rates when considering
significance testing for image data, when the parameters are selected appro-
priately. The latter can be achieved in a data-adaptive way by the proposed
subsampling-based selection procedure.



n P 3 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9
Model (M2)

50 — 0.0622 0.06 0.0592 0.0518 0.0558 0.0558 0.0478 0.0506 0.0518 0.0474

100 — 0.0618 0.0598 0.0564 0.0504 0.0574 0.0538 0.0518 0.0456 0.0502  0.0458

250 — 0.0594 0.0524 0.0496 0.0542 0.0466 0.053 0.0574 0.051 0.05 0.0498
Model (M5)

50 0.1 0.0574 0.0586  0.0588 0.061 0.055 0.0528 0.046 0.0556 0.0558  0.0558

0.3 0.0622 0.0632 0.0566 0.0548 0.062 0.0578 0.0624 0.0562 0.0602 0.0632

0.5 0.0914 0.085 0.078 0.0784 0.0812 0.0782 0.0768 0.0768  0.0802 0.081

100 0.1 0.0498 0.0534 0.0502 0.0492 0.0504 0.0468 0.0466 0.0502 0.0468 0.048

0.3 0.054 0.0502 0.0572 0.0496 0.0542 0.0452 0.0496 0.0532 0.0508 0.0582

0.5 0.0624 0.06 0.0642 0.0628 0.062 0.0538 0.0574 0.061 0.0652 0.0654

250 0.1 0.0516 0.0496 0.0524 0.0412 0.0502 0.0522 0.0554 0.056 0.0526 0.0516

0.3 0.046 0.054 0.0462 0.0496 0.046 0.05 0.0572  0.0472 0.049 0.048

0.5 0.0562  0.0538  0.0508 0.052  0.0534 0.0546 0.053 0.0566 0.0536  0.0524

TABLE 13. Simulated type I error rates of the test (28).
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5. Proofs

This section is devoted to rigorous proofs of the presented theorems. The con-
sistency proofs for the case p = 1, except Theorem 2.8, are part of the first
author’s Ph.D. thesis, see [23]. The extensions to multivariate fields (p > 1) as
well as Theorems 2.4, 2.5, 2.6 and 2.7 are newer and due to the second author.

5.1. Proofs of Section 2

Frequently we shall use the following result, see [4]: Fix 1 < j < ¢ and put
Fo=0(:a< i; <b). Then & is FO_ -measurable and & is JFjo-measurable,
where ¢, = min; ¢;. It follows that

IE(¢ote) — E(€0)E(Ee)| < 20} % (6)\/E€RJEES < 20V/2(0,)1/E€3\/E€Z,

by definition of ¢. For the proof of Theorem 2.1 we need the following lemma.

Lemma 5.1. Let {&,i € Tp} with & = (551)7 . ,§§p)), be a strictly stationary,
p-mizing  (p*-miring) random  field taking wvalues in  RP  with

N4
maxlgjng( ((]J)> < oo. Fiz1 <v,pu < p. Then the random field {Yi(wu) ),
ic fn(j)}, defined by

v () = €6l —E (e8¢l (30)

is as well a strictly stationary, p-mizing (p*-mizing) random field with

2
E (YO(”’“)(j)) =0 and E (Y()(V’“)(j)) < 00. The mizing coefficients satisfy

Oy Gy (137) < pe(ir —25%)  for  r > 25" (31)

Fiz j € 29 and v, € {1,...,p}. If (9) holds, i.e. > .2, ri=lp3 (1) < oo, then
we have

oo

1
D" g (1) < 0 (32)

r=1
where ©y (j.,,,) denote the p-mizing coefficients of the random field {Yi(u’“) (7),
ieTn(i)}-
Proof. The stationarity of the random field {&;,i € 'y} directly implies the
stationarity of {Yi(y’”) (4),1 € fn(j)} Moreover, we have

E (Yo(u’”)(j))2 <E (5&"’55”))2 < maxigj<pE (Sc()j))4»
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by the Cauchy-Schwarz inequality and the stationarity of {&;}. It remains to
show that {Yi(u’#) (g)} is p-mixing and that the sum in (32) is finite. For this
purpose set j* = maxi<i<q |;|. On the one hand we have

e

Y (5) ) ni,

=0 ({5711, an;fﬂ_jl7___,nq+jq :n; < 0,n; unrestricted for  # z})

o ({fnl _____ ngSnitin,.ngtia - i < 0,my unrestricted for [ # Z})

(4;0) = ({Y(” “),nq (7) : n; < 0,ny unrestricted for [ # z})

On the other hand we have for all » > 0 that

A)t(j)(w) (i;7) = ({Y(" “),nq (4) : n; > r,n; unrestricted for [ = z})

ni,
=0 ({52’1)’“.’”(152‘?_*_].17___,"q+jq :n; > r,n; unrestricted for [ # z})

o ({fnl,...,ann1+j1,...,nq+jq : m; > r,ny unrestricted for [ # 2})
o ({fnh“_,nq :n; > 1 — j*,n; unrestricted for [ # z})
= Af(Gr = 5%).

