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where full history of the network formation is given, we derive the maxi-
mum likelihood estimator of the parameters and show that it is strongly
consistent and asymptotically normal. In the case where only a single-time
snapshot of the network is available, we propose an estimation method
which combines method of moments with an approximation to the likeli-
hood. The resulting estimator is also strongly consistent and performs quite
well compared to the MLE estimator. We illustrate both estimation proce-
dures through simulated data and explore the usage of this model in a real
data example.
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Linear preferential attachment model 3739
1. Introduction

The preferential attachment mechanism, in which edges and nodes are added to
the network based on probabilistic rules, provides an appealing description for
the evolution of a network. The rule for how edges connect nodes depends on
node degree; large-degree nodes attract more edges. The idea is applicable to
both directed and undirected graphs and is often the basis for studying social
networks, collaborator and citation networks, and recommender networks. Ele-
mentary descriptions of the preferential attachment model can be found in [5]
while more mathematical treatments are available in [2, 4, 21]. Also see [10] for
a statistical survey of methods for network data, [18] for consideration of statis-
tics of an undirected network and [24] for asymptotics of a directed exponential
random graph models. Limit theory for estimates of an undirected preferential
attachment model was considered in [6].

For many networks, empirical evidence supports the hypothesis that in- and
out-degree distributions follow a power law. This property has been shown to
hold in linear preferential attachment models, which makes preferential attach-
ment an attractive choice for network modeling [3, 4, 11, 12, 21]. While the
marginal degree power laws in a simple linear preferential attachment model
were established in [3, 11, 12], the joint regular variation (see [15, 16]) which is
akin to a joint power law, was only recently established [17, 19]. In addition, it
was shown in [22] that the joint probability mass function of the in- and out-
degrees is multivariate regularly varying. This is a key result as the degrees of
a network are integer-valued.

In this paper, we discuss methods of fitting a simple linear preferential at-
tachment model, which is parametrized by @ = («, 8,7, 0in, dout )- The first three
parameters, «, 3,7, correspond to probabilities of the 3 scenarios for adding an
edge and hence sum to 1, i.e., @ + 8 + v = 1. The other two, di, and Jout,
are tuning parameters related to growth rates. The tail indices of the marginal
power laws for the in- and out-degrees can be expressed as explicit functions
of 6 (see (2.5) and (2.6) below). The graph G(n) = (V(n), E(n)), where V(n)
is the set of nodes and E(n) is the set of edges at the nth iteration, evolves
based on postulates that describe how new edges and nodes are formed. This
construction of the network is Markov in the sense that the probabilistic rules
for obtaining G(n + 1) once G(n) is known do not require prior knowledge of
earlier stages of the construction.

The Markov structure of the model allows us to construct a likelihood func-
tion based on observing G(ng), G(ng+1),...,G(ng+n). After deriving the like-
lihood function, we show that it has a unique maximum at 0= (&, B e Sin, &mt)
and that the resulting maximum likelihood estimator is strongly consistent
and asymptotically normal. The normality is proved using a martingale cen-
tral limit theorem applied to the score function. The limiting distribution also
reveals that (&, B, ), Sin, and dout are asymptotically independent. From these
results, asymptotic properties of the MLE for the power law indices can be
derived.
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For some network data, only a snapshot of the nodes and edges is available
at a single point in time, that is, only G(n) is available for some n. In such
cases, we propose an estimation procedure for the parameters of the network
using an approximation to the likelihood and method of moments. This also
produces strongly consistent estimators. These estimators perform reasonably
well compared to the MLE where the entire evolution of the network is known
but predictably there is some loss of efficiency.

We illustrate the estimation procedure for both scenarios using simulated
data. Simulation plays an important role in the process of modeling networks
since it provides a way to assess the performance of model fitting procedures in
the idealized setting of knowing the true model. Also, after fitting a model to real
data, simulation provides a check on the quality of fit. Departures from model
assumptions can often be detected via simulation of multiple realizations from
the fitted network. Hence it is important to have efficient simulation algorithms
for producing realizations of the preferential attachment network for a given set
of parameter values. We adopt a simulation method, learned from Joyjit Roy,
that was inspired by [1] and is similar to that of [20].

Our fitting methods are implemented in a real data setting using the Dutch
Wiki talk network [14]. While one should not expect the simple 5-parameter
(later extended to T-parameter) linear preferential attachment model to fully
explain a network with millions of edges, it does provide a reasonable fit to the
tail behavior of the degree distributions. We are also able to detect important
structural features in the network through fitting the model over separate time
intervals.

Often it is difficult to believe in the existence of a true model, especially
one whose parameters remain constant over time. Allowing, as we do, a pref-
erential attachment model with only a few parameters and no possibility for
node removal may seem simplistic and unrealistic for social network data. Of
course, preferential attachment is only one mechanism for network formation
and evidence for its use in fields outside data networks is mixed [8, 9] and we
restrict attention to linear preferential attachment. Even imperfect models have
the potential to capture salient properties in the data, such as heavy-tailedness
of the in-degree and out-degree distributions, and to identify departures from
model assumptions. While maximum likelihood estimation is essentially the gold
standard for cases when the underlying model is a good representation of the
data, it may perform poorly in case the model is far from being appropriate.
In forthcoming work, we consider a semi-parametric estimation approach for
network models that exhibit heavy-tailed degree distributions. This alternative
estimation methodology borrows ideas from extreme value theory.

The rest of the paper is structured as follows. In Section 2, we formulate the
linear preferential attachment network model and present an efficient simulation
method for the network. Section 3 gives parameter estimators when either the
full history is known or when only a single snapshot in time is available. We test
these estimators against simulated data in Section 5 and then explore the Wiki
talk network in Section 6.
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2. Model specification and simulation

In this section, we present the linear preferential attachment model in detail
and provide a fast simulation algorithm for the network.

2.1. The linear preferential attachment model

The directed edge preferential attachment model [3, 12] constructs a growing
directed random graph G(n) = (V(n), E(n)) whose dynamics depend on five
non-negative real numbers «, 3,7, 6, and doys, where a + 8+ v = 1 and
Oins Oout > 0. To avoid degenerate situations, assume that each of the numbers
a, B, is strictly smaller than 1. We obtain a new graph G(n) by adding one edge
to the existing graph G(n — 1) and index the constructed graphs by the num-
ber n of edges in E(n). We start with an arbitrary initial finite directed graph
G(np) with at least one node and ng edges. For n > ng, G(n) = (V(n), E(n)) is
a graph with |E(n)| = n edges and a random number |V (n)| = N(n) of nodes. If
u € V(n), Di(:)(u) and Déﬁz(u) denote the in- and out-degree of u respectively
in G(n). There are three scenarios that we call the «, 8 and y-schemes, which
are activated by flipping a 3-sided coin whose outcomes are 1,2,3 with proba-
bilities «, 3,7. More formally, we have an iid sequence of multinomial random
variables {J,,n > ng} with cells labelled 1,2,3 and cell probabilities a, 3, 7.
Then the graph G(n) is obtained from G(n — 1) as follows.

a-scheme [B-scheme ~-scheme

e If J, = 1 (with probability «), append to G(n — 1) a new node v €
V(n)\ V(n —1) and an edge (v,w) leading from v to an existing node
w € V(n —1). Choose the existing node w € V(n — 1) with probability
depending on its in-degree in G(n — 1):

(n—1)
Dy, w) + Oin
P|choose w € V(n —1)] = n—1 Jr(;‘( ]if(n -1

(2.1)

o If J, = 2 (with probability 3), add a directed edge (v,w) to E(n — 1) with
veV(n—1)=V(n)and w € V(n—1) = V(n) and the existing nodes v, w
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are chosen independently from the nodes of G(n — 1) with probabilities

DSV () + dout )( DY (w) + 81 ).

P|ch =
[choose (v, w)] (nf 1400t N(n—1)/\n—-14+6§,N(n—1)

o If J, = 3 (with probability +), append to G(n —1) a new node w € V(n)\
V(n—1) and an edge (v, w) leading from the existing node v € V(n—1) to
the new node w. Choose the existing node v € V(n — 1) with probability

DU (0) + Sout

P[choose v € V(n —1)] = . iu_i_(; Nn—1)

(2.2)

Note that this construction allows the possibility of having self loops in the
case where J, = 2, but the proportion of edges that are self loops goes to 0 as
n — oco. Also, multiple edges are allowed between two nodes.

2.2. Power law of degree distributions

Given an observed network with n edges, let N;;(n) denote the number of nodes
with in-degree i and out-degree j. If the network is generated from the linear
preferential attachment model described above, then from [3], there exists a
proper probability distribution {f;;} such that almost surely

Nij(n)
N(n)

Pij
1-p5’
Consider the limiting marginal in-degree distribution pi* := 3" ;i Dij- It is calcu-
lated from [3, Equation (3.10)] that

= fij =

n — oo. (2.3)

in __ «
pO B 1 + al((sin)(sin,
and for i > 1,
in __ (7 4 6in)I'(1 + 6in + a1 (5111)71) < din + 9 )
pi = F(Z + 1 + 6in + al((sin)_l)r(l + 6in) 1 + al((sin)éin al((sin) ’
where v 8
o
A) = ——— A>0.
alN = T3 o)
Moreover, pi™ satisfies
. o0
Pt = Zpij ~ Cipi " asi — oo, aslongas ady +7v>0, (2.4)
j=0

for some finite positive constant Cj,, where the power index

1+ in(a+7)

lin = 1+
a+p
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Similarly, the limiting marginal out-degree distribution has the same property:

out

oo
Py o= Zpij ~ Cougd™ "t as j — oo, as long as ydous + o > 0,
i=0

for Cyyy positive and
1 + 5out (a + 7)

tout = 1+
' B+

. (2.6)

2.3. Simulation algorithm

We describe an efficient simulation procedure for the preferential attachment
network given the parameter values («, 8,7, din, dout), where a+ S+~ = 1. The
simulation cost of the algorithm is linear in time. This algorithm, which was pro-
vided by Joyjit Roy during his graduate work at Cornell University, is presented
below for completeness. Note that this simulation algorithm is specifically de-
signed for the case where the preferential attachment probabilities (2.1)—(2.2)
are linear in the degrees. A similar idea for the simulation of the Yule-Simon
process appeared in [20]. Efficient simulation methods for the case where the
preferential attachment probabilities are non-linear are studied in [1], where
their algorithm trades some efficiency for the flexibility to model non-linear
preferential attachment.

Using the notation from the introduction, at time ¢ = 0, we initiate with
an arbitrary graph G(ng) = (V(ng), E(ng)) of ng edges, where the elements of
E(ng) are represented in form of (vgl)7 052)) € Vng)xV(ng),i=1,...,n9, with
vgl), vz@ denoting the outgoing and incoming vertices of the edge, respectively.
To grow the network, we update the network at each stage from G(n — 1) to
G(n) by adding a new edge (v%l), vﬁf)). Assume that the nodes are labeled using
positive integers starting from 1 according to the time order in which they are
created, and let the random number N(n) = |V (n)| denote the total number of
nodes in G(n).

Let us consider the situation where an existing node is to be chosen from
V(n) as the vertex of the new edge. Naively sampling from the multinomial
distribution requires O(N(n)) evaluations, where N(n) increases linearly with
n. Therefore the total cost to simulate a network of n edges is O(n?). This is
significantly burdensome when n is large, which is usually the case for observed
networks. Algorithm 1 describes a simulation algorithm which uses the alias
method [13] for node sampling. Here sampling an existing node from V(n) re-
quires only constant execution time, regardless of n. Hence the cost to simulate
G(n) is only O(n). This method allows generation of a graph with 107 nodes on
a personal laptop in less than 5 seconds.

To see that the algorithm indeed produces the intended network, it suffices
to consider the case of sampling an existing node from V' (n— 1) as the incoming
vertex of the new edge. In the function Node_Sample in Algorithm 1, we generate
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Algorithm 1: Simulating a directed edge preferential attachment network

Algorithm

Input: «, 3, §in, dout, the parameter values; G(ng) = (V(no), E(no)), the
initialization graph; n, the targeted number edges

Output: G(n) = (V(n), E(n)), the resulted graph

t < ng

while t < n do

N(t) « [V ($)]

Generate U ~ Uniform(0, 1)

if U < a then

v — N(@)+1

v(?) «— Node_Sample(E(t), 2, 8in)

V(t) + Append(V (), N(¢) + 1)

Ise if a < U < o+ (3 then

v(1) < Node_Sample(E(t), 1, dout)

v(® « Node_Sample(E(t), 2, 8in)

Ise if U > o+ 8 then

(1) Node_Sample(E(t), 1, dout)

v — N(t)+1

V(t) < Append(V (), N(¢) + 1)

E(t+ 1) + Append(E(t), (v, v(2))

t—t+1

]

o]

end
return G(n) = (V(n), E(n))

Function Node_Sample
Input: E(t), the edge list up to time t; j = 1,2, the node to be sample,
representing outgoing and incoming nodes, respectively; 6 € {8in, dout }, the
offset parameter
Output: the sampled node, v
Generate W ~ Uniform(0,t + N(t)J)
if W <t then
(4)
‘ LRI
else if W >t then
W—t
| v [
return v

W ~ Uniform(0,n — 1+ N(n — 1), ) and set

< W—-(n-1
U ’Ug/‘)ﬂ 1{W§n71} + ’7%—‘ 1{W>n71}'

Then
Pv=w) = P(UF{,?,] :w)P(WSn—l)
+P<[WW :w>P(W>n—1)
Di(:*l)(w) n—1

n—1 n—14+N(n-—1),
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1 N(TL — 1)5171
Nn—=1)n—-14+N(n—- 1),
Di(:_l)(w) + din
n—1+N(n— 1)(5171’

+

which corresponds to the desired selection probability (2.1).

3. Parameter estimation: MLE based on the full network history

In this section, we estimate the preferential attachment parameter vector 8 =
(a, B, Oin, dout ) under two assumptions about what data is available. In the first
scenario, the full evolution of the network is observed, from which the likelihood
function can be computed. The resulting MLE is strongly consistent and asymp-
totically normal. For the second scenario, the data only consist of one snapshot
of the network with n edges, without the knowledge of the network history that
produced these edges. For this scenario we give an estimation approach through
approximating the score function and moment matching, which produces pa-
rameter estimators that are also strongly consistent but less efficient than those
based on the full evolution of the network. In both cases, the estimators are
uniquely determined.

3.1. Likelthood calculation

Assume the network begins with the graph G(ng) (consisting of ngy edges)
and then evolves according to the description in Section 2.1 with parameters
(a0, B, iny dout ), where iy, dout > 0 and «, 8 are non-negative probabilities. The
~ is implicitly defined by v = 1 — o — 3. To avoid trivial cases, we will also
assume «, 3,y < 1 for the rest of the paper. For MLE estimation we restrict the
parameter space for diy, dout to be [e, K|, for some sufficiently small ¢ > 0 and
large K. In particular, the true value of iy, dous is assumed to be contained in
(e, K). Let e, = (vt(l), vt(Q)) be the newly created edge when the random graph
evolves from G(t — 1) to G(t). We sometimes refer to ¢ as the time rather than
the number of edges.

Assume we observe the initial graph G(no) and the edges {e;}i-,, . in the
order of their formation. For ¢ = ng + 1,...,n, the values of the following
variables are known:

e N(t), the number of nodes in graph G(¢);
. Di(ltl_l)(v), Dgﬁ;l)(v), the in- and out-degree of node v in G(¢t — 1), for all

veV(t-1)
e J;, the scenario under which e; is created.

Then the likelihood function is

L(Oé» ﬂv 5ina 50ut| G(no), (et)?:n(ﬁ»l)
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n 1ig=1
= II (e D VW) 16, T
B t— 146 N(t—1)

t=no+1
_ _ 1ij,=2}
n D(t 1) ’U(2) + b D(t 1) U(l) +6 N {7
< i) (B rave)
t=ng-+1 — 1+ 0in ( - ) — 1+ dout ( - )
n — 1is,=3}
D(t 1)(’(}(1))—}—(5 . {7t
X (1—a-—p)—ou 1 = (3.1)
T (0ot
and the log likelihood function is
IOg L(avﬁ,éinadout‘ G(no)v (et)?:n0+1) (32)
= 10g04 Z 1{Jt=1} + logﬁ Z 1{Jt=2} + 10g(1 - — ﬂ) Z l{Jt=3}
t—n0+1 t=no+1 t=no+1
+ Z log (D(t 1) (2))+51n) 1{J16{1 2}}
t= n0+1
+ Z log (Défnl (1))+5out) Lise(23))
t=no+1
D log(t — L+ 6N(t— 1)1 s,eq12)
t=no+1
Z log(t -1+ 5outN(t — 1))1{Jt€{273}}.
t=no+1

The score functions for «, 3, din, dous are calculated as follows:

0
— log L(av B, bin, 60ut| G(HO)a (et)?zno-{—l)

Ja
1 n
E Z 1i7=1y — E— /8 Z 1¢5,=3}, (3.3)
t=no+1
%IOgL(O{ ﬂ 51n750ut| G(no), (et);ﬂ:no+1)
Z Lig=2) — Z 1(s,=3} (3.4)
’Bt no+1 —a - IBtno+1
0
R logL(O‘aﬂaainadout‘ G(Tlo), (et)?:n0+1)
_ 2": 1
B Jee{1,2
i D(t 1)( )+5m { €{1,2}}
- N(t—1)
N Z t_1+6inN(t_l)l{Jt€{1,2}}7 (35)

t=no+1
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0
ac IOg L(Oé, 67 6in7 6out‘ G(n0>7 (et)?:no+1)
65out

n

1
= 1

Z —1 1 {J:€{2,3}}
t=no+1 D(()flt )(UE )) + 6Out

z": N(t—-1) )
- {J:€{2,3}}-
M/ t—1+40ouN({t—1)

Note that the score functions (3.3), (3.4) for @ and  do not depend on 8,
and dout. One can show that the Hessian matrix of the log-likelihood for (a, 3) is
positive definite. Setting (3.3) and (3.4) to zero gives the unique MLE estimates
for o and 3,

n

1

OA[MLE - m Z l{Jt=1}7 (36)
0 t=no+1

R 1 n

ﬁMLE — —— Z 1{]t=2}. (37)
0 t=no+1

These estimates are strongly consistent by applying the strong law of large
numbers for the {J;}+>n,+1 sequence.