NN

Observe that the above inclusions also show that .Ay( o y (i) € ,Ay(J)( T).
Thus, denoting the ¢-mixing coefficients of {&;,i € I'y,} by ¢¢ and those of

{Yi(j),i € fn(j)} »J € L% by @y (j) we get

PY (j;v,1) (i; ’I’) < @Y(j)(ﬁ ’I")

as well as
Oy G (i57) < pelisr —25%) for 1> 25"
leading to
Y G (1) = MAX Oy (g (8:7)
< Jnax. welisr —25%) = pe(r —25%) for r > 2j5*. (33)
K3

Hence {Yi(y’“) (_7)} is p-mixing. Lastly, to show that the sum in (32) is finite
observe that

1 1 - -1 3
qu Wm qu s"Y(a) IR DR (O

r=2j*+1

The second sum is finite by inequality (33). We obtain

r=2j5*+1 r=25*+1 r:l

where the last sum is finite by assumption (9). O
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Lemma 5.2. Let p = 1. If {&,i € T} is p*-mizing, then {Y,(J),z € fn(j)}

s p*-mixing and posses a continuous spectral density function.

Proof. Observe that

sup sup |Corr(f({&i&ivs) 13 € A1}), 9({€i€45 1 1 € A})|
Aq,Az:d(A1,A2)>r f,gEL2(P)

is less or equal to

sup sup  Corr(f({& € A] }),g({& i€ A}}),
Al,AQZd(Al,A2)2’I" f,gGLg(P)

where A{* ={k € Z7 : d(k,A;) < j*} is the j*- enlargement of A;, i = 1,2,
which is bounded by

sup sup  Corr(f({& :1€ A1}),9({& : 1 € A3})
A1, Az:d(A1,A2) >r—25* f,g€L2(P)
=p*(r—2j57).

It follows now from Theorem 28.21 [6] that Y;(j) possesses a continuous spectral
density function, since for any p*-mixing random field the linear dependence
measure k(r) defined by

IEQ icq @i&s) (D ies biki)|
= sup
VZieq il [Ticq [bil?
where the supremum is taken over all pairs of nonempty, finite and disjoint sets

Q, S such that d(Q, S) > r, see [6, p. 148], satisfies the necessary and sufficient
condition k(r) = o(1), as r — oo. O

K ()

For p =1 the following basic result for p-mixing random fields can be found
in [11] without a proof.

Lemma 5.3. Suppose p = 1. Let condition (9) be satisfied. Set Sp 1= 31 ;.. &
for allm > 1. Then the following three assertions hold true. T

(a) > jeza 17(F)] < o0
(b) [n|7'E (S2) — 0% as n — oc.
(c) [n|7'E (S2) < A(q,¢)E (&3) for allm > 1, where

Alg, ) =142 (2r + 1)1 2 (r).

r=1

The following result generalizes Lemma 5.3 to a general random field taking
values in RP, p € N.

Lemma 5.4. Assume that condition (9) is satisfied. Let Sn = 32 ic,, &Gs
n>1. o
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(@) > jeza 17(F)lloc < 00
(b) It holds

Var(|n |728,) =E(S&p) + Y. E(&o&) +o(1),

as n — 00, and
Var (|n |~Y28,) = |n|'E (5,57,) — o>

as . — 00, in (RP*P || ||loo)-
(¢c) If n > 1, then

[Inl ™ E(SaSh), < Ala¢) max E(&")?,
<i<

where A(q, ) is as in Lemma 5.3.
(d) For all £ € Z7 we have

(€t 1o = max [E( Ve < 202(1,) max Ele)?,

1<i,5< 1<j<p
where I, = min; ;.

Proof. By [4, Lemma 1]

1) ¢( < 1/2 (1))2 (D12 « 9,1/2 (32
max (6] < 2020V EIE 1 BIE 2 < 261/2() max BIES <| :
34

for any £ € Z9. Hence, by summing over all maximum-norm g-dimensional unit
spheres,

(1) +(5)
o = max |E
e}@jq )l max [B(&))]
<9 E ()2 1/2 l
= m & 2 ¢
=2 max E(¢§))° Y o' (r)d(r)

1<j<p
where d(r) = #(£ € Z9 : I* =r) < 2q(2r + 1)471. Hence (a) and (d) are shown.
To verify (b), we have to show that

ni—1 ng—1

Var(|n |71/2Sn) :E(€0€6)+ Z u Z %%WIZE(&)g@’

n
li=—mn1+1 1 Zquanrl q

where I, = 1(31 < j < ¢ : ¢; # 0), satisfies

Var (|n |71/28,) = Z E(¢0&e) + o(1),

—n<g<*n
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as n — 00. Clearly, this follows from

ni—1 ng—1
ny — € ng — |¢
y molhlos el ey - Y B o),
Li=—ni+1 1 fy=—ng+1 q —n< <
as n — oo. In what follows, £ = ({1,...,4,)" € N{, £_, = ({;)j=1,....q,j2k and
(£_k, i) is obtained from £ by replacing the kth entry, ¢, by ir. Note that
ng—1 w | ng—1 1 ng—1
Ng — |£q "N L y
>, T TLEGEG) = Y LE8) D Lelty|Eogy).
Lg=—ng+1 q Lyg=—ng+1 Mg Lyg=—ng+1