Next, consider the first term of the score function for &, in (3.5), and we
have

n

1
. Z+1 D-(t_l)('Ut(Q)) +5 l{Jte{l,g}}
=ng in in
T it O, e PV
i= =ng

Observe that {D(t_l)(vt@)) =1i,J; € {1,2}} describes the event that the in-

m
degree of node vt@)e V(t—1)is 4 at time £ — 1 and is augmented to i+ 1 at time
t. For each ¢ > 1, such an event happens at some stage t € {no+1,n0+2,...,n}
only for those nodes with in-degree < i at time ny and in-degree > 4 at time
n. Let N;;(n) denote the number of nodes with in-degree ¢ and out-degree j at
time n, and N/®(n) and N%(n) to be the number of nodes with in-degree equal
to ¢ and greater than i, respectively, i.e.,

N}™(n) = ZNij(n), NZi(n) = Y Ni'(n).

7=0 k>i

Then

n

> 1{D.(tfl)(viz)):i,‘]te{lﬁ}} = NZi(n) — Ni(no), i 1.
1

imn
t=no+
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On the other hand, when i = 0, {Di(rtlfl)(v?)) =0,J; € {1, 2}} occurs for some
t if and only if all of the following three events happen:

(1) v§2) has in-degree > 0 at time n;

(ii) v§2) does not have in-degree > 0 at time ng;

(iii) v§2) was not created under the y-scheme (otherwise it would have been
born with in-degree 1).

This implies:

n

Z I{D“ V(i) =0,7.6{1,2}} = N2 (n) = Ny(ro) Z Li=sy,

t=ng+1 t=no+1

since there are, in total, Z?:no 41 1{y,=3) nodes created under the ~-scheme.
Therefore,

n

1
1
Z 1 {J:€{1,2}}
t=no+1 D(t )( @ ) + 6111
1 n
- Z: i + Oin tinzﬂ 1{Dfﬁ D (0f)=i,Jre{1,2} }

_ Z Nm Nm( 0) _ Z?:n0+l 1{J1,:3}
{ + 51n 5in .

(3.8)

Setting the score function (3.5) for i, to 0 and dividing both sides by n — ng
leads to

L S NE(n) = Ny (no)
T 7 . 1
n—no; i 4 din Oin(n — ng) t%;ﬂ {J,=3}

n

NEEEN o N(t - 1)

1 =0 3.9

=0 t +1 t—1+ 6mN(t — 1) {J.e{1,2}} , ( )
=ng

where the only unknown parameter is di,. In Section 3.2, we show that the
solution to (3.9) actually maximizes the likelihood function in d,. Similarly, the
MLE for 6.yt can be solved from

1 iws;t( 0Ny S 1y
n —ng J + dout dout

n

1 3 N(t—1)

R 1 -0

n—no, f= t— 148 N(t—1) B T
o

where N2%'(n) is defined in the same fashion as Nin(n).
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Remark 3.1. The arguments leading to (3.8) allow us to rewrite the likelihood
function (3.1):

L(OZ, Ba 5m, 5out| G(”O)a (et);L:noJrl)
= X imnott L=t g ings1 He=2) (1 — o — )X imng+1 Lis=3)

n

x H (t =148, N(t — 1)) H0neti2 (£ — 14 Gy N(t — 1)) Het2sn
t=no+1

L = 10 (t—1), (2), .
< TI|TL Gt 8y 125 eimincnny

t=no+1 Li=0

a 1 9o

[LG + o) {20l mneean)

7=0

— aZ?:nOJrl 1ig=1y BZ;L:nOJA 1y =2} (1 —a— ﬁ)Z?:nOJrl 1{g=3}

x JT [t =14 6N (t— 1)1y (¢ — 14 G0y N (t — 1)) Hee2an)
t=ng+1
—15,= —15,=
6in = 6out{J 1}:|
% H Z + 6 Nm (n Nzn (nD) H J + 6OUt)Nuut(n) N;zt(no)
7=0

Hence by the factorization theorem, N (ng), (J1)f—p, 41, (NZ(n) — N2 (ng))i>o0,
(N4 (n) — N4 (no)) >0 are sufficient statistics for (v, 8, din, dout)-

3.2. Consistency of MLE

We remarked after (3.6) and (3.7) that @M ~F and 3MLE converge almost surely
to a and . We now prove that the MLE of (i, dout) is also strongly consistent.
Note that if we initiate the network with G(ng) (for both ng and N(ng) finite),
then almost surely for all 7,5 > 0,

NZi(no) _ N(no) Ngj (o) _ N(no)

< — 0, <
n n n n

— 0, asn — oo,

and (n —ng)/n — 1. In other words, ng, N2(ng), N4 (ng) are all o(n). So for
simplicity, we assume that the graph is initiated with finitely many nodes and
no edges, that is, no = 0 and N(0) > 1. In particular, these assumptions imply
the sum of the in-degrees at time n is equal to n.

Let U, (), ®,(:) be the functional forms of the terms in the log-likelihood
function (3.2) involving &, and doys respectively, normalized by 1/n, i.e.,

Uy (A) = ZNIH( )10 gli+A) — log)\zl{Jt =3}
=0

n
t=1
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1 n
_ E Zlog (t -1+ /\N(t — 1)) 1{Jt€{1,2}}v
t=1
— N23t(n) _logp
Pn(p) = Y~ log(j + Z (-1
§=0

1 n
- D log(t =1+ pN(t— 1)) 1{j,e2,3))-
t=1

The following theorem gives the consistency of the MLE of §i, and doyut-
Theorem 3.2. Suppose din, dout € (¢, K) C (0,00). Define

SMLE — GMLE(p) .— argmax W,()), oO6MEF = §MLE(n) .— argmax @, (u).

e<A<K e<u<K

Then these are the MLE estimators of §;p, dout and they are strongly consistent;

that is, — CILE s
51’ 5m» 5out — (501“:, n — o0.

Proof of Theorem 3.2. We only verify the consistency of SIJ\f LE since similar

arguments apply to 6MLE . Define

) S NZ(n)/n 23 1g,=3
Yo(N) == U () = Z >i+)\ _ t 1)\{ }
=0

1)
-=> Ligeqr2n-
net—1+AN(t-1)

Let us consider a limit version of ,,:

sy = S0 T g g, (3.10)

= T+ A )\

where p; (6in) := D jo; P (0in) with pi(8in) := pj* as defined in (2.4), and

a+ 5

m, A> 0.

a1(A) =
Here we write pi"(6;,) to emphasize the dependence on §;,. In Lemmas A.1 and

A.2, provided in the appendix, it is shown that (-) has a unique zero at 0jy,
where 9(A) > 0 when A < di, and ¥(A) < 0 when A\ > iy, and

s;gwn(x) — YN = 0. (3.11)

Since v is continuous, for any x > 0 arbitrarily small, there exists ¢, > 0 such
that ¥(A) > e, for A € [¢,0m — k] and Y(A) < —e,; for A € [6iy + K, K]. From
(3.11),

P <3NK st.sup  sup |Yn(A) —p(A)] < EH/2> =1 (3.12)

n>Ny A€[e, K]
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Note supy¢e, ] [¥n(A) — ¥ (A)| < €,/2 implies

Y (A) > Y(A) — sup |Un(A) —¥Y(A)] > e —ex/2 > 0, XE [€,0in — k),

AEle, K]

and

Y (A) < P(A) + st ]Wn()\) YN € —ex+e4/2 <0, A€ (6in+ kK, K]
Aele, K

These jointly indicate that &;, — k < 5IJ‘DJLE < i + k. Hence (3.12) implies

P(hm GMEE _ 5| gn) =1,
— 00

n

for arbitrary x > 0. That is, Siﬁ[LE 2% Sin. U

3.3. Asymptotic normality of MLE

In the following theorem, we establish the asymptotic normality for the MLE

estimator
~MLE

0 _ (&MLE, BMLE 6MLE 6MLE)

n out

~MLE
Theorem 3.3. Let 0, be the MLE estimator for 8, the parameter vector of
the preferential attachment model. Then

. MLE d

Vn(6,  —6) = N(0,%(6)),

where
1-8 1
R S T 8 8
s=19) = 1(0) = 1—a—p B(l—a—pB) , 3.13
(6) (©) 0 L, O ( )
0 0 O Iout
with
= 2 29 :
i=0 Z + 5”" 51'" (1 + 5in(1 - ﬁ))

=§J o (+Aa-p?
(G +00u)® 20 (1+ 60ue(l— B)>

J=0

In particular, 1(0) is the asymptotic Fisher information matriz for the param-
eters, and hence the MLE estimator is efficient.

Remark 3.4. From Theorem 3.3, the estimators (&MLF, BMLE), S%LE, and

(5%{“E are asymptotically independent.