We shall show that the second term is o(1) and remains o(1) when propagated
through the outer summations. To show that

ng—1

rq(l—g) = — Z €q|1eE(€0€p) = o(1),

it suffices to consider the case Iy = 1, i.e. we may neglect this mdlcator De-
compose 7q(€_q) = TF(€_y) + 7, (E,q), where 7} (£_g) = = qu_l L,E(&0&p)

and r; (£_,) = niq qu:llg E(ﬁogé_m_gq) We treat rq(ﬁ_q) = r;(ﬂ_q), since
7, (£—4) can be handled analogously. Indeed, we will show that for all k €

{1,....4}

ng—1 ng—1ng—1
re(log) == — Z 0:E(€oEy) = Z Y Eo, i) = o(1).
fk 1 Zk 1ip=4y

We bave lre(l—i) oo < nik Z?::_ll > inse B0, i )lloc- Observe that for
any j € {1,...,q}\{k}

njfl nk— o0
S| <30 %S Bt )l = o)
£;=0 Lp=1 i, >0 £;=0

oo

as n - oo, by a Cesaro sum argument, since, of course,

D ir=1 200 ITE(§0&s _, i) loo < 3 penva [IE(§0€) [loo < 00. Similarly, using again
a Cesaro sum argument,

nj—ln._g_ n;—1 1 n;j—1n;—1
PO AT I D SETCRSERFD DI SRS IEICit
£;=0 7 - £;=0 T ;=0 tp=t; ~

as n — oo. By combinding the results for r,j and r, we now also obtain

’I’Ljf].

> e o,

Lij=—mn;+1 o
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as n — oco. More generally, by iterating the above argument, we have, firstly,
for any pairwise different ji,...,5, € {1,...,q}\{k}, in the || - || co-norm,

njlfl njqfl

S Y )=o)

€j1:—nj1+1 éjq:—njq—‘rl
and, secondly,

nj; —1 njq—l

S omlal oy g o) @)

n
Ljy==nj +1 7 Ljg=—nj,+1

as n — 0o. Now we may conclude that (35) yields

ni—1 ng—1
ny — |¢ ng — |¢
2 1 ‘ 1| § q ‘ qlllE(EOEZ)
R ny = Ng
1=—n1+1 Zq— ’I’Lq+1
ni—1 ng—1—1 ng—1

ni — |4 ng—1 — |lg—1] /
E mel S ekl g
1=—ni1+1 qul—f’anlJrl lq—f’anrl
ni—1 nq—l
= Z Z IE(¢0&p) + o(1)

li=—n1+1 Zqu’anrl

Z E(&OEZ) + 0(1)7

—n<*e<*n

as i — oo. This shows (b). Assertion (¢) can be shown by summing over all
g-dimensional unit squares w.r.t to the maximum norm,

_ 1 o — 10,
[Var (n) 1/2sn>||oo=H—E<sns;> < Y e eeos).
|n| [e'e) —n<*e<*n |j=1 n]
< Y IEG) e = D e IE(E0&) lloos
—n<*e<*n r=1

where ¢(r) = #(—n <* i < n: max; |ij| = r) < 2¢(2r + 1)?7!. Using again
(34), we obtain

IE(€o&2) oo < 261/2(r) mmax E(eg)?

for any £ € 1 : n with [, = r. Hence
[ var (il 77280) | < IEGEoa) oo + D 2a(2r + 1)1 40Y2(r) max BEY)?,
00 — 1<j<p
and we arrive at
| var (nf=1/28,)|| < A(p,0) max B(&)?. O
00 1<j<p
We are now in a position to prove the consistency of the estimator 52 for
multivariate random fields.
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Proof of Theorem 2.1. Define the p x p matrix

Gp=E(G2) = > wm(i)V()-

ld|<m

We show that ||52 — 720 5 0and 162 — 0?||oc — 0 as m — oo. Notice that

152 =l =1 D wm@@) = D @) <[ D (wm) —1)7()

ldl<m jets o |lil<m

D)< > fwm(d) = 70 o Liiji<my + o(1),

l7l<m

o0

as m — oo, which implies m — oo, by Lemma 5.3(a). For the first summand
this follows by dominated convergence: For j € Z9 let

fm(3) = [wm(F) = U177l o L5i<my-

Clearly, fim(j) — 0 for each fixed j € Z9, as m — oo. Moreover,

[fm (@] < (Cow + D) (@)oo =2 9(3)

with 37,74 [9(d)| < oo by Lemma 5.3(a). Thus, the first summand also con-

verges to zero and hence we obtain |62 — 02|/ — 0.
We now show that |62 — 52 |co 5o. By the Markov inequality we have
- E|52 - 32
P52 - 32, > <) < oA =Tl

We shall bound the right-hand side by an expression which is o(1). Combined
with [|62 — 02|lc = 0o(1), as n — oo, this then shows the second assertion of
Theorem 2.2. By boundedness of the weights w., (j) we obtain