3752 P. Wan et al.

Proof of Theorem 5.3. We first show the limiting distributions for the MLE’s,
ie. (QMLE gMLE) SMLE and ¢MLE From (3.6) and (3.7),

n

N 1
~MLE AMLE
(@75, preT) = - ; (1213, 11,223)
where {J;}:>1 is a sequence of iid random variables. Hence the limiting distri-
bution of the pair (&M LE BM LE ) follows directly from standard central limit

theorem for sums of independent random variables. .
Next we show the asymptotic normality for 62/LF; the argument for 62 LE
is similar. Recall from (3.5) that the score function for d;, can be written as

= Z Ut(é),
4 t=1

0
o log L(cv, 3, din, dout)

where u; is defined by

1 . N(iE-1)
DI (@) £ 5 A T N (1) et

in t

ut((S) =

(3.15)

The MLE estimator 622F can be obtained by solving Y7, u(6) = 0. By a
Taylor expansion of Y ;| u:(d),

0= > w(Oh™) = > wlbin) + (O = 6i) D (d), (3.16)
t=1 t=1 t=1

where i; denotes the derivative of u; and &7, = 0, + E(OMLE — 6,.) for some
¢ €10,1]. An elementary transformation of (3.16) gives

. 1 3
n'2(6E — bi) = (— - > <n_1/2 ut(5in)> :
nty o e (0F) ;

To establish

nl/2(SMLE _ 5 4 N(0, 1),

’ *in

where Iy, is as defined in (3.13), it suffices to show the following two results:

. — n d
(0) n 2300 e (Gi) = N(0, Ln),
(i) n' 320 (df) > —lin.
These are proved in Lemmas A.3 and A.4 in the appendix, respectively.

~MLE
To establish the joint asymptotic normality of the MLE estimator 6,

denote the joint score function vector for 8 by

%logL(O) =: 8,(0) = (Sn(OL):Sn(B)vSn(5in)a5n(5out))Ta
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where Sy, (@), Sn(8), Sn(in), Sn(dous) are the score functions for «, 3, din, dout,
respectively. A multivariate Taylor expansion gives

~MLE

0-=S8, (0n ) — S, (0)+S, (é’;) (éﬁ“E —9), (3.17)

where S,, denotes the Hessian matrix of the log-likelihood function log L(8),
~x ~MLE
and 0, = 0+ &o (On - 0) for some vector &€ € [0,1]*, where “o” denotes

the Hadamard product. From Remark 3.1, the likelihood function L(€) can be
factored into

L(O) = fl (aa 6)f2(5in)f3(6out)-

Hence
8% log Ln(9)) 9%log L,.(62) 0 0
da? Qadf
1 8% log Ln(0)) 9%log L,.(62) 0 0
Yok B0 op2 j2
—-S,.(0,) = 2 A = I1(0
8.(01) : 0 Pmnen (6)
in ) .
0 0 0 o loag(;lz/n(en)

out

(3.18)
as implied in the previous part of the proof, where I(0) (defined in (3.13)) is
positive semi-definite.

Note that (S (), Sn(8)), Sn(din), Sn(dout) are pairwise uncorrelated. As an
example, observe that

dlog L(O) dlog L(O

B[Sy (0)Sn(6)] = / Oga( ) %gém( ) L(0)dx
_ /810gf1(au5) 8long((Sin)
N da 0
_ /8f1(0[7ﬁ) 8f2(5in)
N da d:n

fi(a, B) f2(3in) f3(Gout)dx

f3(out) dx
o (90485m
= 0 = E[Sh(a)]E[Sy(6in)].

L(0)dx

Using the Cramér-Wold device, the joint convergence of S,,(0) follows easily,
ie.,

n~1/28,(0) % N(0,1(6)).
From here, the result of the theorem follows from (3.17) and (3.18). O

4. Parameter estimation based on one snapshot
Based only on the single snapshot G(n), we propose a parameter estimation

procedure. We assume that the choice of the snapshot does not depend on any
endogenous information related to the network. The snapshot merely represents
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a point in time where the data is available. Since no information on the initial
graph G(ng) is available, we merely assume ng and N(ng) are fixed and n — oco.
Among the sufficient statistics for (a, B, din,00ut) derived in Remark 3.1,

(Ni;i(n))izo’ (Ng‘;t( ))jZO are computable from G(n), but the (J;)j—; are not.
However, when n is large, we can use the following approximations according to

the proof of Lemma A.2:

and
1 N(t) ~ 1-8
E :Z t ¥ (SlnN(t) 1{Jt€{1,2}} ~ (Oé + /8) 1 i 5in(1 _ 5)

Substituting in (3.9), we estimate d;, in terms of « and 8 by solving

N(n)/n 1-a-p a+p)(1-p
z; (5)/ B (a+ B)( )

Z"’ in 5in a 1 + (1 - B)ain - 0 (41)

Note that a strongly consistent estimator of 5 can be obtained directly from

G(n):

~ N .
fo1- N0 as g
n
To obtain an estimate for o, we make use of the recursive formula for {pi"} in
(A.1a):
(Oé + 6)5in i
14— ) pin 4.2
< +1+(1*5)5in Po =% 4.2)
and replace pi* by Ni®(n)/n for large n,
(Oé + ﬁ)éin Nén(n)
1 = o. 4.3
<+1+(1—6)5m n “ (43)

Plug the strongly consistent estimator 3 into (4.1) and (4.3), and we claim that
solving the system of equations:

OON;]l(n)/n_1_04_5_(04—"-5)(1_6)_

; i+ 51“ (sin 1+ (1 _ B)(Sin =0, (44&)
(a+ B\ NP _

<1 NERNTRE m> n o © (4.4D)

gives the unique solution (&, di,) which is strongly consistent for («, din)-

5
Theorem 4.1. The solution (&, m) to the system of equations in (4.4) is unique
and strongly consistent for (o, d;,), i

& a.s, a7 5ln .S, 52,’1.
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The proof of Theorem 4.1 is given in Section A.3.

The parameters Sout and 4 can be estimated by a mirror argument. We
summarize the estimation procedure for (a, 3,7, 0in,dout) from the snapshot
G(n) as follows:

1. Estimate 3 by B=1—N(n)/n.
2. Obtain 62 by solving (i.e., matching (4.4a) and (4.4b))

SN () ~ Ny'(n) | 3
e (1+46,(1-7)) = _n
2 ey, W= B) =
=1 n 14+(1-F)d
3. Estimate a by _
NE(m) 5
o ~
& = n p - B.

in

no 14+(1-5)39,

O

4. Obtain §°

out

by solving

o'} ou . Nout n ~
SO T ) =

X n ] + 60ut out ]_ — Ngut (n) 50“}
j=1 n 14+(1—5)dout

5. Estimate v by
Nout (’ﬂ) ~
;5/0 — : n + ﬂ _ B

1— NS““ (n) 50

out

n 14+(1—B)8%,,

Note that even though all three estimators ad, B ,7° are strongly consistent and
hence &° + 5+ 43° 23 1, Steps 1-5 do not necessarily imply the strict equality

A +p+7" =1

We recommend adding the following two steps for a re-normalization to over-
come this defect.

6. Re-normalize the probabilities

(&’B’;?) — <d0(1_5) 2 &0(1_5)> )

&0+’~YO L d0+§0
7. Plug & into (4.4a) to update the estimate of 0y, i.e., solve for 5y from

53N§@Vn_1—&—3_(d+@u—3):
= it b bin 1+ (1= B)dim

Similarly, solve for dout from

i NS m)/n 1-4-5 (G+B-H) _

j=0 .] =+ Sout 5out 1+ (1 - 5)60ut
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Fi1c 5.1. Normal QQ-plots in black for normalized estimates in (5.2) under 5000 replications
of a preferential attachment network with 10° edges and 6 = (0.3,0.5,2,1). The fitted lines in
blue are the traditional gg-lines (given by R) used to check normality of the estimates. The
red dashed line represents the y = x line in all plots.

5. Simulation study

We now apply the estimation procedures described in Sections 3 and 4 to sim-
ulated data, which allows us to compare the estimation results using the full
history of the network with that using just one snapshot. Algorithm 1 is used
to simulate realizations of the preferential attachment network.

5.1. MLE

For the scenario of observing the full history of the network, we simulated 5000
independent replications of the preferential attachment network with 10° edges
under the true parameter values

0 = (o, 8,8, 00ut) = (0.3, 0.5, 2, 1). (5.1)

For each realization, the MLE estimate of the parameters was computed and

standardized as
~MLE

Vi (0,7 - (0);)

O

; (5.2)
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N ~MLE
where (6,,); and (0); denote the i-th components of 6,, and 6@ respectively,

- ~ML
and 62 is the i-th diagonal component of the matrix 3 := (6, E) The explicit
formula for the entries of 3 is
AMLE (1 — gMLE) _aMLEBMLE 0 0
o _QMLEGMLE BMLE (1 B BMLE) 0 0
0 0 it oo |’
0 0 0o Ik
where, see (3.13) and (3.14),
- o0 N;r’l(n)/n 1—aMLE _ BMLE
v = (z 4 gMLE>2 (3MLE)2
(dMLE n BMLE) (1 _ BMLE>2
_ - - .
(1 4 GMLE(] IBMLE))
. 2
e} Nggt(n)/n dMLE (1 — d]VILE) (1 - /GMLE>

~>

out —

e R R G I (R )

By the strong consistency of the MLEs combined with Lemma A.2, we have
that 3 =5 3,

The QQ-plots of the normalized MLEs are shown in Figure 5.1, all of which
line up quite well with the y = x line (the red dashed line). This is consistent
with the asymptotic theory described in Theorem 3.3. Confidence intervals for
can be obtained using this theorem. Given a single realization, an approximate
(1 — €)-confidence interval for (8); is

~MLE 52
6, )iizs/ﬂ/% fori=1,...,4,

where z /5 is the upper £/2 quantile of N(0,1).