E|5n —Gnllee < D [wm (@) EIFaG) =70

[7]<m
p
<Cy > 3 E[ERG) - )]
= llm
o\ 1/2
LIS (Eb”“) 7(”’“)(3')‘) . 6)
vp=l|j|<m

Observe that

A (2 NG 1 v v
ARG - = = 3 6l -E(eg”)
['n(d) i€l (4)

O S AClt)

Un(d)| sern )
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with Y (5) defined in (30). Thus we obtain

2

(o) s YL 1 Vi) (o
E[596) = 1“0G)| = ——E | Y v G)
’Fn(])’ i€l (d)

For each j € Z% we can now apply Lemma 5.3(c) to the expectation of the
squared sum of the random field {Yi(l”” ) (4)} as condition (32) is fulfilled by
Lemma 5.1. This leads to
2
E[34(5) = 4 (5)]

1 2
< ——A(a0v() E (Y ()
)] ( )
(1 +2¢355,(2r + 1)"_1%01%/(9') (7“)) max; < j<p B(5))*
= , (37)

)]

where the last inequality is fulfilled by Lemma 5.1 and the definition of A(q, )
in Lemma 5.3(c). Combining (36) with (37) we obtain

N 1/2
. 142350 (2r + 1) 12 . (1)
E[|37, — 5l < max EV2(g67)* Y- = =
=I=p lj|<m ‘Pn(J)‘
and therefore
P (||l7 —onl. > €)
S er ek, )
2 . 1+2¢> 2, (2r+ 1)1 2 L (r
< PO s sy 3 Ll
€ Isi=p ljl<m ‘Fn(j)‘
(38)

To estimate the right-hand side consider the decomposition

%) ) 25* L
2(21” + 1)q71¢§(j)(r) = 2(27' + 1)‘17130}2,(1.)(7’)
r=1 r=1
i 1
+ D @)l (1) = 51+ Sa.
r=2j*+1

Since the ¢-mixing coeflicients are decreasing with ¢(0) = 1, we obtain

25* 25*

S1 <Y @r+ 1) e (00 =D (@2r+ 1) <245+ 1)

r=1 r=1
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As the sum in (38) only ranges over j € Z9 with |j| < m we know that j* < m*.
This implies
Sy < 2m*(dm* 4+ 1) < ey (m*)?

for some finite constant ¢; € R depending only on the dimension ¢ of the random
field. For the estimation of Sy we use again (33) and get

Sy < Z 2r+ 1) 92 (r — 25%)
r=2j*+1

0o N - - 00 1
Z P27 + 1) (r) < (457)7H Y (28 +2)7 7 pE ().
r=1 r=1

1
Since Y02 (2r + 2)‘1_1@5 (r) is finite by assumption, we can find a constant
¢2 € R such that for all |7] < m we have

Sy < Cg(m*)qil.

Putting things toghether we obtain

oo

So@r+ 1T () < es(m?)? (39)

r=1

for c3 € R.
Finally, observe that

q q
)] = [T0n = 3% = [[ 0 = %) = (s = " (40)
i=1 i=1
for all j € Z7 with |j| < m. Combining (39) and (40) with (38) we obtain

w B Y (e HQCS(”ST)W

(ny —m*

p?*Cy
P(I75 -7 > 2) < % mas
|7I<m

1<j<p

q
< @ max B2 (¢g)! (H@miﬂ))

X

(1 + 2q63(m*)q>1/2

(M —m*)4

As TT,(2m; + 1) < (2m* +1)7 < ¢5(m*)? for some ¢5 € R, we can find a
constant C' € R such that

1< () e (k)
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The last expression tends to zero for n — oo since by assumption (m*)* /n, =
o(1). We obtain [|62 — 72 || 0o % 0 which completes the proof. O

Proof of Theorem 2.2. We have E [(3,21 — 02)2} = Var (3,21) +Bias? (331) , where

Bias® (2) = (62 — 02)? = 0 as n — oo by the proof of Theorem 2.1. For the
variance we obtain by the Cauchy-Schwarz inequality and the uniform bound-
edness of the weights w,,, (j) that

Var (5,) <E | D wi(d) Gul@) —7()* D 1

l7|<m lFI<m

<am)! Y E|(Ga@) - 16))] (41)

lil<m
for some constant ¢c; € R. By the proof of Theorem 2.1 we moreover have

(m*)1

(ny —m*)

> E[Guli) —1G)?] < ealm?)?

lFI<m

(42)

for some constant ¢ € R. By combining (41) with (42) we finally obtain
REENY
Var (02) < C( (m”)° ) = o(1), by assumption, for some C' € R. This com-

Nye—m*

pletes the proof. O

Proof of Corollary 2.1. This is a direct consequence of the proof of Theo-
rem 2.1. U

Let us now show the consistency of the estimator, when centering the terms
at the temporal average, under the multicplicate model.