5.2. One snapshot

We used the same simulated data as in Section 5.1 to obtain parameter esti-
mates 0,, := (&, B3, din, dous) through only the final snapshot, i.e., the set of
directed edges without timestamps, following the procedure described at the
end of Section 4. For the purpose of comparison with MLE, Figure 5.2 gives
the QQ-plots for the normalized estimates from the snapshots using the same

standardizations for the MLEs, i.e.,

; L i=1,....4, (5.3)
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Fic 5.2. Normal QQ-plots for the normalized estimates in (5.3) under 5000 replications of
a preferential attachment network with 10° edges and 6 = (0.3,0.5,2,1). The fitted lines in
blue are the traditional qgq-lines used to check normality of the estimates. The red dashed line
represents the y = x line in all plots.

where (én)z denotes the i-th components of 0,. Again, the fitted lines in blue
are the traditional QQ-lines and the red dashed lines are the y = z line. The
QQ-plot for 3 exhibits the same shape as for FMLE | since the two estimates are
identical.

From Figure 5.2, we see that the snapshot estimates of all four parameters
are consistent and approximately normal, i.e., the QQ-plots are linear. However,
the slopes of the QQ-lines for &, din, Sout ATe much steeper than the diagonal line,
indicating a loss of efficiency for 0, compared with 6,,. Indeed the estimator
variance is inflated for all parameters except for 3, where 3 coincides with the
true MLE. This is as expected since knowing only the final snapshot provides
far less information than the whole network history.

Recall that for a consistent estimator T;, of a one-dimensional parameter 6

constructed from a random sample of size n, the asymptotic relative efficiencies
(ARE) of T, is defined by

ARE(T,) := lim w7
n—oo Var(y/nT;,)



Linear preferential attachment model 3759

where T, denotes the asymptotically efficient estimator. We may compute the
ARE’s for the snapshot parameter estimates

nVar(GMEF)  Var(aMEP)

ARE(a&) = lim — R —= ~ 0.398,
@ = o Va® Var(a)
. SMLE Var(SMLE
ARE(y) = tim Y0 ™) Varln ) g ag9
n—oo  nVar(d;y,) Var(6;,)
B SMLE Var(SMLE
ARE (o) = lim " 0ont)  Varlow™) 996

n—oo  nVar(dout) \E(dout)

where Var denotes the sample variance of the parameter estimate based on the
5000 replications. Note that ARE(S) = 1 since § = gMLE,

Given a single realization, the variances of the snapshot estimates can be es-
timated through resampling as follows. Using the estimated parameter 0,,, sim-
ulate 10* independent bootstrap replicates of the network with n = 10° edges.

For each simulated network, the snapshot estimate, é; = (d*, B*, Si*w 5§ut),

is computed. The sample variance of these 104~snapshot estimates can then be
used as an approximation for the variance of 6, so that assuming asymptotic
normality, a (1 — €)-confidence interval for 8 can be approximated by

(,); + 22/ \i{r((e;)i) fori=1,...,4,

where 2./, is the upper /2 quantile of N (0, 1).

5.3. Sensitivity test

Now we investigate the sensitivity of our estimates while values of the parameters
(n, &, B, Oin, Oout) are allowed to vary. First consider the impact of n, the number
of edges in the network. To do so we held the parameters fixed with values
given by (5.1): («, 8, 0in, dout) = (0.3, 0.5, 2, 1) and varied the value of n. The
QQ-plots (not presented) for standardized estimates using both full MLE and
one-snapshot methods were produced to check the asymptotic normality. When
n = 500, 1000, diagnostics revealed departures from normality for both the MLE
and the snapshot estimates. However, after increasing n to 10000, estimates
obtained from both approaches appeared normally distributed as expected.
For each value of n in Table 5.1, 5000 replicates of the network with n edges
and parameters @ = (0.3,0.5,2,1) were generated. For each realization, the

MLE’s 6, LE were computed using the full history of the network and the one-
snapshot estimates 6,, were obtained using the 7-step snapshot method proposed
in Section 4, pretending that only the last snapshot G(n) was available. The
mean for these two estimators were recorded in Table 5.1. There is little bias
for both estimates of o and 3, even for small values of n. On the other hand,
there is some bias for estimated d;, and oy for n < 5000. The magnitudes of
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TABLE 5.1

Mean of @zILE and 0, with ARE’s of 0, relative to é,I\L/ILE for 8 =(0.3,0.5,2,1) under
different choices of n.

~MLE

n Mean(6,, ) Mean(én) ARE(@,L)
1000 (0.300, 0.500, 2.076, 1.054) (0.301, 0.500, 2.128, 1.066) (0.408, 1.000, 0.397, 0.228)
5000 (0.300, 0.500, 2.022, 1.013)  (0.301, 0.500, 2.036, 1.010)  (0.414, 1.000, 0.386, 0.236)
10000 (0.300, 0.500, 2.011, 1.006) (0.301, 0.500, 2.019, 1.006) (0.408, 1.000, 0.388, 0.232)
50000  (0.300, 0.500, 2.003, 1.002)  (0.300, 0.500, 2.005, 1.002)  (0.399, 1.000, 0.393, 0.230)
100000  (0.300, 0.500, 2.001, 1.001) (0.300, 0.500, 2.003, 1.000) (0.392, 1.000, 0.382, 0.223)

TABLE 5.2

Mean of éﬁILE and 0,, with ARE’s of 0., relative to éi/lLE for (n, 8in, Sout) = (10°,2,1)
under different choices of (o, B).

(a, B) Mean(éf\;[LE) Mean(8,,) ARE(8,,)

(0.001, 0.99) _ (0.001, 0.990, 2.034, 1.016) _ (0.001, 0.990, 2.071, 1.049) _ (0.291, 1.000, 0.147, 0.316)
(0.01, 0.9) (0.010, 0.900, 2.004, 1.001)  (0.010, 0.900, 2.008, 1.004)  (0.331, 1.000, 0.207, 0.381)
(0.1, 0.8) (0.100, 0.800, 2.003, 1.001)  (0.100, 0.800, 2.004, 1.002)  (0.353, 1.000. 0.264, 0.216)
(0.2,0.6)  (0.200, 0.600, 2.002, 1.001)  (0.200, 0.600, 2.003, 1.001)  (0.364, 1.000, 0.309, 0.236)
(0.5, 0.3) (0.500, 0.300, 2.001, 1.001)  (0.500, 0.300, 2.002, 1.000)  (0.472, 1.000, 0.529, 0.202)
(0.7,0.2)  (0.700, 0.200, 2.002, 1.000)  (0.700, 0.200, 2.002, 1.000)  (0.726, 1.000, 0.793, 0.217)
(0.1, 0.3) (0.100, 0.300, 2.001, 1.001)  (0.100, 0.300, 2.002, 1.000)  (0.420, 1.000, 0.313, 0.629)

the biases for both types of estimates decrease as n increases. Also the ARE’s
of the snapshot estimator stay within a narrow band as n increases.
Next we held (n, 6in, Sous) = (10%,2,1) fixed and experimented with various

values of (a, ) in Table 5.2. For each choice of («, /3), 5000 independent real-
LE

~M
izations of the network were generated and the means of the MLE 6, and

- ~MLE
the one-snapshot estimates 8,, were recorded. Overall, the biases for 6, are

remarkably small for virtually all combinations of parameter values, except for
those parameter choices where one of (¢, 8) is extremely small. The biases for
the snapshot estimates 0,, exhibit a similar property, but the magnitudes of the
biases are consistently larger than those in the MLE case.

In general, the snapshot estimators are able to achieve 20%-50% efficiency
over the range of parameters considered. The loss of efficiency might be less
than one would expect given the substantial reduction in the data available
to produce the snapshot estimates. It is worth noting that in the case where
(a, B) = (0.7,0.2), the efficiencies of the snapshot estimators for a and &,
are much larger (0.73 and 0.79, respectively). A heuristic explanation for this
increase is that the parameter v = 1 — a — § = 0.1 is relatively small. By the
implicit constraints used for the snapshot estimates, we have

d‘i"?:l_B: 1_BMLE :&MLE+,A)/MLE

that is, the snapshot estimate of the sum « + « is the same as the MLE for
the sum. Now if v is small, one would expect the resulting estimates to also be
small so that & would be nearly the same as &™Z¥. Hence the ARE would be
close to 1. On the other hand, in the case of a larger 7, see the bottom row of
Table 5.2 in which v = 0.6, the ARE for « is not as large (0.42), but the ARE
for dout is (0.63).
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6. Real network example

In this section, we explore fitting a preferential attachment model to a social net-
work. As an illustration, we chose the Dutch Wiki talk network dataset, available
on KONECT [14] (http://konect.uni-koblenz.de/networks/wiki_talk_nl).
The nodes represent users of Dutch Wikipedia, and an edge from node A to node
B refers to user A writing a message on the talk page of user B at a certain
time point. The network consists of 225,749 nodes (users) and 1,554,699 edges
(messages). All edges are recorded with timestamps.

In order to accommodate all the edge formulation scenarios appearing in
the dataset, we extend our model by appending the following two interaction
schemes (J, = 4,5) in addition to the existing three (J, = 1,2,3) described in
Section 2.1.

e If J, =4 (with probability &), append to G(n — 1) two new nodes v, w €
V(n)\ V(n—1) and an edge connecting them (v, w).

o If J, = 5 (with probability p), append to G(n — 1) a new node v €
V(n)\ V(n — 1) with self loop (v, v).

These scenarios have been observed in other social network data, such as the
network that models Facebook wall posts (http://konect.uni-koblenz.de/
networks/facebook-wosn-wall). They occur in small proportions and can be
easily accommodated by a slight modification in the model fitting procedure.
The new model has parameter vector (o, 3,,&, din,dout), and p is implicitly
defined through p =1 — (a4 8+~ +&). Similar to the derivations in Section 3,
the MLE estimators for «, 3,7, & are

X 1 & . 1 —
QM = 521%:1}7 pUEE = Ezl{JtZQ}’
t=1 t=1

1 & . 1 &
MLE _ MLE _
v = ;_1 117,233, & = tE—l 1i7,=4y,

and din, dous can be obtained through solving

i Nl>nz(n)/n . %Z?:l lise3,45)) B l 2”: &1 y
et i+ Oin Oin n = t+ 6 N (t) {Jr€{1,2}} ,
oo Ngl;t(n)/n %Z?:l 1{%6{1,4,5}} 1 n N(t) B
Z b - T Z T v Haezay = 0
=0 ] + (50ut (5out n =1 t + 6outN(t) ’

We first naively fit the linear preferential attachment model to the full net-
work using MLE. The MLE estimators are

(@a Ba ﬁ/v é7 ,67 Sin7 5out) =
(3.08 x 1072,8.55 x 1071,1.39 x 1071,4.76 x 107°,3.06 x 1072,0.547, 0.134).
(6.1)


http://konect.uni-koblenz.de/networks/wiki_talk_nl
http://konect.uni-koblenz.de/networks/facebook-wosn-wall
http://konect.uni-koblenz.de/networks/facebook-wosn-wall
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Fi1c 6.1. Empirical in- and out-degree frequencies of the full Wiki talk network (red) and that
from 20 realizations of the linear preferential attachment network with fitted parameter values
(6.1) from MLE (blue). The scatter plots for the degree frequencies from the 20 simulations
are overlaid together to form an informal confidence region for the degree distribution of the
fitted model

To evaluate the goodness-of-fit, 20 network realizations were simulated from
the fitted model. We overlaid the empirical in- and out-degree frequencies of
the original network with that of the simulations. If the model fits the data
well, the degree frequencies of the data should lie within the range formed by
that of the simulations, which gives an informal confidence region for the degree
distributions. From Figure 6.1, we see that while the data roughly agrees with
the simulations in the out-degree frequencies, the deviation in the in-degree
frequencies is noticeable.

To better understand the discrepancy in the in-degree frequencies, we ex-
amined the link data and their timestamps and discovered bursts of messages
originating from certain nodes over small time intervals. According to Wikipedia
policy [23], certain administrating accounts are allowed to send group messages
to multiple users simultaneously. These bursts presumably represent broadcast
announcements generated from these accounts. These administrative broadcasts
can also be detected if we apply the linear preferential attachment model to the
network in local time intervals. We divided the total time frame down to sub-
intervals of varying length each containing the formation of 10* edges. The
number 10* is chosen to ensure good asymptotics as shown in Table 5.1. This
process generated 155 networks,

G(’I’Lk_l),...,G(TLk—l), ]f:1,...,155.

For each of the 155 datasets, we fit a preferential attachment model using MLE.
The resulting estimates (&n, Sout) are plotted against the corresponding timeline
on the upper left panel of Figure 6.2. Notice that b exhibits large spikes at
various times. Recall from (2.1), a large value of 4, indicates that the probability
of an existing node v receiving a new message becomes less dependent on its in-
degree, i.e., previous popularity. These spikes appear to be directly related to the
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F1G 6.2. Local parameter estimates of the linear preferential attachment model for the full
and reduced Wikt talk network. Upper left: (din, dout) for the full network. Upper right, lower
left, lower right: (din,dout), (8,%), (& &, p) for the reduced network, respectively.

occurrences of group messages. This plot is truncated after the day 2016/3/16,
on which a massive group message of size 48,957 was sent and the model can
no longer be fit.

We identified 37 users who have sent, at least once, 40 or more consecutive
messages in the message history. This is evidence that group messages were
sent by this user. We presume these nodes are administrative accounts; they
are responsible for about 30% of the total messages sent. Since their behavior
cannot be regarded as normal social interaction, we excluded messages from
these accounts from the dataset in our analysis. We then also removed nodes
with zero in- and out-degrees.

The re-estimated parameters after the data cleaning are displayed in the
other three panels of Figure 6.2. Here all parameter estimates are quite stable
through time.

The reduced network now contains 112,919 nodes and 1,086,982 edges, to
which we fit the linear preferential attachment model. The fitted parameters
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F1G 6.3. Empirical in- and out-degree frequencies of the reduced Wiki talk network (red) and
that from 20 realizations of the linear preferential attachment network with fitted parameter
values (6.2) from MLE (blue).

based on MLE for our reduced dataset are

(6‘7 B’ ’3/7 éa ,53 8in7 gout) =
(6.95 x 1073,8.96 x 1071,9.10 x 1072,1.44 x 107*,5.61 x 10°,0.174, 0.257).
(6.2)

Again the degree distributions of the data and 20 simulations from the fitted
model are displayed in Figure 6.3. The out-degree distribution of the data agrees
reasonably well with the simulations. For the in-degree distribution, the fit is
better than that for the entire dataset (Figure 6.1). However, for smaller in-
degrees, the fitted model over-estimates the in-degree frequencies. We speculate
that in many social networks, the out-degree is in line with that predicted by
the preferential attachment model. An individual node would be more likely to
reach out to others if having done so many times previously. For in-degrees, the
situation is complicated and may depend on a multitude of factors. For instance,
the choice of recipient may depend on the community that the sender is in, the
topic being discussed in the message, etc. As an example, a group leader might
send messages to his/her team on a regular basis. Such examples violate the
base assumptions of the preferential attachment model and could result in the
deviation between the data and the simulations.

Next we consider the estimation method of Section 4 applied to a single
snapshot of the data. In order to implement this procedure, we donned blinders
and assumed that our dataset consists only of the information of the wiki data at
the last timestamp. That is, information about administrative broadcasts, and
other aspects of the data learned by looking at the previous history of the data
are unavailable. In particular, we would have no knowledge of the existence of
the two additional scenarios corresponding to J,, = 4,5. With this in mind, we fit
the three scenario model using the methods in Section 4. The fitted parameters
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F1G 6.4. Empirical in- and out-degree frequencies of the full Wiki talk network (red) and that
from 20 realizations of the linear preferential attachment network with fitted parameter values
(6.3) from the snapshot estimator (blue).

are
(&, B, 7, Oin, ou) = (5.80 x 1074,8.55 x 1071, 1.45 x 1071,0.199, 0.165). (6.3)

The comparison of the degree distributions between the data and simulations
from the fitted model is displayed in Figure 6.4 and is not too dissimilar to
the plots in Figure 6.1 that are based on maximum likelihood estimation using
the full network data. In particular, the out-degree distribution is matched rea-
sonably well, but the fitted model does a poor job of capturing the in-degree
distribution.

We see from this example that while the linear preferential attachment model
is perhaps too simplistic for the Wiki talk network dataset, it has the ability to
illuminate some gross features, such as the out-degrees, as well as to capture im-
portant structural changes such as the group message behavior. Consequently,
despite its limitation, this model may be used as a building block for more flex-
ible models. Modifications to the existing model formulation and more careful
analysis of change points in parameters are directions for future research.