Proof of Theorem 2.8. 4, (J) satisfies the decomposition

In(3) = Fn(3) + Bn(d), Rn(§) = Rn(j) + Rn(0) + R, (43)
where )
Tn(d) = 1= > Gl
T =
and
1 o = 1 N
Rn(j) = 1= Z §it+i€p  Bn:= = Z §a€ e
‘Fn(J) (i1,2)€Tn () )Fn(ﬂ) (i1,)€Tn (4)

(43) induces the decomposition

on =Y wm(i)in(d) + Ry, RS =R, + Ry,

l7l<m
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with

Ry = Y wm()Bali), Bh:= Y wm(i)(Rn(0)+ Ry).

l7|<m l7l<m

Noting that Theorems 2.1 and 2.2 apply to the random field {¢; : ¢ € Z9}, the
assertion follows if R% = op(1), as n — oo. We treat R,, as R, can be dealt
with in a similar way. Observe that with j = (j1,7),J = (jo, ..., ), arranging
terms leads to

n

. 1 (T)  _(5) I < (1), (s
Ba()=-=—— > adissoooe @
‘ (i1,8)€Tn(5) =1

n1—|j1|

(nIZE(T)> |]1 2 it | ).

i1=1

where

1
~(S)(7) . 5 ((5)
TSI PR o R TRR)
Tt ), 2=
Define 75 (5) := E(e{" (e %S))’),the average Sp, = - ?1151@) and S, (j1) ==

e S ™. Let us denote by RY™(5), 7 (), and 505)(),,, the
(v, p)th element of the corresponding (random) p x p matrices, 1 < v, u < p. By
Lemma 5.3(c) and independence, we obtain

max E R (5 )‘

1<v,u<p
< max E([Sal [Sa(0)]) (B[ Do =7 @] + [7° @)

< <mx<\/E (5%)E (Satin) <\/E (5 @~ 7 Do)+ 7 G

)

)

K \/ (S) . - 2 _ _
< max ———————————— E (7 (5)v. — 75 (G). _|_’ ) (7),
T asvise n<n1—|j1|>< (o =71+ [5G

with K := A(1, ¢, E ((ggT))z) Hence, for any € > 0

Bl < 500 3 S0 VB (3G -39 G))
m

[T 1|_7|<m

1/2 Z Z ‘7(8
n

v,u=ll|j|<m
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Since Yz cz0 1 [T (F)up| < 00 and (m*)?/ny = o(1), one may now argue as in
the proof of Theorem 2.1, cf. (36), to show that E[52 — 02|/ = o(1), which
completes the proof. O

Next we establish the results on the asymptotic distribution of the estima-
tors.

Proof of Lemma 2.3, Theorem 2.4 and Theorem 2.5. Recall that Y;(j) =
&iitj — v(J). We have

Tr(5)|(Fn(G) — 7)) = > Vi
|Fn(.7)| i€ ()

> Yi(§) - RY(5)
\/|Fn(])| iclm
L :

where

=l

n(J)] ie1m\F )

and

R(2) S ~|TL| _1> 1 Y;
w1 ( T ) U2 Y

Because Y;(j) is a strictly stationary ¢-mixing random field taking values in R?
with asymptotic variance CJZ > 0, since (11) defines a positive definite quadratic
form, and satisfying (9), the Cramér-Wold device and [11] show that

as n — oo, for each |j| < m. This immediately implies max|;|<m, HRg)(j)Hoo =
op(1). Observe that 1 : n\I', () is a finite union of index rectangles 19 0=
1,..., L, each of which has at least one index, denoted by k,, ranging over nj, —
Ji, +1,...,ny, for some ky € {1,...,¢}. Therefore, |IT(L1’€)| < e I10_, V;ék[(ny -
Jv) = o(|n|), as n — oco. It follows that for each v, € {1,...,p},

T () EIRGO (302 = O (j;w/mw E(Yo()on)? ) ,
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where RY L])( up = 24e10.0 Yi(d)vp for £=1,..., L. Consequently, we obtain
the estimate

) v 3yt R (§) o
P (i |06 > <) < S Okl
‘Jlgm o0 |J|Sm v,u=1¢=1 |F"(J)‘€2

as n — 00, for all € > 0, such that

max || RY(4)]loe = 0p(1),
ldI<m
as n — oo. Hence, we may change the scaling factor to 1/|n| and shall now
establish the weak convergence
(VInlGa) —2GD) =" (44)

as n — 0o, where &’ denotes the process S for constant weights w.,,(j) = 1,
|7] < m. This follows, if we prove

P
Z Z )\(un | 1/2 Z Yi(j)uui Z Z )\;V’”)BJ(.”’”) (45)

7| <mv,p=1 icln lF|I<mv,p=1

for all arrays of coefficients A = {)\;V’“) 1 <wv,p<p,|j| < m} of real numbers
such that the variance of the limiting random variable is positive, by virtue of the
Cramér-Wold device, see e.g. [10, Chapter 29.5]. Observe that the real-valued

random field

=Y Z)\(”" AC) I R=V/AS

l3|<m v, p=1

is strictly stationary and e-mixing with mixing coefficients @y (r) satisfying
oa(r) < @(r —m*), which implies > 2 r?~1 /2(7') < oo. Its asymptotic vari-
ance is positive since the quadratic form 1nduced by (12) is positive definite.
Hence we may apply [11] and can conclude that the CLT holds true with asymp-
totic variance