Appendix A: Proofs
A.1. For the proof of Theorem 3.2: Lemmas A.1 and A.2

Lemma A.1. For X\ >0, the function 1»(\) in (3.10) has a unique zero at d;,
and, P(A) > 0 when X < &, and P(A) <0 when A > 04y,

Proof. The probabilities {pi"(\)} satisfy the recursions in i (cf. [3]):

PN <A+ alh)) - = (A.1a)
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in 1 _ in B
pl (>\) <1+)\+a1()\)> 7)\p0 ()\)+a1()\),
in 1 _

Pyt () <2+/\+a1()\)> = 1+ X)p"(N),

) (142 ) = 1) (2 2)

where a1 (A) = (a+ 5)/(1 + A(1 — 8)). Summing the recursions in (A.1) from
0 to i, we get (with the convention that Zi_:lo =0)

7 i—1

. 1 . « vy .
E PN kANt —— | = E E+Npt (N + ——+——1g; >
kzopk( )( al(/\)> k:O( )pk( ) al(/\) al()\) {i>1}, =2 0,

which can be simplified to

aliA)ZpL“(AH(HA)pi“(A) -8 L=y, @20 (A2)
k=0

From (2.3),
S = pi(\) = 1-8 (A.3)
i=0 i,

Hence by rearranging (A.2), we have

1 .
(10PN + i) = s ( 8- me >= PO
or equivalently,

PEi(A) = ar(N) (i + N)pi"(A) + YL izo)- (A4)
Now with the help of (A.3) and (A.4), we can rewrite () in the following way:

v = ZM T Baw

= + A
_ p>z ’7 Z pz din al Z + )\)

pre 1+ /\ 1+ /\
B i a1 (6in) (7 + 5111)171- (5in) =0y v i P (Gim)ar (M) (i +N)
-« T+ A _ DY

1=0 =0

- piin((sin)

= 3P (0 (Bu) (i 4 i) — a1 (V)i + V)

= i+ A
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P (6in) /5 0
- Z+)\ A 88

_ N G) [ (e A —i(1-B))
T it A T+s@-ppe °

SV P o atp
( TR m))/A (e

=0

(a1 (s)(i + s)) ds

_. “h a+p
= C(\) A Trsao g (A.5)

The series defining C(\) converges absolutely for any A > 0 since

i i(1—p) 1 '

2 A TiEa

pin(éin) : - in
PR )] < p)

1
<(1_5)(1_B+X) < 0.
Summing over 4 in (A.4), we get by monotone convergence
(oo} (oo} oo (oo}
Do) = Yl = a(N) Y Fa (A YO + .
i=0 i=0 i=0 i=0
The infinite series converge because pi*(\) is a power law with index greater

than 2; see (2.4) and (2.5). Solving for the infinite series we get

;z’pgn(x) = 71@(:1)3)(1 —B)+ T ZI(A) =1 (A.6)

Hence we have

o= Y PO g gy oy Py g )

I R s A
> lmo(l_m;()‘%uz‘(lm)
- T ipi““in) - (1_15}7/3“ gz‘pwam)
- - e
— 0.

Now recall from (A.5) that () is of the form

in a+8
(A = C()\)/A md&
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where C(A) > 0 for all A > 0. Therefore ¥(-) has a unique zero at d;, and

¥(A) > 0 when A < i, and (A) < 0 when A > diy. O
We show the uniform convergence of 1, to ¥ in the next lemma.

Lemma A.2. Asn — oo, for any € > 0,

sup [ (A) — Y (N)| =% 0.
A>e

Proof. By the definition of v, piﬁi(éin) is a function of d;, and is a constant with
respect to A. Hence we suppress the dependence on ¢, and simply write it as

in

pY; when considering the difference 1, — % as a function of A:

) —0n) = 30 MRS L (%Zl{h_s} ~(-a —ﬁ))
1

=0
_”< NE-D _<16><a+ﬂ>>
n e \t—1+AN@E—1) e T \a—p) )

Thus,
sup [¢n(A) — (V)|
A>e
|Nln /n p>z| 111 &
< +sup=|=S 17 0 —(1—a—
w3 WK [ &yt~ e
1 & N(t—1) (1-8)(a+p)
§ j 1 _ A T EART AN A.
AP & T AN — 1) e T TR = ) (A7)

For the first term, note that for all i > 0,

INE) = 3O N z<2k -

k=i+1

since the assumption on initial conditions implies the sum of in-degrees at n is
n. Therefore NI (n)/n <i~! for i > 1, and it then follows that

[NZy(n)/n — p2 INB(n)/n—p%] &~ i o= DY
Z i+ A Z i+ A +Z_:§Hi+x+i:§“i+x

Note that the last two terms on the right side can be made arbitrarily small
uniformly on [e, 00) if we choose M sufficiently large.

Recall the convergence of the degree distribution {N;;(n)/N(n)} to the prob-
ability distribution {f;;} in (2.3), we have

Nl>nz(n) N(n) N1>nz(n> as, ; .
= Rkl — = pin > 0.
n n N(n) =0 l>0§k:>i fu = po W20
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Hence, for any fixed M,

m _ pin,
Z|N z+e p>z| 2% 0, asn— oo.

which implies further that choosing M arbitrarily large gives

|N1n /Tl p |

igI:Z 0
i/f:’Nm /n p |+ i 1/Z i & a_s)o
1=0 ite i:M+IZ+ 7M+1i—'—6 .

The second term in (A.7) converges to 0 almost surely by strong law of large
numbers, and the third term in (A.7) can be written as

Ly N(t—1) (1-8)
EZ (t—1+)\N(t— 1) 1+)\(1_ﬁ)> 1geq1,2h

t=1

n

1- 1
+T£ﬂ)ﬁ ; (Lneqion — (@+8)],

which is bounded by

1 & N(t—1) (1-7)
ﬁ;t—HAN(t—n*HA(l—ﬁ)

1

1— 1 &
* Wlﬂ—ﬁ) n Z_: Lineqey — (@t 5)‘ :
We have
wlls~ NE-1)  (1-p)
Algzn:lt—l—k)\N(t—l) 1+ A1-7)
_ 3 t-1)/(t—1)— (1-B)
78;32 Z +)\Nt—l)/(t—l))(1+)\(1—5))|

t=1

N(it-1)/t-1)-(1-7)
(I+eN(t—1)/(t—1)(1+e(1 - B))

I

n
<= Z
=1
which converges to 0 almost surely by Cesaro convergence of random variables,

e N(n)/n - (1-8)
(I+eN(n)/n)(1+¢€(1—0))

Further, by the strong law of large numbers,

1-0 1 &
sup ———————v |~ ) 1 —(a+
o THA(L-A) n; (refi2ry — ( 5)‘
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1_ﬁ 1 3 a.s
R e N 3 50 .
T 14+e1-p0) n; (nefr2yy — (@+B)| — 0, asn— o0

Hence the third term of (A.7) also goes to 0 almost surely as n — co. The result
of the lemma follows. O

A.2. For the proof of Theorem 3.3: Lemmas A.3 and A.

Lemma A.3. Asn — oo,

n Y23 w(0i) S N(O, Lin). (A.8)
t=1
Proof. Let F,, = 0(G(0),...,G(n)) be the o-field generated by the information

contained in the graphs. We first observe that {3 | u;(0in), Fn,n > 1} is a
martingale. To see this, note from (3.15) that |u:(d)| < 2/6 and

Elu¢(6in)|[Ft—1]

1
-k DYV () + 65 Hnetan FH]
N(t—1)
T iTi o =1 P enp Pl
[ 1
- b DYV () + 61, Jo=1,7| Pl =1]
1
+E| — Jy=2,Fp 1| PlJ, = 2]
Dl(:l 1)(,0252)) + 5in
N(t-1)
S Y
(t-1)
L D; (”U) + 6in
= (a+p) — in
Ug/:t—1 Dl(Itl Y (U) + (Sin t—1 + 6i11N(t - 1)
N(t—1)
~ O T N D)
- 1 N(t—1)
_<OZ+B) ve; t71+5inN(t*1)_t*].‘i’(;inN(t—l)

which satisfies the definition of a martingale difference. Hence

{nl/Q 2“7‘(51“)}
r=1

t=1,...,n
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is a zero-mean, square-integrable martingale array. The convergence (A.8) fol-
lows from the martingale central limit theory (cf. Theorem 3.2 of [7]) if the
following three conditions can be verified:

(a) n~1/2 max; |t (O ) | 50,

(b) n~! Et u?((sin) e Lin,

(¢) E(n~!max, uf(diy)) is bounded in n.

Since |u¢(din)| < 2/0in, we have

2
—1/2 '
n m?x|ut(5m)| < g 0,
and 4
n Tmaxu? < — — 0
¢ nd?

Hence conditions (a) and (c) are straightforward.
To show (b), observe that

1,
Ezut(ain)
t=1

2
- 72 ) 1 B N(t—-1)
= et P (@) L5 =1+ 0N (E—1)

n

1 Lise(1,2)y
n (D(t 1)( )_1_61“)

2 Zn: lijeqi2)y N(t-1)
"= Di(ffl)(vt(?)) Ot =1+ mN(E-1)

L N(t—1) :
+ - Z lgeq12)) (t — 1+ N(t— 1))

t=1

=: T, —2T5+T3.