BAWAN = 3 3 D 3 A B0kl

ldl<m |k|<m v.p=1v/p/=1
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= Z Z Z Z /\gu,u)/\g’,u’)ZE(YO(J‘)W)Q(IC)V,H,),

FI<m |k|<mv,p=1v" /=1 YA

Substituting
BB B) = 3 B Yalk)uw)
1€Z4
cf. (12), it follows that

ns = Var Z i )\g."’“)BJ(.W)

l3|<m v, p=1

such that (44) is shown. Now the first assertion, i.e. the case of general weights
Wy (1), follows by an application of the continuous mapping theorem. The second
assertion follows by noting that

VInl@ - EE2) = 3 wm<j>,/f'L('j)\/|fn<jmn<j> )
l7l<m n

and the fact that |n|/|T'y(§)| = 1, as m — oc. This completes the proof. O
Lastly, we prove the results about subsampling.

Proof of Theorem 2.7. We show the result for 0,, = §n(m(g) :0<i1<mn)j
fixed, since then the corresponding results for 8,, = 0, (Y;(5), 7l <m:0<i<
n) and O = é\n(fi : 0 < ¢ < n) follow along the same lines. In [22] the authors
use the strong mixing coefficient &y (;)(k;(1) defined by

“up {|]P’(A1 N As) — P(A1)P(Ay)|
Ex=E1+t
E|CPn(3).teln ()

) Ay €&1,Ay €&y,
By <h,do(Er, Eo) > )

Here & = o(Y;(j) : ¢ € E;), i = 1,2, and the distance between two (index) sets
A, B C Z1 is defined as

doo(A, B) = inf{do(a,b) : a € A,b € B}, (46)

using the sup distance doo(@,b) = maxi<j<q|a; — b;| between two points a@ =
(a1,...,aq) and b= (b1,...,b,).

If E; and E5 have sup distance > r, then there exists some coordinate k €
{1,...,q}, such that one set is an element of A~ (k;l) and the other set is an
element of A*(k;l + r), where the o-fields A* are defined in (6) and (5). By
shifting both sets, we can assume that [ = 0. Denote the shifted sets by E{ and
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E), and the associated o-fields by & and &}. If A € & and B € &,, then there
is some Borel function A such that

Ialp = h(Yi(§) i € By,i € By) 2 h(Yi(j):i € B} i € E)).
Hence
sup  |P(B]A) —=P(B)|= sup [P(B|A)-P(B)],
A€&,Be&; Agé&|,Beé&)

and we may conclude that

0(€1,E) = sup |P(BJA) —P(B)| < ok, 7 — 24,) < o(r — 2j4).
A€&1,Beéy

Using the inquality «(&1,&2) < (1/2)¢(€1,E2), see e.g. [6, Theorem 25.16], we
therefore obtain the estimate
ay ) (5 1b]) < (1/2)e(- — 2j). (47)

Put Nj =n; —bj+1,j=1,...,¢, and N = (Ny,...,Ng). In [22] it is shown
that Ly, p(z) converges in probability to J(x, P), if (13) holds and the mixing
condition

o
1 RPN
WZ’“Q Lae (k; [b]) — 0,
k=1

as n — oo, is satisfied. By virtue of this estimate, the assertion can be shown
as follows: Denote by Ly, p the quantity Ly p with the centering 6, replaced by

6(P). Since E(Zn,,,(a:)) = Jp(z,P) 5 J(x,P), as b — oo, it suffices to show that
Var (Ly, p(2)) = o(1), as n — co. Letting
In={i€Tn(j):[i| <N} and I"={icT,(j):]i| <b}
and decomposing the variance as Var (Ly p(z)) = A* + A with
1 Ny —ig] 1 TN =il
a= S, a- L 1L,
Nz v S
elin J

where ¢(i) = Cov (1(|b]=Y2(Bp.p.0 — O(P)) < ), 1(|b| /2 (O — O(P)) < 2)),
[22] establish the estimates

|A*| =0 Hbj/(”j—bj) = o(1),

as n — oo, and
1 s
|A] < C2W Z kqilay(j)(kh* —b*;|b)),
k=|b*/hy |+1
for some constant cg, under the condition (13). The proof of the first assertion
can now be completed by estimating the last expression using (47).
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Recall that a sequence of distribution functions converges in all continuity
points of the limit function, if and only if the associated sequence of quantile
functions converges in all continuity points of the limiting quantile function, see
[26, Lemma 21.2]. Consequently, since by continuity of J(z,P), x € R,

sup | (2, P) — J (2, )| 5 0,
rER

as n — 0o, we obtain

P
sup [gn,b(v) —q(v)| = 0,
7v€(0,1)

as n — oo. Therefore,
]2 (6~ 0(P)) — m(7) = R —q().
as n — oo, where R ~ J(z,P), which implies
P(|n|'/?(0n — 0(P)) < gnp(7)) = P(R < q(7)) = 7,

as m — 0o, which proofs the remaining assertions. O

5.2. Proofs of Section 3
Let us now establish the consistency of the thresholding estimators of the asymp-
totic variance.