Following the calculations in the proof of Lemma A.2, we have for T,

NZi(n) )n _ 1 1 P gl
T = - SR
' Z (7/+(5 Z (e= 3} go (’i-‘r&n)z 512n

=0

8

We then rewrite T as

_1g 1{er{12}} N(t—1)/(t—1) 1-5
T = L D) 4o s T VA e ),

_Zn: 1{]&{12}} 1-5
i 1D 2) —|—(5 1+51n( *ﬂ)

= Ty + Tho,
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where

n

1 1
|To,] < Hzé

t=1

N(t—-1)/(t—1) 1-p
146 NE—1)/(t—1) 1+6m(1—p)

by Cesaro’s convergence and

13 Nin(n)/n 11
T22 - 1+61n(1_ﬂ) <Z l+6m - 6lnnz {Jt 3})

i=0

T It om(-B)

s 1-8 (i P _1) ~ (a+p)(1-B)?

0 [ + 51n 5in

where the equality follows from (A.4). For T3, similar to T3, we have

S (1= B))*

(1-p) p, (a+p8)(1-p)?
(T +0m(l-0)n ; toean = g, a =g

+

Combining these results together,

n

1
- E uf(Oin) = Ty — 2(Toy + Too) + T3
=1

sy @+ -p)

-2 = I
7/ + 51n 512n (]- + 5in(]— - B))2

Mx

=0
This completes the proof.

Lemma A.4. Asn — oo,

1 n o
EZut(ém) ﬂ) _Iin-
t=1

Proof. The result of this lemma can be established by showing first

_§ U't m 1n

and then

I N R
n Z  (07,) — n Zut(5in)
t=1 t=1

2
. 1
w(0) = - (m) Lineqren

2
)

e Nit-1/t-1) \? (1-5)
T3 _E;I{Jte{m}} <<1+6inN(t— 1)/t — 1)) B (1+0in(1—

(A.10)

(A.11)
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N N(t—1) 2 L
t—1+0N(t—1)) ~thettzl

N(t—1)

= w0 = 2u(0) ey

Recall the definition and convergence result for 75 and 73 in Lemma A.3, we
have

1 & N(t—1) B »
;“t((sl“)t—H&nN(t—n =T, —-Ty 5 0.

Also from (A.9),
I~ p
—Zut ((5111) — Iin~
n
t=1
Hence
1 . 1= o 2 « N(t—1) »
- in) = T in) — — in _Iin
FDLIUN D B UV R WG P s syl
t=1 t=1 t=1
and (A.10) is established.

By construction and definition, we have 5in, &*n, 0in > 0. To prove (A.11), note
that

e (87) — we(Bin)|

1 1
< lyjequ, S
VEEH DT @) 4 5, DY) + b
{J:€{1,2}} t—1+ Sl*nN(t _ 1) t—1+ (sin-zv(tL - 1)
1 5in - Sl*n
= {Jte{172}} — < -
(Dl(l’tl 1)(Ut(2)) 4 5i*n) (Dl(ri 1)(0,52)) + 5in)
. (N(t = 1)*(8m — 62
Jre{1,2 2
{re{1.2}} (t, 1485 N(t - 1)) (t =1+ 0uN(t — 1))
2|81*n - 5in|
S - = - -
6i*n§in

Then

e (85) + e (5:a)

03 (35) = wF )| = [ (5i) = we(Bin)
2107, — Oin

R 2 2
< —| =+,
0f din (6;;1 5in>
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and
. N(t—1) Nit-1)
u (05, z — u(0in
’ +(00) t= 140Nt —1) T N
N(t—1)
< Jua(Br) = welow)| -~y
6 t—1
N(tfl) N(tfl)
+ ’u (65) - E
R L
2 &*n — Uin 2 51*11 o 5in

55 0m  Om 0% 650w

m

From Theorem 3.2, 6ME¥ is consistent for &, hence

05— 0| < [OMEE _ 5.1 B 0.
We have
l n Ut(Sl* U\ Oin
n
t=1
1 . . 1 & 2/ 5% 2
< EZ (AR in) < EZ ut(51n)_ut(5 )
t=1 t=1

) — N1 N(t - 1)
t—1465N(t—1) =140 N(t—1)

t=1
25 —du (2 2\ APndu| 1 4 [
< |+ )+ A 1= 125
% Oin of O 0% Oin O 0F 0F O
This proves (A.11) and completes the proof of Lemma A.4. O

A.3. Proof of Theorem 4.1

Proof. First observe that Y, iN/"(n) sums up to the total number of edges n,
S0
$SNBm) _ NP _
=0 i=0

We can re-write (4.4a) a;

5 (L5 NEm)/n 1 1B
“Hr= <5m ; i+ bin >/<6m 1+5in(1—3)>
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B <2N>;n)/ Z;N;nf&):n>/(6m<1+6}n(1—5))>

7

N ZNH;L Z+'am (1401 = B) = fuldin), (A.12)

and (4.4b) as

at+f = (NH;L( )+5) /( Nél;(n) 1+(161_n 3)5m> =t gn(0in)-

Then 6, can be obtained by solving

fn(8) — gn(8) = 0, § € [e, K.

Similar to the proof of Theorem 3.2, we define the limit versions of f,, and g,
as follows:

£(8) == Zp s(1+0(1-8)),

(6) = (p6“+ﬂ)/<1p6“1+<15_m5>, € le. K]

Now we apply the re-parametrization

n = ! ! } =17 (A.13)

1+0(1-58) - L—1+1—5’ K1+1-3
to f and g, such that

in

f) = 160) = X g =g

e+ B

g(n) == g(d(n)) = L=

(i=t — (1 — B))n, then 1 + b;(n) > 0 for all i > 1. So that
>
o F1) < s T8 < 14 (1- B)K < oo

Meanwhile, g is also well defined and strictly positive for n € Z because

1pg > 1/(1=5) > . (A.14)
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The first inequality holds since:

1/py > 1/1-p)epy <1-8
Q
S ——TE <1-p
L+ 2
(1 —B)(a+ B)din
1+ (1~ B)dn
Sa+f < 1+(1—B)(5m

Sa+p <1+

We know o + 8 < 1 by our model assumption, thus verifying (A.14).
Define for n € Z,

P S S R P2 71_1—771?6“
)= F T ) (2 - —/3’))77) P

then it follows that

hn)=0 <« fm)=gm, nel

We now show that A is concave and ﬁ(n) — 0 as 7 — 0, then the uniqueness of
the solution follows.
First observe that

We now claim that

0 - pi;i B — 0 pi>ni - - pi;i(iil_(l_ﬁ))
on (; 1+bi(77)> B Za_n (1+bi(n)) =2 (T+b;(m)32
(A.16)
R S T Rl G NP o (Ut )
on’ <;1+bi(n)> - 23172 <1+bi(77)> - 21.:1 L+bi(m)®
(A.17)
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It suffices to check:

oo

o pi>nz'
an? <1+bi(n)>‘ =

(i) )
Plm=— | +—7F—= < o0, sup
— nez |On \1+bi(n) Z 1 ez

Note that for ¢ > 1,

5( P )):Suppxl —(1-p)]
on \ 1+ bi(n) nez (L4 bi(n))?

P
2=B)sw T

< 2=/ +1-PE)*,.

sup
nel

IA

Recall (A.6), we then have

o . o .
Z P = Z Z P
i=0

i=0 k>1

oo k—1 00

in __ in __
E Zpk = § kpy' =
k=0 i=0 k=0
Hence,

Z sup

1= 17761'

P>
o ()| < @ a0,
= (- A+ (- HE) <,

which implies (A.16). Equation (A.17) then follows by a similar argument. Com-
bining (A.15), (A.16) and (A.17) gives

0?5 S -
o =2 <Z_; L+ bi(ﬁ))
=t -(1-8)\" (& pn pn (! 1+/3>
(Z; (1 +b;(n))? ) B <Z1+b )(Z (1+bi(n )]

<0,

by the Cauchy-Schwarz inequality. Hence h is concave on Z.

From Lemma A.1, 9(din) = 0 where ¢(-) is as defined in (3.10). Hence we
have f(0in) = a+ § in a similar derivation to that of (A.12). Also from (4.2),
we have ¢g(din) = o + 8. Hence, &;, is a solution to f(§) = g(9).

Under the § — 7 reparametrization in (A.13), we have that f(7i) = §(7in)
where 7i, 1= 6in /(1 + din(1 — B)), and also

hm in _ in _ + in:hm~ .
nwf Zp — P20 = B+ pg’ = limg(n)
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This, along with the concavity of h, implies that 7in 1S the unique solution to
h(n) = 0, or equivalently, to f(n) = G(n) on Z.

Let fn(n) == fn(6(1)), Gn(n) == gn(6(n)). We can show in a similar fashion
that 7 := din /(1 — 0in(1 — B)) is the unique solution to f,,(1) = gn(n). Using an
analogue of the arguments in the proof of Theorem A.2, we have

a.s.

sup | fu(n) = f(n)] =0, sup|gn(n) — d(n)| =0,

nel nel

and therefore 77 =% n;,,. Since 6 +— 7 is a one-to-one transformation from [e, K] to
7, we have that &y, is the unique solution to fn(8) = g (9) and that Sin =55 8.
On the other hand, & can be solved uniquely by plugging &, into (A.12) and is
also strongly consistent, which completes the proof. O
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