Proof of Theorem 3.1 and Theorem 3.2. Let us first consider the univariate case
p = 1. We show that |5, — 57 ;| — 0 in probability and then the assertion fol-
lows with Theorem 2.1. First, we have

15 = el < | Y wm(d) Anld) —7(5))
l3|<m

1Y wm(G) (V) = An(0) 9 (Gn(5) cn(@)| = L1 + I + I.

Analogously to the proof of Theorem 2.1 we directly obtain Iy B 0and I 3 Lo
for n — oo, as g is bounded, so we only have to consider I. With the Markov
inequality we obtain

P(L|>e) =P Y wm(@)v(d) 1 =g @nli) cnld) ] >e)

ld|<m

<2 Y wm@IMDE 9 Gald):cnl)

l3|<m
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< C0 S HOIE (1~ g (Gali): n) Ls1zm)
jeza

Cy .
= = Z fn(3)
JEZ
with
fn(3) = GE @ —g9@n(d): cn(d)) Lijji<my-
We now want to apply the dominated convergence theorem. As |fr ()| < |7(9)|

with > ;czq [7(4)| < oo by Lemma 1 (a) in [11] we already have a convergent
majorant and since

E(9(¥n(d) cn(d))) — 1,

as m — 00, by Assumption 2 the assertion follows. For the multivariate case
denote the (v, p)th element of G2, by (G7.)u,, (07 1) vy denotes the corresponding
entry of ‘A’Emha 1 <wv,u < p. Now observing that

P
[ N SR (AP G P

v,u=1

the consistency follows from the above estimates elaborated for the univariate
case. O

Proof of Corollary 3.1. We only have to show that the special choice of g in
Corollary 3.1 fulfills Assumption 2 and then the assertion directly follows by
Theorem 3.1. This means that we have to show that

E(1=9On(d),cn(d))) = P (An(d)] < cn(3)) =0

for all § € Z2. For that observe that by Lemma 5.3 in [25] and the assumptions
of the corollary we have

n ()] = enld) = W@ —cld) = X

in probability, as n — oo. This implies the convergence in distribution, i.e. if
Fi5,.(5)|-cn(5) denotes the distribution function of 7, (j) — cn(j) and Fx the one
of X, we have

P (7 ()] < cn(d)) = Fian )l —cn () (0) = Fx (0),
as n — 00, if zero is a continuity point of Fx. But since
0, z< | — e(g
Fete) - ROIENE)
L x>y - )

and ¢(j) < |y(4)| by assumption this is fulfilled. Moreover, the last inequality
also implies that Fix (0) = 0. Thus we have P (|9, (j)| < cn(3)) — Oforall j € Z4
as nm — oo which completes the proof. O



Asymptotic variance of random fields 939

Acknowledgments

The authors thank an anonymous associate editor and an anonymous referee
for their helpful comments. Part of the work of the second author has been
supported by a grant from Deutsche Forschungsgemeinschaft (DFG), grant No.
STE 1034/11-1, which he gratefully acknowledges.

References

[1]

[9]
[10]
[11]
[12]

[13]

[14]

[15]

Alexopoulos, C. and Goldsman, D. (2004). To batch or not to batch? ACM
Trans. Model. Comput. Simul., 14(1), 76-114.

Andrews, D. W. K. (1991). Heteroskedasticity and autocorrelation con-
sistent covariance matriz estimation.  Econometrica, 69(3), 817-858.
MR1106513

Berkes, I. and Morrow, G. (1981). Strong invariance principles for mixing
random fields. Probability theory and related fields, 57, 15-37. MR0623453
Billingsley, P. (1968). Convergence of Probability Measures. Wiley Series in
Probability and Statistics, Probability and Statistics. John Wiley & Sons
Inc., New York. MR1700749

Billingsley, P. (1999). Convergence of Probability Measures. 2nd ed. Wiley
Series in Probability and Statistics, Probability and Statistics. John Wiley
& Sons Inc., New York. MR1700749

Bradley, R. C. (2005). Introduction to Strong Mizing Conditions, Volume 3,
Kendrick Press, Heber City, U.S.A. MR2325296

Bulinski, A. V. and Kaene, M. S. (1996). Invariance principle for associ-
ated random fields. Journal of Mathematical Sciences, 81(5), 2905-2911.
MR1420893

Bulinski, A. and Shaskin, A. (2006). Strong invariance principle for de-
pendent random fields. Dynamics & Stochastics, IMS Lecture Notes -
Monograph Series, 48, 128-143. MR2306195

Conley, T. G. (1999). GMM estimation with cross sectional dependence.
Journal of Econometrics, 92(1), 1-45. MR1707000

Davidson, J. (1994). Stochastic Limit Theory. Advanced texts in econo-
metrics. Oxford Univ. Press, Oxford. MR1430804

Deo, C. M. (1975). A functional central limit theorem for stationary random
fields. The Annals of Probability, 3(4), 708-715. MR1106280

Doukhan, P. (1994). Mixing: Properties and Ezamples. Lecture Notes in
Statistics. Springer-Verlag, New York. MR1312160

Driscoll, J. C. and Kraay, A. (1998). Consistent covariance matrix estima-
tion with spatially dependent panel data. The Review of Economics and
Statistics, 80(4), 549-560.

El Machkouri, M., Volny, D. and Wu, W. B. (2013). A central limit theorem
for stationary random fields. Stochastic Processes and their Applications,
123(1), 1-14. MR2988107

Kelejian, H. H. and Prucha, I. R. (2007). HAC estimation in a spatial
framework. Journal of Econometrics, 140(1), 131-154. MR2395919


http://www.ams.org/mathscinet-getitem?mr=1106513
http://www.ams.org/mathscinet-getitem?mr=0623453
http://www.ams.org/mathscinet-getitem?mr=1700749
http://www.ams.org/mathscinet-getitem?mr=1700749
http://www.ams.org/mathscinet-getitem?mr=2325296
http://www.ams.org/mathscinet-getitem?mr=1420893
http://www.ams.org/mathscinet-getitem?mr=2306195
http://www.ams.org/mathscinet-getitem?mr=1707000
http://www.ams.org/mathscinet-getitem?mr=1430804
http://www.ams.org/mathscinet-getitem?mr=1106280
http://www.ams.org/mathscinet-getitem?mr=1312160
http://www.ams.org/mathscinet-getitem?mr=2988107
http://www.ams.org/mathscinet-getitem?mr=2395919

940

[16]

[27]

(28]

A. Prause and A. Steland

Kim, M. S. and Sun, Y. (2011). Spatial heteroskedasticity and autocorrela-
tion comnsistent estimation of covariance matrix. Journal of Econometrics,
160(2), 349-371. MR2748557

Liu, W. and Wu, W. B. (2010). Asymptotics of spectral density estimates.
FEconometric Theory, 26, 1218-1245. MR2660298

Newey, W. and West, K. D. (1987). A simple, positive semi-definite, het-
eroskedasticity and autocorrelation consistent covariance matrix. FEcono-
metrica, 55(3), 703-08. MR0890864

Marinucci, D. and Poghosyan, S. (2001). Asymptotics for linear random
fields. Statistics and Probability Letters, 51(2), 131-141. MR 1808035
Paulauskas, V. (2010). On Beveridge-Nelson decomposition and limit the-
orems for linear random fields. Journal of Multivariate Analysis, 101(3),
621-639.

Pawlak, M. and Steland, A. (2013). Nonparametric sequential signal change
detection under dependent noise. IEEE Transactions on Information The-
ory, 59(6), 3514-3531. MR3061262

Politis, D. N., Romano, J. P. and Wolf, M. (1999). Subsampling. Springer
series in statistics. Springer. MR1707286

Prause, A. (2015). Sequential Nonparametric Detection of High-
Dimensional Signals Under Dependent Noise. PhD Thesis, RWTH Aachen
University.

Prause, A. and Steland, A. (2015). Detecting changes in spatial-temporal
image data based on quadratic forms. In: Ansgar Steland, Krzysztof Sza-
jowski and Ewaryst Rafajlowicz (Eds.), Stochastic Models, Statistics and
Their Applications, pp. 139-147. Heidelberg: Springer MR3336433
Prause, A. and Steland, A. (2017).  Sequential detection of three-
dimensional signals under dependent noise. Sequential Analysis, 36, 151—
178. MR3665833

van der Vaart, A. W. (2000). Asymptotic Statistics, Cambridge Series in
Statistical and Probabilitistic Mathematics, Cambridge University Press,
Cambridge. MR1652247

Wang, Y. and Woodroofe, M. (2013). A new condition for the invariance
principle for stationary random fields. Statistica Sinica, 23, 1673-1696.
MR3222815

Wu, W. B. (2009). Recursive estimation of time-average variance constants.
The Annals of Applied Probability, 19(4), 1529-1552.


http://www.ams.org/mathscinet-getitem?mr=2748557
http://www.ams.org/mathscinet-getitem?mr=2660298
http://www.ams.org/mathscinet-getitem?mr=0890864
http://www.ams.org/mathscinet-getitem?mr=1808035
http://www.ams.org/mathscinet-getitem?mr=3061262
http://www.ams.org/mathscinet-getitem?mr=1707286
http://www.ams.org/mathscinet-getitem?mr=3336433
http://www.ams.org/mathscinet-getitem?mr=3665833
http://www.ams.org/mathscinet-getitem?mr=1652247
http://www.ams.org/mathscinet-getitem?mr=3222815

	Introduction
	Nonparametric estimation of the asymptotic variance
	Estimation for general random fields
	Asymptotic distribution theory
	Subsampling
	Extensions to multiplicative models
	Discussion of the mixing assumptions

	Threshold cut-off estimation of the asymptotic variance
	Cut-off estimation
	Data-adaptive estimation of lag truncation constants and optimal thresholds

	Simulation studies
	Simulation results for the variance estimators
	Spatial moving average models of order one in two dimensions
	Spatial moving average models of order three in two dimensions
	Autoregressive spatial moving average mixture models in three dimensions

	Data-adaptive variance estimation using subsampling
	Accurary for testing image data
	Concluding remarks

	Proofs
	Proofs of Section 2
	Proofs of Section 3

	Acknowledgments
	References

